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RESUMO

Dada uma acéao parcial a de um grupéide G em um anel R, estudamos o anel skew
parcial de grupdide R x G associado. Mostramos que ha uma correspondéncia en-
tre os ideais G-invariantes de R e os ideais graduados do anel G-graduado R xq G.
Fornecemos condi¢cdes suficientes para que o anel skew parcial de grupdide R xq G
seja primo e condicdes necessarias e suficientes para a simplicidade do mesmo. Prova-
mos que todo ideal de R x4 G é graduado se, e somente se, a possui a propriedade da
intersecao residual. Além disso, se a agao algébrica o € induzida por uma agao parcial
topolégica 6, mostramos que 6 é minimal se e somente se 0 anel R é G-simples, 6 €
topologicamente transitiva se e somente se o anel R € G-primo e 6 é topologicamente
livre em todo subconjunto fechado invariante do espaco topol6gico se e somente se
a possui a propriedade da intersecao residual. Como aplicagdo, caracterizamos a
Condicao (K) para ultragrafos por meio das propriedades algébrica e topoldgicas das
algebras de ultragrafos associadas. Além disso, investigamos condigdes para que anéis
graduados por grupdides sejam primos. Provamos uma equivaléncia para que um anel
quase epsilon-fortemente graduado por um grupdide seja primo. Aplicamos nossos re-
sultados para o caso de anel skew parcial de grupoide e obtemos uma caracterizagao
de primalidade para essa classe de anéis.

Palavras-chave: Anel skew parcial de grupodide, propriedade da intersegao residual,
primalidade, liberdade topoldgica, transitividade topoldgica, Condicéo (K), algebra de
ultragrafo, anel quase epsilon-fortemente graduado por grupodide.



RESUMO EXPANDIDO

INTRODUCAO

Acdes parciais de grupos foram introduzidas em [26] no estudo de C*-algebras como
uma forma de realizar exemplos importantes de C*-algebras como produtos cruzados
parciais. Em 2005, o estudo de agdes algébricas parciais de grupos, e seus anéis skew
parciais de grupo associados, foi formalizado em [21]. Desde entdo, as aplicagcbes
e generalizacbes da teoria aumentaram consistentemente. Mencionaremos alguns
exemplos. Em [32], as algebras de caminhos de Leavitt foram realizadas como anéis
skew parciais de grupo. Conexdes com dinamicas topolégicas no contexto de anéis
skew parciais de grupo foram descritas em [31], no contexto (global) de algebras skew
de categorias em [45] e [48], para C*-sistemas dindmicos em [29] e para anéis skew
parciais de semigrupos inversos em [6]. Uma perspectiva sobre a evolugdo desta area
de pesquisa foi dada em [20].

Entre as generalizacoes de anéis skew parciais de grupo, distinguimos duas: Anéis
skew parciais de semigrupos inversos e anéis skew parciais de grupéides. O primeiro foi
introduzido em [11] e o ultimo em [4]. A principal diferenca entre as duas construgdes é
que ao definir um anel skew parcial de semigrupo inverso um certo quociente € tomado
para descartar as chamadas redundancias (ver [6]). Este quociente, embora necessario
para realizar certas algebras como anéis skew parciais de semigrupos inversos, traz
uma complexidade extra para o estudo destes anéis. Em contraste, a definicao de um
anel skew parcial de grupéide nao requer tal quociente (ver Definicdo 1.13).

Ainda que o quociente mencionado na definicdo de anel skew parcial de semigrupo
inverso nao esteja presente na definicdo de anel skew parcial de grupdide, algebras
importantes, como por exemplo, algebras de caminho de Leavitt, ainda podem ser real-
izadas como anéis skew parciais de grupoides (ver [33]). Além disso, ha um crescente
interesse na dinamica de agdes parciais de grupdides. No artigo [27], por exemplo,
um estudo puramente dinamico foi realizado, sem mencao as propriedades dos anéis
skew parciais de grupoides associados. Neste trabalho, veremos que no caso de um
grupdide discreto, a definicao acao parcial de grupoide (topoldgica) em [27] € um caso
particular da Defini¢cdo 1.8.

Todo anel skew parcial de grupdide R x4 G possui uma G-graduacao natural. Men-
cionamos alguns exemplos da importancia das graduagdes no estudo dos anéis: A
conjectura do mondide talentoso de Hazrat para algebras de caminho de Leavitt (ver
[36, 35, 19]). Ideais e ideais graduados de algebras associadas a estruturas combi-



natérias, sdo estudados em [23] e [59]. Ideais graduados também possuem conexao
com a teoria de representacdes de algebras (ver [60]).

Anéis quase epsilon-fortemente graduados por grupos foram introduzidos em [47].
Condicbes necessérias e suficientes para que anéis quase epsilon-fortemente grad-
uados por grupos nao sejam primos foram apresentadas em [40]. Generalizando o
resultado de Passman em [52], que estabeleceu uma equivaléncia para que anéis
unitais fortemente graduados ndo sejam primos.

Ainda em [40] foi observado que anéis skew parciais de grupo s-unitais sdo exemplos
de anéis quase epsilon-fortemente graduados por grupos. Sendo assim, os resultados
sobre primalidade podem ser aplicados neste contexto, motivando o estudo da pri-
malidade de anéis quase epsilon-fortemente graduados por grupdides e as possiveis
aplicacOes para anéis skew parciais de grupodide.

OBJETIVOS

Dado R xg G um anel skew parcial de grupodide, investigar a relacdo entre os ideais
G-invariantes de R e os ideais G-graduados de R x4 G. Caracterizar as propriedades
de anéis skew parciais de grupdides, cuja acao associada possua a propriedade da in-
tersecao e a propriedade da intersecao residual. Estabelecer critérios para primalidade,
primalidade graduada, simplicidade e simplicidade graduada do anel skew parcial de
grupdide.

Descrever a relagcao entre as propriedades de acdes topoldgicas de grupdides e acbes
algébricas induzidas por estas. Definir o grupdide de transformag&o associado a uma
acao topoldgica de grupdide e caracterizar as propriedades correspondentes em re-
lacdo a acdo. Aplicar resultados de primalidade e simplicidade no contexto de anel
skew parcial de grupdide associado a uma agéao topolégica.

Estudar o anel skew parcial de grupo associado a acao parcial topologica para ultra-
grafos via espacos etiquetados definida em [14, Section 4.1]. Encontrar a propriedade
topoldgica desta acado que corresponde a Condicdo (K) no ultragrafo. Aplicar os resul-
tados algébricos neste contexto.

Descrever propriedades basicas de anéis quase epsilon-fortemente graduados por
grupdides. Encontrar condicdes necessarias e suficientes para primalidade e primali-

dade graduada de anéis quase epsilon-fortemente graduados por grupdides.

Observar se anéis skew parciais de grupoide sao exemplos de anéis quase epsilon-



fortemente graduados por grupdides, generalizando o caso de grupo. Aplica os re-
sultados de primalidade neste contexto. Investigar a relagdo entre acdes parciais de
grupodide tipo-grupo e a primalidade de anéis skew parciais de grupdide. Descrever a
primalidade dos casos particulares de anéis skew de grupoide e anéis de grupdide.

METODOLOGIA

Pesquisa bibliografica, por meio da revisao de artigos cientificos relacionados ao tema
de interesse. Além disso, foram realizadas reunides frequentes com o orientador e
demais pesquisadores para a elaboracéo do trabalho.

RESULTADOS E DISCUSSAO

Considere R xq G um anel skew parcial de grupo6ide. Mostramos no Theorem 2.10
que, sob certas hipoteses, ha uma correspondéncia entre os ideais G-invariantes de
R e os ideais G-graduados de R x4 G. Provamos que a acao parcial de grupdide o
possui a propriedade da intersecao residual se, e somente se, todo ideal de R xy G é
G-graduado (ver Proposition 2.20).

Demonstramos que R x4 G é primo graduado se e s6 se 0 anel R é G-primo e que
R G é simples graduado se e somente se R é G-simples. Além disso, caracterizamos
a simplicidade de R x4 G e demos condi¢oes suficientes para a primalidade de R xy G
(ver Secgao 2.3).

Provamos correspondéncias entre propriedades topoldgicas de uma acgao parcial de
um grupdide G sobre um espaco localmente compacto, Hausdorff, zero-dimensional X
e as propriedades algébricas da acao parcial induzida do grupo6ide G sobre o anel das
funcdes localmente constantes L¢(X, K). Especificamente, a acao é topologicamente
transitiva se e somente se L¢(X, K) € G-primo e a acao € topologicamente livre em todo
fechado G-invariante de X se e s6 se a acao algébrica induzida possui a propriedade
da intersecéo residual.

Definimos o grupdide de transformacéo associado a uma acéao topoldgica de grupdide
e provamos que a acao € topologicamente livre em todo fechado G-invariante se, e
somente se, o grupoide de transformacao é fortemente efetivo e que a agéo é topologi-
camente transitiva se, e somente se, o grupdide de transformacao € topologicamente
transitivo. Na Secao 4.3, utilizamos propriedades topoldgicas da acao partical para
caracterizar propriedades algébricas do anel skew parcial de grupéide associado.

Mostramos que um ultragrafo satisfaz a Condigao (K) se e somente se a agao parcial



topoldgica definida em [14, Section 4.1] é topologicamente livre em todo fechado invari-
ante do espaco topoldgico associado (ver Theorem 5.28). Utilizamos esse resultado
para caracterizar os ideais graduados no skew parcial de grupo correspondente a esta
acao.

Provamos condigdes necessarias e suficientes para que anéis quase epsilon-fortemente
graduados por grupdides sejam primos (em Theorem 6.31). Mostramos uma equivalén-
cia para a primalidade de anéis skew parciais de grupdide associados a uma acgao
parcial de grupdide do tipo-grupo (ver Theorem 7.14).

CONSIDERAGCOES FINAIS

Resultados interessantes sobre a estrutura de anéis skew parciais de grupdide foram
obtidos neste trabalho. Uma continuacao natural da pesquisa seria a caracterizagao
de outras propriedades de anéis quase epsilon-fortemente graduados por grupoides,
utilizando como inspiracdo os resultados conhecidos para anéis skew parciais de
grupdide ou para anéis quase epsilon-fortemente graduados por grupos.

Palavras-chave: Anel skew parcial de grupdide, propriedade da interse¢ao residual,
primalidade, liberdade topoldgica, transitividade topolégica, Condicao (K), algebra de
ultragrafo, anel quase epsilon-fortemente graduado por grupodide.



ABSTRACT

Given a partial action a of a groupoid G on a ring R, we study the associated partial
skew groupoid ring R xq G which carries a natural G-grading. We show that there
is a one-to-one correspondence between the G-invariant ideals of R and the graded
ideals of the G-graded ring R x« G. We provide sufficient conditions for primeness, and
necessary and sufficient conditions for simplicity of R x4 G. We show that every ideal
of R x4 G is graded if, and only if, a has the so-called residual intersection property.
Furthermore, if a is induced by a topological partial action 6, then we prove that min-
imality of 6 is equivalent to G-simplicity of R, topological transitivity of 6 is equivalent
to G-primeness of R, and topological freeness of 6 on every closed invariant subset
of the underlying topological space is equivalent to a having the residual intersection
property. As an application, we characterize condition (K) for ultragraphs by means of al-
gebraic and topological properties of their associated ultragraph algebras. Futhermore,
We investigate primeness of groupoid graded rings. We provide necessary and suffi-
cient conditions for primeness of a general nearly epsilon-strongly groupoid graded ring.
Moreover, we apply our results to partial skew groupoid rings and get a characterization
of primeness for that class of rings.

Keywords: Partial skew groupoid ring, residual intersection property, primeness, topo-
logical freeness, topological transitivity, Condition (K), ultragraph algebra, nearly epsilon-
strongly groupoid graded ring.
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INTRODUCTION

This thesis consists of two parts. In Part 1, we study the structure of partial skew
groupoid rings, applications to topological dynamics and applications to ultragraph
algebras. In Part 2, we characterize primeness of nearly epsilon-strongly groupoid
graded rings and the applications to partial skew groupoid rings. In Chapter 1, we
present some definitions that will be used in both parts.

PART 1

Partial actions and their associated structures arose in the study of C*-algebras
as a way to realize important classes of C*-algebras as partial crossed products (see
[26]). In 2005, the study of algebraic partial actions of groups, and their associated
partial skew group rings, was formalized (see [21]). Since then, the applications and
generalizations of the theory have increased steadily. We will mention a few examples.
In [32], Leavitt path algebras were realized as partial skew group rings and in [22]
cohomology of partial actions was developed. Topological dynamics associated with
partial skew group rings were described in [31], with (global) skew category algebras in
[45, 48], with C*-dynamical systems in [29], and with skew inverse semigroup rings in
[6]. A comprehensive overview of the evolution of the research area was given in [20].

Among the generalizations of partial skew group rings, we distinguish two: Partial
skew inverse semigroup rings and partial skew groupoid rings. The former was intro-
duced in [11] and the latter in [4]. The key difference between the two constructions is
that when defining a partial skew inverse semigroup ring a certain quotient is taken, to
get rid of so-called redundancies (see [6]). This quotient, although necessary to realize
known algebras as partial skew inverse semigroup rings, brings an extra layer of com-
plexity to the study of partial skew inverse semigroup rings. In contrast, the definition
of a partial skew groupoid ring does not require such a quotient (see Definition 1.13
below).

Although the aforementioned quotient used in the definition of partial skew in-
verse semigroups is not present in the definition of partial skew groupoid rings, many
important algebras, such as e.g. Leavitt path algebras (see [33]), can still be realized
as partial skew groupoid rings. Furthermore, there is a growing interest in the dynam-
ics of groupoid partial actions. In the recent paper [27], a purely dynamical study of
groupoid partial actions was conducted, without mentioning any interplay with the asso-
ciated partial skew groupoid rings. In the case of discrete groupoids, the definition of a
(topological) groupoid partial action in [27] becomes a particular case of Definition 1.8.

Every partial skew groupoid ring R x G carries a natural G-grading, and we will
make use of this insight. We mention a few examples of the importance of gradings in
the study of rings: Hazrat’s talented monoid conjecture for Leavitt path algebras states
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that the talented monoid of a Leavitt path algebra is a complete invariant for graded
Morita equivalence of the algebras (see [36, 35, 19]). The ideals, and graded ideals, of
algebras associated with combinatorial structures, were studied in [23] and [59]. Graded
ideals are also in close connection with the representation theory of the algebra (see
[60]).

Next, we describe our goals and give an outline of the first part of the thesis.

In Chapter 1, we recall key definitions and the connection between groupoid
fibred actions and global groupoid actions on sets, which was established in Proposition
4.1 of [28]. We also ensure that the partial skew groupoid rings that we will be working
with are indeed associative rings (see Remark 1.14).

In Chapter 2, we study the algebraic structure of partial skew groupoid rings and
pursue two goals. The first goal is to reach a better understanding of the (graded) ideal
structure of partial skew groupoid rings. To that end, we show that there is a one-to-one
correspondence between G-graded ideals of R x4 G and G-invariant ideals of R (see
Theorem 2.10). We also show that every ideal of R x4 G is G-graded if, and only if,
a has the residual intersection property (see Theorem 2.21). It is worth pointing out
that the aforementioned result is new even for partial skew group rings. Nevertheless, a
similar result has been proved in the context of partial actions of groups on C*-algebras
(see [29]).

The second goal is to describe primeness and simplicity for partial skew groupoid
rings. We show that, if the action o has the intersection property, then the partial skew
groupoid ring R x4 G is prime if, and only if, the ring R is G-prime (see Theorem 2.28
(i)). Furthermore, we show that R x4 G is simple if, and only if, R is G-simple and a
has the intersection property (see Theorem 2.28 (iii)), thereby generalizing [31] and
exemplifying [51].

In Chapter 3, we show that any partial action of a groupoid on a torsion-free,
unital, commutative algebra generated by its idempotents, actually corresponds to a
partial action of the same groupoid on the ring of locally constant functions with com-
pact support over a Stone space (see Proposition 3.2). Therefore, given an algebraic
groupoid partial action as above, we can use our results of Section 2 and topological
results of Section 4 to characterize the primeness, the simplicity and the graded ideals
of the partial skew groupoid ring associated to it.

In Chapter 4, we turn our focus to partial skew groupoid rings associated with
(groupoid) topological dynamical systems, and study how properties of the dynamical
system are reflected in the associated partial skew groupoid ring. To be precise, we
start out with a field K and a topological partial action 6 of a groupoid G on a zero-
dimensional, locally compact, Hausdorff space X, and consider the associated partial
skew groupoid ring L¢(X,K) xq G. We show e.g. that every ideal of Lo(X,K) xq G is
G-graded if, and only if, the partial action 6 of G on X is topologically free on every
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closed invariant subset of X, which occurs if, and only if, the associated transformation
groupoid G xg X is strongly effective (see Theorem 4.16). We point out that the dynami-
cal properties appearing in Theorem 4.16 have analogues in the literature on Steinberg
algebras (see e.g. [10, 17, 55]).

In Chapter 5, we apply our results to ultragraphs and their associated algebras.
Using the characterization of an ultragraph Leavitt path algebra as a partial skew group
ring associated with a certain topological partial action (see [8, 14, 37]), we show that
given a field K and an ultragraph G with associated tight spectrum T, one has e.g. that
G satisfies Condition (K) if, and only if, every ideal of L(T,K) xq F is Z-graded (see
Theorem 5.28). We point out that some of the equivalences appearing in Theorem 5.28
are already known in the context of Leavitt path algebras of ultragraphs, but that several
of them are new even in the context of Leavitt path algebras of graphs.

PART 2

Nearly epsilon-strongly group graded rings were introduced in [47]. Subsequently,
in [40] the authors established necessary and sufficient conditions for non-primeness
of these rings ([40, Theorem 1.3]) and proved that s-unital partial skew group ring
are examples of nearly epsilon-strongly group graded ring. This motivates our study
on primeness of nearly epsilon-strongly groupoid graded rings (see [41]) with a view
towards applications for partial skew groupoid rings.

A (non-necessarily unital) ring S is prime if there are no nonzero ideals /, J of
S such that IJ = {0}. Recall that if G is a group and S is a G-graded ring, then S is
strongly G-graded if SgSp = Sgp, for all g,h € G. The aforementioned Theorem 1.3 from
[40] generalizes the following theorem due to Passman.

Theorem ([52, Theorem 1.3]). Let G be a group. Suppose that S is a unital and strongly
G-graded ring. Then, S is not prime if and only if there exist:
(i) subgroups N < H C G with N finite,

(i) an H-invariant ideal | of Se such that 191 = {0} for all g € G\ H, and
(iii) nonzero H-invariant ideals A, B of Sy such that A, B C ISy and AB = {0}.

See Definition 6.7 for more details about the statements in the theorem above.

Here, we will go one step further. We present the notion of a nearly epsilon-
strongly groupoid graded ring and show necessary and sufficient conditions for prime-
ness for this class of rings. Our main result reduces the primeness of a groupoid graded
ring to the group case:

Theorem 6.31. Let G be a groupoid, let G' := {g € G : Sgq) # {0} and S,y # {0}
and let S be a nearly epsilon-strongly ring graded by G. The following statements are
equivalent:
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(i) S is prime;
(ii) ©ecG,Se is G-prime, and for every e € Gy, ©gecgeSg s prime;
(iii) ®ecG,Se is G-prime, and for some e € G, ©gcgeSg s prime;
(iv) S is graded prime, and for every e € 66, Dgeas Sg Is prime;
(v) S is graded prime, and for some e € G6, DgeGeSg IS prime;
vi) For every e ¢ G, e is a support-hub and &, e Sg is prime;
9eGEP9

vii) For some e € Gh, e is a support-hub and @, zeSgq is prime.
geGE9

Where G§ denotes the isotropy group of an element e € GE). For more details about the
statements in the theorem above see Definition 6.16 and Definition 6.19.

Furthermore, we show in Theorem 7.14 an equivalence for primeness of a partial
skew groupoid ring associated to a groupoid partial action of group-type, see [5] and [2].
Since every global action of connected groupoids are group-type, we get an equivalence
for primeness of skew groupoid rings of connected groupoids in Theorem 7.24.

Let A be a unital ring and let G be a group. In [18, Theorem 8], Connell proved
that the group ring A[G] is prime if and only if A is prime and G has no nontrivial
finite normal subgroup. This result was generalized for A a s-unital ring in [40, Theo-
rem 12.4]. We prove in Theorem 7.29 necessary and sufficient conditions for primeness
of groupoid rings.

When it comes to torsion-free groups, the following theorem was proved in [40],
generalizing [52, Corollary 4.6].

Theorem ([40, Theorem 1.4]). Suppose that G is a torsion-free group and S is nearly
epsilon-strongly G-graded. Then S is prime if and only if Seg is G-prime.

We generalize [40, Theorem 1.4] for nearly epsilon-strongly groupoid graded
rings in Theorem 6.35, and we describe this theorem in specific applications in Theo-
rem 7.17 and Corollary 7.27.

Next, we outline how this part is divided. In Chapter 1, inspired by [46] and [58],
we recall some basic definitions and properties about groupoids, groupoid graded rings
and s-unital rings that will follow us throughout.

In Chapter 6, we show basic properties of nearly epsilon-strongly graded rings.
Inspired by [40], if S is such a ring we show the relationship between the G-invariant
ideals of ©4c,Se and the G-graded ideals of S. Moreover, we show necessary con-
ditions for graded primeness of S and we finish proving an equivalence for primeness
of nearly epsilon-strongly graded rings. Finally, in Chapter 7, we apply our results to
partial skew groupoid rings, skew groupoid rings and groupoid rings.
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1 PRELIMINARIES

In this section, we recall some notions and basic notation regarding groupoids,
groupoid graded rings and groupoid partial actions on sets and rings. We refer the
reader to [4] for more detalils.

