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ä å >QHLBçæèM,P�é æè:=<?@3ê

ë ]?h�_b]f� p kbkb]`_v� p [^kb] �Ap [^����adc o�p k°à�]`_badc�h p [dc�c q a^ì�c o�p �
�t] q h p z|íte��tadc p»o�pto a^��cfs��f] o ��_|cfe�z p
c;]`_ba p e�z�cfs��f] o�p k{z p z|_|cf}~cf[^��]��
ë z|] o ]`k�c ¬ � p [ p k�h�_b]f� p kbkb]`_ p k6�t] q ]`k ¬ �~c�a^k�z|a � p �t]`e�z�c�z|] o ��_|cfe�z pvp kbk p kîcfe�]`k pv¬ � p ��]`_|c q
����e o c q�p e�z�cfa^k�h~cf_|c q a^e��~cv��]`_ q cfs��f]��
ë ]`k q�p ��k � _|cfe o�p k°c q a � ]fk o�p �t��_bkb] p»o�p � a o c�ÙrïÁ��aÏ�1ïÁ]f} p _{z|]�� �Q� _b�ta^]��1ï�c ¬ � p [Ï�
ð p [dcfe�aÏ�
Ä"_b��e~c pµptqºp kbh p �tadcf[rcf]h p kbkb]�cf[ o ])ñ`e�a^}���k p kb�t]`[dcf_ o�p�ò c�_|]fh~cf}~c�t] qó¬ � ptq �t]`e � a � a
o ��_|cfe�z prp kbk p z ptq hi]�Ù�ï�c ¬ � p [1ô�]�Z~_ p ajz�c � �~��cf_b[^a^e���]`kt� � ]`a^kbõtk p ë k{z p _b]`a o�p �
ë ]`k q�p ��k6h~cfa^kt� q�p ��kîa^_ q �f]fk p c+z|] o ]`k6]`k q�p ��k��¦c q a^[ja^cf_ p k ¬ � p k ptq h�_ p�q�p cfh£]`adcf_|c qCp
q�p a^e�� p e�z|a � cf_|c q�o ��_|cfe�z p z|] o ]`k p kbk p k�cfe�]`kt�
ö k�����e��ta^]`e � _badcfk � a^[ � adc pÁ÷ cf_|c o crk p �t_ p z�cf_badc o ]��"��_bkb]vh p [dc°c�z p e�s��f] pÁptq h p e���] ptq c�ª{� o cf_
k ptq h�_ pr¬ � p e p � p kbk � _ba^]��



ë q�p ��kÁh~cfa^kt�
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9;:=<?>A@CBEDEF,G�@

à p k o�p cXcfe�z|a � ��a o c o�p ]`k+cfe�z|a � ]`k � _ pt� ]`kîª � z|a^e��~c q �t]`e�� p �ta q�p e�z|] o�pA¬ � p ]
���^_b�t��[^]6õ�c6�t��_ � c o�p h p _'� q�p z|_b] o c o ] ¬ � p h£]`kbkb��a � _ p c q+� Å�a q c� p�¬ � p�ò cf[^a^[ p ];á l×Êfx ��� lnx � u ã �
ptq�lnx Ç w �£��]`_ q ��[^]`�Q]�h�_b]`}�[ ptq c o c�}�_|c ¬ ��a^k{z|g�t_b]`e~c�á o ] � _ pt� ]�Ä"_|cf� ��(k{z|]`k =

}�_ p � �^kbkba q ]
+
�"��_b]`e�]`k

=
z ptq h£]�ã�h~cf_b�tadcf[ q�p e�z p ��t] q h~cf_|cfe o ];]vz ptq h£] o�p6o�p kb�ta o c o�p � q cvh~cf_{z)�^�t��[dc

e�� q k pt� ��a q�p e�z|]6�ta^_b�t��[dcf_��t] q ]�z ptq h£] o�p�o�p kb�ta o c o c q�p k q c�e�� q h£]f[�� � ]`e�]�a^e�kb�t_bajz|]���y q
lnx��`x �+* p�, z|]`eèá lnx � u � l$�`u�� ãÁh�_b]`hiñ`kr� q h�_b]`}�[ ptq c�h�_bg`h�_ba^]��
] o c�kb��h p _{���^�ta p;o�p _ p � ]`[^��s��f]
o�p _ p kba^k{z|íte��tadc q �^e�a q c�� prp e���e��ta^]`�Ak ptq h�_b] � cf_t�ic;h�_b]`h�_ba pto c o�p ��cf_|cf� z p _)�jkbz|a^�tc o c»�t��_ � c��

â o�p k p e � ]`[ � a q�p e�z|]vkba^k{z ptq+� z|a^�t] o crz p ]`_badc o ]v� � [^�t��[^] o cfk � cf_badcfs�� p k�_ p cf[ q�p e�z p
�t] q�p st]`� ¬ �~cfe o ].-f]`��e�Ä p _be�]`��[^[^a�á lnx`x�� � l$� � � ã h�_b]`hiñ`k�]�h�_b]`}�[ ptq c o cv}�_|c ¬ ��a^k{z|g�t_b]`e~c ptq
lnx`m`x ��â q õ z|] o ] o�p kb]`[^��s��f]vk p � o�p h p e o adc o ] q õ z|] o ]v��k|c o ]vh~cf_|c o�p z p _ q a^e~cf_�]v��c q a^e���]
o�p � q _|cfa^] o�p [^��ì ptq � q q�p a^]«�t] q a^e o �^� pQo�p _ p ��_|cfs��f] � cf_ba � � p [Ï�%Æ�]`_bõ q ] q õ z|] o ]
��k|c o ]�e�] q�p k q ]�cfe�]�hi]`_/-`c q�p k�Ä p _be�]`��[^[^aîá lnx�Ê ��� l$�fw�Ê ã°h~cf_|cµ_ p kb]`[ � p _�]�h�_b]`}�[ ptq c o c
}�_|c ¬ ��a^k{z|g�t_b]`e~c p � ptq l$�fw�l �10î� q h�_b]`}�[ ptq cîa^kb]`h p _ba q õ z|_ba^�t] ¬ � p�p [ p �~c � adcîh�_b]`hi]`k{z|]°e�� q c
��cf_{z�c»c»k p �Aa^_ q �f]�� p _|c q cfa^k p ©~��cfìf�

y!��[ p _+á l$�fw�� � l$�2� Ç ã���]`a!cf[^��e�] o�p -f]`��eXÄ p _be�]`��[^[^a ptq Ä�cfkb[ p;p»p k{z�c � c��¦c q a^[ja^cf_��
a^ì�c o ]»�t] q ]»z|_|cf}~cf[^��] o�p c q }i]`kt��-`]f��e p k p �Aa^_ q �f]�� y![ p _ ptp [dcf}i]`_b]`�?] q õ z|] o ] o�p -`c q�p k
Ä p _be�]`��[^[^a p � ptq l$��� ����_ p kb� q a^�»e�� q cî}�a^] � _|c�©ic6]r_ p kb��[jz�c o ] ¬ � p z|a^e��~c6]`}�z|a o ]îh~cf_|c q ��ajz|]`k
h�_b]`}�[ ptq cfkt�!à p e�z|_ p cfk q ��ajz�cfk"�t]`a^k|cfk"a q h£]`_{z�cfe�z p k ¬ � p y!��[ p _ o�p k p e � ]f[ � p � p k{z � c pt¬ �~cfs��f]
o aj� p _ p e��tadcf[

fy − d
dx

fy′ = 0
� Æ\]`_bõ q �"� q c o aj©~�t��[ o c o�p kb��_ � adc ¬ �~cfe o ]Xk p ��z|a^[^ajì�c � c q ]`k

q õ z|] o ]`k o�p y!��[ p _t�~]`k�h�_b]`}�[ ptq cfk o�pr� _|cfe o�pro aj©~�t��[ o c o�p k p z|]`_be~c � c q�q cfa^k��t] q h�[^a^��c o ]`kt�
Ã1c � _|cfe �`p á l$� Ç x � l��l Ç ã � p e�z|_ p ]`krcfe�]`k o�p�l$�fx�u+p�l���fw � p [dcf}£]`_b]`�µ� q q õ z|] o ]

cfe~cf[��jz|aj�t]��f] ¬ �~cf[�z|]`_be�]`�;hi]`kbk'� � p [ o�pto ��ìta^_ � � �taj[ q�p e�z p cfk pt¬ �~cfs�� p k o aj� p _ p e��ta^cfa^k o�p�q �^e�a q ]`k
o�p �t��_ � cfk o�p h�_b]`}�[ ptq cfk o ]»� � [^�t��[^] o cfk � cf_badcfs�� p kt��y!��[ p _�h�_b]`e�z�c q�p e�z p c o ]fz|]`��] q õ z|] o ]

�



p cµe�]fz�cfs��f] o�p Ã1c � _|cfe �`p � �~c q cfe o ]
δy(x)

o�p � q c � cf_badcfs��f] o cÉ����e�s��f] y(x)
� p�o�p

δI
c � cf_badcfs��f] o c,a^e�z pt� _|cf[Ï�=Z~]`a ¬ �~cfe o ]ècz p ]`_badc p k{z|� o c o c,��]`a o�p e�] q a^e~c o c436527�8�9�7�:<;�=$>
?"=2@BAC=�DFEG�> �)Ã1c � _|cfe �`p ��]`_ q ��[^]`� p k{z�c�e�] � cXcfe � [^a^k p�p cfh�[^a^�t]`�,c�h�_b]`}�[ ptq cfk q cfa^k �`p _|cfa^kt�
�t] q p Åz|_ ptq ]`k � cf_ba � � p a^k p e��t]`e�z|_|cfe o ]É�t]`e o a^s�� p k�cfk ¬ �~cfa^k o�p � p _badc q k p _�k|c�z|a^k{� p ajz�cfk°h~cf_|c
�t��_ � cfk�©�Å�cfkt�LÃ pt�`p e o _ p á l$�`Ê`u � l� Ç`Ç ã p q h�_ ptp e o�p ���k p e~ccfe � [^a^k pQo c«���~c q c o c«k pt� ��e o c
� cf_badcfs��f] δ2 o�p � q c°a^e�z pt� _|cf[Ï��]`�+k p ªbc���c o�p�p e��t]`e�z|_|cf_"� q �t_bajz|õt_ba^]°�t] q ] ¬ �~cf[£h£] o�p _���k p ��adc
o a^k{z|a^e � ��a^_ � q3q+� Å�a q ] o�p � q3q �^e�a q ]���Æ\]`_�� q c6z|_|cfe�k{��]`_ q cfs��f]°c ¬ �~cf[ p [ p e~�f]�ª{��k{z|aj©~�t]`�
h�[dcf��kba � p [ q�p e�z p � p [ p°p e��t]`e�z|_b]`�µcfk��t]`e o a^s�� p k fy′y′ ≥ 0

h~cf_|c�� q�q �^e�a q ] p
fy′y′ ≤ 0

h~cf_|c
� q q+� Å�a q ]��

à p k o�p�p e�z��f]Qc�z p ]`_badc o ]?� � [^�t��[^] o cfk � cf_badcfs�� p k6z|]`_be�]`���k p»q ��ajz|]�a q h£]`_{z�cfe�z p
ptqóo a � p _bk|cfk � _ p cfk o c � c�z ptq+� z|a^��c«Æ!��_|c pµo c � c�z ptq+� z|a^��c ë h�[^a^��c o c�� o cZH�^kba^��c p�o c
y!e �`p e��~cf_badc��Là�a^ì ptq ]`k ¬ � p ]� � [^�t��[^] o cfk � cf_badc�s�� p k�õ�c � p _bk|�f] ptqóo a q�p e�k|�f]«a^e�©~e�ajz�c
o�p ]fz|a q ajì�cfs��f]�� ë cfe~cf[^] � adc p e�z|_ p cfk � cf_badcfs�� p k o�p Ã1c � _|cfe �`p�p cfk pt¬ �~cfs�� p k o aj� p _ p e��tadcfa^k
]`_ o a^e � _badcfk o ]�� � [^�t��[^]�c�z|_|cfa^�Q]�a^e�z p _ p kbk p�o�p�q ��ajz|]`k p k{z|� o cfe�z p kîh~cf_|c+]�cfkbkb��e�z|]��(]`k ¬ �~cfa^k
p [dcf}£]`_|c � c q kb]`[^��s�� p k��t] q/o � � a o ]`kb]X_ba � ]`_t�èy q l� Ç � � Êfw cfe�]`k�cfh£g`k+c o�p k|� ]`} p _{z�c o cfk
�t]`e o a^s�� p k o�p Ã pt�`p e o _ p �H-`cf�t]`}�aÁá l�`w ��� l��Êl ã o�p ��� q � _|cfe o�p h~cfkbkb] ptq �¦c � ]`_ o ]?� � [^�t��[^]
o cfk � cf_badcfs�� p kt�6*�� q c°h pt¬ � p e~c�]`}�_|c°�t]`e�z p e o ];k p ��k�_ p kb��[jz�c o ]`k ¬ � p�¬ �~cfk p e~�f]��t]fe�z|a^e��~c q
h�_b] � cfk�]`��kb] q�p e�z p kb� �`p k{z)� p kt��-`cf�t]`}�a(_ ptp Å�c q a^e�]`�?c°z�_|cfe�k{��]`_ q c�s��f] o c�k pt� ��e o c � cf_badcfs��f]
o�p Ã pt�`p e o _ pîp6o�p kb�t]`}�_ba^�?]`k���cfkb]`k ptq�¬ � p ] q õ z|] o ]v�¦cf[^�~c���â�_ p kb��[jz�c o ]���]`a
c o�p kb�t]f} p _{z�c
o ]��t]`e�� p ajz|] o�p h£]`e�z|]»�t]`e�ª{� � c o ]��

ë z|õ�cJI�[jz|a q c q�p z�c o�p kbõt�t��[^]LK ÷ K��nc � cf[^a o c o�p�o ]`k q õ z|] o ]`k p ]�_ba � ]`_ q c�z ptq+� z|a^�t]
o cfk"h���}�[^a^��cfs�� p k ¬ � p kb��_ � adc q kb]`}�_ p ]v� � [^�t��[^] o cfk � cf_badcfs�� p k���_ pt¬ � p e�z ptq�p e�z p6p k{z�c � cvkb]`}�_ p
o I � a o c�� ë a^e�� p _{z p ì�c p k{z�c � cve�]`k"_ pt¬ � p _ba q�p e�z|]`k o cvcfe � [^a^k p�p�o cv[^g � aj��c��NM p a^_bk{z|_|cfkbkîá l��l×Ê �
l�`m�� ã�z|a^e��~c � _|cfe o�p a^e
O~��íte��tadc»e�] o�p k p e � ]`[ � a q�p e�z|] o ]�h p e�k|c q�p e�z|]+h�_ p �ta^kb] o c;z p ]`_badc o ]
� � [^�t��[^] o cfk � cf_badcfs�� p k��t] q ] ptq ]`��z|_b]`k�a q hi]`_{z�cfe�z p k o ] q �^e�a^]`k o c q c×z p q+� z|a^��c��PM p a p _��
k{z|_|cfkbkr��]`_ q ��[^]`�µk p ��k°h�_b]`}�[ ptq cfkî�t] qç� _|cfe o�p c�z p e�s��f] p e��t]`e�z|_|cfe o ]A� q c�e�] � c?�t]`e o a^s��f]
e p � p kbk � _badc�h~cf_|c;c p Å�a^k{z|íte��tadc o�p � cf[^]`_ p k p Åz|_ ptq ]fk�� o a^k{z|a^e � ��a^e o ]v�t[dcf_|c q�p e�z p cfk"�t]`e o a^s�� p k
e p � p kbk � _badcfk o cfk��t]`e o a^s�� p k�kb��©~�ta p e�z p k�h~cf_|c�c p Å�a^k{z|íte��tadc o�p � qCp Åz|_ ptq ] p ��]`a1]�h�_ba q�p a^_b]
c o cf_6c�h�_b] � c�kb]`}�_ p c��t]`e o ajs��f]�kb��©~�ta p e�z p h~cf_|c�c p Å�a^k{z|íte��tadc o�p � q � cf[^]`_ p Åz|_ ptq ]��°y![ p
o�p �.ck p ��kAh�_b]`}�[ ptq cfk�� q c�t] q h�_ ptp e�k|�f] q cfa^k �`p ] q õ z�_ba^�tc��6c o ]fz�cfe o ],_ p h�_ p k p e�z c�s�� p k
h~cf_|c q õ z|_ba^��cfk�h~cf_|c»kb�~cfkÁ�t��_ � cfkt�

m
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â ]`}ª p z|a � ]Aa^e�a^�ta^cf[ o�p k{z p ��cfh��jz|��[^]�õ�a^e�z|_b] o ��ìta^_î]A�t]`e�� p ajz|] o�p ����e��ta^]`e~cf[!h~cf_|c
p e�z��f] p k{z p e o�p _�cÉa o õtadc o�p � cf[^]`_ p k p k{z�cf�ta^]`e � _ba^]`k o�p ����e�s�� p k o�p � q c � cf_ba � � p ["_ p cf["h~cf_|c
����e��ta^]`e~cfa^kt�

XZY�X []\�^F_J`H_badce\�fhgJikjmln_T^2oPadgepq_brsln_toduvfxwyfy`H\�zbw{_L|

ë z p ]`_badc o�p;q+� Å�a q ]`k p;q �^e�a q ]`k o�p ����e�s�� p k o�p � q c � cf_ba � � p [ _ p cf[ o�p ©~e�a o cfk
e�� q kb��}i�t]`e�ª{��e�z|] o ]`k�e�I q�p _b]`k�_ p cfajk��n]`e o�p h~cf_|c���c o c p [ ptq�p e�z|] o�p kbk p kb��}£�t]`e�ª{��e�z|]�cfkbkb]��tadc×�
k p � q e1I q�p _b]�_ p cf[Ï���t]`e�kba^k{z prptq p e��t]`e�z|_|cf_ p [ ptq�p e�z|]`k�e�] o ] q �^e�a^] ptq ¬ � p c;����e�s���] p k{z �
o�p ©~e�a o c?h~cf_|c�] ¬ �~cf[�c�����e�s��f]Acfkbkb� q�p ] q cfa^]`_�]`� q�p e�]`_ � cf[^]`_îe p k{z p�o ] q �^e�aj]�� � cf[^]`_ p k
p k{z p k ¬ � p ���~c q c q ]`k o�p � cf[^]`_ p k p Åz|_ ptq ]fk+]`��hi]`e�z|]`k��t_'�jz|a^�t]fk o c�����e�s��f]�� ë �t]`e o a^s��f]
e p � p kbk � _badcQh~cf_|cQcA]�t]`_b_bíte��tadc o�p � q � cf[^]`_ p Åz|_ p q ]Éõ�c o�p+¬ � p cAh�_ba q�p a^_|c o�p _ba � c o cAk p
cfe���[ p �~]`�?k p ªbc

f ′ = 0.

