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RESUMO

A movimentação de carga no Brasil é amplamente dominada pelo
transporte rodoviário, dentro do qual se destacam as Combinações de
Veículos de Carga (CVC’s). Estes tipos de veículos oferecem uma maior
capacidade de carga, impactando em uma diminuição dos custos de trans-
porte e assim, elevando a eficiência e competitividade das empresas e do
país. Mas as CVC’s possuem baixa estabilidade lateral, o que está cau-
sando o crescimento na incidência dos acidentes de tombamentos destes
veículos. Em geral, as CVC’s mostram um baixo desempenho com res-
peito à estabilidade, e isto tem sido o foco de muitos estudos em todo
o mundo. Algumas características tais como, suspensão, pneus, chassis
e quinta roda foram analisadas separadamente, para determinar a sua in-
fluência sobre a estabilidade lateral de veículos. A maioria dos modelos
de estabilidade dos veículos não consideram aspectos longitudinais do
veículo e da estrada, como a rigidez do chassis, a localização longitudinal
do centro de gravidade e o ângulo de inclinação longitudinal da estrada. A
utilização de modelos tridimensionais de veículos permitem uma análise
mais rigorosa da estabilidade do veículos. Neste contexto, o objetivo deste
estudo é o desenvolvimento de um modelo de mecanismo tridimensional
para representação da última unidade de uma CVC (reboque) submetido
a um carregamento lateral crescente até atingir o limiar de tombamento.
O modelo proposto leva em conta o movimento do centro de gravidade
do reboque, o qual é afetado pelos movimentos impostos na suspensão,
pneus, sistema de engate e o chassi do reboque. O método de Davies tem
demonstrado ser uma ferramenta importante na análise de mecanismos, e
por isso é aplicado para a análise cinestática do mecanismo tridimensional
do reboque.

Palavras-chave: Tombamento. Combinações de veículos de carga
(CVC’s). Estabilidade. Método de Davies. Segurança rodoviária.





RESUMO EXPANDIDO

Introdução

A segurança é uma preocupação comum para todos os usuários das
estradas. Ela é desafiada pela densidade de tráfego, que aumentou consid-
eravelmente nos últimos anos e é esperado que continuasse a aumentar
no futuro. Além disso, a introdução de veículos mais longos e mais pesa-
dos é um desafio ainda maior em questões de segurança rodoviária. Estes
veículos denominados combinações de veículos de carga (CVC’s) ofere-
cem uma maior capacidade de carga, impactando em uma diminuição dos
custos de transporte. Mas as CVC’s possuem baixa estabilidade lateral, o
que está causando o crescimento na incidência dos acidentes de tomba-
mentos destes veículos. Tendo em conta todos estes fatores, neste estudo
e analisado o fenômeno da estabilidade em veículos pesados e é desen-
volvido um mecanismo que permite avaliar o limiar de tombamento das
combinações de veículos de carga.

Objetivos

O objetivo principal deste estudo é o desenvolvimento de um mo-
delo de mecanismo tridimensional para representação da última unidade
de uma CVC (reboque) submetido a um carregamento lateral crescente
até atingir o limiar de tombamento. O modelo proposto leva em conta o
movimento do centro de gravidade do reboque, o qual é afetado pelos
movimentos impostos pelos sistemas de suspensão, pneus, quintaroda e o
chassi.

Metodologia

Para o desenvolvimento do modelo proposto são estudados os prin-
cipais modelos de estabilidade presentes na literatura; também são estuda-
dos os mecanismos que influenciam o movimento do centro de gravidade
e os grãos de liberdade permitidos por cada um destes. Isto permite o de-
senvolvimento dos sub-mecanismos que conformam o mecanismo princi-
pal que representa a ultima unidade de uma CVC (reboque). A estática do
modelo proposto é analisada com ajuda do método de Davies, o modelo
é submetido a um carregamento lateral crescente até atingir o limiar de



tombamento, isto permite determinar a aceleração lateral máxima que su-
porta o veículo até o limiar de tombamento e a velocidade máxima com a
qual o veículo pode percorrer uma curva.

Resultados e discussão

Neste documento são realizados diferentes casos de estudo: nos
primeiros casos são comparado os resultados dados pelo modelo proposto
e os resultados dados por os modelos desenvolvidos nos programas com-
putacionais especializados Adams e Trucksim, isto permitio determinar
que o modelo proposto aporta bom resultados em termos de estabilidade
veícular. Nos seguintes casos de estudo são analisados vários veículos
comuns nas estradas de Brasil, estes estudos permitirem determinar as ve-
locidades máximas com a qual estes veículos podem percorrer diferentes
curvas com segurança. Os resultados obtidos demostraram que os atuais
limites de velocidades são altos, o qual ocasiona que em sertãs situações
os veículos analisados estejam propensos ao tombamento.

Considerações finais

O modelo proposto permitira avaliar a estabilidade de diferentes
combinações de veículos de carga só sertãs condições de carga, os re-
sultados obtidos podem ser empregados para avaliar o desempenho dos
veículos, o desempenho dos mecanismos que influenciam a estabilidade
do veículo, e também se pode avaliar a logística de transporte de carga no
Brasil.

Palavras-chave: Tombamento. Combinações de veículos de carga
(CVC’s). Estabilidade. Método de Davies. Segurança rodoviária.



ABSTRACT

The cargo transportation in Brazil is mostly dominated by road
transport, using Long Combinations Vehicles (LCV’s). These types of ve-
hicles offer more load capacity, which reduce transport costs and thus in-
crease the efficiency and competitiveness of companies and of the country.
But the tradeoff of LCV’s are their low lateral stability and propensity to
rollover. In general, LCV’s show poor performance with regard to stability,
and this has been the focus of many studies around the world. Some cha-
racteristics such as the suspension topology, tires, chassis and fifth wheel
have been analyzed, separately, to determine their influence on the lateral
stability of vehicles. Most vehicle stability models do not consider the lon-
gitudinal aspects of the vehicle and the road such as the stiffness of the
chassis, the gravity center location, and the longitudinal slope angle of the
road. The use of three-dimensional models of vehicles allows a more rig-
orous analysis of the vehicle stability. In this context, the aim of this study
is to develop a three-dimensional mechanism model to represent the last
trailer unit of a LCV under an increasing lateral load until it reaches the
rollover threshold. The proposed model takes into account the movement
of the center of gravity of the trailer which is affected by the movements
resulted by suspension, tires, fifth-wheel and chassis of the trailer. Davies
method has proved to be an important tool in the kinetostatic analysis of
mechanisms, and therefore it is employed for the kinetostatic analysis of
the three-dimensional mechanism of the trailer.

Keywords: Rollover. Long combination vehicles (LCV’s). Stability.
Davies method. Road safety.
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Chapter 1

INTRODUCTION

Safety is a common concern for all roads users. It is challenged by
the traffic density, which has increased substantially over the past years
and is expected to continue to rise in the future. Also the introduction of
longer and heavier vehicles, challenges road safety.

In this contex, road transport has been the preference for overland
transport of goods in Brazil. Figure 1 shows that such kind of transporta-
tion moves around 61% of the cargo in Brazil is carried by road (CAIX-
ETA, 2003; CNT, 2016) and, considering only containerized cargo, this
share reaches up to 90% (ARAUJO et al., 2013).

Figure 1 – Brazilian Transport Matrix.
Source: Adapted of CNT (2016).

While large territorial countries, such as the United States, Canada,
China, Australia and Russia, use predominantly railway and waterway
transport over road transport, exactly the opposite occurs in Brazil, where
there is a predominance of the road mode, as shown in Fig. 2 .
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Figure 2 – World Transport Matrix.
Source: Adapted of Costa (2012).

In this context, long combination vehicles (LCV’s) emerged as a
solution to increase the volume of cargo transportation, as a low price
solution. Many countries worldwide, including Brazil, approved the road
traffic of this type of vehicle in order to be more competitive. Despite the
advantages of this kind of transportation, there are some aspects of their
stability that make them unreliable vehicles.

In the last years, Brazil has faced a strong increase of LCV’s mo-
dels. According to Lopes et al. (2008), DENATRAN (2009), and Petrassi
(2010), in Brazil there are about three hundred thousand LCV’s, divided
into 61 different types of LCV’s approved by the DENATRAN (2009) and
ANTT (2016a) over Brazilian roads, such as the Semi-trailer, B-Train,
Turnpike double (or Road-train) and the Triple-Trailer Combination.

Besides this complex scenario, the B-train and the Road-train are
the most common in Brazil (GONCALVES, 2006), thanks to their advan-
tages regarding other cargo vehicles, such as load capacity 45 % higher,
and operating costs reductions of about 16 % less. Figure 3 shows typical
configurations of three common types of LCV’s operating in Brazil.

For the year 2017, the LCV’s have become the primary way of
cargo transportation in Brazil. According to the ANTT (2016a) there are
about 2.24 million registered cargo vehicles on Brazilian roads, under sev-
eral classifications made by the DENATRAN (2009) and ANTT (2016b).

In recent years, the incidence of the rollover crashes of LCV’s has
been increasing dramatically. This issue has encouraged the development
of many static and dynamic studies looking for a better understanding
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regards the factors involved in this type of incident.
The high rates of vehicle crashes and their consequences are the

main reasons to do a study and a simulation of a three-dimensional model
for lateral stability analysis of LCV’s. According to IPEA (2015) in Brazil
in the year 2014, there were about 167 thousand vehicle crashes, with
a balance of 8233 people killed and 26 thousand wounded. The same
research estimates that the country spends close to U$ 13 billion per year
as hospital costs, loss of future incomes, traffic jams, damage to vehicles,
etc.

According to Jabour (2004), the heavy vehicles were involved in 36
% of all accidents (about 10 % of rollover). Even though for this accident
the rate is low, the number of people killed, wounded and economic loss
are very high.

Figure 3 – Long combination vehicles (LCV’s).

All LCV’s are subjected to high inertial forces when performing
evasive manoeuvres and turns. These forces influence directly the vehi-
cle stability, and, when a limit is reached, they may cause the rollover.
The rollover can be defined as any manoeuvre in which a vehicle rotates
90o or more around its longitudinal axis and one side touches the ground
(GILLESPIE, 1992).