1.1 GROUPOIDS

By a groupoid we shall mean a small category G in which every morphism is
invertible. Each object of G will be identified with its corresponding identity morphism,
allowing us to view Gy, the set of objects of G, as a subset of the set of morphisms
of G. The set of morphisms of G will simply be denoted by G. This means that Gy :=
{gg':gcGCG

The range and source maps r,s : G — Gy, indicate the range (codomain)
respectively source (domain) of each morphism of G. By abuse of notation, the set of
composable pairs of G is denoted by G® = {(g,h) € G x G : s(g) = r(h)}. For each
e € Gy, we denote the corresponding isotropy group by G§ :={g € G : s(g) = r(9) = €}.

Definition 1.1. Let G be a groupoid. A non-empty subset H of G is said to be a
subgroupoid of G, if =1 C H and gh € H whenever g,h € H and (g,h) € G?.

1.2 GROUPOID GRADED RINGS

Definition 1.2. Let G be a groupoid. A ring S is said to be G-graded if there is a
family of additive subgroups {Sg}gc of S such that S = ©4cGSg, and SgSp C Sgp, if
(g,h) € G?, and SySp, = {0}, otherwise.

Remark 1.3. Suppose that G is a groupoid and that S is a G-graded ring.
(a) If H is a subgroupoid of G, then Sy := & Sh is an H-graded subring of S.

(b) Forany elementc =3_,.gCcg € S, with cg € Sg, we define
Supp(c) :={g € G| cg # 0}.
(c) Anideal | of S is said to be a graded ideal (or G-graded ideal) if | = ®4c (/N Sg).

1.3 s-UNITAL RINGS

We briefly recall the definitions of s-unital modules and rings as well as some
key properties.

Definition 1.4 ([46, cf. Definition 4]). Let R be an associative ring and let M be a left
(resp. right) R-module. We say that M is s-unital if m € Rm (resp. m € mR) for every
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m e M. If M is an R-bimodule, then we say that M is s-unital if it is s-unital both as a
left R-module and as a right R-module. The ring R is said to be left s-unital (resp. right
s-unital) if it is left (resp. right) s-unital as a left (resp. right) module over itself. The ring
R is said to be s-unital if it is s-unital as a bimodule over itself.

The following results are due to Tominaga [58]. For the proofs, we refer the
reader to [46, Proposition 2.8, Proposition 2.10].

Proposition 1.5. Let R be a ring and let M be a left (resp. right) R-module. Then M
is left (resp. right) s-unital if, and only if, for alln € N and all my,...,mn € M there is
a € R such that am; = m; (resp. mja=m;) foralli € {1, ..., n}.

Proposition 1.6. Let R be a ring and let M be an R-bimodule. Then M is s-unital if, and
only if, foralln e N and all my,...,mp € M there is a € R such that am; = mya= m; for
allie{1,...,n}.

Remark 1.7. The element a, in Proposition 1.6, is commonly referred to as an s-unit
for the set {my4,...,mp}.

1.4 PARTIAL ACTIONS OF GROUPOIDS

Partial actions of (ordered) groupoids on sets and rings were first introduced in
[28] and [3], respectively. Below we recall those definitions.

Definition 1.8. A partial action of a groupoid G on a set X is a family of pairs o =
(Xg:0g)ge G, Where Xg is a subset of X and ag : X,-+ — Xg is a bijection, for all g € G,
that satisfy the following:

(i) Xg C Xy(g), forallg € G,

(i) ae =idy_, for all e € Gy,
(iii) o (Xgt O Xp) € Xgpyt, whenever (g,h) € G2,

(iv) ag(an(x)) = agn(x), for all x € ai;! (Xg1 N Xp) and (g,h) € G2,

We say that ais global if agap, = agp for all (g,h) € G2. Similarly to [4, Lemma 1.1 (i)],
a is global if and only if Xg = X4 forall g € G.

Definition 1.9. A topological partial action of a groupoid G on a topological space X is
a partial action a = (Xg,ag) 9eG of G on the set X, such that Xy is an open subset of X

andayg : Xg_1 — Xg is a homeomorphism, for all g € G.

Definition 1.10. Leta = (Xg’o‘g)geG be a partial action of a groupoid G on a set X. A
subset M of X is said to be G-invariant if ag(Xg_1 NM)C M, forallg € G.

In the literature, there is a more restrictive notion of global groupoid action in
which the groupoid acts on a fibred set (see e.g. [42]). We recall the definition.
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Definition 1.11. A groupoid fibred action is a 4-tuple (G,p, 6, X) consisting of a groupoid
G, a set X, a surjective map p : X — Gy (called the anchor or moment map) and a
map 6 :Gx X — X, (9,X) — Og(x) := g-g X, where G x X ={(g,x) : s(g) = p(x)} is the
pullback, that satisfy the following axioms:

(i) p(x) -9 X =x, forall x € X,

(ii) if (g, h) € G? and (h,x) € G x X, then (g, h-g x) € G x X,

(i) (gh) -9 x = g -¢ (h - X), for all (g, h) € G and (h, x) € G x X.
An action of a topological groupoid on a topological space is an action (G, p, 6, X),
where G is a topological groupoid, X is a Hausdorff space, and the maps p,6 are
continuous.

For the convenience of the reader, we present a proof from [28, Proposition 4.1],
which relates global actions to fibred actions.

Proposition 1.12. Let G be a groupoid and let X be a set. The fibred actions of G
on X are in one-to-one correspondence with the global actions of G on X satisfying

X =ecg, Xe-

Proof. Let (G,p,6, X) be a groupoid fibred action. For each g € G, define Xy :=
p~1(r(g)) and ag : Xg4 — Xg by ag(x) = g ¢ x, for all x € X+. Notice that x € X
implies that p(x) = s(g) and thus (g,x) € G x X. Hence, ag is well-defined. We also
have that
X=pGo)= || p'({eD) = || Xe.
ecGy ecGy
It is straightforward to verify that o = (Xg,0g) ¢ is @ global action of G on X.

Now, let o = (Xg,ag)geg e a global action of G on X satistying X = | |gc g, Xe-
Define the anchor map p : X — G by p(x) := e whenever x € Xe. Since p(Xe) = e for
all e € Gy, it follows that p is surjective. Define 6 : G x X — X by g -¢ X := ag(x), for all
(9,x) € G x X. ltis straightforward to verify that (G,p, 6, X) is a fibred action.

Clearly, the two procedures outlined above are mutually inverse. ]

In [27], topological dynamics of (global) actions of topological groupoids on
topological spaces was studied. In this paper, we aim to study topological dynamics of
partial actions of discrete groupoids on topological spaces.

Definition 1.13. A partial action of a groupoid G on a ring R is a partial action o =
(Dg.ag)geg Of G on the set R, such that Dy 4 is an ideal of R, Dg is an ideal of Dy,
andag : D1+ — Dy is a ring isomorphism, for all g € G. Given a partial action o of a
groupoid G on a ring R one may define the partial skew groupoid ring R x4 G as the

set of all formal sums Z agbg, where ag € Dy is zero for all but finitely many g € G
geG
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and 6g is a symbol. Addition on R xq G is defined in the natural way and multiplication
is given by the rule

ag(ag-(ag)bp)bgn,  if(g,h) € G2,

agb 'bh6h =
o9 {0, otherwise.

Remark 1.14. Leta = (Dg,ag)4c g be a partial action of a groupoid G on a ring R.

(a) In general, the partial skew groupoid ring R x G need not be associative (not even
for partial actions of groups). By [3, Proposition 3.1], if Dg is (L, R)-associative for
every g € G, then R xq G is associative. If Dy is idempotent, then [21, Proposi-
tion 2.5] implies that Dy is (L, R)-associative (see [21, Definition 2.4]). In particular,
if Dy is s-unital for every g € G, then Dy is (L, R)-associative and consequently
R x« G is associative.

(b) Suppose that De is a unital ring, for all e € Gy. Then, there exists a central idempo-
tent1¢ € R such that De = 1¢R. Moreover, if Gy is finite, then [3, Proposition 3.3]
implies that R xq G is unital with multiplicative identity element ) G, 1ede-

1.4.1 The G-gradingon R x4 G

Any partial skew groupoid ring S := R x4 G is, in a natural way, graded by the
groupoid G. Indeed, we may endow it with a G-grading by putting Sg := Dgég, for every
g € G. Notice that an ideal / of the G-graded ring R x4 G is a graded ideal (or G-graded
ideal) if I = @ ge (I N Dgbyg).

Let s = deG agbg € R xq G. Observe that Supp(s) = {g € G : ag # 0} and that
$ = 2_geSupp(s) 8959-

1.4.2 Example: translation rings as skew groupoid rings

In [44] was introduced the notion of translation rings for arbitrary groups and
in [44, Proposition 2.14] it was shown that every translation ring can be viewed as a
skew group ring. We will generalize the definition of translation ring and prove that this
generalization is isomorphic to a skew groupoid ring.

Given a groupoid G, g € Gand K C G, consider Kg ={hg : he K and (h,g) €
G?}. For a ring R we define the translation ring T(G,R) as the ring of all G x G matrices
M = (my ) with entries in R for which there is a finite subset K (which depends of
M) of G such that Mg.p =0 whenever h ¢ Kg. Notice that if M = (m(g,h)) e T(G,R)
satisfies mg ) # 0 for g € G, then r(g) € K. Hence, T(G,R) is unital if, and only if, R is
unital and Gy is finite.

Foreachec Gy, let G ={gc G:r(g)=¢€},De=][Rand A= @ De. We
Ge ecGy
define a global action of G on A in the following way. For each g € G, consider the

isomorphism og : Dggy —> Dy (g) defined by og(f)(h) = f(g~'h), forall f € Dg(g) and
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h € G'9). Observe that for (9,h) € G?, f € Dggp) = Dg(p) and I € G"9N = G"9) we
have that

og(on(t)() = on(g™ 1) = (7 g ) = o gn(f)().

Since oe = idp, for every e € Gy, it follows that o = (Dy(4),09) g is @ global action of
G on A and we can consider the skew groupoid ring A x4 G.

Proposition 1.15. Let G be a groupoid, R a ring and o and A as above. Then A xs G ~
T(G,R) as rings.

Proof. Consider the group homomorphism ¢ : A xo G — T(G,R) defined by

fg(u), if ue G'9 and v=glu

@(fg5g)(u,v)={ 0, otherwise,

where g € G, fy € D,(g) and (u,v) € G x G. Notice that ¢(fgég) € T(G,R). In fact, for
K ={g~'} we have that p(fgdg)(u,v) = fg(u) if v € Ku and ¢(fgdg)(u,v) =0 if v & Ku. It
is straightforward to check that ¢ is a ring homomorphism. In order to prove that ¢ is
surjective, given M € T(G,R), we denote the finite subset K of G associated to M by

={g7",...95'}. Then, for u € G we have that Ku = {g;'u : g7' € K and u € G"9}.
Foreach i € {1,...,n}, let f; € Dy, given by fi(u) = m )€ R, forallue G'9). Thus,
for (u,v) € G x G,

n
QD( Z fi‘sg/)(u,v
i=1

(ug'u

, ifue G'9) and v=glu
otherwise,

{f,-<u>

{ (g 1) if ue G'9) and v=g:'u
{ (@

= my,

otherwise,

V> if veKu
otherwise,

and consequently ¢ is surjective. Leta= )  f;,6, € AxoGbe such that p(a) = 0, with F
heF

a finite subset of G. Then, for h € F and u € G'"), we have that f(u) = p(a) 41, = 0.
Hence a =0 and ¢ is injective. O
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2 THE IDEAL STRUCTURE OF PARTIAL SKEW GROUPOID RINGS

Throughout this section, unless stated otherwise, R will denote an arbitrary
associative ring, G will denote an arbitrary groupoid and o = (Dg, ag)geg Will be an
arbitrary partial action of G on R, such that Dy is s-unital for every g € G. Moreover, we
will assume that R = P e, De-

Remark 2.1. Note that, by our assumptions, R is clearly s-unital. Using that fact, it
easily follows that the partial skew groupoid ring R x4 G is s-unital.

We begin by establishing a couple of auxiliary results, which will be useful later
on.

Lemma 2.2. Dy is an ideal of R, for all g € G.

Proof. Take g € G, x € Dg and y € R. Choose an s-unit u ¢ Dr(g) for x. Using that Dy
is an ideal of Dr(g), and that Dr(g) is an ideal of R, we note that xy = (xu)y = x(uy) €
DgD,(g) C Dyg. Similarly, yx € Dyg. O

Let A= @eeGo Degbe C R xq G. We now define a “projection” Py : R xq G — R
by

Po (Z ag5g> =) ae, (2.1)

geG ec@Gy

and an inclusion ¢ : R — A by

‘P(Z ae) = ) aebe. (2.2)

ec@Gy ec@Gy

Remark 2.3. Note that, in general Py is not a ring homomorphism.

Lemma 2.4. Let A be as above, and let | be an ideal of R x4 G. The following assertions
hold:
(i) A is a subring of R xq G and the map ¢ : R — A is a ring isomorphism. In
particular, R is commutative if, and only if, A is commutative.

(i) If 3 ecG, @ede € IN A, then asb¢ € IN A, for all f € Gp.

(i) Ifa € Aand b € R xq G, then Py(ab) = Py(a)Py(b) and Py(ba) = Py(b)Py(a).
In particular, Py|a: A — R is a ring isomorphism whose inverse is , defined in
(2.2).

(iv) The map E : Rxq G — A, defined by E = @ o Py, is an A-A-bimodule map, in the
sense that it is additive and satisfies E(a) = a, E(ab) = aE(b) and E(ba) = E(b)a,
forallac Aandb c R x4 G.
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(v) Po(l) = P, (/ N Do, (De Xae Gg)), where o® = (Dp,otp) ne s is the partial action
of the isotropy group G§ on De.

Proof. The proof of (i) is straightforward. For (i), suppose that >, g, @ebe € I N A.
Take f € Gy and choose uy € Dy to be an s-unit for as(ay). Notice that

arb¢ = ag(ag(ar)up)ds = ( > ae6e) usss € IN A.

ec Go

For (iii), take a= 3 _oc g, @ebe € Aand b =3, g bgdg € R xa G. Observe that

Po(ab) = Py (Z O‘r(g)(O‘r(g)(ar(g))bg)‘sr(g)g) = Z aebe = Py(a) Py (b).
geG ecGy

Similarly, Py(ba) = Py(b)Pp(a). The second part of (iii) is straightforward. The proof of
(iv) is straightforward, using (i) and the definitions of Py and . Finally, for (v), we take
a-= deG agbg € I and put v := Py(a). Take e € Gy, put Fe := Gg N Supp(a) and
Fo = Gog N Supp(a), and let ue € De be an s-unit for ag and org_1(ag), for all g € Fe.
Define ye := (uebe)a(uede) and notice that

Ye=(Uebe) | Y ag(ag (ag) ue) 8

9geG
s(g)=e

= (Ue(Se) Z ag(Sg + Z Og (Gg—1 (ag) Ue) 6g

9eG§ geG
s(g)=e
r(g)#e
= Z Ueag(Sg +0= Z ag6g € IN(De e Gg)
geFe geFe

Hence y =3 ocr, Yo € 1N Decq,(De xae G§) satisfies Py(y) = > ecr, @ = Po(a) = v.
Consequently, v € P0<Iﬂ @eeGo(De X e Gg)> . The reverse inclusion is trivial. O

2.1 G-INVARIANT IDEALS OF R VERSUS G-GRADED IDEALS OF R xq G

In this section, we describe a correspondence between G-invariant ideals of the
ring R and graded ideals of R x4 G. The proof of the next result is partially inspired by
the proof of [31, Theorem 2.3].

Lemma 2.5. If | is an ideal of R xq G, then Py(/) is a G-invariant ideal of R.
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Proof. Suppose that / is an ideal of R xq G. Take a € I, r € R, and consider ¢ =
Po(a) € Py(l). Observe that y(r)a € I and ap(r) € I, where y is the map defined in
(2.2). By Lemma 2.4 (iii), we have that cr = Py(a)Py(p(r)) = Po(ap(r)) € Po(/). Similarly,
rc € Py(l). Thus, Py(/) is an ideal of R.

Now, take t € Gand d; € Po(/)NDy. Then, there is anelement b := >~ g bgdg €
I'suchthat Po(b) = d; € Dy € Dypyand b = diby(yy+>_g¢ G, Pgdg- Let u € Dy be an s-unit
for d. Consider the element y := (a1 (u)641) b(ub;) € I. Notice that if g € Supp(b),
then t~1gt € Gy if, and only if, g = t~1 = r(t). Therefore,

0(1_1 (U)(St—1 dt(sr(t)U(St = at—1 (U) 6,—1 dtat = 01—1 (at (01—1 (U)) dt) 6t—1t = 01—1 (dt) 6S(t)‘
(2.3)

We now conclude that a1 (dy) = Po(aty1 (1) (dt6,(t)> uS;) = Py(y) € Po(l) and hence
Po(l) is G-invariant. O]

Lemma 2.6. If | is an ideal of R x« G, then Py(I N Decg, Dede) is a G-invariant ideal
of R.

Proof. Suppose that /'is an ideal of R x4 G. Using the same arguments as in the proof
of Lemma 2.5, it is easy to verify that Po(/ N Decg, Dede) is an ideal of R. Take t € G
and d; € Py(IN@ecg, Dede) N Dy. Then, there is an element b € NP, Dede such
that Py(b) = dt € Dy € Dy(yy and b = did,(y). Let u € Dy be an s-unit for dy. Consider
the element y := a1 (u)61budt € 1. Similarly to (2.3), y = a1 (dh) 651y € Decg, Debe-
Thus, ap1(dy) = Po(y) € Po</m Boca, Deése) and hence Po(/m Boca, Deae) is G-
invariant. O

We define the map @ : {ldeals of R xy G} — {G-invariant ideals of R} by

O(l) == Py (lm & De6e) . (2.4)

ec@Gy

Observe that, by Lemma 2.6, @ is well-defined.

Remark 2.7. LetJ be a G-invariant ideal of R. One can show that ag(Dg-+NJ) = DgnJ,
for all g € G. Thus, we may define a partial action a’ := (J N Dg,a)gc g of G on J,
where aé :JdN Dg_1 — JN Dy, forall g € G. Note that there is a natural injection of rings
1:Jd %0 G— Rxq G. We will often suppress the use of 1 and simply identify 1(J x ,s G)

with J xu G.

Proposition 2.8. The following assertions hold:
(i) If J is a G-invariant ideal of R, then J x,4 G is a G-graded ideal of R x4 G.

(i) If | is a G-graded ideal of R xia G, then Po (11 @ecg, Debe) = Po(l).
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Proof. Suppose that J is a G-invariant ideal of R and that / is a G-graded ideal of
R x4 G.

(i) By definition, J x,0 G = EBgee(Jm Dg)ég4. It is not difficult to verify that J x s G
is an ideal of R xq G, and clearly (J N Dg)6g = (J xq G) N Dgbg, for all g € G. Hence,
J x, Gis a G-graded ideal of R x4 G.

(if) Take a € Py(/) and choose x = > ;g X6 € I such that Py(X) = > gcq, Xe =
a. Note that ZeeGo Xebe € IN @eeGo Debe, because [ is G-graded. Therefore, a =

Po (ZeeGo x969> € Py (I NDeca, D966>. The other inclusion is trivial. O

Proposition 2.9. Let | be an ideal of S := R xq G, and write J := Py(l), Iy = In
Decg, Debe and Jy = Py(lp). The following assertions hold:
(i) 1€ Jdx, G

(ii) If b6t € Jg %y, G for some t € G and by € Dy 1 Jg, then biby) € I.
(i) Jo 2 0y G C 1.
(iv) Jo ¥ 0y G=ShS.

Proof. Notice that, by Lemma 2.5 and Lemma 2.6, both J and J;y are G-invariant ideals
of R. Thus, J x,s G and Jy x ., G are well-defined.

(i) Leta=3"ycgaghg € I. Take t € G and let u; € Dy be an s-unit for a;. Consider the
element y := a(a1(up)641) € 1, and observe that

yi= > aglag(ag)ap(u)get.
geG
s(g)=s(1)

Thus, Py(y) = apapi(aagri(ug) = aglagri(atuy)) = ap € J N Dy. We conclude that
a€ @gegldN Dbt =J xqu G.

(i) Suppose that b;6; € Jy x4 G- Then, by € Dy Jy = Dy N Py(lp) € Dr(t) N Po(lp)-
Therefore, there is an element a = >, g, @ede € Iy such that Py(a) = > pcq, e = bt €

Dr(t)- Notice that bt - a,(,) = ZGEGO de € Dr(t) N ZGEGO De ={0}. Thus, a= bt6r(t)'
e+#r(1) e+#r(1)
(iii) By Proposition 2.8 (i), Jy x4 Gis a G-graded ideal of R x4 G. Take t € G and let

b6t € Jp %,y G. By (ii) we get that, b6y € Iy € I. Let v € Dy be an s-unit for b;. Then,
btdt = (bt (1)) (vot) € 1.

(IV) Take u = ZQEG ag(Sg S S, vV = ZhGG Ch6h € Sand x := ZGEGO be(Se € Io. Since /
is an ideal of S, it follows from Lemma 2.4 (ii) that by € Jp, for all f € Gy. Notice that

uxv = (Z agag) (Z beae> (Z ch5h) = Y aglag(ag)bnCndgn-

geG ec@Gy heG ec@Gy
s(g)=r(h)=e

Using that Jy is a G-invariant ideal of R, we get that uxv € @ e (JoNDg)Sg = Jp X oo G-
This shows that SlpS C Jy 3y G.