ë ] p Å�c q a^e~cf_ q ]`krc o�p ©~e�a^s��f] o�p�o aj� p _ p e��tadcf}�a^[^a o c o�p;o�p ����e�s�� p k o�p � q c � cf_��
a � � p [Ï��z ptq ]`k ¬ � p � q cr����e�s��f] f

õ o aj� p _ p e��ta � � p [£e�]�h£]`e�z|] x0
k p6p Å�a^k{z p � q e�I q�p _b]

f ′(x0)
�

c ¬ � p ���~c q c q ]`k o�pro�p _ba � c o c o�p f(x)
ptq

x0

��z�cf[ ¬ � p Ù

f ′(x0) = lim
∆x→0

f(x0 + ∆x) − f(x0)

∆x

á l � l ã
�prp Å�h�_ p kbk|cf_ q ]`k�]»e� q�p _|c o ]`_��t] q ]

∆f = f(x0 + ∆x) − f(x0)

lnw



z ptq ]`k
f ′(x0) = lim

∆x→0

∆f

∆x

lim
∆x→0

[
∆f

∆x
− f ′(x0)] = 0

à p ©~e�a q ]`k
ε(∆x)

�t] q ]vk p e o ]»] p _b_b]�e~c�cfh�_b]nÅ�a q cfs��f] o�p
f ′(x0)

h£]`_ ∆f

∆x

��a^k{z|]
õ

ε(∆x) =
∆f

∆x
− f ′(x0)

]`e o�p
lim∆x→0ε = 0

�
ë kbkba q ��� q cA����e�s��f]

f
o�p � q c � cf_ba � � p ["õ o aj� p _ p e��ta � � p [ ptq x0

k p�p Å�a^k{z p � q
e1I q�p _b]

f ′(x0)
z�cf[ ¬ � p

∆f
h£] o�p k p _ p kb�t_bajz�c;e~c;��]f_ q c�Ù

∆f = f ′(x0)∆x + ε(∆x)∆x

]`e o�p
ε
õr� q c�����e�s���] o�p

∆x
z�cf[ ¬ � p

ε → 0
¬ �~cfe o ]

∆x → 0
p

ε = 0
k p

∆x = 0
�

ë h~cf_{z|a^_ o c2��h£] o�ptq ]`k o�p ©~e�a^_»]�e1I q�p _b]
f ′(x0)

�t] q ]�k p e o ]«c o�p _ba � c o c o�p
y = f(x)

ptq
x0

k prp kb] q�p e�z p k p

lim
∆x→0

f(x0 + ∆x) − f(x0)

∆x
= f ′(x0)

y ¬ ��a � cf[ p e�z ptq�p e�z p f ′(x0)
õîc o�p _ba � c o c o�p y = f(x)

ptq
x0

k p � p kb] q�p e�z p k p � p Å�a^k{z p
δ > 0

z�cf[ ¬ � p �
∆f = f(x0 + ∆x) − f(x0) = f ′(x0)∆x + ε(∆x)∆x

h~cf_|c�z|] o ] pr¬ �~cf[ ¬ � p _ | ∆x |< δ
��]`e o�p

lim∆x→0
ε(∆x)
∆x

= 0
�

XZY)} ~�r+�PfZgejhr�w{_J��jk`H\�fZ\�r�anjk`�uvfZlnjhr

ë e�z p k o�p a^e�z|_b] o ��ìta^_ q ]`k�c o�p ©~e�a^s��f] o�p � cf_badcfs��f] o�p ����e��ta^]`e~cfa^k"a^_ ptq ]`k o�p ©~e�a^_
p kbh~cfst]�[^a^e p cf_t�

¶ Ó�&  \¤¦ú`¨�¥ ü Ð ü���� 8�:F���9��"��:
S � ;2A���:�9 � G�>���=�DF:��2G���:F@BAC=27J>:���@)GP9 � 8�:F@��":

K � >G�=$>>G��29�A��"��G�>{8�:2��;�A�DFEG�>�>��1:{>�=2�CA�>C��G�A���=$>��
���y� G

x, y ∈ S � G��"���1:/=q>: � = x + y �L� ;1GC���"AC;�=�G x + y ∈ S
�

l`l



 ��¢¡ =2@'=n£�9�=2A�>�£�9"G�@
x, y ∈ S � x + y = y + x

�
¤1�¢¡ =2@'=n£�9�=2A�>�£�9"G�@

x, y, z ∈ S � (x + y) + z = x + (y + z)
�

¥��¢¦ 5�9 � G�7�G � G��"��:§G �
S � ;1G��¨:F��=�;�:.�":F@ 0 � ��=2@'=©:§£�9�=27 x + 0 = x

��=2@'=§£�9�=27ª£�9"G�@
x ∈ S

�
«��¢¡ =2@'=k8)=�;�=

x ∈ S � G'¬�A�>���G9 � G�7�G � G��"��:yG � S � ;1G��¨:F��=�;1:��":F@ (−x) � ��=27
£�9"G x+(−x) =

0
�

®��¢¡ =2@'=n£�9�=27ª£�9"G�@hG�>8)=27ª=2@
k ∈ K

G{£�9�=2A�>�£�9"G�@
x, y,∈ S � k(x + y) = kx + ky

�
¯$�¢¡ =2@'=n£�9�=2A�>�£�9"G�@hG�>8)=27ª=2@)G�>

a, b ∈ K
Gh£�9�=27ª£�9"G�@

x ∈ S � (ab)x = a(bx)
�

°1�¢¡ =2@'=n£�9�=2A�>�£�9"G�@hG�>8)=27ª=2@)G�>
a, b ∈ K

Gh£�9�=27ª£�9"G�@k�2G���:F@
x ∈ S � (a + b)x = ax + bx

±��
1x = x � ��=�@'=�£�9�=27ª£�9"G�@ x ∈ S

�
¶ Ó�&  \¤¦ú`¨�¥ ü Ð � � GC��=

S
9 � G�>���=�DF:.7²A��¨G)=2@¢>:���@)G³:>h@)G)=2A�>

R
� ��� ��9��¨8�A´:F��=27 ||x|| ;1GC���"AC;1:G �

S � 8�µ�= � =�;1:³9 � =/�¨:F@ � =�;1G x ∈ S
>GL�":>�>�9�A6=$>¢>G��29�A��"��G�>L��@):���@BA´G);�=�;1G�>��

��� || x ||> 0
��=2@'=/��:�;1:

x 6= 0 � x ∈ S
�

 �� || x ||= 0
>G

x = 0
�

¤1� || ax ||=| a ||| x || ��=2@'=.��:�;1: x ∈ S � a ∈ R
�

¥�� || x + y ||≤|| x || + || y || (
;1G�>�Aª�29�=27ª;�=�;1Gk�C@BAC¶2���29�7ª=2@

)
�

¶ Ó�&  \¤¦ú`¨�¥ ü Ð �
S � 9 � G�>���=�DF:h�2G���:F@BAC=27��¨:F@ � =�;1:Z>:���@)G

R
>G·>:���@)G

S
G'¬�A�>���G¢9 � =³�¨:F@ � =

|| . || : S → R
;1GC���"AC;�= �

¶ Ó�&  \¤¦ú`¨�¥ ü Ð �R¸ �B:F7ª=�=��BG�@B��=n8�: � 8�G��"�C@):�G �
f ∈ S

GZ@'=2A´:
ε � :�8�:F���9��"��:

Bε(f) = {g ∈ S| ||g − f || < ε}

¶ Ó�&  \¤¦ú`¨�¥ ü Ð �¹��� 8�:F���9��"��:
Y ⊂ S � =��BG�@B��:h>Ge��=2@'=q��:�;1:��":F�"��: t ∈ S

G'¬�A�>���Gy9 �
ε > 0��=27N£�9"G � Bε(f) ⊂ Y

�bº G�>���G³8)=$>: � ;2Aª»$G � :>Z£�9"G Y � 9 � >�9��B8�:F���9��"��:/=��BG�@B��:�;1G S

à p k{z�c q cfe p a^_|c�k p
y0 ∈ Y

p
h ∈ S

� p e�z��f]
(y0 + h) ∈ Y

o�p k o�p;¬ � p | h |< δ
h~cf_|c�cf[ � � q

δ > 0
� p

I(y0 + h)
p k{z p ªbc o�p ©~e�a o ]��

l×u
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� cf[ja p e�z�c q ]`k ¬ � p e~�f] � c q ]`k6[^a o cf_��t] q ����e�s�� p kr�t��ª{] o ] q �^e�a^] p k{z p ªbc��t]`e�z|a o ]
e�]`k e1I q�p _b]`k _ p cfajk�� q cfk�kba q �t] q � q c��t[dcfkbk p�o�p ����e�s�� p k!�t��ª{] o ] q �^e�a^]�k|�f]6]`��z|_|cfk�����e�s�� p kt�
c p kbk|c��t[dcfkbk pro�p ����e�s�� p kÁ� �~c q c q ]`k o�p ����e��ta^]`e~cfa^kt�

ë kbkb� q a^e o ] ¬ � p
I(y)

õ o�p ©~e�a o ]Ée�� q kb��}i�t]`e�ª{��e�z|]�cf} p _{z|]
Y
o�p � q p kbh~cfst]

[^a^e p cf_�e�]`_ q c o ]
S
� p e�z��f] o�prq ] o ]�cfe � [^] � ];c;����e�s��f] o�p � q c � cf_ba � � p [Ï�

I(y0 + h) − I(y0) = L(h) + ε(h),

]`e o�p
L(h)

õ°���~c q c o ] o�p � cf_badcfs��f] o ]»����e��ta^]`e~cf[ p L(h)
õr� q ����e��ta^]`e~cf[�[^a^e p cf_ o�p

h
�t] q

lim
||h||→0

ε(h)

||h|| = 0
k p e o ]

L(h)
õ o�p kba � e~c o ]�hi]`_

δI(h)
�~]`�?k p ªbc��

δI =
d

dt
I(y0 + th)|t=0 = L(h)

á l � u ã
¶ Ó�&  \¤¦ú`¨�¥ ü Ð 	ÃÂ ��9��¨8�A´:F��=27

I : S → R � ;2A ��G�@)G��¨8�AC52�2G�7N�¨:³�":F�"��: y0 ∈ S
>G�G'¬�A�>���Gq9 �

��9��¨8�A´:F��=27!7²A��¨G)=2@
δI : S → R

��=27�£�9"G

lim
t→0

I(y0 + th) − I(y0)

t
= δIy0(h), ∀ t ∈ R

G
h ∈ S.

¶ ÓÒ ¥£  Û ¡ Ì Ñ~ú`¨�¥ ü Ð ü � 9�":F�
µ�=�£�9"G
δI(h)

G'¬�A�>���= �bÄ �"���1:

δI(h) = lim
t→0

I(y0 + th) − I(y0)

t

á l � Ç ã

�":F@B��=2�"��:
I(y0 + th) − I(y0)

t
= δI(h) + ε(th)

á l � ��ã
:F��;1G

limt→0ε(th) = 0
�LÅ 9�7²�CA ��7²A´8)=2��;1:�= � �B:>h:>Z7ª=�;1:>h;�=nG)£�9�=�D$��: ��� ¥ �":F@

t
��G � :>

I(y0 + th) − I(y0) = tδI(h) + tε(th)

8�: � :
δI(h) � µ": � :)�1Æ��¨G)=q��G � :>{£�9�G tδI(h) = δI(th)

G¢>GC��=
th = k � ��G � :>

I(y0 + h) − I(y0) = δI(h) + ε1(k)

:F��;1G
ε1(k) = tε(k)

�b¡ :F@B��=2�"��:
ε(tk)

t
= ε(tk) → 0

l Ç



8�: �
t → 0

�bÄ 8�:F�
>G)£�9"G��"��G � G��"��G

lim
t→0

I(y0 + th) − I(y0)

t
= δI(h)

¸�Ç ÓÒ � Ú ¥ ü Ð ü ?�= � :>{8�:F�
>�AC;1G�@'=2@h:b��9��¨8�A´:F��=27
I : R, Y ⊂ S

I(y) =

∫ b

a

F (x, y(x), y′(x))dx
á l � Ê ã

]`e o�p
y
hi]`kbkb��a1h�_ba q�p a^_|c o�p _ba � c o c;�t]`e�z)�^e�~c��

y!e�z��f]

I(y0 + th) =

∫ b

a

F (x, y0(x) + th(x), y′
0(x) + th′(x))dx

δI(h) =
d

dt
I(y0 + th)|t=0

=

∫ b

a

[Fy(x, y0(x), y′
0(x))h(x) + Fy′(x, y0(x), y′

0(x))h′(x)] dx.
á l � x ã

â6e o�p c pt¬ �~cfs��f] l � x õ°c;h�_ba q�p a^_|c � cf_badc�s��f] o ];����e��ta^]`e~cf[ l � Ê �

l �
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_eË/�+`H_buÀj

à�] q�p k q ] q ] o ] ¬ � p h~cf_|cr����e�s�� p k o�p � q c � cf_ba � � p [£c°�t]`e o a^s��f] o�p�p Å�a^k{z|íte��tadc
o�p � q � cf[^]`_��t_bajz)�^�t];]`� � cf[^]`_ p Åz|_ ptq ]»õ°c o�pr¬ � p c»h�_ba q»p a^_|c o�p _ba � c o c;k p cfe��[ p � � p _ ptq ]`k
¬ � p h~cf_|cA]Q��cfkb] o�p � cf[^]`_ p Åz|_ ptq ] o�p ����e��ta^]`e~cfa^kvcA�t]`e o a^s��f]Qk p _ � c o�p+¬ � p cAh�_ba q�p a^_|c
� cf_badcfs��f];k p cfe��[ p �

®"Ó ¥ Ì×ÓÒ Ñ ü Ð ü � G
y0 � 9 � G'¬��C@)G � :/;1G

I(y) � G��"���1: δI(y0) = 0
�

¶ ÓÒ ¥£  Û ¡ Ì Ñ~ú`¨�¥ ü Ð � � 9�":F�
µ�=d£�9"G
y0 � 9 � �":F�"��:d;1G �³Í �"A � : �Z� GC��= f(t) = I(y0 + th) Î>G

t > 0
G������1:

f(t) − f(0)

t
> 0 ⇒ δIy0(h) = lim

t→0

f(t) − f(0)

t
> 0, ∀ h ∈ S.

� G
t < 0 � =2��=27�:)��= � G��"��G �

f(t) − f(0)

t
< 0 ⇒ δIy0(h) = lim

t→0

f(t) − f(0)

t
< 0, ∀ h ∈ S.

¡ :F@B��=2�"��: � δIy0(h) = 0 ∀ h ∈ S � :F9n>GC��= � δIy0 = 0.

à p k{z�c»��]`_ q c�k p �t]`e�kba o�p _|cf_ q ]`k�];����e��ta^]`e~cf[

I(y) =

∫ b

a

F (x, y(x), y′(x))dx

z p _ ptq ]`k ¬ � p c°�t]`e o a^s��f]°h~cf_|c ¬ � p ]r����e��ta^]`e~cf[~h£]`kbkb�~c°� q � cf[^]`_ p Åz|_ ptq ]°õ�c o�p�¬ � p crkb�~c
h�_ba q�p a^_|c � cf_badcfs��f];k p cfe���[ p ]`�?k p ªbc

δI(y) =

∫ b

a

[Fyh(x) + Fy′h′(x)] dx = 0

l×Ê
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ð6a q ]`k ¬ � p c;�t]`e o a^s��f];h~cf_|c»c p Å�a^k{z|íte��tadc o�p � q � cf[^]`_ p Åz|_ ptq ]»h~cf_|c;� q ����e�
�ta^]`e~cf[1õ�c o�pv¬ � p c�h�_ba q�p a^_|c � cf_badcfs��f]�k p cfe���[ p �£]`�Qk p ªbc δI(y) = 0

� ë kbkba q �£k p �t]`e�kba o�p _��
cf_ q ]`k�];����e��ta^]`e~cf[

I(y) =

∫ x1

x0

F (x, y(x), y′(x))dx
á u � l ã

z p _ ptq ]`kÁ�t] q ];h�_ba q�p a^_|c � cf_badcfs��f]
∫ x1

x0

[(Fy(x, y(x), y′
0(x)) η(x) + Fy′ ((x, y0(x), y′

0(x)) η′(x)] dx = 0,

]`e o�p c�����e�s��f]
η(x)

õ o aj� p _ p e��ta � � p [ p η(x0) = η(x1) = 0
� �p ªbc

Φ(x) =

∫ x1

x0

[Fyη(x) + Fy′η′(x)] dx
á u � u ã

cfkbkb� q a^_ ptq ]`k ¬ � p
Φ(x)

h£]`kbkb��a�h�_ba q�p a^_bc o�p _ba � c o c��t]`e�z)�^e�~c�� p e�z��f] p � p z��~c�e o ]Q� q c�a^e�z p �
� _|cfs��f]»h£]`_�h~cf_{z p kÁe�]�k pt� ��e o ]»z p _ q ];z p _ ptq ]`k

∫ x1

x0

Fy′(x, y0(x), y′
0(x))η′(x)dx = Ψ(x)

k pt� � p°¬ � p
Ψ(x) = [η(x)Fy′(x, y0(x), y′

0(x))]
∣

∣

∣

x=x1

x=x0

−
∫ x1

x0

η(x)
d

dx
Fy′ ,

]»h�_ba q�p a^_b]vz p _ q ]»k p cfe���[dc�� q c � p ì ¬ � p η(x0) = η(x1) = 0
�~h£]`_{z�cfe�z|]

Ψ(x) = −
∫ x1

x0

η(x)
d

dx
Fy′(x, y0(x), y′

0(x))dx.

lnx



Ã�] � ]

Φ(x) =

∫ x1

x0

Fy(x, y0(x), y′
0(x))η(x)dx −

∫ x1

x0

η(x)
d

dx
Fy′(x, y0(x), y′

0(x))dx

prp e�z��f]

Φ(x) =

∫ x1

x0

[

Fy(x, y0(x), y′
0(x))η(x) − d

dx
Fy′(x, y0(x), y′

0(x))η(x)

]

dx

à p k{z�c q cfe p a^_|c
∫ x1

x0

(

Fy −
d

dx
Fy′

)

η(x)dx = 0
á u � Ç ã

�prp kb�t_ p � p _ q ]`k Fy − d
dx

Fy′ = M(x)
z p _ ptq ]`k�c;k pt� ��a^e�z prpt¬ �~cfs��f]��

∫ x1

x0

M(x)η(x)dx = 0
á u � ��ã

² ÓÒ Ñ � Ð ü©Õ ² ÓÒ Ñ�Í�Ô\ \ß1Ñ ÒXÓ  £¡nÑ Ú ß1¥ Ý�%~Ú¦Ý Ô Ú ¥Xß1Ñ Û³Ö Ñ Ì ¤�Ñ~ú�× ÓÛ�Ø � GC��=
M(x)

9 � =H��9���D$�1:
8�:F�"� Í �"9�=Ù�"9 � A��"��G�@B�F=27�:

(x0, x1)
�Ú� G ∫ x1

x0
M(x)η(x)dx = 0

��=2@'=Ú£�9�=27ª£�9"G�@·��9���D$�1:Ù=2@���A�Û
�C@'52@BAC=

η : (x0, x1) → R
;1Gd8�7ª=$>�>G

C2 � 8B: � η(x0) = η(x1) = 0 � G��"���1: M(x) = 0
�"=2@'=

£�9�=27ª£�9"G�@k�F=27�:F@Z;1G
x
�¨:qA��"��G�@B�F=27�:

(x0, x1)
�

¶ ÓÒ ¥£  Û ¡ Ì Ñ~ú`¨�¥ � Ð ü � 9�":F�
µ�=y£�9"GbG'¬�A�>���=
ξ ∈ (x0, x1)

��=27
£�9"G
M(x) 6= 0 � ��: � = � :>LG������1:

M(x) > 0
�J¡ G�7ª=q8B:F�"�CA��"91AC;1=�;1G�;1G

M(x)
�":�;1G � :>¢G��¨8�:F�"�C@'=2@b9 � >�9���A��"��G�@B�F=27�:

ξ0 < ξ < ξ18�:F�"�CAC;1:PG �
(x0, x1)

;1GL��:F@ � =P£�9"G
M(x)

>G � =2�"��G��
µ�=h�":>�A��CA��F=ÜG � £�9�=27ª£�9"G�@b��=�@B��Gq;1G�7�G �
3:F�
>�AC;1G�@)G

η(x) =



















0
��=2@'=

x0 ≤ x ≤ ξ0

(x − ξ0)
2(x − ξ1)