According to Winkler and Ervin (1999), all rollover events in the
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real world are dynamic events to some extent; no event is truly static.
However, there is a very strong relationship between the basic static roll
stability of the heavy vehicle and the actual occurrence of rollover in ac-
cidents.

The stability of LCV’s has been the focus of research efforts in re-
cent decades. A variety of measurements has been defined to parameterize
the stability of LCV’s. The Static Rollover Threshold (SRT) is one of the
most important parameters used to define the stability of vehicles. This
factor is highly dependent on the location of the vehicle center of gravity
(CG), and it represents the maximum lateral acceleration - ay (expressed
in terms of gravity acceleration - g) in a quasi-static situation immediately
before one tire loses contact with the ground (WINKLER, 1987; GILLES-
PIE, 1992; HAC, 2002).

Gillespie (1992), Winkler (2000), Chang (2001), Rill (2011) de-
veloped two-dimensional models to determine the SRT factor of heavy
vehicles, but two-dimensional models implicitly consider that the vehi-
cles have only two contact points to the road when making a turn (the
inner and outer tire on the turn). However, vehicle models in general have
at least four contact points (BLUNDELL; HARTY, 2004; RILL, 2011),
which has a significant influence on the vehicle stability.

In the last decade, three-dimensional vehicle models have been de-
veloped (BOUTELDJA et al., 2004; DAHLBERG; WIDEBERG, 2004;
GASPAR et al., 2005; HAC et al., 2008; CHEN; CHEN, 2009), these
models have analyzed different characteristics of the vehicles, such as:
stiffness of the chassis, the fifth wheel location, inertial forces, rearward
amplification (RA), adverse environmental conditions, etc.

In this context, according to Winkler (2000), Rill (2011), Kamnik
et al. (2003), and Zhou and Zhang (2013), the chassis of the vehicle has
a significant torsional compliance, which would allow its front and rear
parts to roll almost independently.

Additionally, according to Jindra (1966), Rempel (2001), and Melo
(2004) the last unit (trailer) of a LCV is subjected to a high lateral accele-
ration compared to the tractor unit, this acceleration is caused by the phe-
nomenon known as rearward amplification (RA), impacting the rollover
threshold of the last unit and the vehicle. For this reason, the last trailer of
the LCV’s is the critical unit and it is prone to rollover.

For these reasons, three-dimensional vehicle analysis offer a new
rollover insight. As a consequence, more knowledge enables the SRT fac-
tor to be more precise, resulting in better road safety.

During the development of this research, we analyzed the last trailer
of LCV’s (MORENO et al., 2015; MORENO et al., 2016), and reported
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that the SRT factor represents a three-dimensional phenomenon, and that
longitudinal parameters and the lateral load transfer (LLT) play important
roles in relation to the SRT factor calculation.

Other researchers have described that the bank angle and the lon-
gitudinal slope of the road (as show in Fig. 47) also influence the SRT
factor calculation (CHANG, 2001; AASHTO, 2003; WOODROOFFE et
al., 2010).

Taking all these aspects into account, we developed a three-dimen-
sional simplified mechanism model that represent the last trailer of a LCV
(Fig. 4), this model considers the main characteristics of trailer, and the
road such as: suspension, tires, fifth-wheel, chassis, bank angle, longitudi-
nal slope angle and trailer/trailer angle, to calculate the three-dimensional
SRT factor for a trailer in different situations. The results obtained with
this research were published in Moreno et al. (2015), Moreno et al. (2016),
Moreno et al. (2016a), Moreno et al. (2016c), Moreno et al. (2016b).

"FW"

SIMPLIFIED MODEL
OF STABILITY

Fifth-wheel
Suspension
Tires

Suspension
Tires

Chassis

Figure 4 – Three-dimensional simplified model.

In this work the formalism described by Davies (1983b) is used as
the primary mathematical tool to analyze the mechanisms statically. The
Davies method appears in many publications and further details regard-
ing its use can be found in the literature (DAVIES, 1983b; TSAI, 1999;
ERTHAL, 2010; MEJIA et al., 2013).

1.1 OBJECTIVE

The main objective of this work is to develop a three-dimensional
mechanism model to evaluate the stability of LCV’s taking into account
different characteristics of the trailer and the road such as: suspension,
tires, fifth-wheel, chassis, bank angle, longitudinal slope angle and trailer/-
trailer angle. Some specific objectives are listed below:
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(i) Understand how the characteristics of the trailer may influence sta-
bility performance.

(ii) Develop a mechanism model that represents a critical unit of the
LCV’s (trailer), and that includes different characteristics of the trailer
and the road.

(iii) Analyze the influence of the characteristics of the vehicle and the
road in the stability calculation.

(iv) Compare the new proposed model of stability with other approaches
found in the literature.

1.2 MOTIVATION

As mentioned above, research efforts are currently being made
worldwide to develop mathematical models that allow a better understan-
ding of the rollover crashes of LCV’s. The inclusion of vehicle and road
characteristics allows to evaluate their influence on the static rollover
threshold of the vehicle.

With an ever increasing number of vehicles on highways today, fa-
talities due to vehicle rollover are becoming a larger concern. Increased
driver distraction, increased LCV’s, along with increased speed in same
cases all lead to more accidents. Automobile manufacturers have been de-
veloping and implementing better safety features, improving safety stan-
dards, and creating more rigorous manoeuvres for the testing of new vehi-
cles. While these attitudes aided in crash avoidance and severity reduction,
more can be done to further save lives and money.

Researcher interested in initiating study on rollover dynamics is
left with the challenging task of identifying suitable vehicle models from
the literature, comparing these models in their respective behaviour and
in their ability to match experimental results, and determining suitable
parameters for the models. This work seeks to address these issues via
comparisons between the developed model and experimental and compu-
tational results so that this divide may be bridged.

In this context, this work was motivated by the possibility to con-
tribute concurrently in the following fronts:
• Increase of the road safety in Brazil and worldwide.
• Developed a tool that can be used to improve the processes of: vehicle
designers, road designers, insurance companies, transport companies, etc.
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1.3 TESTS OF STABILITY

As mentioned above, the SRT factor is a one of the most important
parameters used to define the stability of vehicles. In this context, the
Steady State Circular Test (ISO-14792, 2011) was adapted and selected
to analyze the static rollover threshold of the trailer model (DELANNE et
al., 2003; BARICKMAN et al., 2011; LIMA et al., 2011).

In the circular test, the vehicle is driven around a circle with a cons-
tant radius. Starting from rest, this manoeuvre increased the inertial force
(may) at a moderate rate proportionately with the square of velocity. As-
suming that the vehicle in the limit of the rollover do not slip, the tests
were completed, when the LLT coefficient in the rear axle become com-
plete (the entire load is transferred from the rear inner tire to the rear outer
tire when the trailer model makes a turn).

1.3.1 Load conditions

A total of three load conditions of the trailer were used in this work:
• the recommended load capacity (CONTRAN, 2011): the load is laterally
centered and was tested the influence of the suspension, tires, fifth-wheel,
chassis, trailer/trailer angle, bank angle and slope angle on the stability of
the trailer,
• normal load with CG displacement: it was tested the influence of the
load distributions on the stability of the trailer, and
• overweight: it was tested the influence of the overweight on the stability
of the trailer.

1.4 THESIS OVERVIEW

This work is organized as summarized below.
Chapter 2 presents the vehicles stability problem and a literature re-

view, Chapter 3 presents the static analysis tools used to develop the three-
dimensional model of the vehicle, Chapter 4 presents the development of
the two and three-dimensional model of the trailer, and the load distribu-
tion of the trailer model, Chapter 5 presents the static analysis of the two-
dimensional trailer model using the Davies method, and the comparing
with the approaches found in the literature, Chapter 6 presents the static
analysis of the three-dimensional trailer model using the Davies method,
and the comparing with the approaches found in the literature, Chapter
7 presents the comparison between a two-dimensional model developed
with Adams and the two-dimensional model developed in the Chapter 5,
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Chapter 8 presents the comparison between a three-dimensional model
developed with TruckSim and the three-dimensional model developed in
the Chapter 6, Chapter 9 presents a case study of stability, where the in-
fluence of the characteristics of the vehicle and the road were analyzed,
nnd finally, Chapter 10 and 11 present the conclusions and the topics for
further works.

Additionally to the eleven main chapters described previously, the
list of publications generated by this work is included, and the descrip-
tion of the Davies method and two examples of the vehicles stability are
included in the appendix.
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Chapter 2

LITERATURE REVIEW

This chapter presents the factors that influence the rollover crash
and the main models of heavy vehicle stability.

The stability of LCV’s has been the focus of research efforts in
recent decades. A variety of measurements have been defined to parame-
terize the stability of LCV’s. The SRT factor is one of the most important
parameters used to define the stability of vehicles.