Chapter 2. The ideal structure of partial skew groupoid rings 27

Conversely, by Lemma 2.6 and Proposition 2.8 (i), Jy %, G is a G-graded ideal
of S. Let dgbg € Jp %, G. Then, by (i), dgd,(g) € lp- Let ug € Dg be an s-unit for dy.
A short calculation now reveals that dgbg = (Ugby(g))(dgd (g))(Ugbg) € Shy'S. O

Now, consider the map ¥ : {G-invariant ideals of R} — {G-graded ideals of R x4
G} defined by ¥(J) := J %, G. By Proposition 2.8 (i), ¥ is well-defined. Also, consider
the restriction @g : {G-graded ideals of R x4 G} — {G-invariant ideals of R} of the map
® defined in (2.4). Notice that, by Proposition 2.8 (ii), @gr(/) = Py(/).

We will now show that the above map ¥ is in fact a bijection. The corresponding
result for partial actions of groups was proved in [40, Theorem 4.7, Proposition 12.2].

Theorem 2.10. Let R be aring, let G be a groupoid and leta = (ag, Dg) geG be a partial
action of G on R, such that Dy is s-unital for every g € G, and R = Pgc g, De- Then ¥
is a bijection whose inverse is ®gr defined above. In particular, there is a one-to-one
correspondence between G-graded ideals of R x4 G and G-invariant ideals of R.

Proof. Let J be a G-invariant ideal of R. By Proposition 2.8 (i) and (ii),

J=Py ( (UGN P Deae) Po(J x40 G) = Po(W(J)) = @gr(W(J)).
ecGy

Now, let / be a G-graded ideal of R xq G, and write J := Py(/), Iy :== IN @eeGo Debe

and Jy = Py(/lp). Notice that, by Proposition 2.8 (ii), J = Jy. By Proposition 2.9 (i) and

(iii), we get that | = J x40 G = W(Py(l)) = W(Dgr(/)). This shows that ¥ and @gr are

mutual inverses. O

2.2 THE RESIDUAL INTERSECTION PROPERTY

In order to characterize graded ideals in partial skew groupoid rings, we introduce
the notion of a residual intersection property. To that end, we first need to define partial
actions on quotient rings.

Remark 2.11. Suppose that J is a G-invariant ideal of R. Notice that J is not necessarily
contained in Dy for any g € G. On the other hand, for each g € G, Dg N J is an ideal of
Dy, and by the second isomorphism theorem, ng 5 Is isomorphic to Dg—fj.

Guided by the above remark, we make the following definition.

Definition 2.12. Let R xq G be a partial skew groupoid ring. Suppose that J is a G-
invariant ideal of R. The quotient partial action of G on R/J, denoted by a := (Eg’ag)geG’
is defined by:

5 Dg +dJ

gi=—5 69:59_1%59, X +J = ag(X) +J, forallx+J€5¢1. (2.5)
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We will sometimes refer to o = (Eg’ag)geG as the quotient partial action (of a) with
respect to J.

Notice that, since J is a G-invariant ideal of R, ag is well-defined, for all g € G.

Also observe that ag is a ring isomorphism with inverse Og-1.

Lemma 2.13. Let R be a ring and let I, J, K be ideals of R. If | or K is s-unital, then
(I+J)N(K+J)=(INnK)+J.

Proof. Let x € (I + J)N (K + J). There exist i € I, k € K and j,// € J such that
x =i +j=k+j. Without loss of generality, suppose that K is s-unital. Let u, € K be an
s-unit for k, and notice that

x=k+j’= ukk+j’= uk(i+j—j’)+j’= uki+uk(j—j’)+j’ e(Knlh+d.
The reverse inclusion is trivial. O

We will now show that the partial actions that we consider in this section (defined
on s-unital ideals) will always have well-defined associated quotient partial actions.

Proposition 2.14. Let J be a G-invariant ideal of R, and leta = (Dg, dg) 4 g be defined
as in Definition 2.12. Then a is a partial action of G on R/J.

Proof. Using that Dy is s-unital, for every g € G, by Lemma 2.13, we get that (Dy, +
J) N (Dg_1 +J) = (Dpn Dg_1) + J, for all g,h € G. Since a is a partial action of G
on R, it follows that D;(4) is an ideal of R/J, Dy is an ideal of D, (), for all g € G, and
Og = idﬁe , for all e € Gy. Notice that Dgr1 NDy = ((Dgﬂ +J)N(Dp+J))/J. By assumption,

((Dgt +J) N (Dp + I)J = (Dgt N Dp) + J)/J. Let (g,h) € G? and x € Dyt N Dpy =

((Dg_1 N Dp) + J)/J. There is some z € Dg_1 N Dy, such that x = z + J. Therefore,
ap-1(2) € apt(Dgt N Dp) C Dy 1. Consequently, Gy (x) = ap1(2) +J € 5#1g_1. It is

clear that dgp(y) = Ag(@n(y)), for all y € Gp1(Dg1 N Dp). O

Remark 2.15. Let R be a ring and let I, J be ideals of R. If | is s-unital, then (I + J)/J
is s-unital. Indeed, consider i+ J fori € I. Let u € | be an s-unit for i. We get that
(u+Jd)i+)=i+Jand(i+J)(u+J)=i+d.

Proposition 2.16. Let J be a G-invariant ideal of R, and leta = (59, Og)geG be defined
as in Definition 2.12. Then Dy is s-unital for every g € G, the partial skew groupoid ring
RIJ x G is associative, and RlJ = @ gc g, De-

Proof. For each g € G, the ideal Dy of R is s-unital and hence, by Remark 2.15, the
ideal f)g is s-unital. Thus, Remark 1.14 (a) implies that R/J xg G is associative. For
the last part, if there is e € Gy such that x € De N > e g,\e} D then x = be + J € De
and X = e go\e(br +J) € D orego\e) Df- Let te +J € De be an s-unit for be + J. Then,
X = (be + J)(Ue + J) = ZfeGO\{e}(bf +J)(Ue+J)=0+J.Forany a=> o, 2 € R, we
have a+J = (Y gcg, @e)+J = Yec,(@e+J) € Pecg, De, because R = Pgcg, Do [
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The following definition is inspired by [51] and [29].

Definition 2.17. Let R x4 G be a partial skew groupoid ring.
(a) The partial action o is said to have the intersection property if IN@D g g, Debe # {0},
for every nonzero ideal | of R x4 G.

(b) The partial action o is said to have the residual intersection property if, for every
G-invariant ideal J of R, the quotient partial action a with respect to J has the
intersection property.

Remark 2.18. By considering J = {0}, it immediately becomes clear that the residual
intersection property implies the intersection property. In Example 4.19, however, we
will see that the converse does not hold in general. That is, the residual intersection
property is strictly stronger than the intersection property.

Remark 2.19. Let J be a G-invariant ideal of R. Then, we have a natural injection of
ringsi :J %, G — R xq G and a natural surjection of rings m : R xoq G — R/J x5 G.
Moreover, it is easy to check that

0——JxpwG—=Rxq G—"> R/ xgG—=0 (2.6)
is a short exact sequence of rings.

Proposition 2.20. The partial action o has the residual intersection property if, and
only if, every ideal of R x4 G is G-graded.

Proof. We first show the “only if” statement. Suppose that a has the residual intersec-
tion property. Let / be an ideal of R xq G. By Lemma 2.6, Jg := P, (/ NDeoca, 0656)
is a G-invariant ideal of R. Hence, it follows from Proposition 2.8 (i) that Jy x4, G is a
G-graded ideal of R xq G. We claim that / = J; X oo G. The inclusion D follows from
Proposition 2.9 (iii). For the other inclusion, observe that, since m : R xq G — R/Jy x5 G
is surjective, (/) is an ideal of R/Jy xg G.
Claim (/) N @ee g, DeSe = {0}, where De := DeJ—;JO.
Take x € mM()NDecg, Dedeand y = 3 i ard; € I, suchthat F = Supp(y) and (y) = x.
Let Fop C G be finite and such that x = >, (ae + Jp)de- Take t € F. Let u € Dy
be an s-unit for a; and a-1(a;). Notice that a5,y = US, (1 yud 1 € 1N Pecg, Debe. It
now follows that a;6¢ = (ar6,(p))(ud;) € I. We getthat 3 ocr, @ebe = ¥ =D tcp\F, @10t €
IN@ecqg, Debe. Let f € Fy and choose an s-unit uy € Dy for as. Observe that as6¢ =
(UrS7) (L ock, @ede) € 1N Decg, Debe- Then, & € Po(l N Becg, Dede) = Jo and
hence as + Jy = 0 + Jy, for all f € Fp. Thus, x = 0.

Since a has the residual intersection property it follows from the claim above that
(/) = {0}. Consequently, | C kerm = 1(Jy x4, G) = Jy x4 G, Wwhere 1 and m are the
ring homomorphisms given in (2.6). Thus, Jy x4, G =  and we have that / is G-graded.
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Now we show the “if” statement. Suppose that every ideal of R x4 G is G-graded.
Let J be a G-invariant ideal of R and suppose that / is an ideal of R/J xg G such that
111 (Becg, Debe) = {0}, where De := (De + J)/J. We want to show that / = {0}. By
assumption, (/) is a G-graded ideal of R x4 G and thus 771 (/) = @ g (/) N Db
As 1 is surjective, we have

m(m ()N ) Debe) € mim' () N (@ Deae) =11 €P Debe ={0}.

ec@Gy ecGy ec@Gy

Therefore, Jy = ()N Decg, Debe € Decg,(J N De)de and consequently we obtain
that L := Py(Jp) C EBeeGO(J N De) = J, because R = @eeeo De. Thus, L x . G C
J x4 G. Next we show that 7= 1(l) C L x. G. Take t € G and b6y € 7 1(l). Let
w € D+ be an s-unit for a1 (b;) and note that b6,y = (bt61)(Wé4-1) € 71 (/). Hence
b6y € () N Dyt)6(1)» which implies that by € Po(m=1(/) N Drty6r(1)) € L. Thus,
b6t € Lx,0 GC J g G=1(J x 0 G) = kerm. Consequently, / = w1 () ={0}. O

The following theorem is similar to [29, Theorem 3.2] which was proved in the
context of partial actions of groups on C*-algebras.

Theorem 2.21. Let R be aring, let G be a groupoid and leta = (ag, Dg) geG be a partial
action of G on R, such that Dy is s-unital for every g € G and R = D, De- The
following statements are equivalent:
(i) There is a one-to-one correspondence between the ideals of R xq G and the
G-invariant ideals of R (given by (2.4));

(ii) Every ideal of R xq G is G-graded;

(iii) o has the residual intersection property.

Proof. Notice that (iii)<(ii)=-(i) follows from Proposition 2.20 and Theorem 2.10. In
order to prove that (i)=(ii), suppose that @ is bijective. Let / be an ideal of R x4 G. By
Lemma 2.6, @(/) = Po(/ N Decg, Dede) is a G-invariant ideal of R. Then, by Propo-
sition 2.8 (i), J = @(/) x o1 G is a G-graded ideal of R xy G. Note that ®(J) =
Po((Po(/1 Decay Debe) aon G) N Becq, Dede) = Po(IN Becg, Dede) = @()).
Since @ is injective, I = J and | is G-graded.

Let T be aring and let S be a nonempty subset of T. Recall that the centralizer
of Sin T is the subring C7(S) :={te T : ts=st forall s S} of T. Asubring Sof T
is said to be a maximal commutative subring of T if C1(S) = S.

We defineT: Rxq G— Rbyr (deG agé‘g> = Y_geG dg, and note that it is
additive. The following result partially generalizes [51, Theorem 3] and [51, Theorem 4]
to possibly non-unital rings. It also generalizes [31, Theorem 2.1] from partial skew
group rings to partial skew groupoid rings.
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Proposition 2.22. Let R xq G be a partial skew groupoid ring, and suppose that R is
commutative. The following statements are equivalent:
(i) Decag, Dede is a maximal commutative subring of R xq G;

(ii) o has the intersection property.

Proof. Write S .= R xoq Gand A := EBeeGo Debe.

(i)=(ii) Suppose that A is maximal commutative in S. Let / be a nonzero ideal
of S. Choose x =) ;. x;6; € | to be a nonzero element of minimal support amongst
all nonzero elements of /. Pick g € F such that x4 # 0. Let u € DW be an s-unit for
ag-1(Xg) and define y := xu6g_1 € I. Notice that

y = Xg69U59—1 + Z Xt6tU6g_1 = XQSr(g) + Z at(at_1 (Xt)U)5t9_1.
te F\{g} te F\{g}
s(t)=s(9)

Hence, | Supp(y)| < |Supp(x)|and y # 0. Let b= > bebe € A and define z := by —
ecGy
yb € 1. Observe that | Supp(z)| < | Supp(y)| < | Supp(x)|, because bxgb(g) —Xgdr(g)b =

(br(g)Xg — Xgbr(g))6r(g) = 0. By minimality of the support of x, we get that z = 0. Thus,
by = yb for all b € A. By assumption, y € A and hence /N A # {0}.

(ii)=(i) We show the contrapositive statement. Suppose that A is not maximal
commutative in S. There is a nonzero element a= ) ;.5 a6 € Cg(A) \ A. In particular,
there exist some e € Gy and g € Supp(a) \ Gy, with s(g) = r(g) = e, such that
agdg € Cg(A). Let L be the ideal of S generated by agoe—agbg. Using that S is s-unital,
by Remark 2.1, it is clear that L is nonzero.

We claim that L C ker(r). If we assume that the claim holds, then since 1| 4= Py|a
is a ring isomorphism, by Lemma 2.4, we get that AN L = 1[4(AN L) C 1(L) = {0}. This
shows that o does not have the intersection property. Now we show the claim.

By the definition of L it follows that it is enough to show that 7 maps elements
of the form b;6¢(agbe — agdg)ckdy to zero, where t,k € G and by € Dy, ¢, € Dy satisty
s(t) = e = r(k).

Let u € De be an s-unit for {ck,aw (ckag)}. Using that agdg € Cg(A), and that R
is commutative, we get that

bi6t(agbe — agdg)cxOk = bidt(agckdi — agbgCrdeldy)
= bi6t(agcyby — Ckbeagbgudy)
= bi6(agCybi — Ckagbgudy)
= bib¢(agckdk —aglag-1(ckag)u)d )
= bt6¢(agCkdy — agCrdgk)
= at(ap1(bt)agCk)6k — ar(ap1(b)agCy)dgk-

Clearly, 7(b;6¢(agbe — agdg)cxok) = 0. This proves the claim. O
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Corollary 2.23. Let J be a G-invariant ideal of R. Suppose that R is commutative. The
following statements are equivalent:
(i) Pecg, DeSe is a maximal commutative subring of RIJ x G;

(ii) & has the intersection property.
Proof. Notice that R/J is commutative. The proof follows from Proposition 2.22. O

We finish this section by summarizing our results in the case of partial actions
on commutative rings.

Theorem 2.24. Let R be aring, let G be a groupoid and leta = (ag, Dg) geG be a partial
action of G on R, such that Dy is s-unital for every g € G and R = @gcg, De- If R is
commutative, then the following statements are equivalent:
(i) Deca, Debe is a maximal commutative subring of R/J x5 G for every G-invariant
ideal J of R;

(ii) a has the residual intersection property;

(iii) Every ideal of R x4 G is G-graded.

Proof. The proof follows from Proposition 2.20 and Corollary 2.23. O

2.3 SIMPLICITY AND PRIMENESS OF R xq G

In this section, we study simplicity and primeness of partial skew groupoid rings.
To that end, we recall the following definitions.

Definition 2.25. Let R x4 G be a partial skew groupoid ring.
(a) R is called G-prime if IJ = {0}, for G-invariant ideals 1,J of R, implies | = {0} or
J = {0}.
(b) R is called G-simple if the only G-invariant ideals of R are {0} and R.

(c) R xq G is said to be graded prime if there are no nonzero graded ideals I,J of
R xq G such that IJ = {0}.

(d) R xq G is said to be graded simple if there is no graded ideal of R x4 G other
than {0} and R x4 G.

Proposition 2.26. R is G-simple if, and only if, R x4 G is graded simple.

Proof. We first show the “only if” statement by contrapositivity. Suppose that R x4 G is
not graded simple. There is a nonzero proper graded ideal / of R xq G. Write J := Py(/)
and Jy = Pp(IN EBeeGo Debe). By Proposition 2.8 (ii) and Proposition 2.9 (iii), J x4 G =
Jo Xy G C 1S R xa G. Hence, J = Py(/) is a proper nonzero G-invariant ideal of R.
Thus, R is not G-simple.
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Now we show the “if” statement. Suppose that R x4 G is graded simple. Let J
be a nonzero G-invariant ideal of R. By Proposition 2.8 (i), J x s G is a nonzero graded
ideal of R xq G. Hence, R xq G = J x4 G, and, by Theorem 2.10, J = Py(J x v G) =
Po(R xa G) = R. Thus, R is G-simple. O

Proposition 2.27. R is G-prime if, and only if, R x4 G is graded prime.

Proof. We first show the “only if” statement by contrapositivity. Suppose that R x4 G is
not graded prime. There are nonzero graded ideals /1, I> of R xq G such that /4 /> = {0}.
By Lemma 2.6, Po(l1 NDecg, Debde) and Po(lo NP gc g, Dede) are nonzero G-invariant
ideals of R. We conclude that R is not G-prime, because Lemma 2.4 (iii) yields

Po(lh N €D Debe)Poll N €D Debe) = Po((lh N @D Debe)(lo N € Debe))
GGGQ eeGo eEGo GGGO

C Py(l o) = {0}.

Now we show the “if” statement. Suppose that R x4 G is graded prime. Let J;
and J be G-invariant ideals of R such that J;J> = {0}. By Proposition 2.8 (i), J; x,, G
and J, x4, G are graded ideals of R x4 G. Moreover, using that J;J> = {0} and that
Ji is G-invariant, it is clear that (Jy x4, G) - (J2 x4, G) = {0}. Hence, by assumption,
Jy X G ={0}ordo x4 G = {0}, i.e. J; = {0} or Jo = {O}. This shows that R is
G-prime. O

We point out that part (i) of the theorem below was proved in [40, Corollary 5.8]
for non-degenerately group graded rings, and part (iii) generalizes [31, Theorem 2.3].

Theorem 2.28. Let R be a ring, let G be a groupoid, and let a = (ag, Dg)QEG be a
partial action of G on R, such that Dy is s-unital for every g € G and R = D 4c g, De-
The following assertions hold:

(i) If R xq G is prime, then R is G-prime.

(ii) Suppose that a has the intersection property. Then R is G-prime if, and only if,
R xq G is prime.

(iii) R is G-simple and o has the intersection property if, and only if, R x4 G is simple.

Proof. (i) This follows from Proposition 2.27.

(ii) The “if” statement follows from (i). We show the “only if” statement by contrapositivity.
Suppose that R x4 G is not prime. Let /,J be nonzero ideals of R x4 G such that IJ = {0}.
Since a has the intersection property, we have that [y = Po(m Deca, D666> # {0}
and Jg = Po(J 1 Decg, Dede ) # 0} By Proposition 2.8 (i), fo i G and Jp 3 G
are nonzero graded ideals of R xq G. Moreover, by Proposition 2.9 (iii), (lp x5 G) -
(Jo x40 G) € M = {0}. This shows that R x4 G is not graded prime, and hence, by
Proposition 2.27, R is not G-prime.
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(iii) We first show the “only if” statement. Suppose that R is G-simple and that o
has the intersection property. Let / be a nonzero ideal of R x4 G. By Lemma 2.6,
Py (/ NDeca, De6e> is a nonzero G-invariant ideal of R. Thus, Py (/ NDeca, DeSe> =
R. By Lemma 2.4, we get that / N Pycg, Debe = Decg, Debe- Take t € G and
bi6t € R xa G. Let u € D; be an s-unit for b;. Using that ué, ;) € Pecg, Dede C 1, it
follows that b6t = (ub,(4))(bt6t) € . Thus, R xq G =/ and hence R x4 G is simple.
We now show the “if” statement. Suppose that R x4 G is simple. Clearly, a has
the intersection property and, by Proposition 2.26, R is G-simple. O

Remark 2.29. By [18, Theorem 8], the group ring of a group H over a ring R, denoted by
R[H], is prime if, and only if, R is prime and H has no nontrivial finite normal subgroup.
In particular, notice that the converse of Theorem 2.28 (i) does not hold.

Corollary 2.30. Suppose that R is commutative and that P ¢c g, Debe is @ maximal
commutative subring of R xy G. Then R is G-prime if, and only if, R x4 G is prime.

Proof. 1t follows from Proposition 2.22 and Theorem 2.28 (ii). O]

Corollary 2.31. Suppose that R is commutative. Then R is G-simple and @ qc g, Debe
is a maximal commutative subring of R x4 G if, and only if, R x4 G is simple.

Proof. It follows from Theorem 2.28 (iii) and Proposition 2.22. O

In Example 2.32, we will see that neither maximal commutativity of P gc g, Dede
in R x¢ G nor the intersection property of a are necessary conditions for primeness of
R x4 G.

Example 2.32. Let g € C be a root of unity, that is gK = 1 for some k € Z. For each
n € Z, define the ring isomorphism o : C[x] — C[x], by on(f)(x) := f(q"x). Notice
that omyn = om o op, for all m,n € Z. Hence o defines a global action of the additive
group 7 on the complex polynomial ring C[x]. Consider the corresponding skew group
ring C[x] xo Z. By [40, Theorem 13.5], C[x] %o Z is prime. Nevertheless, C[x]6q is
not maximal commutative in C[x] xq Z. In particular, o does not have the intersection
property.
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3 PARTIAL ACTIONS OF GROUPOIDS ON TORSION-FREE COMMUTATIVE AL-
GEBRAS GENERATED BY IDEMPOTENTS

This chapter is inspired by [8, Examples 7.8—7.9] and serves as a preparation
for Chapter 4. Let T be a commutative unital ring. The set of idempotents of T, denoted
by E(T), is a Boolean algebra with operations givenby eV f .= e+f—ef, enf = ef and
-e:=1-¢, forall e,f € E(T). Recall that if B is a Boolean algebra and P is a subset of
B,thent P:=U,cptz={yeB:z=zNyforsome z c P}.