2 �"=2@'=
ξ0 ≤ x ≤ ξ1

0
��=2@'=

ξ1 ≤ x ≤ x1

¸ >�>BA � � :Ù��@):;29���: M(x)η(x) � �":>�A��CA��2:Ý�¨:©>�9���A��"��G�@B�F=27�:ÞG��"9�7�:d��:F@'=Ñ;1G�7�G �ß{G�>���= � =2�¨G�A�@'= �
∫ x1

x0

M(x)η(x)dx =

∫ ξ1

ξ0

M(x)(x − ξ0)
2(x − ξ1)

2dx
á u � Ê ã

Å =$>6>�=��BG � :>J£�9"GL=¢A��"��G��2@'=27�;1Ge9 � =���9���D$�1:k8�:F�"� Í �"9�=ZG��":>�A��CA��F= � �":>�A��CA��F= � G'¬�8�G���:¢£�9�=2��;1::dA��"��G��2@'=2��;1:/>G/=2�"9�7ª=ÙG � £�9�=27ª£�9"G�@���=2@B��G �/à :)�1: � ∫ x1

x0
M(x)η(x)dx > 0

:Ü£�9"G�8�:F�"�C@'=�;2Aª»
=dµ�A �"áF��G�>G �n¡ :F@B��=2�"��:n>G��29"G�£�9"G

M(x) = 0
��=2@'=Ü��:�;1:

x ∈ (x0, x1)
Gy�":F@�8�:F�"�CA��"9�AC;�=�;1G �

M(x)
>Gh=2�"9�7ª=/�¨:>{G'¬��C@)G � :>h;1:.A��"��G�@B�F=27�: �

l$�



ë ]»cfh�[^a^��c�_ q ]`k�];[ ptq c u � l e~c�aje�z pt� _|cf[ ∫ x1

x0
(Fy − d

dx
Fy′)η(x)dx = 0

��k pt� � pî¬ � p

Fy −
d

dx
Fy′ = 0

á u � x ã

c pt¬ �~cfs��f] u � x õ°c»���~c q c o c pt¬ �~cfs��f] o aj� p _ p e��tadcf[ o�p y!��[ p _���Ã1c � _|cfe �`p ��Æ\]`_{z�cfe�z|]��~h~cf_|c p e�
�t]`e�z|_|cf_ q ]`k1] p Åz|_ ptq ] o�p � q ����e��ta^]`e~cf[Ï� o�p � ptq ]`k\_ p kb]`[ � p _�c pt¬ �~cfs��f] o�p y!��[ p _���Ã1c � _|cfe �`p �

}qY�X â.jZ|�odgepq_brÃldfÁ_bã.odfZgJikjäln_å~�on|�_J`

y q�q ��ajz|]`kÁ��cfkb]`kt�(e~�f]+õvh£]`kbk'� � p [\_ p kb]`[ � p _6c pt¬ �~cfs��f] o aj� p _ p e��tadcf[ o�p y!��[ p _ o�p
q cfe p a^_|c p Å�c�z�c��!ð p ªbc q ]`k�cf[ � ��e�kÁ��c�k|]fk�]`e o�p c pt¬ �~cfs��f] o�p y!��[ p _Áõra^e�z pt� _ � � p [Ï�

æLç½è6ç½è é 	��{03����	�#$'(���#

â%h�_ba q�p a^_b];��cfkb]�õvc ¬ � p [ prptq ¬ � p
F
o�p h p e o�p kb] q�p e�z pro�p

x
p

y′ �e* p k{z p ��cfkb]
F = F (x, y′)

pîp e�z��f]�c p ¬ �~cfs��f] o�p y!��[ p _�k p _ pto ��ìvc d
dx

Fy′(x, y′) = 0
� �pt� � pr¬ � p

Fy′(x, y′) = C
á u � � ã

¸�Ç ÓÒ � Ú ¥ � Ð üê¸ 8�µ"G³:>{G'¬��C@)G � :>h;1:·��9��¨8�A´:F��=27 ∫ x1

x0
(xy′ + y′2)dx

�
�"] q ]

F
o�p h p e o�p kb] q�p e�z p+o�p

x
p

y′ �!c pt¬ �~cfs��f] o�p y!��[ p _ Fy − d
dx

Fy′ = 0
k p _ pto ��ì�c

d
dx

Fy′ = 0
prp e�z ��]

Fy′ = C
á u � � ã

Ã�] � ]»k p ªbc
F = xy′ + y′2 z ptq ]`k ¬ � p Fy′ = x + 2y′ cfkbkba q o�pvu � � z ptq ]`k

x + 2y′ = C ⇒ y′ = C1 −
x

2

p � q c;a^e�z pt� _|cfs��f];e�]`k o~�
y = C1x − x2

4
+ C2

á u � m ã
]`e o�p

C1
p

C2
k|�f]��t]`e�k{z�cfe�z p k o�p a^e�z pt� _|cfs��f] ¬ � p h£] o�ptq k p _ p e��t]`e�z|_|c o cfk�cµh~cf_{z|a^_ o cfk

�t]`e o a^s�� p k o�p � cf[^]`_ p kÁa^e�a^�tadc�ajkt�

l�



æLç½è6ç´æ ���+ë�8�����#3'(���#

â=k pt� ��e o ]A��cfkb]Aõ�c ¬ � p [ p ]`e o�p
F
o�p h p e o�p kb] q�p e�z p»o�p

y
p

y′ �1]f��k p ªbc F =

F (y, y′)
� ë kbkba q �~c pt¬ �~cfs���] o�p y!��[ p _�k p _ �

Φ = Fy −
d

dx
Fy′ = 0

á u � lnw ã

ì � prp kb�t_bajz�c;e~c;��]`_ q c p Å�h�[^a^�tajz�cvz ptq c���]`_ q c

Φ = Fy − y′Fyy′ − y′′Fy′y′ = 0
á u � l`l ã

�prq ��[jz|a^h�[jaj��cf_ q ]fk�c q }i]`k�]`kÁ[dc o ]`k o�pvu � l`l hi]`_
y′ p ]`}�k p _ � cf_ q ]`k ¬ � p

d

dx
(F − y′Fy′) = y′Fy + y′′Fy′ − y′′Fy′ − y′2Fyy′ − y′y′′Fy′y′

= y′Fy − y′2Fyy′ − y′′y′Fy′y′

= y′(Fy − y′Fyy′ − y′′Fy′y′)

= y′Φ

y!e�z��f] d
dx

(F − y′Fy′) = 0
]`�?k p ªbc

F − y′Fy′ = C
á u � l×u ã

¸�Ç ÓÒ � Ú ¥ � Ð � ß{G���G�@ � A��¨G{:>{G'¬��C@)G � :>h;1:·��9��¨8�A´:F��=27
I =

∫ x1

x0

√
1+y′2

y
dx
�

�p e o ]
F (y, y′) =

√
1+y′2

y

�ic o�p _ba � c o c;h~cf_b�tadcf[ o�p F
ptq _ p [dcfs��f]�c

y′ k p _ � Ù

Fy′ =
1

2

2y′

y
√

1 + y′2
=

y′

y
√

1 + y′2

p �t] q ]
F
o�p h p e o�p kb] q�p e�z p�o�p

y
p

y′ �1c pt¬ �~cfs��f] o�p y!��[ p _6h~cf_|c p k{z p h�_b]`}�[ ptq c+õ o c o c
h£]`_

F − y′Fy′ = C

Ã�] � ]
√

1 + y′2

y
− y′2

y
√

1 + y′2
= C ⇒ 1 + y′2 − y′2

y
√

1 + y2
= C

â6�Ak p ªbc
1

y
√

1 + y′2
= C

á u � l Ç ã

lnm



�p ©~ì p _ q ]`k 1√
1+y′2

=
k p e

(θ) ⇒ y′ = cot(θ)
� ë pt¬ �~cfs��f] u � l Ç ©~��c

1

y

k p e
(θ) = C ⇒ y = C1

k p e
(θ)

á u � l ��ã
o aj� p _ p e��tadcfe o ]»]`}�z ptq ]`k

dy = C1 cos(θ)dθ

q cfk
dy

dx
= y′

â6}�z ptq ]`k p e�z��f]
dx =

dy

y′
⇒ dx =

C1 cos(θ)dθ

cot(θ)]`�Ak p ªbc
dx = C1

k p e
(θ)dθ

á u � l×Ê ã
Zicfì p e o ]�� q c�a^e�z pt� _|cfs��f];e~c pt¬ �~c�s��f] u � l×Ê z ptq ]`k

∫

dx =

∫

C1

k p e
(θ)dθ

á u � lnx ã

x = −C1 cos(θ) + C2
á u � l$� ã

pro c pt¬ �~cfs��f] u � l �
y = C1

k p e
(θ)

Ã�] � ]�cfk pt¬ �~cfs�� p k u � l$��pvu � l �»e�]`k o �f]

(x − C2)
2 = C2

1 cos2(θ)

p
y2 = C2

1

k p e 2(θ)

prp e�z��f]
(x − C2)

2 + y2 = C2
1 cos2(θ) + C2

1

k p e 2(θ)

(x − C2)
2 + y2 = C2

1

á u � l� ã
¸�Ç ÓÒ � Ú ¥ � Ð �í¸ 8�µ�=2@{:>k�F=27�:F@)G�>{G'¬��C@)G � :>h;1:·��9��¨8�A´:F��=27 ∫ x1

x0

1+y2

y′2 dx
�

ufw



�p ªbc
F (y, y′) = 1+y2

y′2

�;�"] q ]
F
o�p h p e o�p kb] q�p e�z p;o�p

y
p

y′ c pt¬ �~cfs��f] o�p y!��[ p _6h~cf_|c�]
����e��ta^]`e~cf[(©~��c

F − y′Fy′ = C
p z ptq ]`kÁcfa^e o c ¬ � p

Fy′ = −2(1+y2)
y′3à p k{z�c;��]`_ q cvz ptq ]`k

1 + y2

y′2
+

2y′(1 + y2)

y′3
= C

1 + y2 + 2(1 + y2)

y′2
= C

Ã�] � ]
3(1 + y2) = y′2C

p �~�t]`e�k pt¬ � p e�z ptq�p e�z p
y′2 = C1(1 + y2) ⇒ y′ = C

√

1 + y2

Zicfì p e o ]
y =

k p e��
(θ) ⇒ dy = cosh(θ)dθ

��k pt� � pro c;a o�p e�z|a o c o�p
cosh(θ) =

√

1 +
k p e�� 2(θ)

¬ � p
y′ = C cosh(θ)

�"â6e o�p

dy

dx
= y′ ⇒ dx =

cosh(θ)

C cosh(θ)
dθ

y!e�z��f]
dx = Cdθ

ë ]�a^e�z pt� _|cf_ q ]`kt��]`}�z ptq ]`k
x = Cθ + C1

o�p ]`e o�p
θ = x−C1

C

�
Ã�] � ]�� p e��t]`e�z|_|c q ]`k��t] q ]»kb]`[^��s��f]

y =
k p e�� (

x − C1

C

)

⇒ y =
k p e��

(C2x − C3)

â6e o�p
C
�
C1

�
C2

p
C3

k|�f];�t]`e�k{z�cfe�z p k o�p a^e�z pt� _|cfs��f]�� ¬ � p hi] o�ptq k p _�]`}�z|a o cfk�c�h~c�_bz|a^_ o cfk
�t]`e o a^s�� p k o�p �t]`e�z|]`_be�]��
¸�Ç ÓÒ � Ú ¥ � Ð � ß{G���G�@ � A��¨G{:>{G'¬��C@)G � :>h;1:·��9��¨8�A´:F��=27 ∫ x1

x0
[y2 + y′2 − 2ysen(x)]dx

î ptq ]`k ¬ � p
F = (y2 + y′2 − 2y

k p e
x)
� p e�z��f] p kb�t_ p � p e o ]Qc pt¬ �~cfs��f] o�p y!��[ p _

Fy − d
dx

Fy′ = 0
e~c���]`_ q c p Å�h�[��^�tajz�cvz p _ ptq ]`k

Fy − Fxy′ − y′Fyy′ − y′′Fy′y′ = 0
á u � lnm ã

ul



â6e o�p

Fy = 2y − 2
k p e

x,

Fxy′ = 0,

Fyy′ = 0,

Fy′y′ = 2.

à p k{z�c»��]`_ q c���kb��}�k{z|ajz|��a^e o ]»e~c pt¬ �~cfs��f] u � lnm ]`}�z ptq ]`k

2y − 2
k p e

x − 2y′′ = 0

p h£]`_��t]`e�k pt� ��a^e�z p �
y′′ − y = − k p e x

á u � ufw ã
Æ�cf_|c p e��t]`e�z|_|cf_ q ]`k;cµkb]`[j��s��f] o�p k{z�c p ¬ �~cfs��f] o aj� p _ p e��tadc�[ o�p � ptq ]`k p e��t]`e�z|_|cf_»cÉkb]`[^��s��f]
h~cf_{z|a^�t��[dcf_ p c;kb]`[^��s��f]»��] q ] � íte p c��

ë ]»kb��h£]`_ q ]`k ¬ � p
y = erx

õrkb]`[^��s���] o�p�u � u�w ��z p q ]`k

y′ = rerx y′′ = r2erx

Zicfì p e o ]
x = 0

z p _ p q ]`k�c pt¬ �~cfs��f]���cf_|cf� z p _'�^k{z|a^��c

r2 − 1 = 0 ⇒ r = ±1

Æ\]`_{z�cfe�z|]��~c;kb]`[^��s��f] o c pt¬ �~cfs��f] o aj� p _ p e��tadcf[(��] q ] � íte p c;õ

yc = C1e
x + C2e

−x á u � ul ã
ë � ]`_|c���z ptq ]`k ¬ � p ]`}�z p _�� q c;kb]`[^��s��f]»h~cf_{z|a^�t��[dcf_ p h~cf_|c;a^k{z|]»k p ªbc

yp = A cos x + B
k p e

x
á u � u`u ã

�t��ªbcfk o�p _ba � c o cfk�k���]�ï

y′
p = −A

k p e
x + B cos x

á u � u Ç ã

y′′
p = −A cos x − B

k p e
x

á u � u ��ã
� ��}�k{z|ajz|��a^e o ]�cfk pt¬ �~cfs�� p k u � u Ç p°u � u �»e~c pt¬ �~cfs��f] u � u`u ]`}�z ptq ]`k

y′
p − yp = − k p e x

u`u



prp e�z��f]

−A cos x − B
k p e

x − A cos x − B
k p e

x = − k p e x

−2A cos x − 2B
k p e

x = − k p e x

Ã�] � ]
A = 0

p
B = 1

2

��à p k{z�c»��]`_ q c���c;kb]`[^��s��f] �`p _|cf[�h~c�_�c»c pt¬ �~cfs��f] u � ufw õ

y = yc − yp

y = C1e
x + C2e

−x +
1

2

k p e
x

}qY)} ~�ã.odfZgJikjÀln_t~�on|�_J`Ê�Pfy`�fvcJfZr+jhrsuvfk\�rñðZ_J`�fk\�r

æLç´æLç½è ��8���'(��#��������,'(#�0 03��������.8603�L���!	���21�����

âèh�_b]`}�[ ptq c o�p k p ]`}�z p _!cfk �t]`e o a^s�� p k e p � p kbk � _badcfk!h~cf_|c ¬ � p � q c�� p _{z�c6a^e�z pt� _|cf[
k p ªbc p k{z�cf�ta^]`e � _|a^cµh£] o�p k p _ p Åz p e o a o ]�h~cf_|c�]���cfkb] o�p

n
����e�s�� p k

yi = yi(x)
�"�t] q

i =

1, 2, 3, . . . , n
��à p k{z�c»��]`_ q c���c;a^e�z pt� _|cf[�c ¬ �~cf[ ¬ � p _ ptq ]`k p e��t]`e�z|_|cf_Á]`k � cf[^]`_ p k p Åz|_ ptq ]`kÁõ

I =

∫ x1

x0

F (x, y1, y2, . . . , yn, y′
1, y

′
2, . . . , y

′
n)dx

á u � u`Ê ã

]`e o�p
F
hi]`kbkb��a�k pt� ��e o c o�p _ba � c o c;�t]`e�z)�^e��~c;e�];a^e�z p _ � cf[^] x0 ≤ x ≤ x1

�"â�h�_b]`}�[ ptq c p Å�a �`p
c � ]`_|c ¬ � p6o�p e�z|_ p z|] o cfk�cfk�����e�s�� p k

yi(x)
� o�p � c q ]`k�k p [ p �ta^]`e~cf_"� q c yi(x) = ui(x)

��h~cf_|c;c
¬ �~cf[1c;a^e�z pt� _|cf[ u � u`Ê k p ªbc p k{z�cf�ta^]`e � _badc��

�"]fe�k|a o�p _|cfe o ]+c;�¦c q �^[ja^c o cfk�����e�s�� p k

yi(x) = ui(x) + εηi(x) i = 1, 2, . . . , n
á u � ufx ã

]`e o�p
η1(x), η2(x), . . . , ηn(x)

k���]
n
����e�s�� p k"�t]`e�z)�^e��~cfk p h£]`kbkb� ptq cfk�h�_ba q�p a^_|c�k p k pt� ��e o cfk

o�p _ba � c o cfk��t]`e�z)�^e�~cfk ptq [x0, x1]
p kb�t]`[^��a o cfk"cf_b}�ajz|_|cf_badc q�p e�z pÁp k|c�z|a^k{�¦cfì ptq cfk"�t]fe o a^s�� p k o�p

� cf[^]`_ p k�a^e�a^�tadc�a^k ηi(x0) = ηi(x1) = 0
�yî ptq ]`kîcfa^e o c ¬ � p

εηi(x) = δui

õ�� q c � cf_badcfs��f] o c
����e�s��f]

ui

��à p k{z�c;��]`_ q c;c»a^e�z pt� _|cf[ u � u`Ê k p z|]`_be~c

I(ε) =

∫ x1

x0

F (x, u1 + εη1, . . . , un + εηn, u
′
1 + εη′

1, . . . , u
′
n + εη′

n)dx
á u � u�� ã

ë �t]`e o a^s��f]�e p � p kbk � _badcvh~cf_|c ¬ � p6p [dcvk p ªbcv� q � cf[^]`_ p Åz|_ ptq ]�h~cf_|c yi = ui(x)
õ

¬ � p h~cf_|c
ε = 0

z p _ ptq ]`k
I ′(0) = 0

]`��k p ªbc dI
dε

∣

∣

∣

ε=0
= 0

� �"] q ]îcfk\����e�s�� p k
ηi

k|�f]îcf_b}�ajz|_ � _ba^cfkt�

u Ç



p e�z��f]?h£] o�ptq ]`k p kb�t]`[^� p _
η1 6= 0

p
η2 = η3 = . . . = ηn = 0

�
�t] q a^kbkb]?c�a^e�z pt� _|cf[ u � u�� k p
z|]`_be~c

I(ε) =

∫ x1

x0

F (x, u1 + ε1η1, u2, . . . , un, u′
1 + εη′

1, u
′
2, . . . , u

′
n)dx

á u � u2� ã
prp e�z��f]

dI

dε
=

∫ x1

x0

(

η1
∂F

∂(u1 + εη1)
+ η′

1

∂F

∂(u′
1 + εη′

1)