2.1 CONTRIBUTING FACTORS IN ROLLOVER CRASH

Many factors related to heavy vehicle operation, as well as factors
related to roadway design and road surface properties, can cause heavy
vehicles to become yaw unstable or to roll. Described below are several
real-world situations where roll or electronic stability control systems may
prevent or lessen the severity of crashes (WOODROOFFE et al., 2009;
BARICKMAN et al., 2011):
• Speed too high to negotiate a curve - speed of vehicle is too high to
safely negotiate a curve. When the lateral acceleration of a vehicle dur-
ing a manoeuvre exceeds the vehicle’s roll stability threshold, a rollover
is initiated. A driver typically cannot recover from the rollover once it
begins.
• Sudden steering manoeuvres to avoid a crash - driver makes an abrupt
steering manoeuvre, such as a single or double lane change manoeuvre, or
attempts to perform an off-road recovery manoeuvre, generating a lateral
acceleration that is sufficiently high to cause a rollover. Manoeuvring a
vehicle on off-road, unpaved surfaces such as grass, gravel, or dirt may
require a larger steering input (larger wheel slip angle) to achieve a given
vehicle response, and this can lead to a large increase in lateral accelera-
tion once the vehicle returns to the paved surface.
• Loading conditions - vehicle yaw due to over-steer is more likely to
occur when a vehicle is in a lightly loaded condition and has a low center
of gravity height. Heavy vehicle rollovers are much more likely to occur
when the vehicle is in a loaded condition as a result of a high center of
gravity height. Cargo that is placed off-center in the trailer will result in
the vehicle being less stable in one direction than the other. It is also possi-
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ble that improperly secured cargo can shift while the vehicle is negotiating
a curve, thereby reducing the roll stability.
Sloshing can occur in tankers transporting liquid bulk cargoes. This con-
dition is of particular concern when the tank is partially full because the
vehicle may experience significantly reduced roll stability during certain
manoeuvres.
• Road surface conditions - the road surface condition can also play
a role in the loss of control of vehicle. On a dry, high friction asphalt
or concrete surface, a tractor trailer combination vehicle executing a se-
vere turning manoeuvre is likely to experience a high lateral acceleration,
which may lead to a rollover. A similar manoeuvre performed on a wet or
slippery road surface may result in vehicle yaw.
• Road design configuration - some drivers may misjudge the curvature
of ramps and not brake sufficiently to safely negotiate the curve. This
includes ramps with decreasing radius curves as well as curves and ramps
with improper signage. A decrease in superelevation (banking) at the end
of a ramp where it merges with the roadway causes an increase in vehicle
lateral acceleration (and may be accompanied by the driver accelerating
in preparation to merge) may result in rollover.
• Braking manoeuvres - most common heavy vehicle yaw (jackknife)
events occur due to rear wheel lockup during braking. If the rear wheels
are locked, they cannot generate any lateral force and only a very small
side force (roadway crown or slight trailer angle) is needed to cause the
tractor to lose directional control. Also, loss of steering control or “plow-
out” can occur due to front wheel lockup, although this is most likely
to happen on a heavy vehicle under light loading conditions and slip-
pery road surfaces. Since most jackknife crashes are caused by lockup
of the tractor’s rear wheels during braking, the requirement for antilock
brake systems (ABS) on truck tractors, effective since 1997, has largely
addressed the loss of-control crashes due to wheel lockup. As a result,
electronic stability control (ESC) is expected to reduce crashes other than
braking-related jackknife crashes.
• Vehicle factors - The tires, suspension, fifth-wheel and chassis are di-
rectly responsible for the CG movements; these movements are dependent
on the forces acting on the trailer CG, such as weight (W), disturbances
forces imposed by the ground and lateral inertial force (may) when the
vehicle makes a turn.
Severely worn tires (e.g., tread depth below 1.58 mm) are more likely to
contribute to vehicle yaw or under-steering under wet slippery conditions.
The condition of the vehicle’s brakes, including brake adjustment, is criti-
cal in enabling the driver to reduce speed for upcoming curves, and also
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to prevent brake fade from occurring on long downhill grades. Replacing
tires that have insufficient tread depth and maintaining the ABS in proper
operating condition are critical in preventing jackknife events and trailer
swing during panic braking.

2.2 STATIC ROLLOVER THRESHOLD FOR TWO-DIMENSIONAL
MODELS

Some researchers have defined mathematical equations to calculate
the SRT factor (GILLESPIE, 1992; HAC, 2002; WINKLER, 1987), some
models are presented below.

2.2.1 Rigid model

The coefficient estimation originally supposes a completely rigid
two dimensional vehicle supported in two tires, as presented in Fig. 5.
During cornering (vehicle on a left curve), the lateral tire forces on the
ground level (not shown) counterbalance the lateral inertial force acting
on the vehicle gravity center, resulting in a roll moment. Considering the
moments about the zero-reference frame - A point (Fig. 5):

CG
may

mg

t/2

h

Fz2 Fz1

A

t/2

z

y

Figure 5 – Rigid vehicle model.

∑MA = mg
t
2
−mayh−Fz2t = 0 (2.1)

where ay is the lateral acceleration acting over the vehicle gravity center,
g is the gravitational acceleration, m is the mass of the vehicle, h is the
CG height, t is the vehicle track and Fzi is the tire normal load i.
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Initially for the vehicle of the Fig. 5, the weight is equally dis-
tributed on both sides (RILL, 2011), then the initial normal load acting
on the vehicle tires (Fstart

zi ) can be defined as:

Fstart
z1 = Fstart

z2 =
1
2

mg (2.2)

On Figure 5, the tire load at the right is increased by the same
amount as the left is decreased, as shown by Eq. (2.3):

Fz1 = Fstart
z1 +4Fz and Fz2 = Fstart

z2 −4Fz (2.3)

At the rollover limit, these values, known as the LLT coefficient,
became:

4Fz =
1
2

mg (2.4)

where 4Fz is the rate of normal load transfer. The Eq. (2.3) is based on
the LLT coefficient, proposed by Lui et al. (1997), which is an indicator
of rollover stability (KAMNIK et al., 2003; RILL, 2011; IMINE et al.,
2014).

This LLT coefficient is defined as the proportion of normal load
that is transferred from a side of the vehicle to the other side of the vehicle
in a transient manoeuvre, as presented by Eq. (2.5)

LLT =
Fz1−Fz2

Fz1 +Fz2
(2.5)

At the rollover threshold limit condition 4Fz =
1
2

mg, the normal
load Fz2 reaches zero, and thus the LLT coefficient is complete (LLT = 1).
Hence, applying this condition in the Eq. (2.1), the static rollover thresh-
old (SRT2D) for a two-dimensional vehicle model (rigid model) can be
calculated as:

SRT2Dm =
ay

g
=

t/2
h

(2.6)

2.2.2 Rigid model in a road with bank angle

Figure 6 shows a rigid model in a road with bank angle (φ ) (CHANG,
2001). Making the same analysis of the rigid vehicle, considering the mo-
ment about the A point:
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Figure 6 – Rigid vehicle model with bank angle.

Fz2t +mayhcos(φ)−mg(
t cos(φ)

2
+hsin(φ)) = 0 (2.7)

At the rollover threshold limit condition, the normal load Fz2 reaches
zero, dividing by cos(φ), and rearranging the equation, the static rollover
threshold (SRT2D−B) for a two-dimensional vehicle model with bank an-
gle is represented by the Eq. (2.8):

SRT2D−B =
ay

g
=

t/2
h

+ e (2.8)

where e is the tangent of bank angle (e = tan(φ)).

2.2.3 Models with compliances of the suspension and tires

Several researchers have considered the influence of the suspension
and tires on the lateral and vertical CG location, which affects the vehicle
behavior (GILLESPIE, 1992; WINKLER et al., 1992; CHANG, 2001;
HAC, 2002; LAMBERT, 2007), some models are presented below.

2.2.3.1 Winkler model

Winkler et al. (1992) developed a two-dimensional model of the
heavy vehicle (Fig. 7), this model takes into account the influence of the
suspension and tires on the CG movement.
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Fz1 Fz2t

h2

∆ t

A

may

mg

Figure 7 – Winkler model.
Source: Adapted of Winkler et al. (1992).

Making the same analysis of the rigid vehicle, and considering the
moment about the A point:

Fz1t +mayh2−mg(
t
2
−4t) = 0 (2.9)

where4t is the lateral position of the CG relative to the center of track. At
the rollover threshold limit condition, the normal load Fz1 reaches zero, re-
arranging the equation, the static rollover threshold for the Winkler model
(SRT2D−W ) is represented by the Eq. (2.10).

SRT2D−W =
ay

g
=

t/2−4t
h2

(2.10)

2.2.3.2 Rill model

Rill (2011) presents a similar model (Fig. 8) as in the previous
case, which includes the roll stiffness of the suspension (kθ ) (as shown in
Eq. (2.11)), and the equivalent vertical rubber stiffness of the tire (kT ):

kθ =
kLsb2

2
(2.11)

where kLs is the equivalent leaf stiffness of the suspension, and b is the
lateral separation between the springs.



2.2. Static rollover threshold for two-dimensional models 57

Figure 8 – Rill model.
Source: Adapted of Rill (2011).

In Fig. 8, h0 is the CR height, l12 is the CG height above the chassis,
and θ1 and θ2 are the roll angles of the suspension and the tires respec-
tively. Assuming that for small angles, cos(θi) may be assumed as unity,
and sin(θi) = θi, and considering the moment about the A point:

(Fz2−Fz1)
t
2
−mayh−mg[hθ1 + l12θ2] = 0 (2.12)

where h = h0 + l12. At the rollover threshold limit condition, the wheel
load at the right will vanish (Fz1 = 0), whereas the left wheel carries the
vehicle weight (Fz2 = mg), replacing and rearranging:

ay

g
=

t/2
h
−θ1−

l12

h
θ2 (2.13)

At the tilting limit and taking into account the Eq. (2.4), the tire
deflection (δt) is represented by the Eq. (2.14)

Figure 9 – Tire deflection.
Source: Adapted of Rill (2011).
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δt =
4Fz

kT
=

mg
2kT

(2.14)

Of the Fig. 9 and Eq. (2.14), the roll angle of the axle is defined by:

θ1 =
δt

t/2
=

mg
tkT

(2.15)

In analogy with Eq. (2.12), the balance of torques at the body roll
center (CR)(Fig. 9) is represented by the Eq. (2.16)

Figure 10 – Body roll center.
Source: Adapted of Rill (2011).

kθ θ2 = mayl12 +mgl12(θ1 +θ2) = 0 (2.16)

rearranging the Eq. (2.16):

θ2 =
ay

g
mgl12

kθ −mgl12
+

mgl12

kθ −mgl12
θ1 (2.17)

Not allowing the vehicle overturn at ay = 0, demands a minimum
roll stiffness of kθ > mgl12. With Eqs. (2.15) and (2.17), the overturning
condition in Eq. (2.13) reads as:

ay

g
h =

t
2
− mgh

tkT
− l12

[
ay

g
mgl12

kθ −mgl12
+

mgl12

kθ −mgl12

mg
tkT

]

ay

g
h =

t
2
− h

k∗T
− l12

[
ay

g
1

k∗
θ
−1

+
1

k∗
θ
−1

1
k∗T

] (2.18)
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where, for abbreviation purposes, the dimensionless quantities have been
introduced.

k∗T =
tkT

mg
k∗θ =

kθ

mgl12
(2.19)

Of the Eq. (2.18), the static rollover threshold for the Rill model
(SRT2D−R) is represented by the Eq. (2.20).

SRT2D−R =
ay

g
=

t/2

h+
l12

k∗
θ
−1

− 1
k∗T

(2.20)

2.2.3.3 Chang model

Chang (2001) developed a two-dimensional model of the heavy
vehicle (Fig. 11), this model takes into account the influence of the sus-
pension and the bank angle on the SRT factor calculation.