Throughout this section, let G be a groupoid, let R be a commutative unital ring
and suppose that R is a commutative, torsion-free, unital, R-algebra generated by its
idempotents E(R). By torsion-free, we mean that if ais a nonzero element of R and e
is a nonzero element of E(R), then ae # 0.

As we will see in this section, every partial action of a groupoid G on R corre-
sponds to a partial action of G on the commutative R-algebra L¢(X(R),R) of all locally
constant functions f : X(R) — R with compact support, where X(R) is the Stone dual
space of the Boolean algebra E(R). Before we define the partial action on L¢(X(R),R),
we need to develop a few concepts.

Recall that X(R) is the Hausdorff space comprised of all ultrafilters on E(R).
The basis of the topology on X(R) is given by the compact open subsets Zg = {F €
X(R) : e € F}, forall e € E(R). By [39, Theorem 1], R ~ L(X(R),R) as R-algebras,
via an isomorphism that identifies e with 17, for all e € E(R). As usual, addition and
multiplication in L¢(X(R),R) are defined pointwise.

Next, we will see how a homomorphism between algebras induces a continuous
function between the Stone duals of their respective set of idempotents. Let R and S
be commutative, unital, torsion-free, R-algebras generated by their respective set of
idempotents and p : R — S a unital R-algebra homomorphism. Then, the restriction of
pto E(R), plgr): E(R) — E(S), is a Boolean algebra homomorphism. If X(R) and X(S)
are the Stone duals of E(R) and E(S), respectively, then we define p : X(S) — X(R) by

p(F) =p (F), forall F e X(S). (3.1)

In a Boolean algebra the notions of prime filter and ultrafilter agree, and hence it is easy
to prove that the inverse image of an ultrafilter by a Boolean algebra homomorphism
is again an ultrafilter. We will now show that p is continuous. Let {F)};c, be a net
converging to F € X(S). Suppose that x € E(R) is such that x € p(F) = p~1(F). Then,
p(x) € F. Since the net {F)}3c4 converges to F € X(S), there exists Ay € A such that
for all A > Ag, p(x) € Fy. Thus, x € p~'(F) = p(F) for all A > Ay. The case where
x € E(R) is such that x ¢ p(F) is proved similary. We conclude that p is continuous.
The final ingredient that we need in order to define a partial action on L¢(X(R),R)
is to extend the aforementioned isomorphism R = L¢(X(R),R) to ideals of R. Let / be



Chapter 3. Groupoid actions on torsion-free commutative algebras generated by idempotents 36

a unital ideal of R and let u be the multiplicative identity element of /. Then, u € E(R)
and we get that / = L¢(Zy, R) via the above isomorphism.

LetT = (Dg,Tg)QGG be a partial action of G on R, and suppose that Dy is unital
with a multiplicative identity element ug, for every g € G, and that R = @eGGO De. By
Lemma 2.2, Dy is an ideal of R, for every g € G. Therefore, Dg = Lc(ZuyR).

We will define a topological partial action of G on X(R). Notice that, for all g € G,
the restriction Tg|E(D¢1): E(Dg_1) — E(Dg) is a Boolean algebra homomorphism. There-
fore, the corresponding map 74 : X(Dg) — X(Dg_1 ), defined by (3.1), is continuous.

For each g € G, there is a homeomorphism between X(Dg), the Stone dual of
E(Dg), and Zy,, the set of ultrafilters on E(R) containing ug. This correspondence is
given by

Cg : X(Dg) — Zuy, G 16, @1 : Zy, — X(Dg), F > {ugx:x e F}.
Define 6 := (Ug,0g)gcg, Where, for all g € G, Ug = £, and
g : Ug_1 — Ug, F = TER) %9_1 ({ug_1x I X € F}). (3.2)
Notice that 6g = (g o %9_1 o C;L and we have the following commutative diagram:

T -

X(Dy1) ~== X(Dg)

g

Lemma 3.1. 6 = (Uy,09)4c g, as defined in (3.2), is a topological partial action of G on
X(R).

Proof. Notice the following:
(a) Forall g € G, Uy is an element in the basis of the topology on X(R). We claim
that Ug C Uy q)- Take F € Uy and notice that ug € F. From Dg C Dy(4), we get
that ug = upg) A Ug < Upg)- Hence, uyg) € F and F € Uyg).

(b) Forall g € G, 7g and (g are homeomorphisms, and hence 64 : U

g1 = Ugis also
a homeomorphism that satisfies:

(i) Be =idy,, for all e € Gy, because 7¢ = idp_;

(ii) Op-1(Ug-1 N UR) S Ygpy-1, Whenever (g,h) € G2. Indeed, if F € Ug10Up,
then Uy Up = Ug1Aup € F. Since 71 (Dg-1NDp) C Digp)-1, We have that
T -1 (Ug—1 Uh) = TH (Ug—1 uh)u(gh)_1 < U(gh)—1 . Therefore, U(gh)—1 S Gh_1 (F)

and 0 -1 (Ug—1 N Uh) - U(gh)—1;

(iii) Bg(Bp(x)) = Ogn(x), for all x € 61 (Uy+ N Up) and (g.h) € G2. Indeed,

o
let 7 € 6-1(Ug1 N Up) and z € 64p(F). Then, there exists x € F such
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that
Z = Tgh(XUp1 1) 2 Tgh(XUp1 g-1)Ug = Tg(Th(XUp-1)Ug1).-

Therefore, z eTg(g) Tg{ug1y 1 y €Tg(R) ThiXUp1 1 X € F}) = 6g(64(F)).
0

Let 6 = (Ug,eg)gge be the partial action of the groupoid G on X(R) defined
above. For each g € G, we consider the ring isomorphism

Pg - ,Cc(qu ,R) — Lc(Ug,R), fr—fo Qg_1 .

Then, p = (£C(Ug,R),pg)g€G is a partial action of G on L¢(X(R),R).

Proposition 3.2. The partial actions 7 = (Dg,7g)gcg and p = (Lc(Ug,R),pg)geq, as
defined above, are G-equivariant.

Proof. Take g € G. Recall that there is an isomorphism ¢g : Lc(Ug,R) — Dg given by
pg(1 Ueug) = elg, for every e € E(R). We claim that the following diagram commutes:

Le(Upt,R) L2 £0(Ug R)

e
P l (ng
Dy ——— Dy

Let e € E(R) and F € Ug. Notice that

- —1
g °TgoPg(1 Ueu )(F) = @g (rg(eug1))(F) = 1UTg<e“g~1

()

and pg(1y,, )F) =1y,
g g

that 1Urg(eug_1)(]:) = 1Ueug_1 (TE(R) gt ({ugx : x € F}). Indeed, if 1 UTg<eug_1>(]:) =15, then

,© 09_1 (F) = ‘Iueug_1 (TE(F{) Tg ({ugx : x € F}). We claim

Tg(eug_1) € F. Hence, eUg1 = Tt (Tg(eug_1)ug) €TER) Ty ({ugx : x € F}. Therefore,
1Ueug_1 (TE(F?) Tg—1 ({UgX X c f}) = 1R'
On the other hand, if 1, 1(TE(H) Tg1({ugx 1 X € F}) = 1g, then there exists
g
x € F such that eug1 > 74-1(ugx). Since ugx € F, we have that U1 € Ty (F). Thus,

o
Tg(eug_1) € F and 1Ufg<eug_ (F)=14. O

1)
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4 TOPOLOGICAL PARTIAL ACTIONS OF GROUPOIDS, THEIR PARTIAL SKEW
GROUPOID RINGS, AND STEINBERG ALGEBRAS

In Section 3, we saw that any partial action of a groupoid on the ring of locally
constant functions with compact support over a Stone space, actually corresponds to
a partial action 1 = (Dg,Tg)QGG of the same groupoid on a torsion-free, unital, com-
mutative algebra generated by its idempotents, such that Dg is a unital ideal of the
commutative algebra, for every g € G (see Proposition 3.2). This motivates us to
investigate algebraic partial actions induced by topological partial actions as follows.

Throughout this section, let G be a groupoid, let K be a field, let R be a commu-
tative unital ring, let X be a locally compact, Hausdorff, zero-dimensional space, and
let 6 = (Xg,6g)ge e a topological partial action of G on X, such that Xy is clopen,
forevery g € G, and X = |_|eeG0 Xe. Let Lo(X,R) denote the commutative R-algebra
of all locally constant functions f : X — R with compact support, and with addition
and multiplication defined pointwise. The support of f € L¢(X,R) is defined as the set
Supp(f) :={x € X : f(x) # 0}, and by [6, Proposition 1.3.4, Example 1.5.28] it is always
clopen.

Remark 4.1. The topological partial action 6 = (Xg’eg)geG induces a partial action
a = (Dg,ag)geg of G on the ring Lc(X,R). Indeed, for each g € G, we put Dg = {f €

Lc(X,R) = Supp(f) € Xg}, and define the ring isomorphism ag : Dg_1 — Dg by

fo99_1 (x), If x € Xg
0, otherwise,

ag(f)(x) := {

for f € Dy, Furthermore, using that X = | |gc g, Xe one gets that Lc(X,R) = @ecg, De-

In Section 4.1, we will show equivalences between, on the one hand topological
properties of 6, and on the other hand algebraic properties of the induced partial action
a of Gon L¢(X,K), and of its associated partial skew groupoid ring L¢(X,K) xq G.

In Section 4.2, inspired by [7], we define the transformation groupoid G xg X
induced by the topological partial action 6, and notice that L¢(X,R) xq G and the
Steinberg algebra of the transformation groupoid, AR (G xg X), are isomorphic as R-
algebras. We also point out correspondences between properties of 6 and properties
of G xg X.

In Section 4.3, we apply Theorems 2.24 and 2.28 together with results from
Section 4.1, to characterize primeness, simplicity etc. of the partial skew groupoid ring
Le(X,K) xq G. Using that Lo(X,K) xq G = Ag(G xg X), we are able to recover some
known results.
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4.1 CONNECTIONS BETWEEN TOPOLOGICAL AND ALGEBRAIC ACTIONS

The goal of this section is to identify correspondences between topological prop-
erties of 6 and algebraic properties of the induced partial action a of G on L¢(X,K). We
define a map Z : {Open subsets of X} — {ldeals of L¢(X,K)} by

T(U) := {f € L(X,K) : Supp(f) C U}, (4.1)

for every open subset U of X. We also define a map S : {ldeals of L¢(X,K)} —
{Open subsets of X} by

S(J) :={x € X :thereis f € J such that f(x) 0} = _J Supp(f), (4.2)
fed

for every ideal J of L¢(X,K). It is not difficult to verify that Z and S are both well-
defined. Furthermore, we notice that Z(S(J)) = J, for every ideal J of L¢(X,K), and that
S(Z(U)) = U, for every open subset U of X. For more details, see e.g. [6, Lemma 3.2.1,
Remark 3.2.2].

Remark 4.2. (a) Analogously to [6, pp. 116—117], if U is an open G-invariant subset of
X, then Z(U) is a G-invariant ideal of L¢(X,K). Conversely, if J is a G-invariant ideal of
Lc(X,K), then S(J) is an open G-invariant subset of X. Thus, by restricting T we get a
bijection between

{Open G-invariant subsets of X} and {G-invariant ideals of L¢(X,K)}.

(b) Clearly, F C X is closed if, and only if, X\ F is open. Moreover, it is not difficult
to see that F is G-invariant if, and only if, X\ F is G-invariant. Hence, the assignment
F — X\ F yields a bijection between

{Closed G-invariant subsets of X} and {Open G-invariant subsets of X}.

(c) For any closed subset F of X, we define J(F) := Z(X \ F) and this yields a
bijection J : {Closed subsets of X} — {Ideals of L¢(X,K)}. Note that

J(F) ={f € Lo(XK) : f(x) =0, forall x € F}.
We now summarize our findings.

Proposition 4.3. There are one-to-one correspondences between the set of G-invariant
ideals of L¢(X,K) and any of the following:
(i) The set of open G-invariant subsets of X, given by T,

(i) The set of closed G-invariant subsets of X, given by 7 ;

(iii) The set of G-graded ideals of L¢(X,K) xq G, given by Ogr.



Chapter 4. Topological partial actions of groupoids, their partial skew groupoid rings, and Steinberg
algebras 40

Next, we record some topological-dynamical notions that are used in this section.

Definition 4.4. Let 6 be a topological partial action of G on X.

(a) 6 is said to be minimal, if there is no proper open G-invariant subset of X

(b) 6 is said to be topologically transitive, if for all nonempty open subsets U, V of X
there exists g € G such that (U N Xz1) NV #0;

(c) 6 is said to be topologically free, if for all u € Gy and t € G\ {u}, Int{x € X :
01(x) = x} = 0;

(d) 6 is said to be topologically free on the subset F of X, if for all u € Gy and
te Gg\{u}, Inte{x € Xt N F :64(x) = x} = 0.

The following result follows immediately from Proposition 4.3.
Corollary 4.5. 6 is minimal if, and only if, Lc(X,K) is G-simple.

Theorem 4.6. LetK be a field, let G be a groupoid, let X be a locally compact, Hausdorff,
zero-dimensional space, and let 6 = (Xg,09) geG be a topological partial action of G on
X, such that Xy is clopen, for every g € G, and X = | |oc g, Xe- Furthermore, let a be
the induced partial action of G on L¢(X,K) (see Remark 4.1). Then 6 is topologically
transitive if, and only if, Lc(X,K) is G-prime.

Proof. We first show the “only if” statement by contrapositivity. Suppose that L¢(X,K) is
not G-prime. There are nonzero G-invariant ideals /1, of Lo(X,K) such that /41> = {0}.
By Remark 4.2 and the fact that K is a field, there are nonempty open G-invariant
subsets Uq,U, of X such that Iy = Z(Uy), I = Z(Us), and Uy N Uy = 0. Hence, 64(Us N
Xg)NUa € Uinls = (), for every g € G. This shows that 6 is not topologically
transitive.

Now we show the “if” statement. Suppose that £¢(X,K) is G-prime. Let U,V be
nonempty open subsets of X. Define W := Ugea Bg(UN Xg_1) and Z = Ugea Bg(V N
X-1). Clearly, W and Z are open, and they are also G-invariant. Indeed, forany he G

=
we have

Op(W N Xy1) = 6, (( L g (UﬂXg1>) mx,r1) = U 0n (09 (UnXgr) 0 Xt )
geG geG
Note that eg(U N Xg—1) N Xh—1 C Xg N Xh" - Xr(g) N Xs(h) = 0 if s(h) # r(9).
Therefore, take g € G such that s(h) = r(g), and notice that
Oh (99 <Uﬂ Xg—1> N Xh") C Bp (Qg <9g—1 (Xh-1 N Xg) N U))
= th (U N Qg_1 (Xh—1 N Xg))
- th (UﬂXg—1h—1) c W.
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This shows that W is G-invariant, and similarly one can show that Z is G-invariant.
By Remark 4.2, Iy := Z(W) and |, := Z(Z) are nonzero G-invariant ideals of L¢(X,K).
Hence, by G-primeness of L¢(X,K), we get that /1> # {0} and thus W N Z # ().
Choose some z € WNZ. There are g,h € Gsuchthat z € Qg(Ung—1)m9h(Vm
Xp1)- Since Xg N Xp C Xpg) N Xs(mr1), We have that s(h1) = r(g). By Definition 1.9,

0/1(2) € 01(8g(UN Xgt) N Xp) NV C O (eg ("gﬂ (Xh N Xg) N U)) nv
= eh'1g (Uﬁeg_1 (Xh ﬂXg)) NV C eh"g <UﬂXg—1h> nv,
and this shows that 6 is topologically transitive. O

Next, we characterize topological freeness of 6 in terms of properties of the
associated partial skew groupoid ring. Note that if F C X is closed and G-invariant,
then by Remark 4.2, 7(F) is a G-invariant ideal of £¢(X,K). Thus, ﬁf}{g)@ g G is
well-defined (cf. Proposition 2.16).

Theorem 4.7. LetK be a field, let G be a groupoid, let X be a locally compact, Hausdorff,
zero-dimensional space, and let 6 = (Xg,09) geG be a topological partial action of G on
X, such that Xy is clopen, for every g € G, and X = | |oc g, Xe- Furthermore, let a be
the induced partial action of G on L¢(X,K) (see Remark 4.1). Suppose that F C X is
closed and G-invariant. Then, 6 is topologically free on F if, and only if, D ec g, Debe is

a maximal commutative subring of 557(?(,_%@ Xg G.

Proof. We first show the “only if” statement. Suppose that 6 is topologically free on
F.Let a = de,_,(ag + J(F))og € % xg G be such that ad = da, for all d €
@eeeo De6e, and ag ¢ J(F) for all g € H. Seeking a contradiction, suppose that there
is some t € H\Gg. For any compact open subset K of X;y), using that a(1x+7 (F))6,(¢) =

(1k + T (F))5y1)a we get that

Y ag@gi(ag+ IRk +T(FNSg= > (Ix+T(F))(ag+I(F)sq. (4.3)
9geH geH
s(9)=r(1) r(g)=r(t)
We also notice that if f+ 7(F) = g + J(F), then (g—f)|r= 0 and g|g= f|F.
Case 1 (s(t) # r(t)): Let x5 € F N X; be such that a;(xg) # 0. Using that X is
locally compact, Hausdorff and zero-dimensional, there exists a compact open set K
such that X € K C X; C X,y By comparing the left-hand side with the right-hand side
of (4.3), since s(t) # r(t), we getthat 0 + 7(F) = ay1x + J(F). Thus, a;1x € J(F) and
ai1k|F= 0, which is a contradiction, since xg € F and a;(xg)1k(xg) = a:(xp) # 0.
Case 2 (s(t) = r(t)): Let z € F n X; be such that a;(z) # 0. Then, there is an
open set A such that z € A C X; and a;(A) = {a;(z)}. We have that AN F C X;N F
is open. Notice that t # r(t). Hence, by assumption, there is y € AN F such that
0+1(y) # y. Using that X is Hausdorff, there exist disjoint open sets V, W such that
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y € Vand61(y) € W. There is also a compact open set K suchthaty ¢ K C VNnX; C
VN Xyp)- By comparing the left-hand side with the right-hand side of (4.3), we get that
arlapri(alk) + J(F) = a1k + J(F) which yields a¢(1x 0 641) + T(F) = a1k + J(F).
Finally, a;(1x 0641 —1k) € J(F) and (ay(1x 0 641 — 1k))|p= 0. This is a contradiction,
since y € An F and

at(1x 001 =1k)(y) = a(y)(1k 0 041 (y) = 1x(¥)) = a(y)(0 1) = —ar(y) = —ar(2) # 0.

Now we show the “if” statement. Suppose that 6 is not topologically free on
F. Then, there exist ug € Gy, ty € Gﬂg \ {up} and an open subset V C X such that
VNFC th‘ N F and 64 (x) = x, for all x € V N F. Using that X is locally compact,
Hausdorff and zero-dimensional, there exists a compact open subset K such that
XeKCVC Xt51. Therefore, 1 € Dt51-

Then, we show that (1 K+~7(F))5t5‘ commutes with every element of @eeGo Debe.

Let b= eci,(fe+ T(F))Se € Pecg, Debe. We get that
(MK + T(FNS)b=b(1c + T(F))61 =
(o1 (@t (1) (1) + T(FDS () = Us(io) 1k + T (FDBggo) 1 =
(o1 (o, (1) o) + T (F))S 1 = (fup 1k + T (F))64r =
(01 (Tk 0 0p1)ug) + T(FNO1 = (fug Tk + T (F))O 11 =
(1K ((fup © O1,) = fup) + T (F))Sc+.

Letx € F.If x € VNF, then 64 (x) = x and ((fuy,06¢)—fu,)(x) = 0. If x € F\V, then
1x(x) =0, because K C V. Hence, (1K+j(F))661b—b(1K+j(F))6t61 =0+J(F). O

By Theorem 2.24 and Theorem 4.7 we get the following.

Corollary 4.8. 6 is topologically free on every closed G-invariant subset of X if, and only
if, the induced partial action o of G on L¢(X,K) has the residual intersection property.

4.2 STEINBERG ALGEBRAS AND PARTIAL SKEW GROUPOID RINGS

In this section, we point out that the partial skew groupoid ring associated with
6 is isomorphic to the Steinberg algebra of the induced transformation groupoid. We
also identify correspondences between topological properties of 6 and properties of the
associated transformation groupoid.

The transformation groupoid associated with 6 is defined as the set

Gxg X :={(t,x):te G and x € X1},

and (G xg X)2 = {((v.,y),(t,x)) : (V,),(t,x) € G xg X, (v,t) € G? and 6;(x) = y}. The
product in G xg X is given by (v,y)(t,x) = (vt,x) for all ((v,y),(t,x)) € (G xg X)2. For
(t,x) € G xg X, we define (t,x)™1 := (t71,04(x)).
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We equip G xg X with the topology induced by the product topology on G x X.
Since G is discrete and X is Hausdorff, G xg X is Hausdorff. Notice that the inversion
and product operations are continuous, because 6; is continuous for every t € G, and
that (G xg X)g = {(e,x) : e € Gg and x € Xe}. Using that X = | |ocg, Xe, there is a
homeomorphism

p:X3x— (e x) e (G xgX). (4.4)

Hence, (G xg X)) is locally compact, Hausdorff and zero-dimensional.