)

dx

dI

dε

∣

∣

∣

ε=0
=

∫ x1

x0

(

η1
∂F

∂u1

+ η′
1

∂F

∂u′
1

)

dx = 0
á u � ufm ã

q cfk�� q c;a^e�z pt� _|cfs��f]»hi]`_Áh~cf_{z p kÁe�]»k pt� ��e o ]�z p _ q ] o�pvu � ufm _ p kb��[jz�c ptq
∫ x1

x0

η′
1

∂F

∂u′
1

dx = η1
∂F

∂u′
1

∣

∣

∣

x1

x0

−
∫ x1

x0

η1

(

d

dx

∂F

∂u′
1

)

dx

]`e o�pro c»� ]`e o a^s��f] o�p � ]`e�z|]`_be�]
η1(x0) = η1(x1) = 0

z ptq ]`k
∫ x1

x0

η′
1

∂F

∂u′
1

dx = −
∫ x1

x0

η1

(

d

dx

∂F

∂u′
1

)

dx

Ã�] � ]�� u � ufm k p z|]`_be~c
dI

dε

∣

∣

∣

ε=0
=

∫ x1

x0

η1

(

∂F

∂u1

− d

dx

∂F

∂u′
1

)

dx = 0

] ¬ � p°o~�
∂F

∂u1

− d

dx

∂F

∂u1

= 0

¬ � p hi] o�p k p _Á_ ptp kb�t_bajz�c o c;k pt� ��a^e�z p ��]`_ q c

Fu1 −
d

dx
Fu′

1
= 0

�"] q ]vh£] o�p _'�dc q ]`k!z p _ p kb�t]`[^��a o ] ¬ �~cf[ ¬ � p _"� q c o cfk�����e�s�� p k
ui(x)

��]`}�z p _ ptq ]`k
p e�z��f]

Fui
− d

dx
Fu′

i
= 0 i = 1, 2, . . . , n

á u � Ç w ã
y!e�z��f]���cfk

n
����e�s�� p k

ui(x)
k|c�z|a^k{�¦cfì ptqLp k{z p kba^k{z ptq c o�p

n
pt¬ �~cfs�� p k o aj� p _ p e��tadcfa^k o�p k pt� ��e o c

]`_ o�ptq �
y q h~cf_{z|a^�t��[dcf_t��k p ]»����e��ta^]`e~cf[ o�p h p e o�p kb] q�p e�z p°o�pro �~cfkÁ����e�s�� p k

y = y(x)
p

z = z(x)
��]`�Ak p ªbc

I(y(x), z(x)) =

∫ x1

x0

F (x, y, z, y′, z′)dx
á u � Ç l ã

z p _ ptq ]`k ¬ � p ]»kba^k{z ptq c o�prpt¬ �~cfs�� p k o�p y!��[ p _Ák p _ �

Fy −
d

dx
Fy′ = 0 Fz −

d

dx
Fz′ = 0

á u � Ç u ã

u �



¸�Ç ÓÒ � Ú ¥ � Ð � Ä �¨8�:F�"�C@'=2@�:>nG'¬��C@)G � :>/;1:Z��9��¨8�A´:F��=27
I =

∫ π
2

0
(y′2 + z′2 + 2yz)dx

� 3: �
y(0) = 0 � y(π

2
) = 1 � z(0) = 0

G
z(π

2
) = −1

�
î ptq ]`k

F = y′2 + z′2 + 2yz
� p e�z��f]�kb�~cfk o�p _ba � c o cfkÁh~cf_b�tadcfajk�k p _|�f]

Fy = 2z Fy′ = 2y′

Fz = 2y Fz′ = 2z′

à pvu � Ç u ]`}�z ptq ]`k

2z − d

dx
(2y′) = 0

á u � Ç`Ç ã

2y − d

dx
(2z′) = 0

Æ\]`_{z�cfe�z|]

y′′ − z = 0
á u � Ç ��ã

z′′ − y = 0
á u � Ç Ê ã

à pîu � Ç �°z ptq ]`k z = y′′ ��Ã�] � ] z′′ = yiv
]`e o�p

yiv
�t]`_b_ p kbh£]`e o�p c o�p _ba � c o c o�p�¬ �~cf_{z�cv]`_ o�ptq

o�p
y
�icfkbkba qCu � Ç Ê k p z|]`_be~c

yiv − y = 0
á u � Ç x ã

�"��ªbc»kb]`[^��s��f]»õ
y = C1e

x + C2e
−x + C3 cos x + C4

k p e
x

á u � Ç � ã
�"] q ]

z = y′′ }~c�kbz�c o�p _ba � cf_ q ]`k�c pt¬ �~cfs��f] u � Ç �îo �~cfk � p ì p k�h~cf_|c p e��t]`e�z|_|cf_ q ]`k z
��î ptq ]`k

z = y′′ = C1e
x + C2e

−x − C3 cos x − C4

k p e
x

à6cfkÁ�t]`e o a^s�� p k o�p �t]`e�z|]`_be�]
y(0) = 0

p
z(0) = 0

z ptq ]`k

C1 + C2 + C3 = 0

C1 + C2 − C3 = 0

â ¬ � p �t]`e��t[^��a q ]`k
C1 = −C2

p
C3 = 0

��y o�p
y(π

2
) = 1

p
z(π

2
) = −1

cfkbkba q
C1 = C2 = 0

p
C4 = 1

��Ã�] � ]���]`k p Åz|_ ptq ]`k o ]�h�_b]`}�[ ptq c�k|�f]

y =
k p e

x z = − k p e x

u`Ê
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â q�p k q ]Q_|cf�ta^]����^e�a^] o cAk p s��f]µcfe�z p _ba^]`_rh£] o�p k p _ p Åz p e o a o ]Éh~cf_|cA����e��ta^]`e~cfajk
o ]»z|a^hi]

I(y) =

∫ x1

x0

F (x, y, y′, y′′)dx
á u � Ç � ã

ë kbkb� q a^e o ] ¬ � p
y = u(x)

k p ªbc?� qEp Åz|_ ptq ] o ]A����e��ta^]`e~cf[
I
�1��]`_ q c q ]`k p e�z��f]Qc��¦c q �^[ja^c

o cfk�����e�s�� p k
y = u(x)+ εη(x)

��]`e o�p
ε
õ�� q cr�t]`e�k{z�cfe�z p�p

η
õ�� q cî����e�s��f]�cf_b}�ajz|_ � _ba^c��`�t] q

o�p _ba � c o cfk �t]`e�z)�^e��~cfk!c�z|õ�c ¬ �~cf_{z�c6]`_ o�ptq ��c ¬ �~cf[�k p cfe��[dc�ª{��e�z�c q�p e�z p �t] q kb�~cfk h�_ba q�p a^_|cfk
o�p _ba � c o cfkt��e�]`k p Åz|_ ptq ]`k o ]�a^e�z p _ � cf[^]��!à p k{z�c;��]`_ q c;c pt¬ �~c�s��f] u � Ç � k p z|]`_be~c

I(ε) =

∫ x1

x0

F (x, u + εη, u′ + εη′, u′′ + εη′′)dx
á u � Ç m ã

*�] � c q�p e�z p �ic;�t]`e o a^s��f]»e p � p kbk � _badc»h~cf_|c�c;]�t]`_b_bíte��ta^c o�p � q � cf[^]`_ p Åz|_ ptq ]
dI

dε

∣

∣

∣

ε=0

o�p � p k p _�k|c�z|a^k{� p ajz�c��!à p _ba � cfe o ]»c pt¬ �~cfs��f]»cf�ta q c p cfh�[^a^��cfe o ]�c�_ pt� _|c o c���c o�p adc���]`}�z ptq ]`k
dI

dε
=

∫ x1

x0

(

∂F

∂(u + εη)
η +

∂F

∂(u′ + εη′)
η′ +

∂F

∂(u + εη′′)
η′′

)

dx

p h£]`_{z�cfe�z|]
dI

dε

∣

∣

∣

ε=0
=

∫ x1

x0

(

η
∂F

∂u
+ η′∂F

∂u′
+ η′′∂F

∂u

)

dx = 0
á u � � w ã

÷ e�z pt� _|cfe o ]���� q c � p ì6hi]`_�h~cf_{z p kt��_ pto ��ìta^_ ptq ]`k�]°z p _ q ] ptq η′ h£]`_�� q=ptq
η
�!Ã p � cfe o ] ptq

�t]`e�kba o�p _|cfs��f]+c�kÁ�t]`e o a^s�� p k o�p �t]`e�z|]`_be�]
∫ x1

x0

∂F

∂u
η′ = ηFu′

∣

∣

∣

x1

x0

−
∫ x1

x0

η

(

d

dx

∂F

∂u′

)

dx
á u � � l ã

= −
∫ x1

x0

η

(

d

dx

∂F

∂u′

)

dx
á u � � u ã

÷ e�z pt� _|cfe o ]»h£]`_�h~cf_{z p k o �~cfk � p ì p kt�i_ pto ��ìta^_ ptq ]`kÁ];z p _ q ] ptq η′′ c;� q ptq
η
p

o cfkÁ�t]`e o a^s�� p k o�p �t]`e�z|]`_be�]»]`}�z ptq ]`k
∫ x1

x0

η′′ ∂F

∂u′′
= η′ ∂F

∂u′′

∣

∣

∣

x1

x0

− d

dx

∂F

∂u′′
η
∣

∣

∣

x1

x0

+

∫ x1

x0

d2

dx2

(

∂F

∂u′′

)

ηdx
á u � � Ç ã

=

∫ x1

x0

η

(

d2

dx2

∂F

∂u′′

)

dx
á u � ����ã
á u � � Ê ã

ufx



à p k{z�c»��]`_ q c���c pt¬ �~cfs��f] u � � w ©~��c
∫ x1

x0

η

[

Fu −
d

dx
Fu′ +

d2

dx2
Fu′′

]

dx = 0
á u � � x ã

Æ\]`_{z�cfe�z|]��~c;�t]`e o a^s��f]»e p � p kbk � _badc»h~cf_|c»c p Å�a^k{z|íte��tadc o�p � q � cf[^]`_ p Åz|_ ptq ]��~õ

Fu −
d

dx
Fu′ +

d2

dx2
Fu′ = 0

á u � � � ã
y!k{z�c�õ�c pt¬ �~cfs��f] o aj� p _ p e��tadcf[ o�p y!��[ p _�h~cf_|c�]�a^e�z pt� _|cfe o ] o c���]`_ q c

F = F (x, u, u′, u′′)
�

Æ\] o�ptq ]`kr]`}�k p _ � cf_ ¬ � p c pt¬ �~cfs��f] u � � � k p z�_|c�z�c o�p � q c pt¬ �~cfs��f] o aj� p _ p e��tadc�[ o�p»¬ �~cf_{z�c
]`_ o�ptq �

Æ\]`_bõ q ��k p ]»a^e�z pt� _|cfe o ]���]`_ o c���]`_ q c
F (x, y, y′, y′′, . . . , y(n))

�~cfk pt¬ �~cfs�� p k o�p
y!��[ p _�k p _���]

Fu −
d

dx
Fu′ +

d2

dx2
− d2

dx3
Fu′′′ + . . . + (−1)n dn

dxn
Fu(n) = 0

á u � � � ã

æLç´æLçCò ��8���'(��#��������,������#�����������#ôó�8���õ¨ö����,���7�\2!	������,���!	���21�������

â q�p k q ] q õ z|] o ]��z|a^[^a^ì�c o ]Xe~cfk?k p s�� p kQcfe�z p _ba^]`_ p k�h~cf_|c o�p z p _ q a^e~c�s��f] o cfk
�t]`e o a^s�� p k e p � p kbk � _badcfk!h~cf_|cîc�]�t]`_b_bíte��tadc o�p � q � cf[^]`_ p Åz|_ ptq ]îh£] o�p z�c q }£õ q k p _!cfh�[^a^��c o ]
¬ �~cfe o ]�c;a^e�z pt� _|cf[£��]`_ q I�[jz|ajh�[dc�� �p ªbc

D
� q c�_ pt� ad�f] o c o c�[^a q a�z�c o cvh£]`_�� q c��t��_ � c C

o ]
h�[dcfe�]

xy
�
ë a^e�z pt� _|cf[�c;k p _ p k{z|� o c o c»õ

∫∫

D

F (x, y, z, zx, zy)dx dy
á u � � m ã

�p ªbc
F (x, y, z, zx, zy)

�t]`e�z)�^e�~c p�o �~cfk � p ì p k o aj� p _ p e��ta � � p [Ï���"]`e�kba o�p _|cfe o ] p e�z ��];cr�¦c q �j[jadc
o�p ����e�s�� p k

z(x, y) = u(x, y) + εη(x, y)

]`e o�p
u(x, y)

õ�� qEp Åz|_ ptq ]Ah~cf_|c?]?����e��ta^]`e~cf[ p
η(x, y)

�\h£]`kbkb��a�c�z|õ�c?k pt� ��e o c o�p _ba � c o c
�t]`e�z)�^e�~c»cfe���[dcfe o ]���k p e~c���_b]`e�z p a^_|c o�p

C
��à p k{z�c»��]`_ q c���];����e��ta^]`e~cf[
k p z|]`_be~c

I(ε) =

∫∫

D

F (x, y, z, zx, zy)dx dy
á u � Êfw ã

¬ � p k p _ �»p k{z�cf�ta^]`e � _ba^];k|c�z|a^k{�¦cfì p e o ]
I ′(0) = 0

��î ptq ]`k p e�z��f] ¬ � p

I ′(ε) =

∫∫

D

(ηFz + ηxFzx
+ ηyFzy

)dx dy
á u � Êl ã

u��



p �t]`e�k pt¬1÷�p e�z ptq�p e�z p

I ′(0) =

∫∫

D

(

ηFu + ηxFux
+ ηyFuy

)

dx dy = 0

]`e o�p
ηx = ∂η

∂x

p
ηy = ∂η

∂y

�6Z~cfì ptq ]`k�� q c�a^e�z pt� _|cfs��f]+h£]`_�h~cf_{z p k�h~cf_|c p [^a q aje~cf_Á]`k�z p _ q ]`k
ηx

p
ηy

��y!e�z��f]»k pt� � p°o ]qî p ]`_ ptq c o�pvò _ ptp e�ø ¬ � p
∫∫

D

η

(

∂F

∂u
− ∂

∂x

F

∂ux

− ∂F

∂y

∂F

∂uy

)

dx dy +

∫

C

η

(

∂F

∂ux

dy

ds
− ∂F

∂uy

dx

ds

)

ds

]`e o�p
ds
õ�] p [ ptq�p e�z|] o aj� p _ p e��tadcf[ o ]��t] q h�_ba q�p e�z|] o�p cf_b�t]

C
� � cfk

η(x, y)|C = 0
h£]`_{z�cfe�z|]

I ′(0) =

∫∫

D

η

(

∂F

∂u
− ∂

∂x

∂F

∂ux

− ∂

∂y

∂F

∂uy

)

dx dy = 0

��k|cfe o ]°]r[ ptq c u � u hi] o�ptq ]`k!�t]`e��t[^��a^_ ¬ � p k p
z = z(x, y)

õÁ� q3p Åz|_ ptq ] o ]r����e��ta^]`e~cf[ u � � m
prp e��t]`e�z|_|c q ]`kÁ�t] q ] pt¬ �~cfs��f] o�p y!��[ p _

∂F

∂u
− ∂

∂x

∂F

∂ux

− ∂

∂y

∂F

∂uy

= 0
á u � Ê`u ã

² ÓÒ Ñ � Ð � � GC��=
M ∈ C

Gn>G ∫∫

D
η(x, y)M(x, y)dx dy = 0

�"=2@'=���:�;�=/��9��"D$��:
η(x, y) �G��"���1:

M(x, y) = 0
��=2@'=.��:�;1:y��=2@

(x, y) ∈ D
�

¶ ÓÒ ¥£  Û ¡ Ì Ñ~ú`¨�¥ � Ð � � GC��=
D
9 � ;1: �³Í �"A´:�;1:���7ª=2�¨:

xy
�"=2@'=y:¢£�9�=27

η(x, y)M(x, y)dxdy =

0
�e¡ =2@'=k��:�;�=���9���D$�1:

η(x, y)
8�:F�"�CA��"9�= � G��"��Gb;2A ��G�@)G��¨8�AC52�2G�7
=2�"9�7ª=2��;1:FÛ´>Ge��=���@�:F�"��G�A�@'=Z;1G

C �:F��;1G
M(x, y) � 8�:F�"�CA��"9�=e�"=2@'=y��:�;1: x

G
y
G �

D
�eº á>·£�9"G�@)G � :>·8�:F�¨8�7²9�A�@L£�9"G

M(x, y) = 0G �
D
�

� 9���:F�
µ�=Þ:<8�:F�"�C@)52@BA´: � £�9"G M(x, y) 6= 0
G �
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D1

;1G
D
��=2@'=©:§£�9�=27

M(x, y) 6= 0
�Ñ� G���;1:

ξ1 ≤ x ≤ ξ2 � η1 ≤ η ≤ η2

G
=$>�>�9 � A���;1:/£�9"G

M(x, y) > 0
�¨:qA��"��G�@BA´:F@h;1G

D
�

Ä >8�:F7 µ"G���;1:
η(x, y) = (x−ξ1)

2(x−ξ2)
2(y−η1)

2(y−η2)
2 G � D1

G
η(x, y) = 0

�¨:y@)G�>���=2�"��G
;1G

D
�bÄ �"���1:

∫∫

D

η(x, y)M(x, y)dx dy =

∫∫

D1

η(x, y)M(x, y)dx dy > 0
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�����
D ��� ������������� �!�#"�$%��&���� C

�('�� � ")��*�+�����*��%,�
 ��- ��*�$%� P : D → R
�

Q : D → R
&.�/")0���'�'��

C1
,213*4+5���

∫∫

D

(Qx − Py) dx dy =

∫

C

(Pdx + Qdy) .

u2�
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M(x, y) > 0

G �
D1 � A�>�>�:h�¨:>�7�G��F==/9 � =n8�:F�"�C@)=�;2A�D$�1: �Jà :)�1:
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ð6a q ]`k\e~c�a^e�z|_b] o ��s��f] ¬ � p ]�h�_b]`}�[ ptq c o c�}�_|c ¬ ��a^k{z|g�t_b]`e~c�k p _ � a^� o�p�q ]fz|a � cfs��f]
h~cf_|c;] o�p k p e � ]`[ � a q�p e�z|] o ]»� � [^�t��[^] o cfk � cf_badcfs�� p kt�

ð�c q ]`k1c � ]`_|c o a^kb�t��z|a^_�c���]`_ q ��[dcfs��f]�cfe~cf[��jz|aj��c o ]Áh�_b]`}�[ ptq c�� ¬ � p �t] q ]Ák|cf} ptq ]`k
�t]`e�kba^k{z pÁptq3p e��t]fe�z|_|cf_ o�p e�z|_ p z|] o cfk�cfk!�t��_ � cfk ¬ � p [^a � c q%o ]`a^k!hi]`e�z|]`k!e�� q h�[dcfe�] � p _{z|a^��cf[Ï�
c ¬ � p [dc ¬ � pvq a^e�a q ajì�c»]+z ptq h£] ¬ � p � q c�h~cf_{z)�^�t��[dc»[ p � c�h~cf_|c+h p _b�t]f_|_ p _�]�h p _b�t��_bk|] p e�z|_ p
p k{z p k o ]`a^k�h£]`e�z|]`kt�

¼/Y�X >/jk`�uxon|�fZgJikjÃfZadfk|�?���\�cJfslnjñ�n`HjA@d|�_buvfsldfB@n`�fZã.on\�r!�DC.c`�jhadf

�"]fe�k|a o�p _|cf_ ptq ]`k ¬ � p cÁh~cf_{z)�^�t��[dc o�p kb[^a^ì�cÁk ptq c�z|_bajz|]�cf]�[^]`e � ] o c��t��_ � c o�p ©~e�a o c
h p [^] � _ � ©~�t] o cA����e�s��f]

y = f(x)
�!kb]`},cQa^e
O~��íte��tadc o c � _|c � a o c o�p � p kb�t]`[^� p e o ]�] p a�Å�] y