Figure 11 – Chang model with bank angle.
Source: Adapted of Chang (2001).

Making the same analysis of the rigid vehicle with bank angle, as-
suming that for small angles, cos(θ − φ) may be assumed as unity, and
sin(θ −φ) = θ −φ , and considering the moment about the A point:

Fz2t +mayh−mg
[ t

2
− (h−h0)(θ −φ)

]
= 0 (2.21)
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At the rollover threshold limit condition, the normal load Fz2 reaches
zero, rearranging the equation, the static rollover threshold for the Chang
model (SRT2D−CB) is represented by the Eq. (2.22).

SRT2D−CB =
ay

g
=

t/2
h

+(1− h0

h
)(φ −θ) (2.22)

2.3 STATIC ROLLOVER THRESHOLD FOR THREE DIMENSIONAL
MODELS

Although, most models to calculate the SRT factor are two-dimensio-
nal, some researchers have developed three-dimensional models to repre-
sent this factor, some models are presented below.

2.3.1 Gillespie model

Taking into account the roll stiffness of the suspension (kθ ) (Eq. (2.11)),
Gillespie (1992) presents a model of stability (Fig. 12). The moment about
the point A is represented by:

h

may

mg

t

h0
b

kLs

Fz1Fz2

θ

CR

A

Figure 12 – Gillespie model.
Source: Adapted of Gillespie (1992).

Fz2t−mg
[ t

2
− (h−h0)θ

]
+mayh = 0 (2.23)

The three-dimensional model of Fig. 13 defines a virtual roll axis
from the CR at front of the vehicle to the CR at rear of the vehicle.
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h0f

h0r

hh0

may

W
ɛ

Roll axis
θ

Figure 13 – Gillespie model.
Source: Adapted of Gillespie (1992).

The moment Mθ about the roll axis is represented by:

Mθ = [W (h−h0)sin(θ)+may(h−h0)cos(θ)]cos(ε) (2.24)

where ε is the longitudinal tilt angle of the roll axis. For small angles,
cos(θ) and cos(ε) may be assumed as unity, and sin(θ) = θ . Then:

Mθ =W (h−h0)θ +may(h−h0)

Mθ =W (h−h0)

[
θ +

ay

g

] (2.25)

but:

Mθ = Mθ f +Mθr = (kθ f + kθr)θ (2.26)

where kθ f and kθr are the roll stiffness of the front and rear suspension
respectively (as shown in Eq. (2.11)). From Eqs. (2.25) and (2.26) can be
solved the roll angle (θ ),

θ =
W (h−h0)

kθ f + kθr−W (h−h0)

ay

g
(2.27)

From Eqs. (2.23), at the rollover threshold limit condition, the nor-
mal load Fz2 reaches zero, and replacing the roll angle of Eq. (2.27), the
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static rollover threshold for the Gillespie model (SRT3D−G) is represented
by:

SRT3D−G =
ay

g
=

t
2h

1+(1− h0

h
)

[
W (h−h0)

kθ f + kθr−W (h−h0)

] (2.28)

Regarding to this aspect, Winkler (2000), Rill (2011), and Zhou
and Zhang (2013) reported that the chassis has a significant torsional
compliance, which would allow that its front and rear parts roll almost
independently. In this regard, Kamnik et al. (2003) reported that the LLT
coefficient is different for the front and the rear axles of the trailer.

2.3.2 Navin model

Taking into account that the last unit of the LCV’s is the critical unit,
Navin (1992) developed a three-dimensional model, this model defines a
virtual roll axis from fifth-wheel to rear outside trailer tire, as shown in
Fig. 14.

Figure 14 – Navil model.
Source: Adapted of Navin (1992).
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Assuming that for small angles, cos(θ) and cos(φ) may be as-
sumed as unity, and sin(θ) = θ and sin(φ) = φ , and considering the mo-
ment about the A point on the roll axis:

(may−mgφ)(h− h5lre

L
)

−(mayφ +mg)(
t
2
− tlre

2L
)− (h−h0)θ) = 0 (2.29)

where L is the wheelbase of the trailer, lre is the distance from the CG to
the rear axle, and h5 is the fifth-wheel height.

Rearranging the equation, and eliminating the second-order terms,
the static rollover threshold for the Navin model (SRT3D−N) is represented
by the Eq. (2.30).

SRT3D−N =
ay

g
=

t
2
(1− lre

L
)+h(φ −θ)− h5lreφ

L
+h0θ

tφ
2
(

lre

L
−1)+h−h5

lre

L

(2.30)

2.4 OTHERS MODELS OF LATERAL STABILITY

Using Lagrange and Newton methods, two- and three-dimensional
models have been developed to determine the influence of different cha-
racteristics of the vehicle on the lateral stability (FANCHER; WINKLER,
1992; BOUTELDJA et al., 2004; GASPAR et al., 2005; DAHLBERG;
WIDEBERG, 2004), these models are very important, but don’t define
a mathematical equation for the SRT factor. Besides the characteristics
above mentioned, these models taking into account the inertial forces, the
longitudinal location of the CG, the fifth-wheel, the steering angle, the
trailer/trailer angle, among other characteristics to determine the lateral
stability or the rearward amplification (RA) of the vehicles, as shown in
Figs. 15 and 16.
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Figure 15 – Bicycle model together with planar model.

Figure 16 – Three-dimensional model.

2.5 NEW APPROACH

Many studies had successfully demonstrated the applicability of
the Davies method and the screw theory to solve the kinematics and statics
of mechanisms. In this context, Erthal (2010) developed a vehicle model
(with suspension McPherson) to analyze the stability (Fig. 17), and Lee
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(2001), Bidaud et al. (2006), Lee and Han (2008) used the screw theory
to analyze the dynamic behaviour characteristics of vehicles (Fig. 18).

Figure 17 – Erthal model.
Source: Adapted of Erthal (2010).

Figure 18 – Lee model (LEE; HAN, 2008).
Source: Adapted of Lee and Han (2008).

Table 1 shows the main stability and lateral models of LCV’s and
their characteristics.
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Models of SRT factor
Gillespie (1992) x x x x x x x x
Winkler et al. (1992) x x x x x x x x
Navin (1992) x x x x x x x x x x
Ranganathan (1993) x x x x x x x x
Winkler (2000) x x x x x x x x x x x x x x
Chang (2001) x x x x x x x
Jung et al. (2009) x x x x x x x x x
Rill (2011) x x x x x x x x x

Other models of lateral stability
Fancher and Winkler (1992) x x x x x x x x x
Rempel (2001) x x x x x x x x x x
Takano and Nagai (2001) x x x x x x x x x x x
Miege and Cebon (2002) x x x x x x x x
Kamnik et al. (2003) x x x x x x x x x x x x x
Sampson and Cebon (2003) x x x x x x x x x
Sanchez et al. (2004) x x x x x x x x x x x
Whitehead et al. (2004) x x x x x x x x x
Bouteldja et al. (2004) x x x x x x x x x x x
Dahlberg and Wideberg (2004) x x x x x x x x x
Gaspar et al. (2005) x x x x x x x x x x x
Prem et al. (2006) x x x x x x x x x x
Pinxteren (2010) x x x x x x x x x
Ricalde et al. (2008) x x x x x x x x x x x
Hac et al. (2008) x x x x x x x
Chen and Chen (2009) x x x x x x x x x x
Ryu et al. (2010) x x x x x x x x x x
Islam and He (2013) x x x x x x x x
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Malviya and Mishra (2014) x x x x x x x x x x
Imine et al. (2014) x x x x x x x x x x x
Huston and Kelly (2014) x x x x x x
He et al. (2015) x x x x x x x x x x
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Chapter 3

STATIC ANALYSIS TOOLS

Stiffness and deformation analysis are the most important indica-
tors in performance evaluation of mechanical systems. These parameters
are important for designing mechanical components and control systems
where the performance of the mechanism in certain critical position is
important.

Prismatic joints “P” are frequently used in the description of the
stiffness and the elastic deformations of the links; this technique is also
known as the Virtual Joint Method (VJM), which is based on the extension
of the traditional rigid model by adding virtual joints (localized passive
prismatic joint) (PASHKEVICH et al., 2011) for the static analysis of
mechanisms.

This method is based on the stiffness matrix, which uses the inverse
of the Jacobian matrix. But in several cases, generally to get the inverse of
the Jacobian matrix is a hard task, and it takes a long computational time
(NAKAMURA; HANAFUSA, 1986; HU et al., 2002; KIM; RYU, 2003;
MERLET, 2006; SARIYILDIZ et al., 2011).

On the other hand, when it is analyzed the buckling of columns,
the bar under the action of a force can have two kinds of deformation: a
substantial axial deformation and a smaller but not negligible shear defor-
mation; these deformations are very important for the static solution of
the mechanisms. In the theory of buckling of columns, the axial deforma-
tion and the small shear deformation are associated to a helical spring and
a torsion spring at the base, respectively (WOOD, 1974; POPOV, 1998;
ADMAN; SAIDANI, 2014).

Making an analogy between stability of columns and the static ana-
lysis of flexible bodies, the technique mentioned above is applied to the
modeling and static analysis of mechanisms with locally flexible bodies;
and the formalism described by Davies (DAVIES, 1983b) was used as the
primary mathematical tool to analyze the mechanisms statically.

The Davies method was selected since it allows the static model for
the mechanism to be obtained in a straightforward manner and it is also
easily adapted using this approach. More details on the Davies method
can be found in Davies (1983b), Tsai (1999), Erthal (2010), Mejia et
al. (2013), Moreno et al. (2015), Moreno et al. (2016). Other kinematic
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static methods may be used instead. However, in the author’s opinion, they
would be more cumbersome or lack generality.

These fundamentals are briefly described as follows.

3.1 DEFORMATION MODEL

Elastic and plastic deformations of different components of the
mechanisms can be caused by the internal or external forces that act on
the mechanism, or by changes in temperature.

For the representation of the axial deformation in mechanical com-
ponents, passive prismatic joints are used frequently (PASHKEVICH et
al., 2011), but some mechanical components have a relatively small shear
deformation that other methods commonly ignore. This deformation, gen-
erally small, is however crucial for the solution of mechanisms with flexi-
ble bodies, such as: suspensions, tires, hydraulic and pneumatic systems.