For each (g,x) € G xg X, the source in given by d(g,x) = (s(9),x), the range
is given by t(g,x) = (r(g),0¢(x)) and its restriction {g} x XW — {r(g)} x Xg is a
homeomorphism. In particular, Gxg X is étale. Therefore, GxgX is ample and Hausdorff.
Recall that the Steinberg algebra, A (G xg X), is the set of all locally constant functions
f:Gxg X — R with compact support (see [7] for more details).

Theorem 4.9. Let R be a commutative unital ring, let G be a groupoid, let X be a locally
compact, Hausdorff, zero-dimensional space, and let6 = (Xg, 6¢) geG be a partial action
of G on X, such that Xy is clopen, for every g € G, and X = | |gc g, Xe. Furthermore, let
a be the induced partial action of G on L¢(X,R) (see Remark 4.1). Then, Lo(X,R) xo G
and Ar (G xg X) are isomorphic as R-algebras.

Proof. It is analogous to the proof of [7, Theorem 3.2]. O

In the next definition, we recall some standard notions regarding topological
groupoids. Throughout the remainder of this section, let G be a topological groupoid, let
Go denote the unit space of G, let s denote the source map and let r denote the range
map. A subset D of Gy is invariant if r(g) € D whenever g € G and s(g) € D. If D is an
invariant subset of G, then we define Gp :={g € G : s(9) € D, r(g) € D}. Notice that Gp
is a subgroupoid and that (Gp)g = D.

Definition 4.10. Let G be a topological groupoid and write 1so(G) = {g € G : s(9) =

r(g)}-
(a) G is said to be effective, if Gy = Int(Iso(G));

(b) G is said to be strongly effective, if for every nonempty invariant subset D of G,
the groupoid G is effective;

(c) G is said to be minimal, if Gy has no nontrivial open invariant subsets;
(d) An étale groupoid G is said to be topologically transitive, if s~1(U) N r~1 (V) # 0

whenever U,V are nonempty open subsets of G.

The homeomorphism p, defined in (4.4), also appears in the context of transfor-
mation groupoids induced by partial actions of groups (see e.g. [6, Section 2.1]).
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Proposition 4.11. The homeomorphism p, defined in (4.4), yields a bijection between
the set of open (resp. closed) G-invariant subsets of X and the set of open (resp. closed)
invariant subsets of (G xg X)j.

Proof. Let F be a G-invariant subset of X. We claim that p(F) is an invariant subset of
(G xg X)g- Take (g,x) € G xg X such that d(g,x) = (s(g),x) € p(F). Notice that t(g,x) =
(r(9).69(x)) € p(F), because 8g(x) € F N Xg C F N Xjg), and p(6g(x)) = (r(g).09(x)

Let D be an invariant subset of (G xg X)g. Take g € G. Let x € p~ (D
X1 C p_1(D) N Xs(g). Then, p(x) = (s(g),x) € D. Using that D is invariant, p( g(x)

g
((9), 6g(x)) € D. Thus, 8¢(x) € p™' (D). This shows that 6g(o™" (D) X;1) C p~" (D).

)-
) N
)

T

Proposition 4.12. The following assertions hold:
(i) 6 is minimal if, and only if, G xg X is minimal.

(i) 6 is topologically transitive if, and only if, G xg X is topologically transitive.

(iii) Let F be a closed G-invariant subset of X. Then, 6 is topologically free on F If,
and only if, (G xg X )p(,:) is effective.

Proof. (i) It follows from Proposition 4.11.

(i) We first show the “if” statement. Suppose that G xg X is topologically transitive.
Let U,V be nonempty open subsets of X. Then, p(U) and p(V) are nonempty open
subsets of (G xg X)o. By assumption, there exists (g, x) € d~ (o(U)) Nt~ (o(V)). Hence,
X € Xg_1 and d(g,x) = (s(9),x) = p(x) € p(U). Furthermore, t(g,x) = (r(9),0¢9(x)) =
p(Bg(x)) € p(V). Thus, Bg(x) € Og(U N Xyt) N V & 0.

Now we show the “only if” statement. Suppose that 6 is topologically tran-
sitive. Let A,B be nonempty open subsets of (G xg X)g. Then, p~'(A) and p~1(B)
are nonempty open subsets of X. By assumption, there exists g € G such that
g™ (A) N Xg1) Np~ 1 (B) # 0. Let y € 6g(p~1(A) N Xg1) N p~ " (B). Then, 0,1(y) €
p (AN Xg+ and d(g,04-1(y)) = p(641(y)) € A. Furhermore, t(g,04-1(y)) = p(y) € B.
Hence, (g,04-1(y)) € a1 (A) nt71(B).

(iii) Suppose that F is nonempty, for otherwise there is nothing to prove.

We first show the “only if” statement. Suppose that 6 is topologically free on F.
We will show that Int(Iso((G ¢ X),(F)) = p(F).

(C) Let (g,x) € Int(Iso((G xg X)p(,_—)). Then, there is an open set U of X1 such that
(9.) € ({g) x U)N(Gxg X)p(r) C 150((G g X)p(r)- Let (9.y) € (1} x U)N (G xg X) ().
Then, d(g,y) = t(9,y) € p(F), that is, s(g) = r(g) and y = 64(y) € F. In particular,
xeUNF C{ye Xz nF:6g(y)=y}and x € Inte{y € Xz N F : 6g(y) = y}. Using
that 6 is topologically free on F, we have that g € Gy and (g, x) € p(F).

(D) Let (e,x) € p(F). Notice that (e,x) € ({e} x {Xe}) N (G xg X)p(F) C Iso((G x¢g X)p(,_—)).
Therefore, p(F) C Int(Iso((G xg X)p(,:))) and we conclude that (G xg X)p(,_—) is effective.
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statement by contrapositivity. Suppose that 6 is not topolog-
ically free on F. Then, there exist g € G\Gp and some x < Intg{y € X,-1NF : 64(y) = y}.
Thus, there isan openset U C X1 suchthatx e UNF C{y € Xg_1 NF :6g(y) =y}
Letze UNF.Then, 6g(z) =z,and z € (Xr(g) N Xs(g)) N F. Therefore, s(g) = r(g) and
r(g,z) = d(g,z) = p(z) € p(F). We notice that (g,2) € Iso((G xg X)o(F))- Using that F is
G-invariant, (g,x) € {g} x (UN F) = ({g} x U)N (G xg X)p(,_—) C Iso((G g X)p(,:)) and
we have that (g,x) € Int(lso((G xg X)p(,_—))), but (g,x) ¢ p(F), because g ¢ Gy. Hence,
(G 39 X)o(F) is not effective. O

Remark 4.13. Note that by [56, Corollary 5.5] and [55, Proposition 3.3] the statements
(i) and (ii) in Proposition 4.12 are already known for transformation groupoids induced
by global actions of groups. Moreover, Corollary 4.14 below was proved for transfor-
mation groupoids induced by partial actions of groups in [6, Proposition 4.2.1] and [6,
Example 4.1.12].

Corollary 4.14. 6 is topologically free if, and only if, G xg X is effective.

Corollary 4.15. 6 is topologically free on every closed G-invariant subset of X if, and
only if, G xg X is strongly effective.

4.3 APPLICATIONS TO PARTIAL SKEW GROUPOID RINGS INDUCED BY TOPO-
LOGICAL PARTIAL ACTIONS

In this section, we let a = (Dg,ag)geG be the partial action of G on L¢(X,K)
induced by 6 (see Remark 4.1). We aim to characterize primeness, simplicity, and when
every ideal of the skew groupoid ring L¢(X,K) xq G is G-graded using the topological
properties of the partial action 6. Using that L¢(X,K) x4 G and the Steinberg algebra
of the transformation groupoid, Ak (G xg X), are isomorphic (see Theorem 4.9), we are
able to recover some known results.

Theorem 4.16. Let K be a field, let G be a groupoid, let X be a locally compact, Haus-
dorff, zero-dimensional space, and let 6 = (Xg,0g)4c G be a topological partial action
of G on X, such that Xy is clopen, for every g € G, and X = | |gcg, Xe- Furthermore,
let a be the induced partial action of G on L¢(X,K) (see Remark 4.1). The following
Statements are equivalent:

(i) 6 is topologically free on every open G-invariant subset of X;

(i) 6 is topologically free on every closed G-invariant subset of X;

(iii) Pec Go DeSe is a maximal commutative subring of Ef}i(l_i]ig) xg @G for every closed

G-invariant subset F of X;

(iv) o has the residual intersection property;
(v) Every ideal of Lc(X,K) xq G is G-graded;
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(vi) The transformation groupoid G xg X is strongly effective.

Proof. The equivalence between (i) and (ii) is straightforward. The other equivalences
are established through Theorem 4.7, Corollary 4.8, Theorem 2.24, and Corollary 4.15
O

By combining Theorem 4.16, Proposition 4.3 and Theorem 2.21, we get the
following result which partially generalizes [17, Corollary 3.7].

Corollary 4.17. 6 is topologically free on every closed G-invariant subset of X if, and
only if, there is a one-to-one correspondence (given by I' := T~ o ®) between the ideals
of Lc(X,K) xq G and the open G-invariant subsets of X.

A result similar to Theorem 4.18 below was proved in [45, Theorem 1.3] for a
groupoid dynamical system in the context of global actions.

Theorem 4.18. Let K be a field, let G be a groupoid, let X be a locally compact, Haus-
dorff, zero-dimensional space, and let 6 = (Xg:8g)geG be a topological partial action
of G on X, such that Xy is clopen, for every g € G, and X = | |gcg, Xe- Furthermore,
let a be the induced partial action of G on L¢(X,K) (see Remark 4.1). The following
Statements are equivalent:

(i) 6 is topologically free;

(i) Decag, Dede is a maximal commutative subring of Lc(X,K) X G;
(iii) o has the intersection property;

(iv) The transformation groupoid G xg X is effective.

Proof. The equivalence between (i) and (ii) follows from Theorem 4.7 by considering
F = X. The equivalence between (ii) and (iii) follows from Proposition 2.22, and Corol-
lary 4.14 implies the equivalence between (i) and (iv). O

The following example shows that the condition of being topologically free on
every closed G-invariant subset is stronger than topological freeness. In particular, the
residual intersection property is a stronger condition than the intersection property.

Example 4.19 ([53]). Let 6 be an action of Z on the Alexandroff compactification 7 \U{oo}
such that, foralln € Z, 6p : Z U {oc} 3 X — X + n € Z U {oc}. Notice that Fix(6p) = {oc},
for all n € Z. Hence, 6 is topologically free, because Int{x € Z U {o0} : 6p(x) = X} =
Int{oc} = 0, for all n € 7Z. Nevertheless, {oc} is a closed Z-invariant subset of 7. U {0}
such that Int ) {x € {oc} : On(X) = x} = Int}{oc} = {oc}. Thus, 6 in not topologically
free on {oo}.

Proposition 4.20. The following assertions hold:
(i) Lc(X,K) xq G is graded simple if, and only if, 6 is minimal;
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(i) Lc(X,K) xq G is graded prime if, and only if, 6 is topologically transitive.

Proof. (i) It follows from Proposition 2.26 and Corollary 4.5.
(ii) It follows from Proposition 2.27 and Theorem 4.6. ]

In the next theorem, we will recover particular cases of [55, Theorem 4.3, Theo-
rem 4.5] and [10, Theorem 4.1].

Theorem 4.21. Let K be a field, let G be a groupoid, let X be a locally compact, Haus-
dorff, zero-dimensional space, and let 6 = (Xg,0g)4cG be a topological partial action
of G on X, such that Xy is clopen, for every g € G, and X = | |gcg, Xe- Furthermore,
let a be the induced partial action of G on L¢(X,K) (see Remark 4.1). The following
assertions hold.

(i) If Lc(XK) xq G is prime, then 6 is topologically transitive.

(ii) If6 is topologically free and topologically transitive, then Lc(X,K) xq G is prime.

(i) 6 is minimal and topologically free if, and only if, Lc(X,K) xq G is simple.
Proof. The proof follows from Corollary 4.5, Theorem 4.6 and Theorem 2.28. ]

In [48, Theorem 1.3], a result similar to Theorem 4.21 (iii) was proved for groupoid
dynamical systems. We finish this section by specializing to the case when G is not just
a groupoid, but in fact a torsion-free group.

Proposition 4.22. Let H be a torsion-free group. Then, Lc(X,K) x« H is prime if, and
only if, 6 is topologically transitive.

Proof. By [40, Theorem 13.5], if H is torsion-free, then L¢(X,K) xq H is prime if, and
only if, Lo(X,K) is H-prime. The desired conclusion now follows from Theorem 4.6. [
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5 APPLICATIONS TO ULTRAGRAPHS VIA LABELLED SPACES

Throughout this section, G denotes an ultragraph. In [14, Definition 2.7], a normal
labelled space (&g, Lg, B) associated with G was defined and, in [15, Section 3], a
topological partial action ¢ of the free group generated by the labels of the edges on the
tight spectrum T of a labelled space was defined. The description of ¢ when the labelled
space is associated with an ultragraph was given in [14, Section 4.1], in which it was
also shown that the associated partial skew group ring coincides with the ultragraph
Leavitt path algebra of G, and with the partial skew group ring associated with certain
non-topological partial actions [34].

The purpose of this section is to prove that ¢ is topologically free on every
closed F-invariant subset of T if, and only if, the ultragraph G satisfies Condition (K). By
letting o be the algebraic partial action induced by ¢, we will show that every ideal of
Lc(T,K)xqF is F-graded if, and only if, G satisfies Condition (K), a result that is also new
in the context of Leavitt path algebras of graphs. A version of this theorem was proved
in the context of C*-algebras of Boolean dynamical systems. See [12, Theorem 6.3]
and [16, Proposition 6.1].

5.1 PRELIMINARIES

Following [9], [14], [15] and, mainly [8], we repeat some basic definitions and
properties concerning labelled spaces, ultragraphs via labelled spaces and the afore-
mentioned topological partial action ¢.

5.1.1 Labelled spaces

A (directed) graph is a quadruple € = (£9,&1,r, s), where £0 and &' are non-
empty sets and r,s : €1 — £0 are called range and source maps. The elements of £°
are denominated vertices and the elements of £' are denominated edges. If £0 and &
are countable, then we say that the graph £ is countable.

A sequence of edges A1A5...Ap such that r(A;) = s(Aj.1) forallie {1,...,n-1}
is called a path of length n. We denote by £" the set of paths of length n and define
E* 1= Up>p€". An infinite sequence of edges A4A5 ... such that r(A;) = s(A;,1) for all
i > 1 is called an infinite path. We denote by £°° the set of infinite paths. We define
vertices to be paths of length 0.

Let £ be a graph and let A be an alphabet, that is a nonempty set whose
elements are called letters. A labelled graph (£, £) consists of a graph £ and a surjective
labelling map £ : €1 — A.

A* denotes the set of all finite words over A, including the empty word w, and
A°° denotes the set of all infinite words over A. We consider A* as a monoid whose
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binary operation is given by concatenation.

We may extend the labelling map £to £ : €7 — A* and £ : £ — A*. Denote
the set of labelled paths a of length |a| = nby £ := £(£") and the set of infinite labelled
paths by £°° := £(£°°). Recall that w is considered a labelled path with |w| = 0 and we
define £21 1= U1 L7, £* = {w}U £2T and L% = £* U L,

If a, B are labelled paths such that 8 = o’ for some labelled path 8/, then we say
that a is a beginning of 3. Denote the set of all infinite words all of whose beginnings
appear as finite labelled paths by £ := {a € A® : a4, € L*, for every n € N} and
define £ := £* UL®. We let P(X) denote the power set of X.

Definition 5.1 ([9, Definition 2.8]). Fora € £* and A € P(£9), the relative range of o
with respect to A, denoted by r(A,a), is the set

r(Aa) i={r(A) 1A € £, L) = a, s(A) € A,

ifa € £21, and r(Aw) = A, if a = w. The range of a, denoted by r(a), is the set
r(a) := r(€%a).

Note that r(w) = £9 and, if a € £21, then r(a) = {r(\) € £0 : LQ) = al.

Definition 5.2 ([9, Definition 2.9]). Let (£, £) be a labelled graph and B C P(£9). We
say that B is closed under relative ranges, if r(A,a) € B, forall A€ B anda € £21. If
additionally B is closed under finite intersections and finite unions, and contains r(a),
for every a € £21, then we say that B is accommodating for (£, £), and in that case
(&, L, B) is called a labelled space.

A labelled space (€, £,B) is weakly left-resolving if r(AN B,a) = r(A,a) N r(B,a),
forall A,B € Band a € £=1. We say that a weakly left-resolving labelled space (£, £,5)
is normal, if B is closed under relative complements.

Fora € L£*, define By := BNP(r(a)) ={A € B: AC r(a)}. In the case of a normal
labelled space, By is a Boolean algebra, for each a € £*.

By [9, Proposition 3.4], there is an inverse semigroup S, with zero element 0,
associated with the normal labelled space (£, £, B). This inverse semigroup is defined
by the set

S:={a,APB):a,BeL" and A € Ba N Bg with A # 0} U {0}

with a binary operation as follows. Let s = (a, A, 8) and t = (y, B, 6) be nonzero elements
of S. Then,

(ay’, r(A,Y)NB,§), ify=py and r(Ay)nB<#0,
S ti=q(AnrBp) ), iftp=yp and Anr(B,p)#0,

0, otherwise.
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E(S) denotes the semilattice of idempotents of S. To be precise
E(S)={(a,A,a) : a€ L and A € By} U{0}.

The set of all tight filters in E(S) is denoted by T, which is called the tight spectrum
(see [25, Section 12]). For each e € E(S), define Ve :={ € T : e € £}. The subsets

en=VenVgn---nV§ ={§ecT:ecée ¢&, .. .en¢¢&,

.....

with {e4, ... ,en} a finite (possibly empty) subset of E(S), form a basis of compact-open
sets for a Hausdorff topology on T (see [43] and [15, Corollary 3.3]). If E(S) is countable,
then T is second-countable and therefore metrizable. See [8, Sections 2.4-2.5], for more
details.

Let (&, £,B) be a weakly-left resolving labelled space. Let a € L% and let
{fn}0§n§|a| (where 0 < n < |a] means that 0 < n < oo for a € £) be a family such
that Fp is a filter in By, , for every n > 0, and 7 is either a filter in B or Fy = (. The
family {Fn}o<n<|q| Is @ complete family for a, it Fn = {A € Boy, : r(A0ns1) € Fpeql
whenever 0 < n < |a.

Theorem 5.3 ([9, Theorem 4.13)). Let (&, L,B) be a weakly left-resolving labelled space
and S its associated inverse semigroup. There is a bijection between filters in E(S) and
pairs (a, {Fn}0§n§|a|)f where a € LS and {fn}0§n§|a| is a complete family for a.

Remark 5.4. Theorem 5.3 was originally proved, but misstated, in [9, Theorem 4.13].
A comment about this later appeared in [15, Theorem 2.4].

We say that a filter £ in E(S) is of finite type, if it is associated with a pair

(a, {fn}0§n§|a|) where |a| < oo, and of infinite type otherwise. The filter { is denoted by

&% and the filters in the complete family will be denoted by &% (or just &p). To be precise
h={A€B : (aypAaq ) € &%

Remark 5.5 ([15, Remark 2.6]). For a filter & in E(S) and an element (8, A, B) € E(S),
we have that (8, A,B) € §* if, and only if, B is a beginning of a and A € 6%.

Let B € £5°°. Denote by T,B the set of all tight filters in E(S) associated with the
word 8. For labelled paths o € £=" and 8 € £<°°, consider Tp =1 € Tg 1 r(a) € &)

Remark 5.6. Leta € £=" and B € £<. By [15, Remark 2.10], if & < T(a)p> then
of € LS,

In particular, for a € £*, denote the set of all filters in E(S) whose associated
labelled path 8 can be “glued” to o by the disjoint union:

I_lT(Of)ﬁ = U{T(a)ﬁ B € LS® and aff € L5%).
B
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Furthermore, denote the set of all filters in E(S) whose associated word begins with o
by the disjoint union:

|E|Taﬁ = {Tap : B € £5%° and af € L%},

Lemma 5.7 ([15, Lemma 3. 4]) Let (&, L,B) be a Weak/y-/eft resolving labelled space.
Fixa e £21. Then, Vg ra)a) = g Tags @19 Viw, re),w) = L Tia

5.1.2 Ultragraphs via labelled spaces

Ultragraph C*-algebras were defined in [57]. We now recall some definitions and
results about ultragraphs and labelled spaces associated with ultragraphs.

Definition 5.8 ([30, Definition 2.1]). An ultragraph is a quadruple G = (G°,G',r,s)
consisting of two countable sets G°,G1, amaps: G! — G°, andamapr : G! —
P(GP) \ {0}, where P(GO) is the power set of GU.

Definition 5.9 ([30, Definition 2.3],[14, Definition 2.6]). Let G be an ultragraph. Define
GO to be the smallest subset of P(GP) that contains {v}, for all v € G°, contains r(e),
for all e € G, contains (), and is closed under finite unions and finite intersections.
Elements of GO are called generalized vertices.

Definition 5.10 ([14, Definition 2.6]). The accommodating family B associated with G
is the smallest family of subsets of GO that contains G° and is closed under relative
complements, finite unions and finite intersections.

An element of GO or a sequence of edges ejey ... en € G such that s(ej,4) €
r(e;) forall 1 < i < nare called finite paths in G. We denote by G* the set of finite paths
in G. An infinite sequence of edges eqe» ... such that s(e;, 1) € r(e;) forall i > 1 is
called an infinite pathin G.

A finite path a € G* with |a| > 0 is called a loop, if s(a) € r(a). A loop a is said to
be based at A € GY, if s(a) € A. Aloop a =ay ...an is a simple loop, if s(a;) # s(aq) for
i#1.