�t] q ]+] p a�Å�] � p _{z|a^��cf[1]`_ba p e�z�c o ]�e~c q�p k q c o a^_ p s��f] o c � _|c � a o c o�p � p e�z��f]�� ptq z|] o ]+hi]`e�z|]
o c��t��_ � c��Ác���]`_bs�c o c � _|c � a o c o�p c�z|�~c�e~c o a^_ p s��f] o ] p a�Å�]Ú()�t] q a^e�z p e�kba o c o�p

mg
� �p

o�p e�]fz�cf_ q ]`k�h£]`_
θ
].�fe � ��[^];��]f_ q c o ];h p [^] p a�Å�]

y
p c�z�cfe �`p e�z p c;�t��_ � c���z ptq ]`k

F = mg cos θ
á Ç � l ã

q cfk
cos θ =

y′

√

1 + y′2

F = mg
y′

√

1 + y′2

Ç w



� cfk o c»k pt� ��e o c»[ p a o�p * p�, z|]`e
F = ma

]`e o�p
a
õ°c»cf� p [ p _|cfs��f]»[^] � ]

ma = mg
y′

√

1 + y′2

á Ç � u ã

÷ e�z|_b] o ��ìta^e o ]Q]Q�t] q h�_ba q�p e�z�] o�p cf_b�t]
s
�t] q ]Qh~cf_)� q�p z|_b]��1z p _ ptq ]`k

a = s̈
p

s̈ = d2s
dt2

��Æ\]`_{z�cfe�z|]�c pt¬ �~cfs��f] Ç � u ©~��c

s̈ = g
dy

ds

á Ç � Ç ã

� ��[jz|a^h�[^aj��cfe o ]»c q }£]`k�]`kÁ[dc o ]`k o c pt¬ �~cfs��f] Ç � Ç h£]`_ ṡ
]f}�z p q ]`k

ṡs̈ = g
dy

ds
ṡ

k p ]`}�k p _ � cf_ q ]`k ¬ � p
d

dt
(
1

2
ṡ2) = ṡs̈

z ptq ]`k ¬ � p c pt¬ �~cfs��f] Ç � l k p z|]`_be~c��

d

dt
(
1

2
ṡ2) = g

dy

dt

÷ e�z pt� _|cfe o ]�]`}�z ptq ]`k
∫

d

dt
(
1

2
ṡ2)dt =

∫

g
dy

dt
dt,

á Ç � ��ã
]`�Ak p ªbc��

1

2
ṡ2 = gy + C

á Ç � Ê ã
]`e o�p

C
õ;� q c��t]`e�k{z�cfe�z p»o�p a^e�z pt� _|cfs��f]�� �p �t]`e�kba o�p _|cf_ q ]`k ¬ � p e�]�z ptq h£]

t = 0
z ptq ]`k

y(t = 0) = y0
p

ṡ(0) = 0
� p e�z��f] −gy0 = C

p c pt¬ �~cfs��f] Ç � Ê ©~��c

1

2
ṡ2 = gy − gy0 ⇒ ṡ =

√

2g(y − y0)

]`�Ak p ªbc��
ds

dt
=

√

2g(y − y0) ⇒ dt =
ds

√

2g(y − y0)p e�z��f]��
t =

∫ l

0

ds
√

2g(y − y0)
⇒ t =

∫ l

0

ds√
2g
√

y − y0

=

t =
1√
2g

∫ l

0

√

1 + (y′)2

y − y0

dx.
á Ç � x ã

Ç l



]`e o�p
l
õr]»�t] q h�_ba q�p e�z|] o c;�t��_ � c��

�"]f[^]��cfe o ]6]6hi]`e�z|] o�p h~cf_{z|a o c o c�h~cf_{z)�^�t��[dc�e~c�]`_ba �fptq ��]`��k p ªbc��
y(0) = y0 = 0

pro�p kbh�_ p ì�cfe o ]+];�¦c�z|]`_ √
2g
��z p _ ptq ]`k

t =

∫ x1

x0

√

1 + (y′)2

y
dx y(0) = y0 = 0.

á Ç � � ã
Æ\] o�p q ]`k�]`}�k p _ � cf_ ¬ � p ]�����e��ta^]`e~cf[�e~�f] o�p h p e o�p�p Å�h�[^a^�tajz�c q»p e�z pro�p x

p h£]`_��
z�cfe�z|]�c pt¬ �~cfs��f] o�p y!��[ p _���Ã1c � _|cfe �`p õ o ]»z|a^hi]

F − y′Fy′ = C

]`e o�p

F =

√

1 + y′2

y
⇒ Fy′ =

y′

√

y(1 + y′2)Ã�] � ]�c pt¬ �~c�s��f] o�p y!��[ p _�k p z|]`_be~c
√

1 + y′2

√
y

− y′2

√

y(1 + y′2)
= C ⇒ (1 + y′2) − y′2

√

y(1 + y′2)
= C

]`�Ak p ªbc��
1

√

y(1 + y′2)
= C

á Ç � � ã
�p a^e�z|_b] o ��ìtaj_ q ]`k

t
�t] q ]�h~cf_)� q�p z|_b]��~�¦cfì p e o ]

y′ = cot(t)
e~c pt¬ �~cfs��f]�cf�ta q c

]`}�z ptq ]`k 1√
1+y′2

=
k p e

(t)
o�p k{z�c;��]`_ q cvz ptq ]`k ¬ � pro c pt¬ �~cfs��f] Ç � �

1√
y
k p e

(t)
= C ⇒ y = C1

k p e 2(t)

prp e�z��f]
dy

dt
= 2C1

k p e
(t) cos(t) ⇒ dx =

dy

y′
=

2C1

k p e
(t) cos(t)dt

cot(t)

dx = 2C1
k p e 2(t)dt ⇒ dx = C1(1 − cos(2t))dt.

÷ e�z pt� _|cfe o ] p k{z�cqI�[jz|a q c pt¬ �~cfs��f]
∫

dx =

∫

C1 (1 − cos(2t)) dt ⇒ x = C1

(

t −
k p e

(2t)

2

)

+ C2

x − C2 = C1

(

2t − k p e
(2t)

2

)

⇒ x − C2 =
C1

2
(2t − k p e

(2t))

Ç u



â6}�z ptq ]`k p e�z��f]

x − C2 =
C1

2
(2t − k p e

(2t)) y =
C1

2
(1 − cos(2t)).

â6}�k p _ � cfe o ] ¬ � p�o cfk°�t]`e o a^s�� p k o�p �t]`e�z|]`_be�] y(0) = 0
z ptq ]`k

C1 = 0
p�¬ � p

x = 0
e�]`k"[ p � cvc C2 = 0

� p �¦cfì p e o ]
2t = t1

�]`}�z ptq ]`k"� q cr�¦c q �^[ja^c o�p �ta^�t[^g`a o�p k�e~c°��]`_ q c��

x =
C1

2
(t1 −

k p e
(t1))

á Ç � m ã

y =
C1

2
(1 − cos(t1))

á Ç � lnw ã
]`e o�p C1

2

õÁ]î_|cfa^] o ]r���^_b�t��[^] ¬ � pÁ�`p _|cîcî�ta^�t[^g`a o�p ��à p k{z�c q cfe p a^_|c�]`k p Åz�_ ptq ]`k o ]rh�_b]`}�[ ptq c
o c�Ä"_|c ¬ ��a^k{z|g��t_b]`e~c;k|�f]��ta^�t[^g`a o�p kt�

¼/Y)} E �n`�jA@d|�_buvfÀldfÀuÀ_banjk`Êln\�r!�GFZadce\�fäanjÀ�d|�fZanj

â6��z|_b]Áh�_b]`}�[ ptq c�cÁk p _1�t]`e�kba o�p _|c o ]�õ�]Áh�_b]`}�[ ptq c o c q�p e�]`_ o a^k{z��fe��tadc�e�]Áh�[dcfe�]��
]`�vk p ªbc�� o�p e�z|_ p z|] o cfk�cfk\�t��_ � cfk ¬ � p [^a � c q7o ]`a^k1h£]`e�z|]`k

A
p
B
e�]�h�[dcfe�]�� o�p z p _ q a^e~cf_\c ¬ � p [dc

¬ � p z p e��~c��t] q h�_ba q�p e�z|] q �^e�a q ]�� � cf} ptq ]`k ¬ � p ]?�t] q h�_ba q»p e�z|] o�p � q c��t��_ � c?h�[dcfe~c+õ
o c o c;h p [dc;k pt� ��a^e�z p a^e�z p � _|cf[Ï�

L =

∫ x1

x0

√

1 + y′2dx.

�"] q ]A]A����e��ta^]`e~cf[ o�p h p e o�p kb] q�p e�z p�o�p
y′ �1z ptq ]`k ¬ � p c pt¬ �~cfs��f] o�p y!��[ p _��

Ã1c � _|cfe �`p k p _ �
y′′Fy′y′ = 0

]`e o�p h£] o�ptq ]`kÁ�t]`e��t[^��a^_�]`kÁk pt� ��a^e�z p k���cfkb]`kt�
y′′ = 0

]`�
Fy′y′ = 0

�
�p

y′′ = 0
p � p z|�~cfe o ]�� q c o ��h�[dc;a^e�z p � _|cfs��f]»]`}�z ptq ]`k

y = Cx + C1
á Ç � l`l ã

]`�Ak p ªbc;� q c;_ p z�c��
Æ\]`_�]`��z|_b]»[dc o ]»k p

Fy′y′ = 0
p e�z��f]

y′ = C
p ]`��z|_|c;a^e�z pt� _|cfs��f] p e��t]`e�z|_|c q ]`k

y = Cx + C1
á Ç � l×u ã

¬ � p z�c q }£õ q õr� q c�_ p z�c��
y!e�z��f]���h£] o�ptq ]`k��t]`e��t[^��a^_ ¬ � p cfk��t��_ � c�k ¬ � pîq a^e�a q ajì�c q o a^k{z��fe��tadcfk�e�]»h�[^cfe�]

k|�f]+cfk�_ p z�cfkt�

Ç`Ç



¼/Y½¼ E �n`HjA@d|�_buvf ldf r�on��_J`H^%?�ce\�_ ln_ `H_JwhjZ|�odgJikj ln_ zy`H_bf
uH?�an\�uvf

â6��z|_b]�h�_b]`}�[ ptq c;k ptq�p [^�~cfe�z p cf]+cfh�_ p k p e�z�c o ]+e~c�k p s��f]�cfe�z p _ba^]`_�õ°]+���~c q c o ]
h�_b]`}�[ ptq c o ]µkbg`[^a o ] o�p _ p � ]`[^��s��f] o�p?� _ p c q �^e�a q c��Qy!kbk p h�_b]`}�[ ptq cA�t]`e�kba^k{z p�ptq o c o ]`k
o ]`a^k6h£]`e�z|]`k

A(x0, y0)
p

B(x1, y1)
��]`e o�p

x1 > x0
�
y0 > 0

p
y1 > 0

� o�p z p _ q a^e~cf_îc��t��_ � c
y = y(x)

�~kbajz|�~c o c»cf�ta q c o ] p a�Å�] o ]`k
x
� o�p ��]`_ q c ¬ � p c � _ p c o c»kb��h p _{���^�ta pîo�p _ p � ]`[^��s��f]

�`p _|c o c;h p [dc;_b]fz�cfs��f] o c;�t��_ � c ptq z|]`_be�] o ] p a�Å�]
x
k p ªbc q �^e�a q c��

� cf} ptq ]`k o ]»� � [^�t��[^] ¬ � p c � _ p c o�p � q c;kb��h p _{���^�ta pîo�p _ p � ]`[^��s��f]�õ o c o c»h£]`_

I =

∫ x1

x0

2πy

√

1 + y′2dx.
á Ç � l Ç ã

à p kbh�_ p ì�cfe o ]�];�¦c�z|]`_
2π

z ptq ]`k ¬ � p ]»����e��ta^]`e~cf[�c;k p _ q a^e�a q ajì�c o ];õ

I∗ =

∫ x1

x0

y

√

1 + y′2dx
á Ç � l ��ã

â6}�k p _ � cfe o ] ¬ � p ]«a^e�z pt� _|cfe o ] o�p h p e o�p kb] q�p e�z pQo�p y
p

y′ ��z ptq ]`k ¬ � p c pt¬ �~cfs��f] o�p
y!��[ p _���Ã1c � _|cfe �`p õ o c;��]`_ q c

F − y′Fy′ = C
��]`e o�p

F = y

√

1 + y′2 ⇒ Fy′ =
yy′

√

1 + y′2

à p k{z�c»��]`_ q c

y

√

1 + y′2 − yy′2

√

1 + y′2
= C ⇒ y(1 + y′2) − yy′2

√

1 + y′2
= C

⇒ y
√

1 + y′2
= C ⇒ y′ =

1

C

√

y2 − C2.
á Ç � l×Ê ã

Zicfì p e o ]?� q c q � o cfe�s�c o�p h~cf_)� q�p z|_b]�]`e o�p
y = C cosh(t)

� p e�z��f]
dy = C

k p e��
(t)dt

� ë
pt¬ �~cfs��f] Ç � l×Ê ©~��c

y′ =
1

C

√

C2 cosh2(t) − C2 ⇒ y′ =

√

cosh2(t) − 1;

k pt� � p°o c;a o�p e�z|a o c o�p
cosh2(t) − 1 =

k p e�� 2(t)
¬ � p

y′ =
k p e��

(t).

Æ\]`_bõ q �
dy

dx
= y′ ⇒ dx =

dy

y′
⇒ dx = C

k p e��
(t)k p e��
(t)

dt ⇒ dx = Cdt.

Ç �



÷ e�z pt� _|cfe o ]�]`}�z ptq ]`k
∫

dx =

∫

C dt

]`�Ak p ªbc
x = Ct + C1 ⇒ t =

x − C1

C

á Ç � lnx ã

y = C cosh(
x − C1

C
)

á Ç � l$� ã
ë pt¬ �~cfs��f] p e��t]`e�z|_|c o cAcf�ta q c�õ pt¬ �~cfs��f] o c?��c�z p e � _badc��+�"]`e��t[^��a q ]fk p e�z��f] ¬ � p c��t��_ � c
¬ � p°�`p _|c»c;kb��h p _{���^�ta pîo�p _ p � ]`[^��s��f] o�p°� _ p c q �^e�a q cvõr� q c;��c�z p e � _badc��

Ç Ê
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*�c q cfa^]`_�h~cf_{z pro ]`k�h�_b]`}�[ ptq cfk o�p ]`}�z p e�s��f] o�p � cf[^]`_ p k p Åz|_ ptq ]`k o�p ����e�s�� p k
o�p � � _badcfk � cf_ba � � p a^kvkb��ª p ajz�cfk;cQ� p _bz�cfk�_ p k{z|_ba^s�� p kt�!��k|c q ]`kv] q õ z|] o ] o ]`k q ��[jz|ajh�[^aj��c o ]`_ p k
o�p Ã1c � _|cfe �`p �!��k|cf_ ptq ]`kÁ� q�q�p z|] o ]»cfe � [^] � ]�h~cf_|c»c;]`}�z p e�s��f] o�p � cf[^]`_ p k p Åz|_ ptq ]fkÁ�t] q
_ p k{z|_ba^s�� p kÁh~cf_|c�����e��ta^]`e~cfa^kt� � ��h£]`e��~c ¬ � p k pr¬ � p a^_|c»cf���~cf_Á]`k p Åz|_ ptq ]`k o ];����e��ta^]`e~cf[

I =

∫ t1

t0

F (t, x, y, z, ẋ, ẏ, ż)dt,

t0 ≤ t ≤ t1
kb��ª p ajz�c�c�_ p k{z|_ba^s��f]

G(x, y, z) = 0
� � ��h£]`e��~c ¬ � p

x(t)
�
y(t)

p
z(t)

k p ªbc q cfk
����e�s�� p krh�_b]��t��_|c o cfk p;¬ � p

z
h£]`kbk|c�k p _ p kb�t_bajz�c�e~c���]`_ q c

z = z(x, y)
� p k p ªbc q

x = u(t)
�

y = v(t)
p

z = w(t)
]`k p Åz|_ ptq ]`k o�p

I
��y!e�z��f]�� q c � cf_badcfs��f];e�]`k o~�

x = u(t) + ε1η1

y = v(t) + ε2η2

z = w(t) + ε3η3

Ã�] � ]���� q c � cf_badcfs��f]»h~cf_|c I
õ

I(ε1, ε2, ε3) =

∫ t1

t0

F (t, u + ε1η1, v + ε2η2, w + ε3η3, u̇ + ε1η̇1, v̇ + ε2η̇2, ẇ + ε3η̇3)dt

â6e o�p h~cf_|c ¬ � p
I
k p ªbc p k{z�cf�ta^]`e � _ba^]��"]`�èk p ªbc���h£]`kbkb�~c«� q p Åz|_ ptq ]«õQe p � p kbk � _ba^] ¬ � p c

h�_ba q�p a^_|c � cf_badcfs��f];k p cfe���[ p ��]`�?k p ªbc��
∂I

∂ε1

=
∂I

∂ε2

=
∂I

∂ε3

¬ �~cfe o ]
ε1 = ε2 = ε3 = 0.

á���� l ã

Ç x



ë kbkba q z ptq ]`k
∂I

∂εi

∣

∣

∣
ε1 = ε2 = ε3 = 0 =

∂Ix

∂x
+

∂Iy

∂y
+

∂Iz

∂zÃ�] � ]��
dI =

∫ t1

t0

[

(Fuη1 + Fu̇η̇1) + (Fvη2 + Fv̇η̇2) + (Fwη3 + Fẇη̇3)
]

dt = 0

÷ e�z pt� _|cfe o ]Qh£]`_rh~cf_{z p k p [ p � cfe o ] ptq �t]`e�kba o�p _|cfs��f]Qcfkr�t]`e o a^s�� p k o�p �t]fe�z|]`_be�]A]`��k p ªbcQc
o�pr¬ � p

ηi|t1t0 = 0 i = 1, 2, 3
��z p _ ptq ]`k

dI =

∫ t1

t0

[Fx −
d

dt
Fẋ]η1dt +

∫ t1

t0

[Fy −
d

dt
Fẏ]η2dt +

∫ t1

t0

[Fz −
d

dt
Fż]η3dt = 0.

á���� u ã
�"] q ]

I
o�p � p k|c�z|a^k{�¦cfì p _Ác;_ p k{z�_ba^st�f] G(x, y, z) = 0

� p e�z��f]�k p ªbc

G(x + ε1η1, y + ε2η2, z + ε3η3) = 0

� q c � cf_badcfs��f]»h~cf_|c G(x, y, z)
��à p k{z�c»��]`_ q cvz p _ ptq ]`k ¬ � p

dG = Gx(x, y, z)η1 + Gy(x, y, z)η2 + Gz(x, y, z)η3 = 0

q ��[jz|a^h�[jaj��cfe o ]
dG

h p [dc�����e�s��f]
λ = λ(t)

p a^e�z pt� _|cfe o ] p e��t]`e�z|_�c q ]`k
∫ t1

t0

[λGxη1 + λGyη2 + λGzη3]dt = 0.
á���� Ç ã

÷�� �~cf[dcfe o ]�c�k pt¬ �~cfs�� p k·��� u�p ��� Ç z ptq ]`k

dI = λdG

ë kbkba q z ptq ]`k

dI =

∫ t1

t0

[

Fx −
d

dt
Fẋ − λGx

]

η1dt +

∫ t1

t0

[

Fy −
d

dt
Fẏ − λGy

]

η2dt +

+

∫ t1

t0

[

Fz −
d

dt
Fż − λGz

]

η3dt = 0.