Taking into account all these aspects, the following model was de-
veloped: using a column where the buckling mode adopted has one end
fixed and one end free (Fig. 19(a)), the bar under the action of the force F
has an axial deformation and a small shear deformation (Fig. 19(b)); these
deformations allow two degrees of freedom (2 DoF) of the bar: displace-
ment of the point A in the longitudinal y-axis and a roll rotation around
the z-axis.

Fn

Mp

P

R
Fp

θ   

Actuators

(a) (b) (c)

T
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1

2

B

C

Figure 19 – Deformation model of a buckling column.

Further, these deformations can be associated to a helical spring
and a torsion spring at the base respectivelly (WOOD, 1974; POPOV,
1998; ADMAN; SAIDANI, 2014), as shown in Fig. 19(c).

In Fig. 19(c) k1 and k2 are the stiffness of the compression spring
and the torsional spring respectively (k2 >> k1) (POPOV, 1998), and θ is
the rotation angle of the bar.
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Using mechanism theory, and taking into account that the mecha-
nism of the Fig. 19(b) has two degree of freedom, the helical spring of the
Fig. 19(c) is represented by a prismatic joint and the torsional spring is
represented by a revolute joint at the base, as shown in Fig. 20(a)
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Figure 20 – Proposed kinematic chain of a buckling column with M = 2.

Figure 20(a) shows the proposed kinematic chain of the bar, which
is composed of three links (n = 3) identified by the letters A (the base) and
B-C (the bar), and the two joints (j = 2) identified by numbers as follow:
a revolute joint “R” (1), and a prismatic joint “P” (2).

The mechanism of the Fig. 20(a) has 2-DoF, and it requires two
actuators to control its movements, but, the movements are dependent on
the forces acting on it. Therefore the mechanism has two passive actuators
that controls the following movements of the bar: the first actuator is a
prismatic joint with helical spring, which controls the axial deformation
of the bar, and the second actuator is a revolute joint with torsional spring,
which controls the rotation of the bar, as shown in Fig. 20(b).

Figure 20(c) shows the forces that act on the joints of the mecha-
nism: Fn and Fp are the axial and perpendicular loads in the passive pris-
matic joint respectively, Mp is the moment that act on the prismatic joint,
and T is the torque that act on the revolute joint with torsional spring.

From the general equations of mobility (Eq. (3.1) and Eq. (3.2))
(KUTZBACH, 1929; CROSSLEY, 1964; TSAI, 2001), the proposed me-
chanism of the Fig. 20(a) with three links (n = 3) and two joints (j = 2) in
a planar space (λ = 3) has two degrees of freedom (2 DoF), and it has the
same movements that the mechanism of the Fig. 20(b):

M = λ (n− j−1)+ j (3.1)

ν = j−n+1 (3.2)
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where M is the number of degrees of freedom (DoF) or mobility of the
mechanism, λ is the number of degrees of freedom of the space in which
the mechanism is intended to move, n is the number of mechanism links,
including the fixed link, j is the number of mechanism joints, and ν is the
number of independent loops in the mechanism.

On the other hand, in a continuous body, a strain field results from
a displacement field induced by applied forces or to changes in the tempe-
rature field inside the body. In a mechanism, the total axial deformation of
structural members (δTotal) is influenced by the deformation induced by
forces (δF ) and deformation induced by the changes in temperature (δT ),
as shown in Eq. (3.3).

δTotal = δF +δT (3.3)

The main mechanisms of deformation by force and temperature are
briefly summarized in Table 2, where all notations are adapted to those
used in this work.

In Table 2 δ is the elastic deformation, δS is the spring deformation,
δLS is the leaf spring deformation, δt is the rubber deformation, δT is the
thermal deformation, Lb is the original length of the bar, Ab is the cross-
sectional area of the bar, E is the modulus of elasticity for the material,
4F is the algebraic change in the initial load, Fstart is the initial normal
load, ks is the equivalent vertical spring stiffness, l is the length of the
leaf spring, nl is the number of leaves, bl is the width of the leaf, tl is the
thickness of the leaf, Es is the modulus of elasticity for a multiple leaf, kLs
is the equivalent leaf stiffness, kt is the vertical or radial stiffness of the
rubber or tire, ac is the regression coefficient, kT is the equivalent rubber
stiffness, 4T is the algebraic change in the temperature, α is the linear
coefficient of thermal expansion, τ is the torque, and kst is the spring
torsional coefficient.
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Table 2 – Summary of the related works and expressions for the deformation of mechanical members.

Publications Element Deformation by Model

Huang et al. (2004), Hibbeler (2011) Links Force δ =−FnLb

AbE
Hibbeler (2011)

Spring Force δS =
4F
ks

=
Fstart −Fn

ks
Mirzaeifar et al. (2011)
Bakhshesh and Bakhshesh (2012)
Rill (2006)

Leaf Spring Force δLS =
34Fl3

8Esnlblt3
l
=
4F
kLs

Dhoshi et al. (2011)

Taylor et al. (2000)
Rubber - Tires Force δt =

34F
kt +ac

=
4F
kT

Rill (2011)

Fang et al. (1999)
Links Temperature δT = α4T L

Hibbeler (2011)
Popov (1998)

Torsional spring Torque θ =
τ

kst
Farley and Morgenroth (1999)
Wang and Howard (2004)
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3.2 MECHANISM STATICS

Several methodologies allow us to obtain a complete static analysis
of a mechanism. In this study, the formalism described by Davies (1983b)
was used as the primary mathematical tool to analyze the mechanisms
statically.

The Davies method provides a systematic way to relate the joint
forces and moments in closed kinematic chains (DAVIES, 1983a; DAVIES,
1983b; DAVIES, 1995). This method is based on graph theory, screw
theory and the Kirchhoff cut-set law and it can be used to obtain the stat-
ics of a mechanism as a matrix expression. The Davies method for static
analysis can be briefly described through the following steps:

1. Given a mechanism, draw its kinematic chain identifying all of its
“n” links, “ f ” external loads, and “ j” direct couplings (joints).

2. Draw the direct coupling graph “GA” for the mechanism with the
links of the mechanism as the vertices of the graph, and the joints
and external loads of the mechanism as the edges of the graph. As-
sign positive directions to each edge with an arrow pointing from
the minor to the major vertex.

3. Write the incidence matrix of the direct coupling graph [I]n, j+ f .

4. Generate the cut-set matrix [Q]k; j+ f from [I]n, j+ f using the Gauss-
Jordan elimination method, where the number of cuts (k = n− 1)
(identity matrix), and the number of chords (lc = j+ f −n+1) are
defined and depicted in the action graph.

5. Write the expanded cut-set matrix [Q]k;c, where c is the number of
constraints at the joints and external loads of the mechanism.

6. Write a wrench $Jλ ;c for each constraint or external force of the
mechanism, as follows:

$Jλ ;c =


0
z
−y

1
0
0

JFx +


−z

0
x
0
1
0

JFy +


y
−x

0
0
0
1

JFz

+


1
0
0
0
0
0

JMx +


0
1
0
0
0
0

JMy +


0
0
1
0
0
0

JMz

(3.4)
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where λ is the degrees of freedom of the space in which the mecha-
nism is intended to move.

7. Replace each wrench $Jλ ;c in the expanded cut-set matrix [Q]k;c in
order to obtain the generalized action matrix [AN ]λk;c.

8. Operate algebraically the generalized action matrix [AN ]λk;c in order
to statically solve the system.

These fundamentals are briefly described in Appendix A.

3.3 PUBLICATION SUBMITTED

The developed model of deformation has the following publica-
tion:
•Moreno, G. G., Nicolazzi, L., Vieira, R. S., Martins, D. Stiffness and de-
formation of mechanisms locally flexible bodies: a general method using
expanded passive joints. Submitted to Mechanism and Machine Theory.
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Chapter 4

VEHICLE MODEL FOR LATERAL
STABILITY

According to Jindra (1966), Rempel (2001), and Melo (2004) the
last unit of a LCV (trailer) is subjected to a high lateral acceleration com-
pared to the tractor unit, this acceleration is caused by the phenomenon
known as rearward amplification (RA), impacting the rollover threshold of
the the vehicle. For this reason, the last trailer of the LCV’s is the critical
unit and it is prone to rollover; taking into consideration this aspect, a sim-
plified trailer model (Figs. 4 and 21) is modeled and analyzed to calculate
the SRT factor for LCV’s.

"FW" "FW"

"FW" "FW"

"FW"

"FW"

SEMI-TRAILER

B-TRAIN

SIMPLIFIED MODEL
OF STABILITY

TURNPIKE DOUBLE or ROAD-TRAIN

Figure 21 – Simplified trailer model.

As previously mentioned, the SRT factor is highly dependent on
the location of the vehicle center of gravity (CG) and in this sense, the
tires, suspension, fifth-wheel and chassis are directly responsible for the
CG movements; these movements are dependent on the forces acting on
the trailer CG, such as weight (W), disturbances forces imposed by the
ground and lateral inertial force (may) when the vehicle makes a turn or
evasive manoeuvres.
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4.1 TIRES SYSTEM

The tires system (tires and axle) maintains contact with the ground,
and it filters the disturbances imposed by road imperfections (LEDESMA;
SHIH, 1999).

When a vehicle goes around a corner, the friction between the tires
and roadway pulls the truck and trailer around the curve. If the tire grip
is inadequate, the vehicle will slide sideways. If the tire grip is good, the
vehicle might ‘pivot’ over the outer tires (HART, 2012).

Hence, at the static rollover threshold calculation, the tires system
allows two motions of the vehicle: displacement in the vertical z-axis and
a roll rotation around the longitudinal x-axis (RILL, 2011), as shown in
Fig. 22.

v = 1Tires x

Axle

z

Inner Outer

Figure 22 – Tires system.

4.1.1 Kinematic chain of the tires system

Mechanical systems can be represented by kinematic chains com-
posed of links and joints, which facilitates their modeling and analysis,
(KUTZBACH, 1929; CROSSLEY, 1964; TSAI, 2001); to model the tire
kinematic chain the mobility equations Eqs. (3.1) and (3.2) were used.