Next, we recall how ultragraphs are realized as labelled graphs.

Definition 5.11 ([14, Definition 2.7]). Fix an ultragraph G = (G°,G1,r,s). Let & =
(£2,€4.1'.8), where £) = GO, £} = {(e) : e € G',u € r(e)} and define r'(e,v) = v
and s'(e,v) = s(e). Set A = £}, let B be the accommodating family of G, and define

Lg: 5& — A by Lg(e,v) :=e. Then, (£g, Lg, B) is the normal labelled space associated
with G.

Notice that labelled paths correspond to paths on the ultragraph and that £ = g)
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Remark 5.12 ([14, Remark 3.1]). Notice that, for all AC G° and e € G', we have that
r(A,e) = r(e), if s(e) € A, and r(A,e) = () otherwise. In particular, r({s(e)},e) = r(e).

Lemma 5.13 ([14, Lemma 3.2]). Leta be a path in G such that |a| > 1, and let {]—"n}|r‘,"=|O
be a complete family of filters for a. If 0 < n < |a|, then Fn =T By, {s(ap41)}-

Lemma 5.14 ([14, Lemma 3.4]). Let a be an infinite path in G. Then
{Fntplg = {18, {Slan 1))l s the only complete family of filters (in particular, ultrafil-
ters) for a.

Remark 5.15. By [14, Proposition 3.5, Proposition 3.6], for each infinite path o in G,
there is a unique element £&* € T whose associated word is a. And, a filter of infinite
type is completely described by the infinite path associated to it.

5.1.3 The topological partial actionon T

A partial action of the free group generated by the alphabet A on the tight
spectrum T of a labelled space was defined in [15, Section 3]. A description of that
partial action, when the labelled space is associated with an ultragraph, was given in
[14, Section 4.1]. For the convenience of the reader, we recall the characterization from
[14, Section 4.1] in the following two paragraphs.

Fix a weakly-left resolving labelled space (£, £, B) and let F be the free group
generated by A (identifying the identity of IF with w). Then, by [15, Proposition 3.12], for
every t € IF there is a compact open set V; C T and a homeomorphism ¢; : Vi1 — V4
such that

¢ = ({Vitter{wt}ter) (5.1)

is a topological partial action of F on T. In particular, Vi, = T and if a,8 € £*, then
Vo = Vi, @), Yot = Viw,ria)w)> @A Vigg-iyt = 951 (Vorr), with Vigg-ry # 0 if, and
only if, r(a) N r(B) # 0 [15, Lemma 3.10].

For the labelled space associated with an ultragraph, we can intuitively describe
the map Pop-1s for o, € L*, as cutting B from the beginning of an element § € Va—1ﬁ
and then gluing a in front of it. For filters of finite type we just have to take into account
the last filter of the corresponding complete family. In most cases, the last filter is kept
fixed, unless the empty word is involved. If 8 is the labelled path associated with an
element § € Va_1lg then, by cutting 8, we get the filter associated with the pair (w’TB‘5|,B|)
and, by gluing a afterwards, we get the filter associated with the pair (a,F), where
F={Anr(a): Ac s}

LetFx,T ={(t,§) € FxT : § € Vi} denote the transformation groupoid associated
with the partial action ¢, as defined in [1].

The following results were proven in [15] and [8] for the partial action of the free
group generated by the alphabet A on the tight spectrum T of a normal labelled space
(not necessarily associated with an ultragraph).
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Remark 5.16. Lett € F be in reduced form. By [15, Lemma 3.11], ift ¢ {w}U{a : a €
L2 ufo rae L2V ufap ta, B e £2T, r(a) N r(B) # 0}, then Vi = Vi = 0.

Remark 5.17. By [15, Remark 6.11], if &* € Fix(t) for some t € F \{w}, then there must
exist B € £* andy € £=1 such that the associated labelled path of € is o = By™ and t

is either By~ orBy~'87".

Lemma 5.18 ([8, Lemma 8.9)). Let (t,&) € Iso(F x, T) with t = Byp~" ort = By~'p~",
where By° is the labelled path associated with . Then, for every neighborhood U C T
of &, there exists k > 1 and B ¢ €|18Yk| such that € ¢ V(ﬁyk’ B,8y") Cc U.

5.2 APPLICATIONS TO ULTRAGRAPHS, THEIR ASSOCIATED PARTIAL ACTIONS
AND PARTIAL SKEW GROUPOID RINGS

Let G be an ultragraph, let (£g, Lg, B) be the normal labelled space associated
with G, and let ¢ be the topological partial action of the free group F generated by the
labels of the ultragraph on the tight spectrum T as defined above. We aim to prove that
v is topologically free on every closed F-invariant subset of T if, and only if, G satisfies
Condition (K).

In the context of ultragraphs, Condition (K) was first defined in [38, Definition 2.4].
We present an equivalent definition below.

Definition 5.19 ([13, Section 4]). An ultragraph G satisfies Condition (K), if for every
v € GO, there is either no simple loop based at v or at least two simple loops based at
V.

The following definition is based on [26, Definition 37.20].

Definition 5.20. Lety be a loop in G.
(a) y is said to be recurrent, if there exists another loop p in G such that s(p) = s(y)
andypy™ #y.
(b) y is said to be transitory, if it is not recurrent.

Proposition 5.21. Every loop in G is recurrent if, and only if, G satisfies Condition (K).

Proof. We first show the “only if” statement. Suppose that every loop in G is recurrent.
Let v € G° be a vertex and let a be a simple loop based at v. In particular, s(a) = v. By
assumption, there is a loop 8 such that a® # afa. Notice that 8 = y(!) ... y{" is such
that yU) is a simple loop based at s(a), for every j € {1, ...,n}. Since a # afa™, there
exists k € {1,...,n} such that yk) is distinct from a. Thus, G satisfies Condition (K).
Now we show the “if” statement. Suppose that G satisfies Condition (K). Let o
be a loop in G and notice that a = y(1) .. .y(" is such that y!) is a simple loop based
at s(a), for every j € {1,...,n}. lf there is k € {1,...,n} such that y*)  y(!) then let
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B = y¥). Note that, aBa>® # a. If a = y(Dy(1) . y(1) then by Condition (K), there
exists a simple loop & based at s(a) and distinct from y(1). Therefore, asa™ +# a>°, and
hence o is recurrent. O

Lemma 5.22. Leta € L5 and B € L be such thatoff € LF and & € Ty. Then
& € Tap:

Proof. By the definition of T(a)ﬁ, we only need to prove that r(a) € 6/3. Since 8 € L2,

Lemma 5.14 implies that £ﬁ =15, {s(B1)} =15 {s(B41)}. By assumption, off € ,CZO.
Therefore, s(B1) € r(a) and r(a) € 15 {s(81)}- O

Proposition 5.23 and Proposition 5.25 below are inspired by techniques from [26,
Proposition 37.21] and [24, Chapter 12], and will be used to prove the main result of
this section.

Proposition 5.23. Let t € F\{w} and §* € Fix(t) be such that a = fy* and that t is
either ByB~" or By~ 181 (see Remark 5.17). Then, & is an isolated point in Orb(EY) if,
and only if, y is a transitory loop.

Proof. We first show the “if” statement. Suppose that y is a transitory loop and let U be
an open set such that & € U. Since % € Fix(t), we have that (£,§%) € Iso(F x,, T). By
Lemma 5.18, there exists k > 1 and B ¢ %Ykl such that £¢ ¢ V(ﬁyk’B’ﬁYk) Cc U.

We claim that wak,B’ﬂyk) NOrb(§%) = {£%}. Let r;‘S € V(Byk,B’ﬁYk) N Orb(£%). Using
that r75 € Orb(Y), there exists s € F such that & € V1 and :75 = ps(€Y). Since Vg1 # 0,
Remark 5.16 implies that s € {w} U{a’ : o’ € E?}U{oﬂ‘1 ol e £§1}U{G/IB,_1 o, e
£§1 ,r( @) N r(B’) # 0}. Since a = By> and by the definition of the partial action ¢, the
labelled path § associated to :75 is eventually periodic with period component y.

By assumption n° € V(g x g gy, and we have that (By¥,B,8y%) € n®. By Re-
mark 5.5, ,8yk is a beginning of 6. Using that 6 eventually returns to y, and that y is not
recurrent, we have that 6 = By*° = a. Therefore, n is associated with the word a, and
hence, by Remark 5.15, n® = §%.

Now we show the “only if” statement. Suppose that £% is an isolated point in
Orb(&%). There exists an open set U C T such that U N Orb(§%) = {{?}. By Lemma 5.18,
there exist k > 1 and B ¢ £|(23Yk| such that £* ¢ V('Byk,B,ﬁYk) C U. Hence, V(ﬁyk,B,lBYk) N
Orb(&7) = {&%}.

Seeking a contradiction, suppose that y is a recurrent loop. Then, there exists
a loop p such that s(o) = s(y) and ypy™ # y™. Define & := ByXpy>. By Remark 5.15,
there is a unique element :75 associated with 6. Notice that, since ,8yk is a beginning
of 6 and s(p) = s(y), by Lemma 5.14, the elements of the complete family of ultrafilters
associated with a and § satisfy & = n, for all n € {1,...,|By¥|}. In particular, since
Be &y = qfﬁykl’ by Remark 5.5, (By*,B,By¥) € n®. Hence, n® € V(g « g g, )-
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We claim that :75 € Orb(&?). Let s = ByKpB~!. Observe that & ¢ Vi, be-
cause Vg1 = ¢/§I1(V(ﬁykp)_1) and Pg-1 () =™ € Tye<. Since s(y) = s(p) € r(p), then
BY*py™ € L£F and Lemma 5.22 implies that 4™ & T gk, ~- Thus, by Lemma 5.22,
B € Tigppye € Vipykp) and §% = ngL (WY™) € V4i. By Remark 5.15, there is a
unigue element associated with the word 6. Hence, ¢5(§%) = :75 and we conclude that
175 € V(ﬁyk,B,ﬂYk) N Orb(&Y). This is a contradiction. O

Corollary 5.24. Lett € F\{w} and * € Fix(t) be such that o = By and that t is either
By~ orBy~ 187" (see Remark 5.17). Then, & is not an isolated point in Orb(€%) if, and
only if,y is a recurrent loop.

Proposition 5.25. The partial action ¢ of F on T is topologically free on every closed
F-invariant subset of T if, and only if, for every t € F\{w} and & € Fix(t), § is not an
isolated point in Orb().

Proof. We first show the “if” statement by contrapositivity. Suppose that ¢ is not topolog-
ically free on every closed F-invariant subset of T. Then, there exist a closed F-invariant
subset C C T and an element t € F\ {w} such that Ints(Fix(t) N C) # 0.

Let §* € Intg(Fix(f) N C). Since §* € Fix(t), by Remark 5.17, there exist 8 € £*
andy € £21, such that the associated labelled path of & is a = By, and t is either
ByB~" or By~'8~1. By Remark 5.15, since a is an infinite path in G, & is the unique
element in T whose associated word is a. Therefore, Into(Fix(t) N C) = {{?}. Notice that

&% € Om(E™) = [ wr{&™ N Vi) € | J wr(C N Vi) € C.
teF teF

Thus, £ is an isolated point in Orb(£%).

Now we show the “only if” statement by contrapositivity. Suppose that there exist
t € F\{w} and § € Fix(t), such that § is an isolated point in Orb(&). Then, there exist

an open subset V of T such that Orb(§) N V = {§}. We claim that Orb(§) N V = {&}.
Seeking a contradiction, suppose that there is n € Orb(§) N V such that n # §. Then
n € V\{&}, the latter being an open set. But, V\{{}NOrb(§) = () and this is a contradiction,

since n € Orb(§). Therefore, C = Orb(&) is a closed F-invariant subset of T such that
¢ € Into(Fix(t) N C). Hence, ¢ is not topologically free on C. O

Proposition 5.26. The partial action ¢ of F on T is topologically free on every closed
F-invariant subset of T if, and only if, every loop in G is recurrent.

Proof. We first show the “if” statement by contrapositivity. Suppose that there is a closed
F-invariant subset on which ¢ is not topologically free. By Proposition 5.25, there exists
t € F\{w} such that £&* € Fix(t) is a isolated point in Orb({%). By Remark 5.17, there
exist B € L£*, y € £2" such that the associated labelled path of £ is a = By and t is
either ByS~" or By~18~1. By Proposition 5.23, y is a transitory loop.
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Now we show the “only if” statement by contrapositivity. Suppose that G has a
transitory loop y. Set a := y°° and notice that {* € Fix(y). By Proposition 5.23, {* is an
isolated point in Orb(&%), and, by Proposition 5.25, ¢ is not topologically free on every
closed F-invariant subset of T. O

Let K be a field and let a be the partial action of F on L¢(T,K) induced by
the topological partial action . The natural F-grading on the partial skew group ring
Lc(T,K) 3o Fis given by L(T,K) g F = @ Lo(V4,K)6¢. Using the map a,8‘1 — |a|—
18], for af~™" € F in reduced from, and the fact that the partial action ¢ is semi-saturated
[15, Proposition 3.12], it follows that L¢(T,R) xq F has a Z-grading with homogeneous
component of degree n € Z given by Dy, = spanK{faﬁ_1 6a'3_1 ra,3 € £ and |a|—-|B] = n}.
See [8, Section 4], for more details.

Theorem 5.27. Let K be a field and let G be an ultragraph. Then, every ideal of
Lc(TK) xq F is F-graded if, and only if, every ideal of L¢(T,K) xq F is Z-graded.

Proof. By [8, Theorem 5.6], there is a Z-graded isomorphism between L¢(T,K) xq F
and the Leavitt path algebra, Lk (£g,Lg,B), of the labelled space (£g,Lg,B). Moreover,
Lx(&g,Lg,B) is isomorphic to the ultragraph Leavitt path algebra Lk (G), see [8, Ex-
ample 7.2]. Finally, by [37, Theorem 4.3], since K is a field, every ideal of Lk (G) is
Z-graded if, and only if, the ultragraph G satisfies Condition(K). Thus, every ideal of
Lc(T,K) xq F is Z-graded if, and only if, G satisfies Condition (K). Proposition 5.21 and
Proposition 5.26 imply that G satisfies Condition (K) if, and only if,  is topologically free
on every closed F-invariant subset of T. By Theorem 4.16, this is equivalent to every
ideal of L¢(T, K) x4 F being F-graded. O

Now we state the main result of this section, partially generalizing [8, Proposi-
tion 9.1].

Theorem 5.28. Let K be a field, let G be an ultragraph, let (£g, Lg, B) be the normal
labelled space associated with G, let ¢ be the topological partial action of the free group
F generated by the labels of the ultragraph on the tight spectrum T, and let o be the
partial action of F on L¢(T, K) induced by the topological partial action . The following
Statements are equivalent:
(i) Dobo is @ maximal commutative subring of
invariant subset F of T,;

Le(T.K)
J(F)

xg F, for every closed F-

(ii) a has the residual intersection property;

(iii) Every ideal of Lc(T,K) xq F is F-graded;

(iv) Every ideal of Lc(T)K) xq F is Z-graded;

(v) ¢ is topologically free on every closed F-invariant subset of T,

(vi) o is topologically free on every open F-invariant subset of T,
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(vii) F x, T is strongly effective;
(viii) Every loop in G is recurrent;

(ix) G satisfies Condition (K).

Proof. The equivalences between (i), (ii), (i), (v), (vi), and (vii) follow from Theo-
rem 4.16. The other equivalences follow from Proposition 5.21, Proposition 5.26 and
Theorem 5.27. O

Remark 5.29. We point out that the equivalences between (iv), (vii), and (viii) in the
above theorem are already known in the context of Leavitt path algebras of ultragraphs
(see [37, Theorem 4.3]), but the other equivalences are new even in the context of
graphs.
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6 PRIMENESS OF GROUPOID GRADED RINGS

Throughout this chapter, unless stated otherwise, G denotes an arbitrary groupoid.

6.1 NEARLY EPSILON-STRONGLY GROUPOID GRADED RINGS

In this section, we will introduce the notion of a nearly epsilon-strongly graded
ring and show some of its basic properties.

Definition 6.1 ([41, Definition 4.6]). Let S be a G-graded ring. We say that S is nearly
epsilon-strongly G-graded, if for each g € G, SgSg_1 is an s-unital ring and Sgqu Sg =
Sg.

Remark 6.2. The above definition simultaneously generalize [47, Definition 3.3] and
[49, Definition 34].

The following characterization is inspired by [47, Proposition 11].

Proposition 6.3. Let S be a G-graded ring. The following statements are equivalent:
(i) S is nearly epsilon-strongly graded;

(i) Foreach g € G and each d € Sy, there exist eg(d) € SgSg—1 and e’g(d) C Sg_1 Sg
such that eg(d)d = deg(d) = d.

Proof. Suppose that (i) holds. Let g € G and d € Sg. We may write d = "7 { a;b;c; for
someneN, ay,...,an, C1,...,Cn € Sgand by, ...,bp € Sg-1. Notice that ajb; € SgSy-1
and bjc; € 89_1 Sy for every i € {1,...,n}. By assumption, SgSﬁ and Sf Sg are s-
unital and hence, by Proposition 1.5, there exist eg(d) € SgSg_1 and efq(d) C Sg~1 Sg
such that eg(d)a;b; = a;b; and b,-c,-e’g(d) = bjc; for every i € {1,...,n}. Thus, gg(d)d =
deg(d) = d. This shows that (ii) holds.

Conversely, suppose that (ii) holds. Let g € G. Note that, by assumption, Sg
is s-unital as a left SgS,+1-module and Sy is s-unital as a right S¢S,-1-module. Let
m € S¢Sy 1. We may write m = >4 ajb; for some n € N, ay,...,an € Sy and
by,...,bn € 39_1. By s-unitality of the left SgSg_1—moduIe Sg, and Proposition 1.5, there
is some u € SgSg_1 such that ua; = g; for every i € {1,...,n}. Similarly, there is some
u e SgSg such that bju’ = b; for every i € {1,...,n}. Hence, um = m and mu’ = m.
This shows that SgSy-1 is s-unital. Note that SgS+1 Sg € Syg-14 = Sg. Using that Sq is
s-unital as a left SgSg.1-moduIe we get that Sg C (SgSg—1 )Sg. Thus, S is symmetrically
G-graded. This shows that (i) holds. O

The following result generalizes [40, Proposition 2.13].

Proposition 6.4. Let S be a nearly epsilon-strongly G-graded ring. The following as-
sertions hold:
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(i) Se is an s-unital ring, for every e € Gy.
(i) d € d(®ecg,Se) N (Pecg,Se)d, forevery d € S.
(iii) S is s-unital and © gc g, Se s an s-unital subring of S.
(iv) Suppose that H is a subgroupoid of G. Then &S, is a nearly epsilon-strongly
H-graded ring.
(V) ®gegeSg Is an s-unital ring, for every e € Gy.
(vi) The set
G = {g € G: Ss(g) # {0} and Sr(g) #{0}} (6.1)
is a subgroupoid of G.
(VII) S = EBQ’GG/SQ
Proof. (i) Take e € Gy. By assumption, Sg = SeSeSe and SeSe is an s-unital ring.
Hence, Se = (SeSe)Se - SeSe - See = Se. ThUS, Se = SeSe. We conclude that Se is
an s-unital ring.
(i) Let d = Y ;cgd: € S, with d; € S;. Take g € Supp(d). By Proposition 6.3,
there exist ug € S¢Sy 1 C Sp(g) and u;r1 € Sgz18g C Sg(g) such that ugdy = dgulg_1 =
dg. The set B := {r(t) : t € Supp(d)} is finite, because Supp(d) is finite. For every

f € B, by (i), Sf is s-unital, and we let vy € S¢ be an s-unit for the finite set {u; : t €
Supp(d) and r(t) = f} C S¢. Define a:= ) g Vf € ®ecg,Se- We get that

ad=> Vi dr=> Vyydi=> Vep(Udy) = > (Ve = > updy = dy=d.
feB teG teG teG teG teG teG

Similarly, we define the finite set D := {s(f) : t € Supp(d)}. For every f € D, we
let v; € Sf be an s-unit for the finite set {u}, : t € Supp(d) and s(f) = f} C Sy. Define
d =) Vi € e, Se- We get that

feD
da' = dry vi=) divgy = (dup)vgy

teG feD teG teG
= 3" Vi) = . s = 3 dh =
teG teG teG

(iii) It follows immediately from (ii).

(iv) It follows immediately from Remark 1.3 and the fact that H C G.

(v) Take e € Ggy. Clearly, the isotropy group G§ is a subgroupoid of G. By (iv)
and (iii) we get that @geGgSg is s-unital.

(vi) Clearly, g~ € G’ whenever g € G'. Suppose that g,h € G’ and (g,h) € G2.
Then Sggn) = Ss(n) # {0} and Sy(gp) = Sy(g) # {0} Therefore, gh € G'. This shows that
G’ is a subgroupoid of G.

(vii) Take g € G such that Sy # {0}. We claim that g € G'. If we assume that the
claim holds, then clearly S = @ 4c G Sg- Now we show the claim. Let d € Sg be nonzero.
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By Proposition 6.3, there are gg(d) € SgSg_1 C Sy(g) and .sfq(d) € Sg_1 Sg C Ss(g) such
that eg(d)d = deg](d) = d. In particular, S,(g) # {0} and Ss(g) = {0}. O

Remark 6.5. Suppose that S is a nearly epsilon-strongly G-graded ring. By Proposi-
tion 6.4 (vii), g € G' whenever Sy # {0}. The converse, however, need not hold, see
Example 7.22.