ë kbkb� q a^e o ] ¬ � p cfk o�p _ba � c o cfk1h~c�_|� adcfa^k Gx

�
Gy

p
Gz

�×e~�f]�k p cfe���[ ptq kba q ��[jz��fe p c×�
q�p e�z p e~c;kb��h p _{���^�ta p

G(x, y, z) = 0
� p e�z��f] p kb�t]`[^� p e o ]

Gx 6= 0
p

Gy = Gz = 0
��z p _ ptq ]fk

Fx −
d

dt
Fẋ − λGx = 0

á���� ��ã

Ç �



Fy −
d

dt
Fẏ − λGy = 0

á���� Ê ã

Fz −
d

dt
Fż − λGz = 0

á���� x ã
ë k pt¬ �~cfs�� p k6��� ������� Ê�p ��� x ª{��e�z�c q�p e�z p �t] q c6_ p k{z|_ba^s��f]

G(x, y, z) = 0
��]`_ q c q

� q kba^k{z ptq c o�pr¬ �~c�z|_b] pt¬ �~cfs�� p k�e~cfkÁa^e��tg � e�ajz�cfk
x
�
y
�
z
p

λ
��Ä�cfk{z�c»_ p kb]`[ � p _ p kbk p kba^k{z ptq c

h~cf_|c p e��t]`e�z�_|cf_�]`k � cf[^]`_ p k p k{z�cf�ta^]`e � _ba^]`k x(t)
�
y(t)

�
z(t)

p ] q ��[jz|a^h�[jaj��c o ]`_
λ(t)

�

ÈnY�X K _Lj.lMLbr+\�cJfZr

â6��z|_b]�h�_b]`}�[ ptq c p [ ptq�p e�z�cf_ o ]�� � [^�t��[^] o cfk � cf_badcfs�� p k�õ°]+���~c q c o ]�h�_b]`}�[ ptq c
�`p ] o õtkba^�t]��\]`��k p ªbc��\]Ah�_|]f}�[ ptq c o�p�p e��t]`e�z�_|cf_°c?�t��_ � c o�p�q�p e�]`_r�t] q h�_ba q�p e�z|] ¬ � p [^a � c
o ]`a^kÁh£]`e�z|]`kt�"ð6a q ]`k ¬ � p h~cf_|c o ]`a^kÁh£]`e�z|]`k�e�]�h�[dcfe�]��icfk��t��_ � cfk ¬ � pvq a^e�a q a^ìtc o a^k{z��fe��tadcfk
e�]�h�[dcfe�];k|�f]+c�kÁ_ p z�cfkt�

�p e�g`kv�t]fe�k|a o�p _|cf_ q ]`kv]Qh�_b]`}�[ ptq c o�p+p e��t]`e�z|_|cf_�cQ� ��_ � c o�p+q�p e�]`_°�t] q h�_ba��
q�p e�z|]�[^a � cfe o ] o ]`a^k�h£]`e�z|]`k6e�� q c�kb��h p _{���^�ta pvpvp Å�h�_ p kbk�cf_ q ]`kîc+�t��_ � c�h~cf_|c q õ z|_ba^��c q»p e�z p
e~c;��]`_ q c

x(t), y(t)
p

z(t)
��z p _ ptq ]`k ¬ � p ]»�t] q h�_ba q�p e�z|] o c»� ��_ � c»k p _ �»o c o ]�hi]`_

I =

∫ t1

t0

√

ẋ2 + ẏ2 + ż2dt
á���� � ã

� ��h£]`e o ] ¬ � p c»kb��h p _{���^�ta p õî_ p h�_ p k p e�z�c o c�hi]`_
G(x, y, z) = 0

â�h�_b]`}�[ ptq c �`p ] o õtkba^�t];��cf_|cf� z p _ba^ì�c×��k p6p e�z ��]»hi]`_ p e��t]`e�z|_|cf_"����e�s�� p k ¬ � pîq a^e�a��
q a^ì�c q ]`� q c×Å�a q ajì�c q ];����e��ta^]`e~cf[

I =

∫ t1

t0

√

ẋ2 + ẏ2 + ż2dt

kb��ª p ajz|],c«�t]`e o a^s��f]
G(x, y, z) = 0

��]`e o�p
x(t), y(t)

p
z(t)

k|�f]«����e�s�� p k?� ]`e�z|a^e��~c q�p e�z p
o aj� p _ p e��ta � � p a^k ptq t = t0

p
t = t1î1] q cfe o ]

F =
√

ẋ2 + ẏ2 + ż2

cfk o�p _ba � c o cfkÁh~cf_b�tadcfa^k o�p F
�t] q _ p kbh p ajz|]+c

ẋ
�
ẏ
p

ż
k p _|�f]�Ù

Fẋ =
ẋ

√

ẋ2 + ẏ2 + ż2
=

ẋ

F
Fẏ =

ẏ
√

ẋ2 + ẏ2 + ż2
=

ẏ

F
Fż =

ż
√

ẋ2 + ẏ2 + ż2
=

ż

F

Ç �



â6}�z p e o ]+cfkbkba q ]»kba^k{z ptq c o�prpt¬ �~cfs�� p k o�p y!��[ p _

− d

dt

(

ẋ

F

)

= λGx

á���� � ã

− d

dt

(

ẏ

F

)

= λGy

á���� m ã

− d

dt

(

ż

F

)

= λGz

á���� lnw ã
â%k|ajkbz ptq c o�prpt¬ �~cfs�� p k�cf�ta q c�h£] o�p k p _�_ ptp kb�t_bajz|]»�t] q ]

d
dt

(

ẋ
F

)

Gx

=
d
dt

(

ẏ

F

)

Gy

=
d
dt

(

ż
F

)

Gz

á���� l`l ã
Ã ptq }�_|cfe o ] ¬ � p

Gx 6= 0
�
Gy 6= 0

p
Gz 6= 0

�
à p k{z�c;��]`_ q c � c q ]`k��t]`e�kba o�p _|cf_�]�h�_b]`}�[ ptq c o c òîp ] o õtkba^��c;e~c p k{� p _|c��

¸�Ç ÓÒ � Ú ¥ � Ð ü ß{G���G�@ � A��¨G³=P8�9�@B�F=P;1G � G��¨:F@³8�: � ��@BA � G��"��:�£�9"G{7²Aª��=d;1:FA�>b��:F�"��:>h��=PG�>�Û
��G�@'= �
ë pt¬ �~cfs��f] o c p k{� p _|c ptq �t]�]`_ o�p e~c o cfkÁ_ p z c�e � ��[dcf_ p kÁõ o�p kb�t_bajz�c;h£]`_

G(x, y, z) = x2 + y2 + z2 = r2

]`e o�p
r
õr]»_|cfa^] o c p k{� p _|c��

â h�_b]`}�[ ptq c��t]`e�kba^k{z pQptq q a^e�a q a^ìtcf_»]�����e��ta^]`e~cf[
I =

∫ t1

t0

√

ẋ2 + ẏ2 + ż2 dt
kb��ª p ajz|]�c;�t]`e o a^s��f]

G(x, y, z) = 0
�

î ptq ]`k p e�z ��]

Gx = 2x Gy = 2y Gz = 2z

p
d

dt

(

ẋ

F

)

=
ẍ − Ḟ ẋ

F 2

d

dt

(

ẏ

F

)

=
ÿ − Ḟ ẏ

F 2

d

dt

(

ż

F

)

=
z̈ − Ḟ ż

F 2

Ã�] � ] o ]�kba^k{z ptq c³��� l`l ]`}�z ptq ]`k
ẍF − ẋḞ

2xF 2
=

ÿF − ẏḞ

2yF 2
=

z̈F − żḞ

2zF 2

á���� l×u ã
� a q h�[^a�©~��cfe o ]

ẍF − ẋḞ

x
=

ÿF − ẏḞ

y
=

z̈F − żḞ

z

á���� l Ç ã

Ç m



î\] q cfe o ]�c;h�_ba q�p a^_|cva � �~cf[ o c o�p6o ]�kba^k{z ptq c{��� l Ç
ẍF − ẋḞ

x
=

ÿF − ẏḞ

y

á���� l ��ã
]`}�z ptq ]`k

yẍF − yẋḞ = xÿF − xẏḞ

yẍF − xÿF = yẋḞ − xẏḞ

F (yẍ − xÿ) = Ḟ (yẋ − xẏ)

h£]`_{z�cfe�z|]
yẍ − xÿ

yẋ − xẏ
=

Ḟ

Fo�p ��� l Ç
yẍ − xÿ

yẋ − xẏ
=

Ḟ

F
=

zÿ − yz̈

zẏ − yż
=

Ḟ

F

á���� l×Ê ã
y!e�z|_ p z�cfe�z|]�k p ]`}�k p _ � cf_ q ]`k ¬ � p

d

dt
(yẋ − xẏ) = ẏẋ + yẍ − ẋẏ − xÿ = yẍ − xÿ

c;a � �~cf[ o c o�p6o ]�kba^k{z ptq c³��� lnÊ k p z|]`_be~c
d
dt

(yẋ − xẏ)

yẋ − xẏ
=

d
dt

(zẏ − yż)

zẏ − yż

á���� lnx ã
Zicfì p e o ]

yẋ − xẏ = u
p

zẏ − yż = v
z p _ ptq ]`k

du =
d

dt
(yẋ − xẏ) dv =

d

dt
(zẏ − yż)

á���� l$� ã
à p k{z�c q cfe p aj_�cv]�kba^k{z ptq c³��� l�x k p z|]`_be~c

du

u
=

dv

v

á���� l� ã
÷ e�z pt� _|cfe o ]+c q }£]`k�]`kÁ[dc o ]`k o c;a � �~cf[ o c o�p ��� l�

∫

du

u
=

∫

dv

v

á���� lnm ã
Ã ptq }�_|cfe o ] ¬ � p ∫

du
u

= ln |u| + C
]`e o�p

C
õ�� q cÉ�t]`e�k{z�cfe�z p?o�p a^e�z pt� _|cfs���]��«Ã�] � ] o c

pt¬ �~cfs��f].��� lnm ]`}�z ptq ]`k
ln |u| = ln |v| + C

áC��� ufw ã

� w



Æ\] o�ptq ]`k p kb�t_ p � p _ C = ln |C1|
p e�z��f]»z ptq ]`k

ln |u| = ln |v| + ln C1

ln |u| = ln |vC1|
à6c»a � �~cf[ o c o�p6o�p [^] � cf_ba�z q ]`k"z ptq ]`k

u = C1v

]`�Ak p ªbc
yẋ − xẏ = C1(zẏ − yż)

¬ � p hi] o�p k p _Á_ ptp kb�t_bajz�c»�t] q ]

yẋ + C1yż = C1zẏ + xẏ

ẋ + C1ż

x + C1z
=

ẏ

y

á���� ul ã
Zicfì p e o ]

x + C1z = w
z p _ ptq ]`k ¬ � p

dw = d
dt

(x + C1z)
p c pt¬ �~cfs��f]/��� ul ©~��c

dw

w
=

dy

y

÷ e�z pt� _|cfe o ]�]`}�z ptq ]`k
∫

dw

w
=

∫

dy

y]`�Ak p ªbc
ln |x + C1z| = ln |y| + C

x + C1z = yC2

y!k{z�c�õ»c pt¬ �~cfs��f] o ]�h�[dcfe�] ¬ � p h~cfkbk|c�h p [^]�� p e�z|_b] o c p k{� p _|c?c ¬ �~cf[�z ptq k p �
� p e�z|_b]re~c�]`_ba �`ptq%o ]`k p a�Å�]`kt��]`e o�p c6a^e�z p _bk p s��f] o ]6h�[dcfe�] ¬ � p �t]`e�z|õ q ]`k o ]`a^k�h£]`e�z|]`k o c o ]`k
p ]»� p e�z�_b] o c p k{� p _|c»õr]�cf_b�t] o�p � q � _|cfe o�p ���^_b�t��[^]��

C1
p

C2

k|�f]��t]`e�k{z�cfe�z p k ¬ � p h£] o�ptq
k p _ o�p z p _ q a^e~c o cfkÁc»h~cf_{z|a^_ o cfkÁ�t]`e o a^s�� p k�a^e�a^� adcfajkt�

ÈnY)} ¾¿`HjA@d|�_buvfZrñ\�r+jZ�Ú_J`H\�uHLJ�+`H\�cejhr

*�c+k p s��f]Acfe�z p _ba^]`_ o a^kb�t��z|a q ]`k�]�h�_b]`}�[ ptq c o�p k p;p e��t]`e�z|_|cf_ � cf[^]`_ p k p Åz|_ ptq ]`k
kb��ª p ajz|]îc�_ p k{z|_ba^s��f]

G(x, y, y′) = 0
�`h£]`_bõ q c � ]`_|c�e�]`kbk|c��t]`e o a^s��f]6kb��}�kba o a � _badc�z p _ � � q � cf[^]`_

� l



h�_ p kb�t_bajz|]��?à p kbz�cA��]`_ q c��1]Qh�_b]`}�[ ptq c o�p k p+p e��t]`e�z|_|cf_°] � cf[^]`_ p Åz|_ ptq ]Qh~cf_|cA� q c?� p _{z�c
a^e�z pt� _|cf[Ï��kb��ª p ajz�c�c°� q c°]`��z|_|c ¬ � p z p e��~cv� q � cf[^]`_ o�p ©~e�a o ]��õ6���~c q c o ]k��@):���7�G � ={A�>:��"G�@BÛ
A � � �C@BA´8�:��Qy q p kbh p �tadcf[Ï��]Éh�_b]`}�[ ptq c o�p k p+p e��t]`e�z|_�c�_;cA�t��_ � cA� p � �~c o c o�p �t] q h�_ba q�p e�z|]
o c o ]�� ¬ � p hi]`kbkb��a � _ p c q+� Å�a q c�õ����~c q c o ] o�p h�_b]`}�[ ptq c�a^kb]`h p _ba q õ z|_baj�t]�� o�ptq ]`e�k{z|_|cf_ ptq ]`k
p k{z p h�_b]`}�[ ptq c�e�];© q o�p k{z p ��cfh��jz|��[^]��

� ��hi]`e��~c ¬ � p°¬ � p a^_|c q ]`k p e��t]`e�z|_|cf_Á]`k � cf[^]`_ p k p Åz|_ ptq ]`k o c»a^e�z pt� _|cf[

I =

∫ x1

x0

F (x, y, y′)dx
á���� u`u ã

kb��ª p ajz�cq0;�t]`e o a^s��f]»kb��}�kba o a � _badc

L =

∫ x1

x0

G(x, y, y′)dx =
� q c;� p _{z�c»�t]`e�k{z�cfe�z p

c
á���� u Ç ã

y!k{z p z|a^hi] o�p h�_b]`}�[ ptq c�e~�f]«hi] o�p k p _+z|_|c�z�c o ]X�t] q ]Xe~cXk p s��f],cfe�z p _ba^]`_t� o�p
��]`_ q cf_\� q c � cf_badcfs��f] y = u+εη

� Æ\]`_ ¬ � p � q c q � o cfe�s�c�e�] � cf[^]`_ o ]îh~cf_)� q�p z|_b] ε
hi] o�p _ �

��cf��k|cf_�� q c q � o cfe�s�c�e�] � cf[^]`_ o�p L
� ¬ � pîo�p � p k p _��t]`e�k{z�cfe�z p �"�"] q a^k{z|]���c o a q ajz|aje o ] ¬ � p

y = u
k p ªbc�c;����e�st�f]�h�_b]�t��_|c o c�����]`_ q cf_ ptq ]`k�c � cf_badcfs���]

y = u + ε1η1 + ε2η2
á���� u ��ã

]`e o�p
η1
p

η2
k|�f]»����e�s�� p k��t]`e�z|a^e��~c q�p e�z pîo aj� p _ p e��ta � � p a^k��t] q

η1(x0) = η1(x1) = 0
p

η2(x0) = η2(x1) = 0

à p k{z�c»��] q c���kb��}�k{z|ajz|��a^e o ]q��� u � ptq ��� u`u�p ��� u Ç ]`}�z ptq ]`k

I(ε1ε2) =

∫ x1

x0

F (x, u + ε1η1 + ε2η2, u
′ + ε1η

′
1 + ε2η2

′)dx

p
L(ε1, ε2) =

∫ x1

x0

G(x, u + ε1η1 + ε2η2, u
′ + ε1η1

′ + ε2η2
′)dx = c

c�����e�s��f]
I(ε1ε2)

k p _ �Ap k{z�cf�ta^]`e � _badc�h~cf_|c
ε1 = ε2 = 0

�\kb��ª p ajz�cAcA�t]`e o a^s��f]
L(ε1, ε2) = c

�
��k|cfe o ]�] q õ z|] o ] o ]`k q ��[jz|a^h�[jaj��c o ]`_ p k o�p Ã1c � _|cfe �`pîo c»k p s��f]+cfe�z p _ba^]`_�]`}�z ptq ]`k

H(ε1, ε2) = I(ε1ε2) + λL(ε1, ε2)
á���� u`Ê ã

à p k{z�c;��]`_ q c�� o�p ��� u`u�p ��� u Ç �

H(ε1, ε2) =

∫ x2

x0

φ(x, y, y′)dx
á���� ufx ã

� u



]`e o�p
φ(x, y, y′) = F (x, y, y′) + λG(x, y, y′)

á���� u�� ã
�"] q ] ¬ � p _ ptq ]`k p e��t]`e�z|_|cf_Á� q � cf[^]`_ p k{z�cf�ta^]`e � _ba^];h~cf_|c H

z ptq ]`k p e�z��f] ¬ � p

∂H

∂ε1

=
∂H

∂ε2

= 0
� ] q

ε1 = ε2 = 0
á���� u2� ã

î ptq ]`k p e�z��f] ¬ � pro�p cf�t]`_ o ]»�t] q c;_ p � _|c o c;��c o�p adc

∂H

∂εi

=

∫ x1

x0

[∂φ

∂y

∂y

∂εi

+
∂φ

∂y′

∂y′

∂ε

]

dx =

∫ x1

x0

[∂φ

∂y
ηi +

φ

∂y′
η′

i

]

dx i = 1, 2.
á���� ufm ã

à p k{z�c»��]`_ q c��
∂H

∂εi

∣

∣

∣

ε1=ε2=0
=

∫ x1

x0

[∂φ

∂u
ηi +

∂φ

∂u′
η′

i

]

dx = 0
á���� Ç w ã

÷ e�z pt� _|cfe o ]�h£]`_�h~cf_{z p k�z ptq ]`k
∫ x1

x0

∂φ

∂u′
η′

i dx =
∂φ

∂u
ηi

∣

∣

∣

x1

x0

−
∫ x1

x0

ηi

d

dx

∂φ

∂u′
dx

á���� Ç l ã
q cfk o cfkÁ�t]`e o a^s�� p k o�p �t]`e�z|]`_be�]

η1(x0) = η1(x1) = 0
p

η2(x1) = η2(x2) = 0,
p e�z��f]

∫ x1

x0

∂φ

∂u′
η′

i dx = −
∫ x1

x0

ηi

d

dx

∂φ

∂u′
dx

â ¬ � p z|]`_be~c»c pt¬ �~cfs��f].��� Ç w
∂H

∂εi

∣

∣

∣

ε1=ε2=0
=

∫ x1

x0

[∂φ

∂u
− d

dx

∂φ

∂u′

]

ηi dx = 0
á���� Ç u ã

�p e o ]vcfk ����e�s�� p k
ηi

����e�s�� p k�cf_b}�ajz|_ � _badc�k p �t]`e�z|a^e��~c q�p e�z p�o aj� p _ p e��ta � � p a^k p k|c�z|a^k{�¦cfì p e o ]°cfk
�t]`e o a^s�� p k o�p �t]`e�z|]`_be�]��icfh�[^a^��c�e o ];]�[ ptq cv����e o c q�p e�z�cf[ o ]�� � [^�t��[^] o cfk � cf_badcfs�� p k�z ptq ]`k

∂φ

∂u
− d

dx

∂φ

∂u′
= 0

á���� Ç`Ç ã
¬ � p hi] o�p k p _Á_ ptp kb�t_bajz�c»�t] q ]

φu −
d

dx
φu′ = 0

á���� Ç ��ã
¸�Ç ÓÒ � Ú ¥ � Ð � ?�= � :>Ù8�:F�
>�AC;1G�@'=2@Ü: G'¬�G � ��7�:§;1GÜ;1G���G�@ � A���=2@Ü= 8�9�@B�F= ;1G�8�: � ��@BA � G��"��:
L
��=2@'=Ú:�£�9�=27 � I =