For the model, the tires are assumed as flexible mechanical compo-
nents with only radial deflection (as it was described in section 3.1), then
the kinematic chain of tires system in Fig. 22, has 2-DoF (M = 2), the
workspace is planar (λ = 3) and the number of independent loops is one
(ν = 1); using the mobility equations, the kinematic chain of tires system
should be composed of five links (n = 5) and five joints (j = 5).

In order to model this system the following considerations were
taken into account:
• there are up to three different components of forces, acting on the tire-
road contact i of the vehicle (SMITH, 2004; PACEJKA, 2012; JAZAR,
2014; GARCIA-POZUELO et al., 2014), as shown in Fig. 23, where Fxi
is the traction or brake force on the tire i, Fyi is the tire lateral force i and
Fzi is the tire normal load i,
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Fyi
Fzi

Fxi

Figure 23 – Constraints of tire-road contact.

• however, at rollover threshold, the tire-road contact of the tires 1 and
4 (outer tires in the turn, Fig. 24) receives greater normal and lateral
forces than the inner tires 2 and 3, and thus tires 1 and 4 are not prone
to slide laterally (HART, 2012). We consider that the tire-road contact of
the outer tires 1 and 4 only allows vehicle rotation along the longitudinal
x-axis. Therefore, tire-road contact was modeled as a pure revolute joint
“R” along the longitudinal x-axis,

Figure 24 – Vehicle on a curved path.

• while, at the rollover threshold, the inner tires 2 and 3 may slide late-
rally, producing a track width change of their respective axles. As a con-
sequence, the tire-road contact of the tires 2 and 3 has only a constraint
on the vertical z-axis. Therefore, the tire-road contact was modeled as a
prismatic joint “P” in the lateral y-axis, and
• in vehicles with rigid suspension, the tires remain perpendicular to the
axle (JAZAR, 2014).

Applying these constraints to the kinematic chain of the tires sys-
tem, a model with the configuration shown in Fig. 25(a) is proposed.
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(a) (b)

E

A C - D
B1

2

3 - 4

5

Axle

Tires Actuators

Figure 25 – a) Kinematic chain of the tires system. b) Tires system including actuators.

The kinematic chain of the tires system (Fig. 25(a)) is composed
of five links identified by letters A (road), B (outer tire in the turn), C and
D (inner tire in the turn), and E (the vehicle axle); and the five joints are
identified by numbers as follow: the revolute joint 1 is the tire-road contact
of the outer tire in the turn, the prismatic joint 3 and the revolute joint 4
are the tire-road contact of the inner tire in the turn, and the prismatic
joints 2 and 5 represent the radial deflection of the tires.

The mechanism of Fig. 25(a) has 2-DoF, and it requires two ac-
tuators to control its movement, but, the movements of the tires system
are dependent on the forces acting on it. Therefore the mechanism has a
passive actuator (spring) in each prismatic joint of tires (2 and 5 - radial
deflection of the tires), as shown in Fig. 25(b); these actuators control the
movement in longitudinal x-axis and the vertical z-axis.

In the proposed model of the Fig. 25(a), the revolute joint 3 and
the prismatic joint 4 can be changed by a spherical slider joint (Sd), with
constraint in the z-axis (Fig. 26), which does not modify the operation of
the mechanism.

A
B1

2 4

Axle

Tires
3

D

C

Figure 26 – Tires system model.

4.1.2 Kinematic of the tires system

Given the pose (position and orientation) of the tires system, the
kinematic problem consists in finding the corresponding rotation angle
or displacement of all joints (active and passive) to achieve this position.
The movement of the tires system is orientated by the forces acting on
the mechanism (the trailer weight (W ) and the inertial force (may)). These
forces affect the passive actuators of the mechanism, as shown in Figs. 27
and 28.
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θi

li

FTi+1FTi
ti+1

ti

li+1

θj

Figure 27 – Movement of the tires system.

βiβi
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ti+1

ti

li li+1

θi θj

δi

𝛾

Figure 28 – Movement of the tires system.

Using the Table 2 and Fig. 28, the kinematic of the tires system is
defined by the Eqs.(4.1) to (4.5).

li = δt + lr =
34F
kt +ac

+ lr ≈
−FTi +Fstart

zi

kT
+ lr (4.1)

βi = 90o− arcsin

 li+1√
t2
i+1 + l2

i+1

 (4.2)

ti =

√
t2
i+1 + l2

i+1 + l2
i −2

(√
t2
i+1 + l2

i+1

)
li cos(βi) (4.3)

δi = arcsin(li sin(βi)/ti) (4.4)

θi = θ j = 90o−δi−βi (4.5)

where δt is the vertical deformation of the tire,4F is the algebraic change
in the load, kt is the vertical stiffness of tire, ac is the regression coeffi-
cient, li is the instantaneous dynamic rolling radius per tire i, FTi is the
instantaneous tire normal load i, Fstart

zi is the initial normal load i, kT is
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the equivalent tire vertical stiffness, lri is the initial dynamic rolling radius
of the tire i, ti is the track width i, ti+1 is the axle width, and θi, j are the
rotation angles of the revolution joints i and j respectively.

4.2 SUSPENSION SYSTEM

The suspension system comprises the linkage between the sprung
and unsprung masses of a vehicle, which reduces the movement of the
sprung mass, allowing tires to maintain contact with the ground, and fil-
tering disturbances imposed by the ground (LEDESMA; SHIH, 1999).
There are several types of suspensions, but the most commonly used by
LCV’s is the leaf spring suspension (RILL et al., 2003), as shown in
Fig. 29. For developing the simplified trailer model Fig. 21, it is assumed
that the vehicle has rigid suspension on front and rear axles.

Leaf spring

Tirex

z

y

Figure 29 – Solid axle with leaf spring suspension.
Source: Adapted from Rill et al. (2003).

The leaf spring suspension is a mechanism that allows three mo-
tions of the vehicle’s body under the action of the forces acting on the
mechanism, displacements in the vertical z-axis and the lateral y-axis,
and a roll rotation about the longitudinal x-axis (JAZAR, 2014; REMPEL,
2001), as shown in Figs. 30(a) and 30(b).

v = 1

(a) (b)

1 2

Leaf spring
Leaf spring

Axle

Body
Body

Tires

Axle

z

x

z

x y
y

1 2

Figure 30 – a) Body motion. b) Suspension system.
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4.2.1 Kinematic chain of the suspension system

The kinematic chain of the suspension system of the Fig. 31(a) has
3-DoF (M = 3), the workspace is planar (λ = 3), and the number of in-
dependent loops is one (ν = 1). From the mobility equations (Eqs. (3.1)
and (3.2)), the kinematic chain of the suspension system should be com-
posed of six links (n = 6) and six joints (j = 6).

In order to model this system the following considerations are taken
into account:
• leaf spring is assumed as flexible mechanical component with axial de-
formation and a small rotation, and it is can be represented by a prismatic
joint “P” supported in a revolute joint “R” (as it was described in sec-
tion 3.1), and
• to allow the rotation of the body in the z-axis, the link between the
body and the leaf springs are made with revolute joints. Applying these
concepts into the kinematic chain of the suspension system, a model with
the configuration shown in Fig. 31(b) is proposed.

v = 1

θ

(a) (b)
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9
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Figure 31 – a) Movement of suspension system. b) Kinematic chain of suspension
system. c) Suspension system including actuators.

The kinematic chain of the suspension system is composed of six
links identified by letters D (the vehicle axle), E and F (the leaf spring 1),
G and H (the leaf spring 2) and I (the vehicle’s body); and the six joints
are identified by the following numbers: four revolute joints (5, 7, 8 and
10), and two prismatic joints that represent the leaf springs of the system
(6 and 9), as shown in Fig. 31(b).

The mechanism of Fig. 31(b) has 3-DoF, and it requires three ac-
tuators to control its movement, but, the movements of the suspension
system are dependent on the forces acting on it. Applying the technique
developed in section 3.1, the kinematic chain of the suspension system
has a passive actuator in the prismatic joints 6 and 9 (axial deformation of
the leaf spring), and a passive actuator in the joints 5 and 8 (torsion spring
- shear deformation of the springs); but the mechanism with four passive
actuators is overconstrained, in this case only one equivalent passive actu-
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ator is used in the joint 5, as shown in Fig. 31(c).

4.2.2 Kinematic of the suspension system

The movement of the suspension is orientated first by the move-
ment of the tires system, and second by the forces acting on the mecha-
nism (trailer weight (W ) and the inertial force (may)). These forces affect
the passive actuators of the mechanism, as shown in Figs. 32 and 33.

θn+2

θn+3θn+1

FLSn FLSn+1
b

b

ln ln+1

θn

Txn

Figure 32 – Movement of suspension system.
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θn+3θn+1

b

b

ln ln+1
r

Figure 33 – Movement of suspension system.

Using the Table 2 and Fig. 33, the kinematic of the suspension
system is defined by the Eqs. (4.6) to (4.12).

θn =
Txn

kst
(4.6)

ln = δLS + ls =
34Fl3

8Esnlblt3
l
+ ls ≈

−FLSn +Fstart
zi

kLs
+ ls (4.7)

r =

√
l2
n +b2−2lnbcos(

π

2
+θn) (4.8)
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βn = arccos
(
(b2 + r2− l2

n+1)/(2br)
)

(4.9)

θn+1 = βn + arcsin
(

b
r

sin(
π

2
+θn)

)
− π

2
(4.10)

θn+2 = θn + arcsin
(

b
r

sin(
π

2
+θn)

)
− arcsin

(
b

ln+1
sin(βn)

)
(4.11)

θn+3 =
π

2
−βn− arcsin

(
b

ln+1
sin(βn)

)
(4.12)

where Txn is the torque around the x-axis on the joint n, kst is the spring’s
torsion coefficient, δLS is the leaf spring deformation,4F is the algebraic
change in the initial load, l is the length of the leaf spring, nl is the number
of leaves, bl is the width of the leaf, tl is the thickness of the leaf, Es
is the modulus of elasticity for a multiple leaf, ln is the instantaneous
height of the leaf spring n, FLSn is the spring normal load n, ls is the initial
suspension height, b is the lateral separation between the springs, kLs is
the equivalent stiffness of the suspension, and θn is the rotation angle of
the revolute joint n.