Example 6.6. Let G = {f{,f,f3,9,h,g” ', "1, hg~',gh~ '} be a groupoid with Gy =
{f1, >, f3} and depicted as follows:

hg™’
AN
N\ 7N
\\ ~__“
g hl
gh™

Let S := M3(Z), be the ring of the 3 x 3 matrices over Z, and let {ej}; j, denote
the standard matrix units. We define:

Sg = {Ae12 A€ Z}, Sg_1 = {A621 A€ Z}, Sh = {Ae32 A€ Z},
Sh_1 = {A923 A€ Z}, Sgh_1 = {7\913 A e Z}, Shg‘1 = {Ae31 = Z},
Sf1 = {7\611 1A € Z}, Sf2 = {A622 1A € Z}, Sf3 = {Ae33 1A € Z}).

Notice that S = ©;cgS). Therefore, the ring M3(Z) is graded by the groupoid G.

6.2 INVARIANCE IN GROUPOID GRADED RINGS

Inspired by [40, Sections 3—4], we shall now examine the relationship between
graded ideals of a G-graded ring S and G-invariant ideals of the subring ©ec g, Se-

Definition 6.7 ([40, Definition 3.1, Definition 3.3]). Let S be a G-graded ring.

(i) Forany g € G and any subset | of S, we write 19 := Sg11Sg.

(i) Let H be a subgroupoid of G and let | be a subset of S. Then, | is called H-
invariant if 19 C | for every g € H.

Remark 6.8. Let S be a G-graded ring. Note thatif g € G, and | C S, then

n
19 = {Zakxkbk:neN,ake Sg-1: Xk € land by € Sgq foreachke{1,...,n}}.
k=1

In the upcoming five results we are assuming that S is a G-graded ring.

Lemma 6.9. Ifg € G and J is an ideal of © . g, Se, then J9 is an ideal of G, Se-
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Proof. Let J be an ideal of ©4cG,Se and g € G. Notice that J9 is an additive sub-

group of ®gc g, Se. Moreover, (©gc g, Se)d9 = (Pecg,Se)(Sg-1JSg) = Sg(g)Sg-1JSg €
Sg-1JSg = J9. Analogously,
JI(@ecg,Se) € JI. O

Proposition 6.10. /f/ is an ideal of S, then | N ®gc g, Se is an ideal of g¢ G, Se-

Proof. Itis easy to prove that / N @4 g, Se is an additive subgroup of &4 g, Se- Using
that / is an ideal of S and that ©4cg,Se C S, we get that (©gc g, Se)(/ N Decg,Se) C
[N Gecg,Se- Similarly, (/N ©ecg,Se)(Becg,Se) € (/N Becg,Se)- O

Proposition 6.11. Suppose that J is an ideal of ©gcg,Se- Then SJS is a G-graded
ideal of S.

Proof. ltis clear that SJS is an ideal of S and that ©4cg((SJS) N Sg) € SJS. Now we
show the reversed inclusion. Take g,h € G, ag € Sg, ¢y € Spand b=} o, be € J.
If s(g) # r(h), then agbcy, = 0 € (SJS) N Syp. Otherwise, s(g) = r(h), and then agbcy, =
agbs(g)Ch € (SJS) N Sgp. Thus, SIS = &4 g((SIS) N Sg). O

Lemma 6.12. Suppose that ©gcg,Se is s-unital and that J is an ideal of ©gc g, Se-
Then J is G-invariant if, and only if, (SJS) N ©gc G, Se = J.

Proof. We first show the “only if” statement. Suppose that J is G-invariant. For each
e € Gp, we have

(SIS)NSeC | D (Sg1dSg) [NSeC | Y J9[nSeCd.

9€G geG
s(g)=e s(g)=e

Let a= > fcq, @ € (SIS) N Becg,Se- By Proposition 6.11, SJS is G-graded and we
notice that a € (SJS) N S¢ C J. Thus, (SJS) N @ecg,Se C J. By assumption, ¢ g, Se
is s-unital and J C @G, Se- Thus,

J C (Dec,Se)d(Becg,Se) C (SIS) N Becg, Se-

Now we show the “if” statement. Suppose that (SJS) NDecg,Se = J. Take g € G
and notice that J9 = Sg_1 JSg C (8JS) N Sgg) € (SYS) N Becg,Se = J. Thus, J is
G-invariant. ]

Lemma 6.13. If | is a G-graded ideal of S, then | N @ gc g, Se Is a G-invariant ideal of
@GGGO Se
Proof. Let I be a G-graded ideal of S and g € G. Notice that Sg_1 (INSy(g))Sg € INSgg).-

Furthermore, if e € Gy \{r(g)}, then S+ (/N Se)Sq = {0}. Therefore, (I N Becg,Se)d =



Chapter 6. Primeness of groupoid graded rings 63

Lemma 6.14. Let S be a nearly epsilon-strongly G-graded ring. If | is a G-graded ideal
of S, then | = (IN ©gcg,Se)S = S(IN Becg,Se) = S/ N Secg,Se)S-

Proof. Let | be a G-graded ideal of S. By Proposition 6.4, S is s-unital and hence
(I'N Gecg,Se) C (IN Beecg,Se)S- Thus, S(I N Decg,Se) € S/ N Decg,Se)S C 1.
Analogously, (/N ©ecg,Se)S € S(IN Deeg,Se)S C .

We claim that / C S(/ N &g, Se)- Since | is G-graded, consider ag € /N Sg. By
Proposition 6.3, there is ug € SgSy_1 such that ag = ugag. Then, ug = _; bjc; such
that for each j, b; € Sg and ¢; € Sg_1. Notice that cjag € (Sg_1 Sg) N1 C Sgg NI for
every j. Hence, ag = ugag = Zj biciag € Sg(Ssig) N 1) € S(Pecg,Se N /). Similarly,
I C (Decg,SeN!)S. Thus, I = S(Gecg,SeN) = (Becg,SeN)Sand I = S(®gc g, SeN!) €
S(®eeg,SeNNSCI. O

Corollary 6.15. Let S be a nearly epsilon-strongly G-graded ring. If J is a G-invariant
ideal of ©gc g, Se, then SJS = JS = SJ.

Proof. Let J be a G-invariant ideal of © ¢ g, Se- By Proposition 6.11, SJS is a G-graded
ideal of S, and, by Lemma 6.14, SJS = ((SJS) N @ec,Se)S = SN ((SIS) N DG, Se)-
Thus, by Proposition 6.4 (iii) and Lemma 6.12, SJS = JS = SJ. N

6.3 GRADED PRIMENESS OF GROUPOID GRADED RINGS

In this section we will characterize graded primeness for groupoid graded rings.
We will generalize Proposition 2.27 and we will show some necessary conditions for
graded primeness of S.

Definition 6.16. Let G be a groupoid and let S be a G-graded ring.
(i) The ring ©gcg,Se Is said to be G-prime if there are no nonzero G-invariant ideals
I,J of ®gc g, Se such that IJ = {0}.

(i) The ring S is said to be graded prime if there are no nonzero graded ideals I,J of
S such that IJ = {0}.

The following theorem generalizes Proposition 2.27.

Theorem 6.17. Let S be a nearly epsilon-strongly G-graded ring. Then S is graded
prime if, and only if, © ¢ G, Se is G-prime.

Proof. We first show the “if” statement. Suppose that ©gc g, Se is G-prime and let /4, >
be nonzero graded ideals of S. By Lemma 6.13, (/{ N®gcg,Se) and (b N@ecg, Se) are
nonzero G-invariant ideals of ©gc G, Se. Then {0} # (1 NG gc g, Se) (NG ec g, Se) € 1 lo.

Now we show the “only if” statement. Suppose that S is graded prime and let
J1, Jo be G-invariant ideals of ©4c g, Se. By Proposition 6.4 (iii) and Proposition 6.11,
SJ4 S and SJ, S are nonzero graded ideals of S. By Corollary 6.15 and our assumption,
SJi - S =8JyS-SUbS #{0}. Thus J; - Jo # {0}. O
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Now, we show some necessary conditions for graded primeness of groupoid
graded rings.

Lemma 6.18. Let S be a G-graded ring which is s-unital. Suppose that S is graded
prime. Let ag € Sg and ¢, € Sy, be nonzero elements, for some g,h € G. Then there is
somet € G and by € S; such that agbycy, is nonzero.

Proof. We prove the contrapositive statement. Suppose that agbsc,, = 0 for every
element by ¢ S; with t € G. Consider the sets A .= SagS and C = Sc,S. By s-
unitality of S it is clear that both A and C are graded nonzero ideals of S. Moreover, by
assumption we have AC = SagScyS = 0. This shows that S is not graded prime.  [J

Definition 6.19. Let S be a G-graded ring. An element e € 66 (see (6.1)) is said to be
a support-hub if for every nonzero ag ¢ Sy, with g € G, there are h,k € G such that
s(h) = e, r(k) = e and agSy, and Sxag are both nonzero.

Remark 6.20. (a) Suppose thate < 66 is a support-hub and that ag € Sg is nonzero,
for some g € G. Notice that there are h,k € G according to the following diagram.

(b) Notice that, if S is a ring which is nearly epsilon-strongly graded by a group G,
then the identity element e of G is always a support-hub.

Proposition 6.21. Let S be a G-graded ring which is s-unital. If S is graded prime, then
every e € Gy is a support-hub.

Proof. We prove the contrapositive statement. Suppose that there is some e € 66
which is not a support-hub. Then there are g € G and a nonzero element ag € Sy, such
that for every h € G such that s(h) = e, we have that agSy, = {0} or for every k € G such
that r(k) = e, we have that Sxag = {0}. Let ae be a nonzero element of Se. Since S is
s-unital, A= SaeS and B = Sag S are nonzero graded ideals of S.

Notice that if for every h € G such that s(h) = e, we have that agSy, = {0}, then
BA = SagSaeS = {0}. Moreover, if for every k € G such that r(k) = e, we have that
Skag = {0}, then AB = SaeSagS = {0}. Therefore, S is not graded prime. O

Definition 6.22. Let G be a groupoid. G is said to be connected, if for all e,f € Gy,
there exists g € G such that s(g) = e and r(g) = f.

Proposition 6.23. Let S be a G-graded ring which is s-unital. The following assertions
hold:
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(i) If G is a connected groupoid, then G’ is a connected subgroupoid of G.
(i) If there is a support-hub in G}, then G’ is a connected subgroupoid of G.

(iii) If S is graded prime, then G’ is a connected subgroupoid of G.

Proof. (i) Suppose that G is connected. Take e,f € 66. By assumption, thereis g € G
such that s(g) = e and r(g) = f. Since Se and Sy are nonzero, we must have g € G,
and hence G’ is connected.

(i) Suppose that e € Gy, is a support-hub. Let f1,f, € Gj. By the definition of G/, there
are nonzero elements a; € Sy and by, € Sg,. Since e is a support-hub, there is k1 € G
such that r(k) = e and Sgay, # {0}. In particular, s(k) = f;. Using again that e is a
support-hub, there is h € G such that s(h) = e and by, Sy # {0}. Then, r(h) = f». Define
t := hk and note that s(f) = fy and r(t) = fr.

(iii) It follows from Proposition 6.21 and (ii). O]

6.4 PRIMENESS OF GROUPOID GRADED RINGS

In this section, we will provide necessary and sufficient conditions for prime-
ness of a nearly epsilon-strongly G-graded ring S. Furthermore, we will generalize [40,
Theorem 1.3] to the context of groupoid graded rings.

Proposition 6.24. Let S be a nearly epsilon-strongly G-graded ring. If S is prime, then
DgegeSg s prime for every e € Gg.

Proof. We prove the contrapositive statement. Let e € Gy. Suppose that /,J are nonzero
ideals of ©gcgeSg such that IJ = {0}. By Proposition 6.4, S is s-unital and hence
A’ := SIS and B’ := SJS are nonzero ideals of S. Clearly, A'B' = SISSJS = SISJS and
we claim that /SJ C IJ. If we assume that the claim holds, then it follows that A'B’ = {0},
and we are done. Now we show the claim. Take g € G, ¢g € Sg, @ = > kcge @k € /,
and b = > jcge by € J. Let k,t € GS. If e = s(k) # r(g) or s(g) # r(t) = e, then
axcgbt = 0 € IJ. Otherwise, g € Gg, and then, since / and J are ideals of ©g4c s Sg, We
get that acgb < IJ. Therefore, ISJ C IJ and this proves the claim. O

Remark 6.25. Let S be a nearly epsilon-strongly ring graded by G. By Proposition 6.24
and Proposition 6.23 (iii), if S is prime, then ©4c ge Sy is prime for every e € Gg and G
is connected. However, the converse is not true as shown in Example 7.22.

The following lemma generalizes [50, Lemma 2.4]. For the convenience of the
reader we include the proof.

Lemma 6.26. Let G be a groupoid and let S be a G-graded ring. Suppose that H is a
subgroupoid of G. Define ryy : S — Sy by my (deG cg> '= Y heH Ch- The following
assertions hold:
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(i) The mapy : S — Sy is additive.
(i) Ifaec S and b € Sy, then my(ab) = my(a)b and my(ba) = brry(a).

Proof. (i) This is clear.

(i) Take a € Sand b € Sy. Put & := a—my(a). Clearly, a = & + m(a) and
Supp(d) € G\H. If g € G\ H and h € H, then either the composition gh does not
exist or it belongs to G\ H. Thus, Supp(a'’b) C ) U G\ H. Hence, my(ab) = my((d +
my(a))b) = my(@b) + my(Ty(@)b) = 0 + my(a)b. Analogously, one may show that
ﬂH(ba) = an(a). [

The next result partially generalizes [40, Lemma 2.19].

Lemma 6.27. Let S be a nearly epsilon-strongly G-graded ring and let | be a nonzero
ideal of S. If there is some e € 66 which is a support-hub, then ge(l) is a nonzero
ideal of ® e GeSg-

Proof. By Lemma 6.26, mge(/) is an ideal of ©ycge Sg. We claim that mge(/) # {0}. Let
d =dg +dg, +...+dg, € I be an element where all the homogeneous coefficients are
nonzero and the g,’-s are distinct. By Proposition 6.3, there is some nonzero Cgyt € ng
such that dg, ¢+ is nonzero and contained in Sr(gy)-

Notice that dc o is nonzero and contained in /. Thus, without loss of generality,
we may assume that g1 € G’ Since e is a support-hub, there is an element k ¢ G
such that r(k) = e and Sk dy, is nonzero. In particular, there is an element by € Sy such
that by sg, is nonzero. Using again that e is a support-hub, there is an element / € G’
such that s(/) = e and (b, dg,)S; is nonzero. Therefore, there is an element b, € S; such
that (b, dg, )b, is nonzero. Thus, bydb, <  and

mae(bkab) = > brdgby= > bydgby.

s(k)=r(g:) 91=r(gi)
s(gi)=r(/) s(9i)=01
Notice that by dg,b; € Sy if and only if gj = g4. Thus, 0 # mge(bidby) € Tge()). O

Theorem 6.28. Let S be a nearly epsilon-strongly G-graded ring. If there is some
ec 66 such that e is a support-hub and DgeGe Sg is prime, then S is prime.

Proof. Let I and J be nonzero ideals of S. By Lemma 6.27, mge(/) and mge(J) are
nonzero ideals of ®gcGeSg- Since GgeeSg is prime, mge(/)Tge(J) #{0}.

We claim that mge(/) C . Let b= > b; € I and consider the finite set F = {t €
teG
Supp(b) : r(t) = e}. Since St = §;S;-1S; for all t € F, there are a}f € 5tSt1 C Sy and

bl € S; such that b; = Zatbt Since Sy(y) = Se is s-unital, there is ue € Sy such

that ueal = al for all i and forall t € F. Thus, by = uegb; for every t € F. Therefore,

Ue Y br= > uebt= Z b.

teG e=r(t) e=r(t)



Chapter 6. Primeness of groupoid graded rings 67

Now, since S; = S;S;-1S; for all t € G§, there are a} € 515t € Sy and

bj € St such that by = 3_ blal. Since Sg(y) = Se is s-unital, there is ve € Sg(y) such that

a}ve = ajf for all j and for all t € GE. Thus, b; = byve for every t € G&. Therefore,

e (ueth) Ve = (Z b,) Ve= Y bive= Y  by=mgs(b).
e=r(t)

teG teG§ te G§
Analogously, mge(J) C J. Thus, {0} # mge(/)rge(J) € IJ and S'is prime. O
Remark 6.29. The assumption on the existence of a support-hub in Theorem 6.28
cannot be dropped. Indeed, consider the groupoid G = {e,f} = Gy and the groupoid

ring S := C[G]. Then G§ = {e} and G; = {f}. Furthermore, Se = C and S¢ = C are both
prime. Nevertheless, S is not prime.

Example 6.30. Let G = {fj,f,f3,9,h,g~ ', h1,hg™ ,gh™"} be a groupoid such that
Go = {f1, o, 13} as follows:
hg™'
X\ 7N
\ g
g prl
gh™
Define S as the ring of the matrices over Z of the form
afy a2 0 0
a1 ap 0 0

0 0 azg asn
0 0 a3 asu

Denote by {ej}; ;, the canonical basis of S and define:

Sg = {7\612 A € Z}, Sg’1 = {)\621 1A € Z}, Sh = {7\643 1A e},
Sh—1 = {7\934 A€ Z}, Sf1 = {7\911 A€ Z}, st = {7\944 = Z},

sz = {7\1 €oo +7\2633 27\1 ,AQ € Z},

and S := {0}, otherwise. Notice that S = ©,-S) and that f, € Gy, is a support-hub.
Although, notice that e1o € Sg, e43 € Sy, are nonzero elements and there is no element
a;in Sy such that | € G' and e1pa;e43 # 0. Therefore, by Lemma 6.18, S is not graded
prime.

Theorem 6.31. Let S be a nearly epsilon-strongly ring graded by G. The following
Statements are equivalent:
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(i) S is prime;

(ii) ©ec,Se is G-prime, and for every e € G, ©gecgeSg s prime;
(iii) ®ecq,Se is G-prime, and for some e € G, ©gcgeSg s prime;
(iv) S is graded prime, and for every e 66, Bgeae Sg is prime;
(v) S is graded prime, and for some e € 66, DgeGeSg IS prime;
(vi) Forevery e € G, e is a support-hub and Bgeae Sg is prime;

(vii) For some e € G}, e is a support-hub and DgegeSg Is prime.

Proof. It follows from Proposition 6.24 and by the definition of primeness that (i) = (iv)
= (v). By Proposition 6.21, (v) = (vii) and (iv) = (vi) = (vii). By Theorem 6.28, (vii) =
(i). Therefore, (i) = (iv) = (v) = (vii) = (i). And, (i) = (iv) = (vi) = (vii) = (i). Finally,
note that by Theorem 6.17, (ii) is equivalent to (iv) and (iii) is equivalent to (v). O

Corollary 6.32. Let G be a groupoid and let S be a nearly epsilon-strongly G-graded
ring. Then S is not prime if, and only if, there is some e € G6 such that ©gc geSg is not
prime or all of the following assertions hold:

(i) ®ecg,Se is not G-prime;

(ii) S is not graded prime;

(iii) There is some e € 66 which is not a support-hub.

Proof. We first show the “if” statement. Suppose that there exists e € G6 such that
DgegeSg is not prime or that (i), (ii) and (iii) hold. By Theorem 6.31, S is not prime.
Now we show the “only if” statement. Suppose that S is not prime. If there is
some e € 66 such that ©gcgeSg is not prime, then the proof is done. Otherwise,
BgegeSy is prime for every e € Gh, and by Theorem 6.31 (ii), we get that (i) holds.
Thus, by Theorem 6.17, (ii) also holds. Finally, Theorem 6.31 (vi) implies that there is
some e € G6 such that e is not a support-hub. O

We recall that Passman proved in [52] an equivalent condition for the case that
a unital strongly group graded ring is not prime. This result was generalized in [40,
Theorem 1.3] for nearly epsilon-strongly group graded ring.

Theorem 6.33 ([40, Theorem 1.3]). Let G be a group and S be a nearly epsilon-strongly
G-graded ring. The following statements are equivalent:
(a) S is not prime;
(b) There exist:
(i) subgroups N < H C G,
(i) an H-invariant ideal | of Se such that 191 = {0} for all g € G\ H, and
(iii) nonzero ideals A, B of Sy such that A, B C ISy and ASyB = {0}.
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(c) There exist:
(i) subgroups N <« H C G with N finite,
(i) an H-invariant ideal | of Se such that 191 = {0} for all g € G\ H, and
(iii) nonzero ideals A, B of Sy such that A, B C ISy and ASyB = {0}.
(d) There exist:
(i) subgroups N <« H C G with N finite,
(i) an H-invariant ideal | of Se such that 191 = {0} for all g € G\ H, and
(iii) nonzero H-invariant ideals A, B of Sy with A, B C ISy such that
ASyB = {0}.
(e) There exist:
(i) subgroups N < H C G with N finite,
(i) an H-invariant ideal | of Se such that 191 = {0} for all g € G\ H, and

(iii) nonzero H/N-invariant ideals A, B of Sy such that A, B C ISy and
AB = {0}.

Remark 6.34. Note that, in Corollary 6.32, DgeGe Sg is nearly epsilon-strongly graded
by the group G§. Hence, one can apply Theorem 6.33 to determine whether Pgeae Sg

is prime.

The following Theorem generalizes [40, Theorem 1.4].

Theorem 6.35. Let S be a nearly epsilon-strongly G-graded ring such that ©gc g, Se IS
G-prime. Suppose that there is e € 66 such that G§ is torsion-free. Then S is prime if

and only if Se is G§-prime.

Proof. It follows from Theorem 6.31 and [40, Theorem 1.4].
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7 APPLICATIONS TO PARTIAL SKEW GROUPOID RINGS

In this section, we will apply our main results on primeness for nearly epsilon-
strongly graded rings to the context of partial skew groupoid rings, (global) skew
groupoid rings and groupoid rings. In particular, we will describe primeness of a partial
skew groupoid ring induced by a partial action of group-type (cf. [5]). Furthermore, we
will generalize [40, Theorem 12.4] and [40, Theorem 13.7].