∫ b

a
ydx � 9 �T� 5�¬�A � :Ù8�: � =$>³>G��29�A��"��G�>n8�:F��;2A�DFEG�>/;1G.�F=27�:F@qA��"A´8�AC=27

y(a) = y0
G

y(b) = y1
�

� Ç



â%�t] q h�_ba q�p e�z|] o c»�t��_ � c�õrc»e�]`kbk|c»�t]`e o a^s��f]»kb��}�kba o a � _badc��
∫ b

a

√

1 + y′2dx

p e�z��f]�a^_ ptq ]`k�cf� �~cf_�] p Åz|_ ptq ] o c;a^e�z pt� _|cf[Ï�

H =

∫ b

a

(y + λ
√

1 + y′2)dx

�"�~c q cfe o ]»]»a^e�z pt� _|cfe o ] o�p
φ(y, y′)

z ptq ]`k

φ(y, y′) = y + λ
√

1 + y′2

Æ\] o�ptq ]`k"]`}�k p _ � cf_ ¬ � p ]�a^e�z pt� _|cfe o ] o�p h p e o�p kb] q�p e�z p�o�p y
p

y′ � p e�z��f]°z p q ]`k�c pt¬ �~cfs��f]
o�p y!��[ p _

φ − y′φy′ = C

y + λ
√

1 + y′2 − y′ λy′

√

1 + y′2
= C

y + λ
√

1 + y′2 − λy′2

√

1 + y′2
= C

y − C = −λ(1 + y′2) + λy′2

√

1 + y′2

y − C = − λ
√

1 + y′2

Zicfì p e o ]
y′ = tan(θ)

��z p q ]`k √

1 + y′2 = sec(θ)
�

Ã�] � ]
y − C = −λ cos(θ)

o�p
dy

dx
= y′ ⇒ dx =

dy

y′

]`}�z ptq ]`k
dx =

λ
k p e

(θ)dθ

tan(θ)

dx = λ cos(θ)dθ

� q c;a^e�z pt� _|cfs��f] ptq c q }£]`k�]`k q�ptq }�_b]`k
∫

dx =

∫

λ cos(θ)dθ ⇒ x = λ
k p e

(θ) + C1

���



(x − C1)
2 = λ2 k p e 2(θ)

pro�p
y − C = −λ cos(θ)

]`}�z ptq ]`kÁc;k pt� ��a^e�z p _ p [dcfs��f]

(y − C)2 = λ2 cos2(θ)

Ã�] � ]
(x − C1)

2 + (y − C)2 = λ2

â6�µk p ªbc���] p Åz|_ ptq ] o ]�����e��ta^]`e~cf[�õ�� q cf_b�t] o�p �ta^_b�t��e�� p _bíte��tadc o�p � p e�z|_b]
(C1, C)

p _|cfa^]
λ
��]`e o�p

C
p

C1
k|�f];�t]`e�k{z�cfe�z p k o�p a^e�z pt� _|cfs��f] ¬ � p hi] o�ptq k p _ o�p z p _ q a^e~c o cfk�c;h~cf_{z|a^_ o cfk

�t]`e o a^s�� p k o�p �t]`e�z|]`_be�]��

ÈnY½¼ É o�`Nwyfy�No�`�f

Æ�cf_|cÁ_ p kb]`[ � p _ q ]`k1]����~c q c o ]Áh�_b]`}�[ ptq c�a^kb]`h p _ba q õ z|_baj�t]��na^e�z|_b] o ��ìta^_ ptq ]`k�]��t]`e�
� p ajz|] o�p �t��_ � c�z|��_|c��

� cf} ptq ]`k o ]X� � [^�t��[^] ¬ � p c��t��_ � c�z|��_|c o�p � q c��t��_ � c C
h~cf_|c q�p z|_ba^ì�c o c ptq

z p _ q ]`k o ]��t] q h�_ba q�p e�z|] o�p cf_b�t]»õ o�p ©~e�a o c;h£]`_tÙ

κ(s) =
∥

∥

∥

dT

ds

∥

∥

∥
,

]`e o�p dT
ds

õîcvz�c×Å�c o�p � cf_badcfs��f] o ] � p z|]`_�z�cfe �`p e�z p ��e�ajz � _ba^] T
ptq _ p [dcfs��f];cf]��t] q h�_ba q�p e�z|]

o�p cf_b�t]
s
��y!e�z|_ p z�cfe�z|]���k p c��t��_ � c;��]`_�_ p h�_ p k p e�z�c o c ptq �t]�]`_ o�p e~c o cfkÁh£]`[dcf_ p kt��c�z|_|c � õtk o ]

h~cf_)� q�p z|_b]
θ
]`�Ak p ªbc��

γ = f(θ)
�~h£] o�p _ ptq ]`kÁ_ ptp kb�t_ p � p _�c»�t��_ � c�z|��_|c»�t] q ]

κ(θ) =
| γ′(θ) × γ′′(θ) |

| γ′(θ) |3 .
á���� Ç Ê ã

î ptq ]`k ¬ � p k p ªbc
θ
]h~cf_)� q»p z|_|]�� p e�z��f]

x = r cos(θ)
p

y = r
k p e

(θ)
��� q c

_ p h�_ p k p e�z�cfs��f]+h~cf_|c»c»�t��_ � c»k p _ �

γ = (r cos(θ), r
k p e

(θ)) = r cos(θ)~i + r
k p e

(θ)~j.
á���� Ç x ã

�t��ªbc o�p _ba � c o c»õ

γ′ = [r′ cos(θ) − r
k p e

(θ)]~i + [r′
k p e

(θ) + r cos(θ)]~j

� Ê



| γ′ | =
√

(r′ cos(θ) − r
k p e

(θ))2 + (r′
k p e

(θ) + r cos(θ))2

| γ′ | =
√

r′2(
k p e

2(θ) + cos2(θ)) + r2(
k p e

2(θ) + cos2(θ))

| γ′ | =
√

r′2 + r2

à p _ba � cfe o ]�� q c;k pt� ��e o c � p ìZ��� Ç x ]`}�z ptq ]`k

γ′′ = [r′′ cos(θ) − 2r′
k p e

(θ) − r cos(θ)]~i + [r′′
k p e

(θ) + 2r′ cos(θ) − r
k p e

(θ)]~j.

γ′ × γ′′ =

∣

∣

∣

∣

∣

∣

∣

∣

∣

~i ~j ~k

r′ cos(θ) − r
k p e

(θ) r′
k p e

(θ) + r cos(θ) 0

r′′ cos(θ) − 2r′
k p e

(θ) − r cos(θ) r′′
k p e

(θ) + 2r′ cos(θ) − r
k p e

(θ) 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

| γ′ × γ′′ | = | (r′ cos(θ) − r
k p e

(θ))(r′′
k p e

(θ) + 2r′ cos(θ) − r
k p e

(θ)) −

− (r′
k p e

(θ) + r cos(θ))(r′′
k p e

(θ) − 2r′
k p e

(θ) − r cos(θ)) |

= | 2r′2 cos2(θ) + 2r′2
k p e 2(θ) − rr′′

k p e 2(θ) − rr′′ cos2(θ) + r2 k p e 2(θ) + r2 cos2(θ) |

= | 2r′2 − rr′′ + r2 |

à6c pt¬ �~cfs��f].��� Ç Ê ]`}�z ptq ]`k ¬ � p c;�t��_ � c�z|��_|c ptq z p _ q ]`k o ]»h~cf_)� q�p z|_b]
θ
õ o c o c»hi]`_

κ(θ) =
| r2 − rr′′ + 2r′2 |

(r′2 + r2)
3
2

á���� Ç � ã
ë � ]`_|c���]`}�k p _ � p°¬ � p k p c;�t��_ � c;��]`_�� q ���^_b�t��[^] o�p _|cfa^]

λ
�t��ªbc pt¬ �~cfs��f]+õ o c o c»h£]`_

γ = λ cos(θ)~i + λ
k p e

(θ)~j
á���� Ç � ã

à6c pt¬ �~cfs��f].��� Ç � ]`}�z ptq ]`k
κ(θ) =

λ2

(λ2)
3
2

=
1

λ
Æ\] o�ptq ]`kÁ]`}�k p _ � cf_ p e�z��f] ¬ � p ]»���^_b�t��[^]�z p q �t��_ � c�z|��_|c»�t]`e�k{z�cfe�z p 1

λ

�

ÈnY�È E �n`�jA@d|�_buvfÁ\�r+jZ�Ú_J`H\�uHLJ�+`H\�cej

â6��z|_b]Éh�_b]`}�[ ptq cAa^kb]`h p _ba q õ z|_ba^�t]Aa^e�z p _ p kbk|cfe�z p �!�t]`e�kba^k{z p�ptq p e��t]`e�z�_|cf_ o�p e�z|_ p
z|] o cfk"cfk"�t��_ � cfk"h�[dcfe~cfk�� p ���~c o cfk o�p � ] q h�_ba q�p e�z|] o c o ]���c ¬ � p [dc ¬ � p z p e��~c � _ p c q+� Å�a q c�

� x



�p _ p kb]`[ � p _ q ]`k"];h�_b]`}�[ ptq c ptq �t]�]`_ o�p e~c o cfk�hi]`[dcf_ p kt��cv�t��_ � cvz p _ � cvk pt� ��a^e�z p
_ p h�_ p k p e�z�cfs��f]

r = r(θ)
p k�c�} ptq ]`k o ];� � [^�t��[^] ¬ � p c � _ p c o�p � q cv�t��_ � c ptq �t]�]`_ o�p e~c o cfk

h£]`[dcf_ p k�õ o c o c;h p [dc;a^e�z pt� _|cf[
A =

1

2

∫ 2π

0

r2dθ.
á���� Ç m ã

*�]`kbk|c»�t]`e o a^s��f]»kb��}�kba o a � _badc�]`�?k p ªbc»]»�t] q h�_ba q�p e�z|] o c»�t��_ � c�õ o c o ]�h£]f_

L =

∫ 2π

0

(r2 + r′2)
1
2 dθ

á���� � w ã
à p k{z�c»��]`_ q c���];����e��ta^]`e~cf[�c;k p _ q a^e�a q ajì�c o ];õ

H =

∫ 2π

0

[

1

2
r2 + λ(r2 + r′2)

1
2

]

dθ
á���� � l ã

�p e o ]
φ =

1

2
r2 + λ(r2 + r′2)

1
2

á���� � u ã
�t��ªbc pt¬ �~cfs��f] o�p y!��[ p _

φr −
d

dθ
φr′ = 0

á���� � Ç ã
e�]`k o~�

r + λr(r2 + r′2)−
1
2 − d

dθ
λr′(r2 + r′2)−

1
2 = 0.

á���� ����ã
�"] q ]

r
o�p h p e o�p°o�p

θ

d

dθ
λr′(r2 + r′2)−

1
2 =

λr′′(r2 + r′2)
1
2 − 1

2
r′(2rr′+2r′r′′)

(r2+r′2)
1
2

(r2 + r′2)

= λ

[

r′′(r2 + r′2) − rr′2 − r′2r′′

(r2 + r′2)
3
2

]

= λ
(r′′r2 − rr′2)

(r2 + r′2)
3
2

� ��}�k{z|ajz|��a^e o ]»]»_ p kb��[jz�c o ]»]`}�z|a o ]»e~c pt¬ �~cfs��f].��� ���;z ptq ]`k ¬ � p

r +
λr

(r2 + r′2)
1
2

− λr′′r2 + λrr′2

(r2 + r′2)
3
2

= 0

λr(r2 + r′2) − λr′′r2 + λrr′2

(r2 + r′2)3
2

= −r

λr [r2 + r′2 − r′′r + r′2]

(r2 + r′2)
3
2

= −r

� �



â6�Ak p ªbc��
r2 − r′′r + 2r′2

(r2 + r′2)
3
2

= −1

λâ ¬ � p e�]`k o~�
r′′r − 2r′2 − r2

(r2 + r′2)
3
2

=
1

λ

á���� � Ê ã
�"] q ]vh£] o�ptq ]`k"]`}�k p _ � cf_ o cvk p s��f]»c�e�z p _ba^]`_t�c pt¬ �~cfs��f]³��� � Ê õ6cv�t��_ � c×z���_|c o�p � q ���^_b�t��[^]
o�p _|cfa^]

λ
��Æ�]`_{z�cfe�z|]�� o�p e�z|_ p z|] o cfk�c�k��t��_ � cfk o�p �t] q h�_ba q�p e�z|] o c o ]��£c»�t��_ � c ¬ � p hi]`kbkb��a

� _ p c q+� Å�a q c�õrc»�ta^_b�t��e�� p _bíte��tadc��

� �
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à�a^ì ��k pî¬ � p � q c�����e�s���]
f(x1, x2, . . . , xn)

õr��] q ] � íte p c o�pr� _|cf�
h
k p

f(tx1, tx2, . . . , txn) = thf(x1, x2, . . . , xn)
á Ê � l ã

y q/�`p _|cf[Ï��� q hi]`[^a^e�ñ q aj] ptq
x
p

y
]`� ptq q cfa^]`_;e1I q�p _b] o�p � cf_ba � � p a^k;õA� q cÉ����e�s��f]

��] q ] � íte p c o�pr� _|cf�
h
k p � ptq ��c o c�z p _ q ]��~c�kb] q c o ]`k p Å�h£] p e�z p k o cfk � cf_ba � � p a^k�a^e o�p h p e�

o�p e�z p kÁ��]`_�a � �~cf[�c
h
�

ë kÁ����e�s�� p k���] q ] � íte p cfk q cfa^k�kba q h�[ p kÁk|�f]+]`k�hi]`[^a^e�ñ q aj]fkÁ��] q ] � íte p ]`kt�i�t] q ]
h£]`_ p Å ptq h�[^]

z = ax2 − bxy + cxz − y2 � ¬ � p õ»� q c+����e�s��f]?��] q ] � íte p c o�p;� _|cf� 2
� ë k

����e�s�� p k

g =
3x3 − 2x2y + y3

4y7 − 2x5z2
, h = x cos

(y

x

) p
z = tan

(

x

x + y

) á Ê � u ã
k|�f]»����e�s�� p k���] q ] � íte p cfk o�pr� _|cf� −4

�
1
p

0
_ p kbh p � z|a � c q�p e�z p �

ë k1����e�s�� p k���] q ] � íte p cfk ¬ � p z�c q }iõ q k|�f] o aj� p _ p e��ta � � p a^kt�×k|c�z|a^k{�¦cfì ptq c{G)£�9�=�D$�1:
;2A ��G�@)G��¨8�AC=271�"=2@)8�AC=27

x1fx1 + x2fx2 + . . . + xnfxn
= hf(x1, x2, . . . , xn)

á Ê � Ç ã
�t]`e�� p �ta o c»�t] q ]n@�G�7 =�D$�1:/8)=2@)=18���G�@ Í >��CA´8)=�;1G Ä 9�7�G�@ �
®"Ó ¥ Ì×ÓÒ Ñ � Ð üê¸ 8�:F��;2A�D$�1:b�¨G�8�G�>�>�52@BAC=¢G�>�9��e8�A´G��"��G!��=2@'=¢£�9"G9 � =H��9���D$�1:

f(x1, x2, . . . , xn) �;1GC���"AC;�=�Gd;2A ��G�@)G��¨8�AC52�2G�7��"9 � ;1: �qÍ ��A´:�=��BG�@B��:
D � >GC��=Pµ": � :��1Æ��¨G)=�;1G³�2@'=29 h � £�9"GPG�7ª=>�=2�CAª»´��=�D$=�=/@)G�7ª=�D$�1:/;1G Ä 9�7�G�@ �

� m



¶ ÓÒ ¥£  Û ¡ Ì Ñ~ú`¨�¥ � Ð ü ß{G�@BA��2G � :>b= � �B:>·:> � G � ��@):>b;�={G)£�9�=�D$�1: «���� G � @)G�7ª=�D$�1:k=
t � A�>B�û:

� �"G�@ � A��CAC;1: � ��5d£�9"G³=PG)£�9�=�D$�1: � 9 � =�AC;1G��"�CAC;�=�;1G³G � t
� ¸ ��7²A´8)=2��;1:�=/@�G��2@'=n;�=P8)=�;1G�AC=n=1:

��@BA � G�A�@): � G � ��@): � :�����G � :>

x1fx1(tx1, tx2, . . . , txn) + . . . + xnfxn
(tx1, tx2, . . . , txn) = hth−1f(x1, x2, . . . , xn).

á Ê � ��ã
Ä >8�@)G��2G � :>

fx � ��=2@'=Ü;1G�>�Aª�2��=2@.=Ù;1G�@BA��F=�;�=Ü;1G f
G � @)G�7ª=�D$�1:TSq��@BA � G�A�@'=d�F=2@BÛ

AC52�2G�7 � A�>���: ��� ��@BA � G�A�@�:/8)=27�8�9�7ª= � :>
∂f(ξ1, ξ2, . . . , ξn)

∂ξ1��=2@'=h;1G��":FA�>>�9��B>��CA��C9�A�@
ξ1 = tx1 � ξ2 = tx2 � . . . � = . . . = ξn = txn

�Jº �1:Z;1G��2G � :>b8�:F���9���;2A�@
fx1(tx1, tx2, . . . , txn) � 8�: � =n;1G�@BA��F=�;�=

∂

∂x1

f(tx1, tx2, . . . , txn) = tfx1(tx1, tx2, . . . , txn).