4.3 THE FIFTH-WHEEL SYSTEM

The fifth-wheel is a coupling device. Its purpose is to connect a
tractive unit to a towed unit. The tractive unit is normally a tractor, but in
the case of a multiple trailer train, the fifth-wheel also can be located on
a lead trailer. The fifth-wheel allows an articulation between the tractive
and the towed units.

The fifth-wheel consists of a wheel-shaped deck plate usually de-
signed to tilt or oscillate on mounting pins. The assembly is bolted to the
frame of the tractive unit. A sector is cut away in fifth-wheel plate (some-
times called a throat), allowing a trailer kingpin to engage with locking
jaws in the center of the fifth-wheel. The trailer kingpin is mounted in the
trailer upper coupler assembly. The upper coupler consists of the kingpin
and the bolster plate, (BENNETT, 2011).

When the vehicle makes different manoeuvres (starting go uphill
or downhill, and during cornering) (CHEN; TOMIZUKA, 1995; SAF-
HOLLAND, 2006), the fifth-wheel allows the free movement of the trailer
and more flexibility of the chassis, as shown in Figs. 34 to 36.
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Figure 34 – Movement of fifth-wheel - starting uphill.
Source: Adapted from SAF-HOLLAND (2006).

Figure 35 – Movement of fifth-wheel - starting downhill.
Source: Adapted from SAF-HOLLAND (2006).

Figure 36 – Movement of fifth-wheel - rotation x-axis.
Source: Adapted from SAF-HOLLAND (2006).

Rotation about the longitudinal x-axis of up 3o of movement be-
tween the tractor and trailer is permitted. On a standard fifth-wheel this
occurs as result of clearance in fifth-wheel to bracket fit, compression of
the rubber bushes and also vertical movement between the kingpin and
locks may allow some lift of the trailer one side.
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Taking into account the movements of the body car, the mechanism
that represent the fifth-wheel was designed similar to the suspension me-
chanism, with 3 degrees of freedom (3-DoF)(Fig. 37), and it is located
over the front suspension mechanism.

4.3.1 Kinematic of the fifth-wheel system

The movement of the fifth-wheel system is orientated by the forces
acting on the mechanism (trailer weight (W ) and the inertial force (may)).
These forces affect the passive actuators of the mechanism, as shown in
Fig. 37.
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lf lf+1
rf

Txf
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Figure 37 – Kinematic chain of fifth-wheel system.

Using the Table 2 and Fig. 37, the kinematic of the fifth-wheel
system is defined by the Eqs. (4.13) to (4.19).

θ f =
Tx f

kst
(4.13)

l f = δS + l f w ≈
−FFWn +Fstart

zi

kLs
+ l f w (4.14)

r f =

√
l2

f +b2
1−2l f b1 cos(

π

2
+θ f ) (4.15)

β f = arccos
(
(b2

1 + r2
f − l2

f+1)/(2b1r f )
)

(4.16)

θ f+1 = β f + arcsin
(

b1

r f
sin(

π

2
+θ f )

)
− π

2
(4.17)

θ f+2 = θ f + arcsin
(

b1

r f
sin(

π

2
+θ f )

)
− arcsin

(
b1

l f+1
sin(β f )

)
(4.18)
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θ f+3 =
π

2
−β f − arcsin

(
b1

l f+1
sin(β f )

)
(4.19)

from Fig. 37 Tx f is the torque around the x-axis on the joint f, kst is the
spring’s torsion coefficient, δS is the spring deformation, l f is the instanta-
neous height of the fifth-wheel, FFWn is the fifth-wheel normal load, l f w is
the initial fifth-wheel height, b1 is the fifth-wheel width, kLs is the stiffness
of the spring, and θ f is the rotation angle of the revolute joint f.

4.4 THE CHASSIS

The chassis is the backbone of the trailer and it integrates the main
truck component systems such as the axles, suspension, power train and
cab. The chassis is also an important part that contributes to the dynamic
performance of the whole vehicle. One of the important dynamic proper-
ties of truck is the torsional stiffness, which causes different lateral load
transfers on the axles of the vehicle (KURDI et al., 2014).

According to Winkler (2000), Rill (2011), and Zhou and Zhang
(2013), the chassis of the vehicle has a significant torsional compliance,
which would allow its front and rear parts to roll almost independently.
Therefore, the lateral load transfer is different on the front and rear axles
of the vehicle. Then, applying the torsion theory, the vehicle frame has a
similar behavior with a statically indeterminate torsional shaft, as shown
in Fig. 38.

Figure 38 – Kinematic chain of the chassis.

where TCG is the torque applied by the forces acting on the CG, Tf (T28)
is the torque applied on the front axle of the trailer, Tr (T27) is the torque
applied on the rear axle of the trailer, a is the distance from the front axle
to the center of gravity, and L is the wheelbase of the trailer. Applying
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torsion theory to the statically indeterminate shaft, the next equation is
defined:

Tf a
J f G

=
Tr(L−a)

JrG
(4.20)

where J f and Jr are the equivalent polar moments on the front and rear
sections of the vehicle frame respectively, and G is the modulus of rigidity
(or Shear Modulus).

According to Kamnik et al. (2003) when a articulated vehicle makes
a spiral manoeuvre, the LLT coefficient on the rear axle is greater than the
LLT coefficient on the front axle; therefore the equivalent polar moment
on the rear (Jr) is greater than the equivalent polar moment on the front
(J f ). Then, the polar moment of the trailer rear frame can be expressed as
Jr = xJ f (where x is the constant that allows to control the torque distribu-
tion of the chassis); replacing and simplifying the Eq. (4.20):

Tf +Tr

(
a−L

ax

)
= 0 (4.21)

However, when a trailer model makes a turn, the torque applied on
the front axle has two components, as shown in Fig. 39 and Eqs. (4.22)
and (4.23).

Tf

Tfx

Tfy

ψ

Figure 39 – Torque components.

Tf x = Tf cosψ (4.22)

Tf y = Tf sinψ (4.23)

where Tf x (Tx28) is the torque applied in the longitudinal x-axis (this torque
acts on the lateral load transfer on the front axle), Tf y (Ty28) is the torque
applied in the lateral y-axis, and ψ is the trailer/trailer angle.
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4.5 TWO-DIMENSIONAL TRAILER MODEL

In this section a two-dimensional vehicle model that represent the
last axle of the trailer is proposed (Fig. 40(a)). The model is simplified
having only one equivalent axle; then, the model is composed of a mecha-
nism that represents the tire movements (tire system), a mechanism that
represents the suspension system and, finally, the vehicle body, as shown
in Fig. 40(b).
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Figure 40 – (a) Heavy vehicle. (b)Vehicle model.

Taking into account the models developed for tires and suspension,
the mechanism that represent a two-dimensional trailer model is shown in
Fig. 41.
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Figure 41 – Two-dimensional vehicle model.

The kinematic chain of the trailer model is composed of 11 joints (j
= 11; 6 - revolute joints “R” and 5 - prismatic joints “P”) and 10 links (n =
10), and the workspace is planar (λ = 3); according to mobility equation
Eq. (3.1) the system has 5-DoF (M = 5).
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4.6 THREE-DIMENSIONAL TRAILER MODEL

Using the simplified model of the last trailer (Fig. 21) with one
equivalent axle on front and one equivalent axle on rear; and taking into
account the models developed, the three-dimensional model (Fig. 42) is
composed by the following mechanisms:
• the first mechanism is located at the front of the trailer, and it is com-
posed of sub-mechanisms that represent the tires (tires system), the sus-
pension (suspension system), and the fifth-wheel (fifth-wheel system),
• the second mechanism is located at the rear of the trailer, and it is com-
posed of sub-mechanisms that represent the tires (tires system), and the
suspension (suspension system), and
• the third mechanism represents the vehicle body (chassis), and links the
front and rear trailer mechanisms.

Figure 42 – Trailer model.

The kinematic chain of the trailer model (Fig. 42) is composed
of twenty-eight joints (j = 30; 16 - revolute joints “R”, 12 - prismatic
joints “P”, and 2 spherical joints “S”, and twenty-five links (n = 25). But,
making the expansion of the spherical joint the kinematic chain is com-
posed of thirty-four joints (j = 34) and twenty-nine links (n = 29), and the
workspace is planar (λ = 3); according to mobility equation Eq. (3.1) the
system has 16-DoF (M = 16).

Making the simplification of the model, according to the Fig. 26
the kinematic chain of the trailer model (Fig. 43) is composed of twenty-
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eight joints (j = 28; 14 - revolute joints “R”, 10 - prismatic joints “P”, 2
spherical joints “S”, and 2 spherical slider joints “Sd”), and twenty-three
links (n = 23).

Figure 43 – Trailer simplified model.

4.7 LOAD DISTRIBUTION

Load distribution is a key factor in many stability-related crashes.
Drivers must make sure that there is enough weight over all axles to pro-
vide adequate brake balance (NZTA, 2008).

The tests were obtained using the next loading conditions (BAR-
ICKMAN et al., 2011):
• for the two-dimensional model, the load condition using is a load latera-
lly centered, and
• for the three-dimensional model the loading conditions included a load
laterally centered, load with CG displacement, and overweight with CG
displacement.

Normally the national regulation boards establish the maximum
load capacity of the axles of LCV’s, therefore based on the design load
capacity of the pavement and bridges, so each country has its own reg-
ulations. In this scope, the designers develop their products considering
that the vehicle is loaded uniformly, causing the load distribution on the
axles be in accordance with the laws. Figure 44 shows the example of the
normal load distribution.
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"FW"

W

Ff Fr

Figure 44 – Normal load distribution.

However, some loading does not properly distribute the load, which
ultimately changes the center of gravity of the trailer forward or backward,
as shown in Fig. 45 respectively.

"FW" "FW"

Ff FfFr Fr

W W

Figure 45 – Longitudinal CG displacement.

In Figures 44 and 45, Ff and Fr are the normal forces acting on the
front and rear mechanisms of the trailer model respectively.