7.1 PARTIAL SKEW GROUPOQOID RINGS

Throughout this section, let A be an arbitrary associative ring, let G be an arbi-
trary groupoid, and let o = (Ag,0g)4c g be a partial action of G on A. Denote by A x, G
its associated partial skew groupoid ring (see Definition 1.11 and Definition 1.13).

Remark 7.1. (a) We will assume that Ag is an s-unital ring, for every g € G, and that
A = Secg,Ae- As a consequence, A xq G will always be an associative ring (see
Remark 1.14 (a)).

(b) Under the above assumptions, by Lemma 2.2, Ag is an ideal of A for all g € G.

(c) Recall that the partial skew groupoid ring S := A x4 G carries a natural G-grading
defined by letting Sg = Agdg, for every g € G.

The following result generalizes [40, Proposition 13.1].

Proposition 7.2. The partial skew groupoid ring A xo G is a nearly epsilon-strongly
G-graded ring.

Proof. Let g € G. Using that Ag_1 is s-unital, and hence idempotent, we get that

(Ag(Sg)(A 15 1) = Og(O 1(Ag)A —1 )Sr(g) = 0g(A 1A 1)6r(g) = Og(A 1)6,-(9) = Ag6r(g).
g g g g g g g

Now, using that Ag is s-unital we get that Agd, () is s-unital, and that Ag is idempotent.
Hence,

This shows that A x4 G is nearly epsilon-strongly G-graded. O

Remark 7.3. Notice that Proposition 6.4 and Proposition 7.2 imply that the partial skew
groupoid ring A xg G is s-unital.

Remark 7.4. Since A = ©gcg,Ae, there is a ring isomorphism ¢ : A — Sgcg,Aede
defined by

q)(z ae) = ) aebe. (7.1)

ecGy ecGy
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Propositions 7.5 and 7.6 generalize [40, Remark 13.4].

Proposition 7.5. | is a G-invariant ideal of A in the sense of Definition 1.10 if and only
if@(l) is a G-invariant ideal of ®¢c g,Aede in the sense of Definition 6.7.

Proof. Let g € G. By Remark 7.1 (b) and s-unitality of Ag, we get that Ag/ = INAg = IAg
and IAg = AgIAg = Agl Furthermore, (IJ(I) = @GGGO(IAG)SG' Notice that Ag = Ar(g)Ag
We get that

= 09_1 (Og(Ag_1 )IAQ)SS(Q) = Og_1 (AQIAQ)(SS(g)

Therefore,
p(h9 C () = 04-1(AglAg)dsg) € Y(I) <= 041(AglAg) C | <= 041 (INAg) C I.
0
Proposition 7.6. A is G-prime if and only if ©gc g,Aebe is G-prime.
Proof. 1t follows from Proposition 7.5. O]

Remark 7.7. (a) Recall that, with the natural G-grading on Axs G, an element e € 66
is a support-hub if for every nonzero element agg, with g € G, there are hk ¢ G
such that s(h) = e, r(k) = e and agbgAndy and A6, agdg are nonzero.

(b) For e € Gy, denote by 0® = (Ap,0p)he e the partial action of the isotropy group
G& on the ring Ae, obtained by restricting o. The associated partial skew group
ring is denoted by Ae xge GS.

Theorem 7.8. Leto = (Ag,0g)g4cG be a partial action of G on A such that Ag is s-unital
forevery g € G and A = ©cg,Ae- Then, the following statements are equivalent:
(i) The partial skew groupoid ring A xo G is prime.

(i) Ais G-prime and, for every e € G, Ae xge G§ is prime;

(iii) A is G-prime and, for some e € G}, Ae Xge G§ is prime;

(iv) A xg G is graded prime and, for every e € Gj,, Ae xge G§ is prime;
(v) A xg G is graded prime and, for some e € Gj,, Ae xge GS is prime;
(vi) Forevery e € G, e is a support-hub and Ag xqe G§ is prime;

(vii) For some e € G),, e is a support-hub and Ag xge G§ is prime.
Proof. It follows from Proposition 7.2, Theorem 6.31 and Proposition 7.6. O]

In Propositions 7.16 and 7.14, we will show sufficient conditions for (vii) in The-
orem 7.8. In particular, we find sufficient conditions for primeness of a partial skew
groupoid ring.
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Definition 7.9 ([5, Remark 3.4]). A partial action o = (Ag,0g)gcG Of @ connected
groupoid G on A is said to be of group-type if there exist an element e € Gy and a
family of morphisms {h¢}fc g, in G such that hy : e — f, he = e, Ah? = Ag and Ap, = Ay,
for every f € Gy.

Remark 7.10. (a) If a partial action o is of group type, then every element of G, can
take the role of e in the above definition (see [5, Remark 3.4]).

(b) By [5, Lemma 3.1], every global groupoid action is of group-type. The converse
does not hold. For an example of a non-global partial action of group type we
refer the reader to [5, Example 3.5].

Lemma 7.11. Leto = (Ag,0g)gcg be a partial action of G on A such that Ag is s-unital
for every g € G and A = ©gc g, Ae- Consider the following statements:
(i) o is of group-type;
(i) There is some e € Gy, such that for every nonzero element agbg € A x5 G there
is some k € G such that s(k) = r(g), r(k) = e and ag € Ay,

(iii) There is some e € G, such that for every nonzero element agbq € A x G there
is some k € G such that s(k) = r(g), r(k) = e and Ay-1ag # {0};

(iv) There is some e € G6 which is a support-hub.
Then, (i) = (i) = (iii) < (iv).

Proof. (i)=(ii) Suppose that (i) holds. Let e € 66. Let g € G such that agbg # 0. Since
o is of group-type, there is a morphism hr(g) : e — r(g) such that Ah_(1) = Ae and
rng

Ang = Arg)- Note that ag € Ag C Ayg) = Ap . Define k := hi |, and the proof is
done.

(il)=(iii) Suppose that (ii) holds. Let e € 66 and agbg € A xg G. By assumption,
there is some k € G such that s(k) = r(g), r(k) = eand ag € Ay-1. Since A1 is s-unital,
we get A-1ag # {0}.

(iii)=(iv) Suppose that (iii) holds. Let e € G, be as in (iii). Let g € G such that
agbg # 0. By assumption, there is some k € G such that s(k) = r(g) and r(k) = e and
Ai-1ag #{0}. Then, there is dy-1 € Ay-1 such that 0 # d1ag € A1 NAg. Let u € Ay

be an s-unit for 041 (dy-1ag) and let w € A, be an s-unit for dy-1ag. Note that
b= ((Gk(W)(Sk)(dk—1 53(k)))(3969)((u5g-1)(W5k-1)) < Ak6k(a969)Ag_1 k—15g—1k—1.
And,

b = (04 (W)5K) (s 8gBg) (U8 g+ ) (WS 1) = (K (W)8k)(0g(0 gt (s Bg)U)S gt} (W)
= (Ok(W)(Sk)(dk—1 ag6,(g))(w6k_1) = (Ok(W)(Sk)(dk—1 396k—1) = Ok(Ok—1 (Ok(W))dk—1 ag)6kk—1
= Ok(dk—1 ag)6e _T/ 0.
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(iv)=(iii) Suppose that (iv) holds. Let e € 66 be as in (iv) and let agdg, with
g € G, be a nonzero element. By assumption, there is some k € G such that r(k) = e
and Axbiagbg is nonzero. Note that Ax6xagdg = ok(Ay-—1ag)dyg. Therefore, A1ag #
{0}. O

Remark 7.12. In general, statement (i) in Lemma 7.11 is stronger than statements (iii)
and (iv). This is shown by the following example.

Example 7.13. We will construct a partial action of a groupoid on a ring, which is not
of group-type, and such that the corresponding partial skew groupoid ring is prime. Let
G ={e,f,g,g~"} be a groupoid such that Gp ={e.f}, s(g) = f and r(g) = e as follows:

g—1
/N
e C e f@ f
N
g
Let A = 7Z ® Z, and define the partial action o := (Ag,0¢) geG of Gon A, by
* Ae :=Z & {0} and A := {0} & Z;

* Ag =22 {0} and Ay = {0} ® 2Z;

® Og .= idZ@{O} andof = id{O}EBZ;

* 0g(0,x) := (x=2,0) and 041 (x,0) := (0,x + 2).
Notice that o is not of group type, and that Ae xge G§ = Agbe = Z and As X 4 G; =
Af6¢ = 7 are prime rings. Moreover, G = G’ and G is connected.

We claim that A is G-prime. Let | and J be nonzero G-invariant ideals of A.

Then, there are nonzero elements x = (x1,X2) € | and y = (y1,¥») € J. Without loss
of generality, we may assume that xo # 0. If yo # 0, then 0 # xy € IJ. Otherwise,
Y2 =0 in which case o 4-1(y) = 041(y1,0) = (0,1 +2) € J and 041(2y) = 041(2y4,0) =
(0,2y1 +2) € J. Therefore, 0 # xog1(y) € IJ or 0 # xo4-1(2y) € IJ. By Theorem 7.8,
A xg G is prime. In particular, by Theorem 7.8, e is a support-hub.

Theorem 7.14. Leto = (Ag, 0g) geG be a partial action of G on A such that Ag is s-unital
forevery g € G, A = ®gcg,Ae ando is of group-type. Then the partial skew groupoid
ring A xs G is prime if, and only if, there is some e € (36 such that Ae xge G§ is prime.

Proof. It follows from Lemma 7.11 and Theorem 7.8. O

We will now make use of the example from [5, Example 3.5] of a non-global
partial action of a groupoid on a ring, not of group-type, and apply Theorem 7.14 to it.

Example 7.15. Let G = {e,f,g,h,/,m,”!,m} be the groupoid with Gy = {e,f} and the
following composition rules:

g°=e, H=f Ig=m=hl, geGS heG, and Im:e—f.
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.,

We present in the following diagram the structure of G:

e
d
e m
Let C be the field of complex numbers and let A = Ceq & Ces & Cez & Cey, where

ejej = 6;je; and ey + ...+ e4 = 1. We define the partial action (A;,0¢)tcg of G on A as
follows:

~ <=
>

Ae = (Ce1 D (Ce2 = A/—1, Af = (Ce3 D Ce4 = A/,

Ag=Ce1=A Am_1, Am=Ah=(C93=Ah—1,

g' =
and

Og=1idp,, 0Of=idy, o0g:aei—raey, op:aezr>aes, Om:aeq— aes,

Op1 - 863+ aeq, 0O):aeq+bey— aes+bey, 01 :aez+bey— aeq + beo,

where a denotes the complex conjugate of a, for all a € C. Let e € Gy and denote
he = e and hy = |. By definition, the partial action o is of group-type.
Now, we characterize the group partial action 0® = (A;,0¢)c Ge of G& on Ae. Note
that
Ge={e,9}, o0e=idy, and og:aes — aey.

We claim that Ae is not G§-prime. Let | = Ceq & {0}e, and J = {0}e; & Ce,. Note that |
and J are nonzero G§-invariant ideals of Ae and IJ = {0}. By Theorem 7.8, Ag xge G§
is not prime and Theorem 7.14 implies that A xo G is not prime.

Proposition 7.16. Leto = (Ag, Og)ge G be a partial action of G on A such that Ag is
s-unital for every g € G and A = o g, Ae- SUppose that there exists e € 66 such that
for every nonzero element agbg € A xq G there is some k € G such that s(k) = r(g),
r(k) = e and ag € Ay-1. Then the partial skew groupoid ring A xq G is prime if, and only
if, Ag xge G§ is prime.

Proof. It follows from Lemma 7.11 and Theorem 7.8. O
The following result generalizes [40, Theorem 13.5].

Theorem 7.17. Leto = (Ag, Og)geG be a partial action of G on A such that Ag is s-unital
forevery g € G, and A = ® o g, Ae. SUppose that A is G-prime or that o is of group-type.
Furthermore, suppose that there is some e € 66 such that G§ is torsion-free. Then
A xq G is prime if, and only if, Ae is G§-prime.

Proof. It follows from Theorem 7.8, Proposition 7.14 and [40, Theorem 13.5]. O]
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Proposition 7.18. Leto = (Agsog)geG be a partial action of G on A such that Ag is
s-unital for every g € G and A = ©qc g, Ae. If o is of group-type or A is G-prime and at
least one of the following conditions holds, then the partial skew groupoid ring A xo G
is prime.
(i) There is some e € G, such that G§ contains no subgroup H which contains a
non-trivial finite normal subgroup and Ae is prime.

(i) There is some e € 66 such that 0 = (Ap,0p) heGe> the partial action of the
isotropy group G§ on Ae, has the ideal intersection property and Ae is G§-prime.

(iii) A is commutative, there is some e € 66 such that Agbe is maximal commutative
in Ae x' G§ and Ag is G§-prime.

Proof. (i) Let H is a subgroup of G§. Then the only finite normal subgroup of H is
N = {e}. Since Ag is prime, for every nonzero H/{e}-invariant ideals A, B of Ae x4 {6},
we have that AB # 0. Hence, the third condition of Theorem 6.33 (e) does not hold and
Ae x/; G is prime.

And the result follows from from Theorem 7.8, Proposition 7.14 and Proposi-
tion 2.28 and Corollary 2.30. O

Proposition 7.19. Leto = (Ag, og)ge G be a partial action of G on A such that Ag is
s-unital for every g € G, and A = ©gcg,Ae- The partial skew groupoid ring A xo G is
not prime if, and only if, there is some e € 66 such that Ae x4e G§ is not prime or all of
the following assertions hold:

(a) A is not G-prime;

(b) A xq G is not graded prime;

(c) There exists e € 66 such that e is not a support-hub.
Proof. It follows from Proposition 7.2 and Theorem 6.32. O
Theorem 7.20 ([40, Theorem 13.7]). Let G be a group and let A xs G be a s-unital
partial skew group ring. A x4 G is not prime if and only if there are:
(i) subgroups N <« H C G with N finite,
(i) an ideal | of A such that
— Op(lAy-1) = IAR for every h € H,
- IAg - og(lAg_1) = {0} for every g € G\ H, and
(iii) nonzero ideals B, D of A x4 N such that B, D C I6¢(A x4 N) and B - A6, - D = {0}

for every h € H.

Remark 7.21. Note that, in Proposition 7.19, Ae xqe G§ is a s-unital partial skew group
ring. Thus, one can apply Theorem 7.20 to determine whether Ag xge G is prime.
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Example 7.22. Let G = {e,f,9,9~'} be a groupoid such that Gp = {e.f}, s(g9) = f and
r(g) = e as follows:

g—1
/7N
f
eCe\g/ gf

Consider A =Z & Z. We define the partial action o = (Ag,0g)geg 0f G on A. Let:

* Ae =Z @ {0} and A = {0} & Z;

* Ag=Ag1 = {0}

®* Og = idZ@{O} , O0f = id{o}@z and Og = 09—1 = id{o} .
Notice that Ae xge Gg = Aede = Z and As X G,f = Afbf = Z are prime rings. Observe
that G = G' and G is connected. Although, there is no element ¢;6; in A xs G such that
t € G and ée(ci64)6f # 0 and, by Lemma 6.18, A xs G is not graded prime.

7.2 SKEW GROUPOID RINGS

Let G be a groupoid, let A be a ring and let {Ae}oc g, be a collection of s-unital
ideals of A. Suppose that, for each g € G, there is a ring isomorphism og : Agg) — Ay(g)-
Moreover, og o opy = o4, Whenever (g,h) € G2). We say that o is a global action of G
on A and we will use the notation o = (Ar(g), Ug)geG-

Remark 7.23. Notice that this is a special case of groupoid partial actions. In fact, a
groupoid partial action o = (Ag, 0g)geG of a groupoid G on a ring A is global, if and only
if, Ag = A,(g) for every g € G, see [4, Lema 1.1].

The skew groupoid ring A xs G is defined as the set of all formal sums of the
form >°gcG agdg where ag € Ay (g for all g € G. Multiplication is defined by the rule

aog(b)5,, if (g,h) € G®
5q)(bSp) = g\="g
(@ g)( h) { 0 otherwise

forg,h € Gand a € Ay, b € Ayp)- Throughout this section, we assume A = ¢ g, Ae-

Theorem 7.24. Let G be a connected groupoid, let{Ae}ec g, b€ a collection of s-unital
rings, A = ©ecg,Ae and let o = (A,(g), Og)geG be a groupoid global action. Then the
skew groupoid ring A xs G is prime if, and only if, there is some e € 66 such that
Ae xge G§ is prime.

Proof. It follows from Remark 7.10 (b) and Proposition 7.14. O

Proposition 7.25. Let{Ae}ec g, be a collection of s-unital rings, A = @ gc g,Ae and let
o = (Ar(g),99)geG be a groupoid global action. The following statements are equivalent:
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(i) G is connected;
(i) Forevery e € G, e is a support-hub;
(iii) For some e € G, e is a support-hub.
Proof. (i)=(ii). Let e € Gj and let agdg € A xo G be a nonzero element. Then g € G’
and, by hypothesis, there is k € G’ such that s(k) = r(g) and c(k) = e. Notice that

ag € Ar(g) = As(k)- By Lemma 7.11 (i) = (iv), e is a support-hub. It is immediate that
(if) implies (iii). And, (iii) implies (i) follows from Proposition 6.23 (ii). O]

Below, we combine the necessary and sufficient conditions of primeness of a

skew groupoid ring.

Theorem 7.26. Let G be a groupoid and let {Ae}oc g, be a collection of s-unital rings
such that A := ®oc g,Ae- Then, the following assertions are equivalent.
(i) The skew groupoid ring A xq G is prime;

(i) Ais G-prime, and for every e € G}, Ae Xye G& is prime;

(iii) A is G-prime, and for some e € G, Ae xge GS is prime;

(iv) A xg G is graded prime and for every e € G}, Ae Xge G§ is prime;
(v) Axg G is graded prime, and for some e € Gj,, Ae xge GS is prime;
(vi) G is connected, and for every e € G, Ae xge G§ is prime;

(vii) G' is connected, and for some e € Gy such that Ae x4e G§ is prime.
Proof. It follows from Theorem 7.8 and Proposition 7.25. O]

Corollary 7.27. Let A xy G be an s-unital skew groupoid ring such that A is G-prime or
G is connected. Suppose that there is e € 66 such that G§ is torsion-free. Then Ax G
is prime if, and only if, Ae is G§-prime.

Proof. 1t follows from Remark 7.10 (b) and Theorem 7.17. O]

7.3 GROUPOID RINGS

Let R be an s-unital ring and let G be a groupoid. The groupoid ring R[G] consists
of elements of the form ;. agbg where ag € R for every g € G. For g,h € G and
a,b € R, the multiplication in R[G] is defined as abg-bdj = abd gy, if g,h are composable,
and 0 otherwise.

Remark 7.28. Let R be an s-unital ring and let G be a groupoid. Consider the global
action o = (Ag,0g)geg Of G on A, defined by letting Ag := R and og = idg for every
g € G, and A = ©gcg,Ae = Dec g, A- Notice that the corresponding skew groupoid ring
A xo G is isomorphic to the groupoid ring R[G].



Chapter 7. Applications to partial skew groupoid rings 78

The following theorem generalizes [40, Theorem 12.4].

Theorem 7.29. Let R be a nonzero s-unital ring and let G be a groupoid. The following
assertions are equivalent.
(i) The groupoid ring R[G] is prime;

(i) G is connected and there is some e € G such that R[G§] is prime;
(iii) G is connected and, for every e € Gy, R[GE] is prime;

(iv) G is connected, R is prime and there is some e € Gy such that G§ has no
non-trivial finite normal subgroup;

(v) G is connected, R is prime and, for every e € Gy, G§ has no non-trivial finite
normal subgroup.

Proof. Notice that G’ = G. The proof follows from Theorem 7.26 and [40, Theorem 12.4].
0

A subset X C Gy is said to be R-dense if for every nonzero a= > agbg € R[C]
geF
there is g € F such that ag # 0 and s(g) € X. In particular, we have that:

Proposition 7.30. Let G be a groupoid and let R be a unital commutative ring. Then
G is connected if, and only if, there is some e € Gy such that Og = {f € Gg : 39 €
G, s(g) = e, r(g) = f} is R-dense.

Proof. Suppose that there is e € Gy such that Og is R-dense. Let f,h € Gy. Notice that
167 and 16, € R[G]. Since O¢ is R-dense, there is g,k € G such that s(g) = s(k) = e,
r(g) = s(f) and r(k) = s(h). Notice that hkg™! € G, s(hkg™!) = s(g™") = r(g) = s(f)
and r(hkg™') = r(h). Therefore, G is connected. For the converse, let e € G, and

O0#a= ) agbg < R[G]. Then, there is g € F such that ag # 0. Since G is connected,
geF
there is h € G such that s(h) = e and r(h) = s(g). Therefore, s(g) € Oe. O

A commutative ring with unit is prime if and only if it is an integral domain.
Therefore, in the case where Ais a commutative and unital ring, an analogous result was
proved in the context of Steinberg algebras of discrete groupoids, see [54, Remark 4.10].
We recover [55, Proposition 4.4] and [55, Theorem 4.9] in the specific case of groupoid
rings in the next theorem.

Theorem 7.31. Let G be a groupoid and let R be a unital commutative ring. The
following statements are equivalent:

(i) R[G] is prime;

(i) There is some e € Gy such that Oe is R-dense and R[G§] is prime;

(iii) There is some e € Gy such that O¢ is R-dense, R is an integral domain and G§
has no finite non-trivial normal subgroups.
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Proof. 1t follows from Proposition 7.30 and Theorem 7.29.
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