U+=»$G���;1:
t = 1 � � :>��C@'= � :>P£�9"GÙ=�@)G�7ª=�D$�1:§;1G Ä 9�7�G�@ � 8�:F��;2A�D$�1:��¨G�8�G�>�>�52@BAC=��=2@'=§=Üµ": � :)�1G��¨G�AC;�=�;1Gn;1G

f
� ¡ =2@'=§;1G � :F�
>��C@'=2@n£�9"GP=§8�:F��;2A�D$�1: � >�9��e8�A´G��"��G � ;1G��2G � :>=�; � A��CA�@Z=/@)G�7ª=�D$�1: «�� ¤ GL��@):F�F=2@Z£�9"G

f � µ": � :)�1Æ��¨G)=/;1G¢�2@'=29 h
�

� 9
�B>��CA��´91A���;1:
(x1, x2, . . . , xn)

�":F@
(tx1, . . . , txn)

=nG�£�9�=�D$�1: «�� ¤ >Gk��:F@���=

tx1fx1(tx1, . . . , txn) + . . . + txnfxn
(tx1, . . . , txn) = hf(tx1, . . . , txn)

Å 9�7²�CA ��7²A´8)=2��;1:�G�>���=dG)£�9�=�D$�1:¢�":F@
th−1 � :�����G � :>

th(x1fx1 + . . . + xnfxn
) − hth−1f = 0

Â �B>G�@B�F=2��;1:.£�9"G³:y��@BA � G�A�@): � G � ��@): � Aª�29�=27N=

t2h d

dt

f(tx1, . . . , txn)

th
= th(x1fx1 + . . . + xnfxn

) − hth−1f,

>G��29"GZ£�9"G f(tx1,...,txn)
th

� 8�:F�
>���=2�"��GhG � t
�WV 9�=2��;1:

t = 1 � A�>���:h>Gy@)G);29�»h= f(x1, x2, . . . , xn) ��":F@B��=2�"��:
f(tx1, tx2, . . . , txn)

th
= f(x1, x2, . . . , xn)

:F9n>GC��=
f(tx1, tx2, . . . , txn) = thf(x1, x2, . . . , xn)

8�: � :/£�9"G�@ Í = � :>h;1G � :F�
>��C@'=2@ �

Êfw



PqY)} ¾¿`H\�adcX?��d\�jmln_ZYTfZuÀ\�|B��jha

â6k�kba^k{z ptq cfk o�p�pt¬ �~cfs�� p k o aj� p _ p e��tadcfa^k o�p y!��[ p _?hi]`kbkb� ptq � q c � _|cfe o�p a q �
h£]`_{z��fe��tadc�e�]A_|c q ] o c q c�z ptq+� z|aj��c�cfh�[^a^��c o c��;� qço ]`k q cfa^k6kba � e�aj©~��c�z|a � ]`kî�t]`e�� p ajz|]`k o c
���^kba^��c q c�z ptq+� z|aj��c+õ;�t]`e�� p �ta o ]A�t] q ] ¡ @BA��¨8 Í �":P;1G ¦ = � A�7²��:F�~� ¬ � p»o a^ì ¬ � p ] q ] � a q�p e�z|]
o�p � q kba^k{z ptq c o�p h~cf_{z)�^�t��[dcfkt��h£] o�p k p _ p Å�h�_ p kbkb]+h p [dc;�t]`e o a^s��f] o�pr¬ � p c;a^e�z pt� _|cf[

∫ t2

t1

(T − U)dt

���~c q c o c o�p a^e�z pt� _|cf[ o�p Â�c q a^[�z|]`e
��k p ªbc p k{z�cf�ta^]`e � _badc��]`e o�p
T
õ°c p e p _ � adc;�ta^e�õ z|a^��c p

U
c

p e p _ � adc;h£]fz p e��tadcf[ o ]»kba^k{z ptq c��
ð�c q ]`k��t]`e�kba o�p _|cf_�hi]`_ p Å ptq h�[^]+� q c+h~cf_{z)�^�t��[dc o�pvq cfkbk|c

m
kb]`}�_ p c+cfs��f] o�p

� q c���]`_bs�c
F
� �p�o�p e�]fz�cf_ q ]`k�] � p z|]`_ o�p kb[^]���c q�p e�z|]+h£]`_ x

� o c+k pt� ��e o c�Ã p a o�p * p�, z|]`e
z ptq ]`k ¬ � p

F = mẍ
á Ê � Ê ã

]`e o�p
ẋ = dx

dt

p
ẍ = d2x

dt2

� �p e o ]
δx

� q c � cf_badcfs��f]Ae�] o�p kb[^]��c q�p e�z|]A�t] q δx|t=t1 = 0
p

δx|t=t2 = 0
�
î1] q cfe o ]�]�h�_b] o ��z|] p kb��cf[dcf_;�t] q

δx
o�p c q }£]`k;]`k»[dc o ]`k o c pt¬ �~cfs��f] Ê � ÊÉp

a^e�z pt� _|cfe o ];z ptq ]`k
∫ t2

t1

(mẍ · δx − F · δx)dt = 0
á Ê � x ã

÷ e�z pt� _|cfe o ]�hi]`_Áh~cf_{z p kt�~]`}�z ptq ]`k
∫ t2

t1

mẍdt = mẋδx|t2t1 −
∫ t2

t1

mẋδẋdt
á Ê � � ã

q cfk o cfkÁ�t]`e o a^s�� p k o�p � cf[^]`_�a^e�a^�tadc�[ mẋδ|t2t1 = 0

∫ t2

t1

mẍδxdt = −
∫ t2

t1

mẋδẋdt
á Ê � � ã

â6}�k p _ � cfe o ] ¬ � p δẋ2 = 2ẋδẋ
�ic pt¬ �~cfs��f] Ê � � k p z|]`_be~c
∫ t2

t1

mẍδxdt = −
∫ t2

t1

m

2
δẋ2dt

á Ê � m ã

q cfk mẋ2

2

õ°c p e p _ � adc;�ta^e�õ z|a^��c o c;h~cf_{z)�^�t��[dc��!Zicfì p e o ]
T = mẋ2

2

c pt¬ �~cfs��f] Ê � � k p z|]`_be~c
∫ t2

t1

mẍδxdt = −
∫ t2

t1

δTdt
á Ê � lnw ã

Êl



p kb��}�k{z|ajz|��a^e o ]�c pt¬ �~cfs��f] Ê � l�w e~c pt¬ �~cfs��f] Ê � x z ptq ]`k
∫ t2

t1

(δT + Fδx)dt = 0
á Ê � l`l ã

� cf} ptq ]`k ¬ � p ];z|_|cf}~cf[^��]�_ p cf[^a^ì�c o ]�h£]`_
F
k|]f}�_ p c�h~cf_{z)�^�t��[dcvh p _b�t]`_b_ p e o ];z|_|c×�

ª p z|g`_badc
σ
õ o c o ]Ah p [dc�a^e�z pt� _|cf[ o�p [^a^e��~c ∫

σ
Fds

��â � cf[^]`_ o c?a^e�z pt� _|cf[ o�p h p e o�p kb] q�p e�z p
o ]`k p Åz|_ ptq ]`k o ]va^e�z p _ � cf[^]°]`�+k p ªbc o�p σ(t1)

p
σ(t2)

�!y q ]`��z|_|cfk�h~cf[dc � _|cfkt��k p e�g`k"��k|cf_ q ]`k
]`��z|_|cîz|_|c�ª p z|g`_badcî�t] q ]`k q�p k q ]`k p Åz|_ ptq ]`k o ]°a^e�z p _ � cf[^]���e�g`k p e��t]`e�z|_|cf_ ptq ]`k"c q�p k q cr_ p �
kbh£]`k{z�c�]`��k p ªbc���c�a^e�z pt� _|cf[a^e o�p h p e o�p�o ]6��c q a^e���]���y!e�z��f]6h£] o�p q ]`k p e��t]`e�z|_|cf_�� q cÁ����e�s��f]
φ(x, y, z)

���~c q c o c o�p ����e�s��f]+h£]fz p e��tadcf[�z�cf[ ¬ � p
δφ = Fδx

�£] ¬ � p z|]`_be~c+c pt¬ �~cfs��f] Ê � l`l
a � �~cf[
c

∫ t2

t1

(δT + δφ)dt = δ

∫ t2

t1

(T + φ)dt = 0
á Ê � l×u ã

à p ©~e�a^e o ]+c p e p _ � adc;h£]fz p e��tadcf[
h£]`_
U = −φ

��z p _ ptq ]`k

δ

∫ t2

t1

(T − U)dt = 0
á Ê � l Ç ã

]`e o�p c o aj� p _ p e�s�c o�p�p e p _ � adc
L = T − U

õ+� �~c q c o cAhi]fz p e��tadcf[��ta^e�õ z|a^�t]��\]`�X����e�s��f]É[dc×�
� _|cfe � adcfe~c�� o�p k{z�c;��]`_ q c�h£] o�ptq ]`k p kb�t_ p � p _�c pt¬ �~cfs��f] Ê � l Ç �t] q ]

δ

∫ t2

t1

Ldt = 0

¸�Ç ÓÒ � Ú ¥ � Ð ü 3:F�
>�AC;1G�@)G � :>q: � :F�A � G��"��:d;1G³9 � ={��=�@B� Í 8�9�7ª=Ü;1G � =$>�>�=
m
G � �C@)Æ�>/;2A�Û

� G��
>EG�> �
�p c�hi]`kba^s��f] o c�h~cf_{z)�^�t��[dc+e�]?a^e�k{z�cfe�z p

t
õ p Å�h�_ p kbk|c ptq �t]�]`_ o�p e~c o cfkr_ p z�cfe � ��[dcf_ p k

x(t)
�

y(t)
p

z(t)
�~]fe o�p c p e p _ � adc;�ta^e�õ z|a^��c�õ o c o c»hi]`_

T =
1

2
m(ẋ2 + ẏ2 + ż2)

y!e ¬ �~cfe�z|] ¬ � p c p e p _ � adc;h£]fz p e��tadcf[
U
õ o c o c»hi]`_

U = U(x, y, z)

y!e�z��f]
L = T − U =

m

2
(ẋ2 + ẏ2 + ż2) − U(x, y, z)

Ê`u



â%k|ajkbz ptq c o�prpt¬ �~cfs�� p k o�p y!��[ p _Áh~cf_|c
L
õ

Lx −
d

dt
Lẋ = 0

Ly −
d

dt
Lẏ = 0

á Ê � l ��ã

Lz −
d

dt
Lż = 0

q cfk�k p ]`}�k p _ � cf_ q ]`k ¬ � p Lx = Ux

�
Ly = Uy

p
Lz = Uz

pî¬ � p

d

dt
Lẋ =

d

dt
(mẋ),

d

dt
Lẏ =

d

dt
(mẏ)

d

dt
Lż =

d

dt
(mż)

]»kba^k{z ptq c Ê � l �;©~��c
d

dt
(mẋ) + Ux = 0

d

dt
(mẏ) + Uy = 0

á Ê � l×Ê ã
d

dt
(mż) + Uz = 0

¬ � p hi] o�p k p _Á_ p kb]`[ � a o ]�c;h~cf_{z|a^_ o cfkÁ�t]`e o a^s�� p kÁa^e�a^�tadcfajkt�

PqY½¼ ¾¿`H\�adcX?��d\�jmldfÀcejhadr+_J`NwyfZgJikjäln_å_ban_J`HðZ\�f

�p e�g`k"�t]`e�kba o�p _|cf_ q ]`k"� q kba^k{z ptq c q�p ���fe�a^�t]v�t] q
n
� _|cf��k o�p [^a^} p _ o c o�p �]`e o�p

� q kba^k{z ptq c°õ o ajz|]°z p _
n
� _|cf��k o�p [^a^} p _ o c o�p k p cfk"kb�~cfk�h£]`kba^s�� p k"��]`_ ptq=o�p z p _ q a^e~c o cfk"h£]`_

n
�t]]`_ o�p e~c o cfk�a^e o�p h p e o�p e�z p k

q1, q2, . . . , qn

� p e�z ��] o�p e�]fz�cfe o ]v]°z ptq hi]vhi]`_
t
e�]°[^� � cf_ o�p

x
p cfk � cf_ba � � p a^k o�p h p e o�p e�z p k q1, q2, . . . , qn

e�]�[^� � cf_
y1, y2, . . . , yn

]`e o�p
qi

k|�f]v����e�s�� p k o ]
z|a^h£]

qi(t)
�t] q k pt� ��e o c o�p _ba � c o c;�t]`e�z)�^e�~c���k p e o ]+cfkbkba q q̇i = d

dt
qi

�
à p k{z�c«��]`_ q c«� � � q cX����e�s��f])cfkbkb]��tadc o c,cf]kba^k{z ptq c o a^e"� q a^�t] o�p e�] q a^e~c o c

p e p _ � adc;�ta^e�õ z|a^��c ¬ � p õ o c���]`_ q c

T (q1, . . . , qn, q̇1, . . . , q̇n) =
1

2

n
∑

i,j=1

aij q̇iq̇j, aij = aji

á Ê � lnx ã

ë p e p _ � adc��ta^e�õ z|a^��c�õ�hi]`_{z�cfe�z|]�� q cÁ����e�s��f]6��] q ] � íte p c o�p"� _|cf� o ]`a^kt��Â � cfa^e o c�� q c�]`��z|_|c
����e�s��f]Qcfkbkb]�tadc o cAcf]Akba^k{z ptq c o a^e"� q a^�t]��1c p e p _ � adc�h£]fz p e��tadcf[

U(q1, . . . , q2)
¬ � p�o�p h p e o�p

kb] q�p e�z pro c»hi]`kba^s��f]�� ë kbkba q h£] o�ptq ]`kÁ]`}�k p _ � cf_ ¬ � p L = L(t, q1, q2, . . . , qi, q̇1, q̇2, . . . , q̇i)

Ê Ç



Æ\] o�p q ]`k o�p kb�t_ p � p _ p e�z��f]î] ¡ @BA��¨8 Í ��A´:Z;1G ¦ = � A�7²��:F�+�t] q ]îk p e o ]r] q ] � a q�p e�z|]
o�p � q kba^k{z ptq c o a^e"� q aj�t]���e�]»a^e�z p _ � cf[^] t0 ≤ t ≤ t1

� o�p � q c;hi]`kba^s��f]»a^e�a^�tadcf[ o c o c�c;]`��z|_|c
©~e~cf[1z�c q }£õ qCo c o c�� o�p z�cf[���]`_ q c ¬ � p c+a^e�z pt� _|cf[ ∫ t1

t0
(T − U)dt

k p ªbc p k{z�cf�ta^]`e � _badc»h~cf_|c�]
q ] � a q�p e�z|]�� ë k pt¬ �~cfs�� p k o�p y!��[ p _Áh~cf_|c;]»kba^k{z ptq c o a^e"� q aj�t];k|�f]

∂L

∂qi

− d

dt

∂L

∂q̇i

= 0
á Ê � l$� ã

y q � a^k{z�c o ]�a^e�z pt� _|cfe o ] L
e~�f] o�p h p e o�p _ p Å�h�[^a^�tajz�c q�p e�z p°o c � cf_ba � � p [�a^e o�p h p e o�p e�z p t

��c
pt¬ �~cfs��f] o�p y!��[ p _Áhi] o�p k p _Á_ ptp kb�t_bajz�c»�t] q ]

T − U −
n

∑

i=0

q̇i

∂(T − U)

∂q̇i

= C
á Ê � l� ã

�"] q ]
U
e~�f] o�p h p e o�p°o�p

q̇i

��z ptq ]`k
n

∑

i=0

∂(T − U)

∂q̇i

=
n

∑

i=0

q̇i

∂T

∂q̇i

� cfk
T
õr� q c�����e�s��f]»��] q ] � íte p c ¬ �~c o _ � z|a^��c ptq

qi

�~[^] � ]
n

∑

i=0

q̇i

∂T

∂q̇i

= q̇1Tq̇1 + q̇2Tq̇2 + . . . + q̇nTq̇n
= 2T

�"] q a^kbkb]�c pt¬ �~cfs��f] Ê � l� ©~��c

(T − U − 2T ) = C
á Ê � lnm ã

T + U = −C
á Ê � ufw ã

â6�)k p ªbc�� o ��_|cfe�z p ] q ] � a q�p e�z|]���cµkb] q c o c p e p _ � adcµ�ta^e�õ z|a^��cµ�t] q c p e p _ � adcµh£]fz p e��tadcf[
e~�f] � c�_|a^cv�t] q ]vz ptq h£]��!y!k{z p h�_ba^e����^h�a^]°õ6�t]`e�� p �ta o ];�t] q ] ¡ @BA��¨8 Í ��A´:q;�=d3:F�
>G�@B�F=�D$�1:³;1G
Ä �¨G�@´�2AC=f�

Ê �



I @3:EM,K�DEê�G�@

* p kbz p z|_|cf}~cf[^��]���cvz p ]`_badc o�pîq+� Å�a q ]`k pîq �^e�a q ]`k o�p ����e�s�� p k o�p � q c � cf_ba � � p [
_ p cf[1��]`a p Åz p e o a o c+h~cf_|c���cfkb]`k q cfa^k �`p _|cfa^k�]`e o�p ]`k � cf[^]`_ p k p Åz|_ ptq ]`k�e~�f] p _|c q�q cfa^kÁ� q
� cf[^]`_r_ p cf[Ï� q cfk°kba q ����e�s�� p kt��â�h�_b]� pto a q�p e�z|]A��]`a p e�z��f] o�p _ba � cf_°�t]`e o a^s�� p kve p � p kbk � _badcfk
h~cf_|cvc p Å�a^k{z|íte��tadc o�p � cf[^]`_ p k p Åz|_ ptq ]`k"h~cf_|cr����e��ta^]`e~cfa^kt� � ]`k{z|_|cfe o ];cfkbkba q$¬ � p c pt¬ �~cfs��f]
o�p y!��[ p _6õ��t]`e o a^st�f]�e p � p kbk � _badc�h~cf_|c�c p Å�a^k{z|íte��tadc o�p � q � cf[^]`_ p Åz|_ ptq ]�� ë p kb�t]`[j�~c o ]`k
p Å ptq h�[^]`k���]`a(� p ajz�c��t] q }~cfk p e�]`kÁh�_b]`}�[ ptq cfk o c����^kba^��c pro c q c�z ptq+� z�aj��c;c�h�[^a^��c o c��

Ê`Ê



[ æ]\�æ�>T^è:EM,P�HLê ; P_9 K�P
@ å >QJa` M,HLê

b l4c Ä ë ï�Ä�â � ë ��-��iÃ!� � �j� òîp ] q�p z|_badc�à�aj� p _ p e��tadcf[ p � � [^�t��[^] o cfk�ð�cf_badcfs�� p k��
b u�c ��âî��ï ë *·îî�£ïr�j�£� � [^�t��[^]�à�aj� p _ p e��tadcf[ pî÷ e�z pt� _|cf[Ï� ÷{÷ ð�]`[^� q�p ��y o ajz|]`_|c ò [^]`}£]��
b Ç c y�Ã ��ò âîÃ\���~Ã!�~y��j�£��c�[^�t��[^��k�]f�\ð�c�_|a^c�z|a^]`e�kt��Æ p _ � c q ]`e?Æ!_ p kbk�� ÷ e��f�j��* p�,ed ]`_#fi� lnm`x�u �
b � c Z\âîï�ï ë d � � �¨-��j�~ð�cf_badc�z|aj]`e~cf[1��cf[^�t��[^��kÁa^e � �ta p e�� p cfe o y!e � a^e ptp _ba^e � � � � ò _|c , ��Â�a^[^[¦�

÷ e��f�j� lnm`x�� �
b Ê�c Ä�Ã ÷{��� � ò � ë �j�i��cf[^�t��[^��k�]f�\ð�cf_badc�z|aj]`e�kt�
î�� pv� c�z|� ptq c�z|a^��cf[ ë kbkb]�tadc�z|a^]`e�]f� ë q�p _|aj��c��

lnm�u`Ê �
b x%c ��âî��ï ë *·îî�\ïr�j��à�aj� p _ p e��tadc�[�cfe o�÷ e�z pt� _|cf[���cf[^�t��[^��kt��ð�]`[^� q�p;÷ �!M�a^[ p (��"[dcfkbkba^�tk°Ã�a��

}�_|cf_½(�y o ajz|a^]`e?Æ!��}�[^a^kb� pto � lnm���� �
b ��cAg ð ÷ Ã ë � òîp _|cf[ o ]�� � � � �j�i� � [^�t��[^] Ç �~Z~��e�s�� p k o�p ð � _badcfk"ð�cf_ba � � p a^kt��Ã�a � _b]`kJî�õt�te�a^�t]`k p

�"a p e�z)�j©~�t]`k � � ë �j� lnm�� Ç �
b �%c Ä��·îÁô°â�ð��iy!� �`p e p �£ZH�^kba^��c � c�z ptq+� z�aj��c��~y o ajz|]`_|c ò �~cfe~cf}~cf_|c»ô�]] � cfe � � ë �
b m%c�� ë ò ë *°��Â�cfe�kt� ÷ e�z|_b] o ��� z|a^]`eèz|]Xz|� p ��cf[^�t��[^��k�]f�îð�cf_badc�z|aj]`e�kt� � � ò _|c , ��Â�a^[^[¦� ÷ e��f�j�

lnm`x`m �
b lnw%c ë *·î�â¢*°�£Â�] , cf_ o �£� � [^�t��[^]���� q e�] � ]���]`_ba^ìt]`e�z p �~Ä"]]hf q cfe
� ufw`w`w �
b l`l4c�ò âîÃ1à � î ÷ *�y��£Â p _ q cfeQÂ p a^e p � ë ��a^k{z|]`_½(�]f� ��cf[^�t��[^��kÁ]f� � cf_badc�z|a^]`e�k���_b] q z|� p k p � p e�

z ptp e�z|�?z|��_b]`� � �?z|� p e�a^e p z ptp e�z|�A� p e�z|��_'(f� � h�_ba^e �`p _�� ð p _b[dc � � ÷ e��f�j��* p�,id ]`_#fi� lnm��`w �

Êfx