Generally, the CG position is dependent on the type of cargo and
the load distribution on the trailer and it varies in three directions: longi-
tudinal (x-axis), lateral (y-axis) and vertical (z-axis), as shown Fig. 46:

x
z z

y

d3

-d3

d2-d2

d3

-d3

d1-d1

Figure 46 – CG displacements.

where d1 denotes the lateral CG displacement, d2 denotes the longitudinal
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CG displacement, and d3 denotes the vertical CG displacement.
Furthermore Figs. 47(a) and 47(b) show that only the weight (W)

and the lateral inertial force (may) act on the trailer center of gravity, but
when the model takes into account the longitudinal slope angle (ϕ) and
the bank angle (φ ) of the road, these forces have three components, as
represented in Eqs. (4.24) to (4.26) (BONNESON, 2000):

"FW"

ϕ

x

z
y

Px
PyzW

Py
may

Pyz

z
x

y

Pz

(b)(a)

φ

Figure 47 – a) Longitudinal slope of the road. b) Banked road

Px =W sinϕ (4.24)

Py =−W sinφ cosϕ +may cosφ (4.25)

Pz =W cosφ cosϕ +may sinφ (4.26)

where Px is the force acting on the longitudinal x-axis, Py is the force
acting on the lateral y-axis, and Pz is the force acting on the vertical z-
axis.

Finally, when the trailer model makes a turn on a road with bank
angle and slope angle (Fig. 48), considering the moments about the point
A, the normal force acting on the rear mechanism of the trailer model (Fr)
is given by the Eq. (4.27):



4.7. Load Distribution 95

φ
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Fr
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Figure 48 – Load distribution of the trailer model.

Pxh2−Pz(a±d2)+FrL = 0 (4.27)

where h2 is the instantaneous CG height, L is the wheelbase of the trailer,
a is the distance from the front axle to the center of gravity, and d2 denotes
the longitudinal CG displacement.
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Chapter 5

STATIC ANALYSIS OF THE
TWO-DIMENSIONAL MODEL

To check that the proposed model provides consistent results, a
two-dimensional model of the trailer was analyzed (it was described in
Section 4.5).

5.1 SCREW THEORY OF THE MECHANISM

Screw theory enables the representation of the instantaneous posi-
tion of the mechanism in a coordinate system and the representation of
the forces and moments, as it was described in Section A.1. All these
fundamentals are briefly presented below.

5.1.1 Method of successive screw displacements of the mechanism

In the kinematic model for a mechanism, the successive screws
displacement method is used ((TSAI, 1999))(Section A.1.1). Figure 49
and Table 3 show the screw parameters of the mechanism, where s is the
unit vector along the direction of the screw axis, s0 is the position vector
of a point lying along the screw axis, θi is the rotation angle, and di is the
translation of the prismatic joint.

Figure 49 – Variables of the mechanism position.
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The tests of the two-dimensional model were obtained using load
laterally centered and, thus the initial lateral position of the center of grav-
ity is centered.

Table 3 – Screw parameters of the mechanism.

Joints and s s0
θ d

points sx sy sz s0x s0y s0z
Joint 1 1 0 0 0 0 0 θ1 0
Joint 2 0 0 1 0 0 0 0 l1
Joint 3 0 1 0 0 0 0 0 t
Joint 4 1 0 0 0 0 0 θ4 0
Joint 5 0 0 1 0 0 0 0 l2
Joint 6 1 0 0 0 (t1−b)/2 0 θ6 0
Joint 7 0 0 1 0 (t1−b)/2 0 0 l3
Joint 8 1 0 0 0 (t1−b)/2 0 θ8 0
Joint 9 1 0 0 0 (t1 +b)/2 0 θ9 0
Joint 10 0 0 1 0 (t1 +b)/2 0 0 l4
Joint 11 1 0 0 0 (t1 +b)/2 0 θ11 0
CG 1 0 0 0 t1/2 l12 0 0

Table 4 – Instantaneous position matrix.

Joints and points Instantaneous position matrix
Joint 1 p

′

1 = A1 p1

Joint 2 p
′

2 = A1A2 p2

Joint 4 p
′

4 = A3A4 p4

Joint 5 p
′

5 = A3A4A5 p5

Joint 6 p
′

6 = A1A2A6 p6

Joint 7 p
′

7 = A1A2A6A7 p7

Joint 8 p
′

8 = A1A2A6A7A8 p8

Joint 9 p
′

9 = A1A2A9 p9

Joint 10 p
′

10 = A1A2A9A10 p10

Joint 11 p
′

11 = A1A2A9A10A11 p11

CG (12) p
′

CG = A1A2A6A7A8ACG pCG
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Table 5 – Instantaneous position vector s0i.

Joints and s0i
points s0ix s0iy s0iz
Joint 1 0 0 0
Joint 2 0 −l1 sinθ1 l1 cosθ1
Joints 3, 4 0 t 0
Joint 5 0 t− l2 sinθ4 l2 cosθ4

Joint 6 0
((t1−b)cosθ1)/2 ((t1−b)sinθ1)/2

−l1 sinθ1 +l1 cosθ1

Joints 7, 8 0
((t1−b)cosθ1)/2 (t1−b)sinθ1/2

−l1 sinθ1− l3 sin(θ1 +θ6) +l1 cosθ1 + l3 cosθ1
Joint 9 0 ((t1 +b)cosθ1)/2− l1 sinθ1 ((t1 +b)sinθ1)/2+ l1 cosθ1

Joints 10, 11 0
((t1 +b)cosθ1)/2− l1 sinθ1 ((t1 +b)sinθ1)/2+ l1 cosθ1

−l4 sin(θ1 +θ9) +l4 cos(θ1 +θ9)

CG 0 h1 h2

In Tables 3, 4 and 5, t is the vehicle track width, t1 is the vehicle
axle width, b is the lateral separation between the springs, θi is the rota-
tion angle of the revolute joint i, l1 and l2 are the instantaneous dynamic
rolling radius of the tires 1 and 2 respectively, l3 and l4 are the instanta-
neous height of the leaf spring 3 and 4 respectively, A is the transformation
matrix of the point i, and l12 is the height of the CG above the chassis, h1
is the instantaneous lateral distance between the zero-reference frame and
the center of gravity (Eq. (5.1)), and h2 is the instantaneous CG height
(Eq. (5.2)).

h1 =
t1 cosθ1

2
+

b(cosθ1+6+8− cosθ1)

2
− l12 sinθ1+6+8

− l1 sinθ1− l3 sinθ1+6 (5.1)

h2 =
t1 sinθ1

2
+

b(sinθ1+6+8− sinθ1)

2
+ l12 cosθ1+6+8

+ l1 cosθ1 + l3 cosθ1+6 (5.2)

This method enables the determination of the displacement of the
mechanism and the instantaneous position vector s0i of the joints, and the
center of gravity (CG) (The vectors s0i (Table 5) are obtained from the
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first three terms of the last column of equations shown in Table 4), as it
was described in Section A.1.1.

5.1.2 Wrench - forces and moments

In the static analysis, all forces and moments of the mechanism
are represented by wrenches ($A) (DAVIES, 1983b; CAZANGI, 2008;
MEJIA et al., 2013). According to the orientation of the mechanism, the
wrenches (forces and moments) applied (or sustained) can be represented
by the vector $A =

[
Mx Fy Fz

]T (two-dimensional space), where F
denotes the forces, and M denotes the moments (Section A.1.2).

The proposed model (Fig. 50) represents a vehicle making a turn
with bank angle. To simplify the model, the following considerations were
made:
• for the x-direction a steady state model was used in the analysis;
• disturbances imposed by the road and the lateral friction forces (Fy)
(tire-ground contact) in joint 3 were neglected; and
• the forces Pz (Eq. (4.26)) and Py (Eq. (4.25)) are the only external forces
acting on the center of gravity CG.

Py
may

ϕ

z
x

y

Pz W

CG

Figure 50 – Two-dimensional model in a road with bank angle.

Considering a static analysis in a two-dimensional space (TSAI,
2001), the corresponding wrenches of each joint and the external forces
are defined by the parameters in Table 6, where si represents the orienta-
tion vector of each wrench i.
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Table 6 – Wrench parameters of the mechanism.

Joints and Constraints si Inst. position
points and forces six siy siz vector s0i (Table 5)

Revolute joints
1, 4, 8, 9 and 11

Fyi 0 1 0 Revolute joints
1, 4, 8, 9 and 11Fzi 0 0 1

Prismatic joint 3
Mxi 1 0 0

Prismatic joint 3
Fzi 0 0 1

Revolute joints 6
Fyi 0 1 0

Revolute joints 6.Fzi 0 0 1
Txi 1 0 0

Prismatic joints
2, 5, 7 and 10

Fpi 0 cosθi−1 sinθi−1 Prismatic joints
2, 5, 7 and 10Mxi 1 0 0

Prismatic joints
2 and 5

FTi 0 −sinθi−1 cosθi−1
Prismatic joints
2 and 5

Prismatic joints
7 and 10

FLSi 0 −sinθi−1 cosθi−1
Prismatic joints
7 and 10

CG (12).
Py 0 -1 0

CG (12).
Pz 0 0 -1

All of the wrenches of the mechanism together comprise the action
matrix [Ad ] given by Eq. (5.3).

[Ad ]3×29 =

[
0 0 · · · p1Fy11 p2Fz11 h2Py −h1Pz

Fy1 0 · · · Fy11 0 −Py 0
0 Fz1 · · · 0 Fz11 0 −Pz

]
(5.3)

where pi are system variables.
The wrench can be represented by a normalized wrench and a mag-

nitude (Eq. (A.8)). Therefore, from the Eq. (5.3) the unit action matrix
and the magnitude action vector are obtained, as represented by Eqs. (5.4)
and (5.5).

[
Âd

]
3×29

=

[
0 0 · · · p1 p2 h2 −h1
1 0 · · · 1 0 −1 0
0 1 · · · 0 1 0 −1

]
(5.4)

[Ψ]29×1 =
[

Fy1 Fz1 · · · Fy11 Fz11 Py Pz
]T (5.5)

5.1.3 Graph theory

Kinematic chains and mechanisms are comprised of links and joints,
which can be represented in a more abstract approach by graphs, as it was
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describe in Section A.2. Figure 51 shows the direct coupling graph which
represents the mechanism of Fig. 41. The graph has 10 vertices (links)
and 13 edges (joints and external forces (Py and Pz).

Figure 51 – Direct coupling graph representing the mechanism.

The direct coupling graph (Fig. 51) can be represented by the inci-
dence matrix [I]10×13 (DAVIES, 1995) (Eq. (5.6)). Solving the system in
Eq. (5.6), using the Gauss-Jordan elimination method, the incidence ma-
trix provides the cut-set matrix [Q]9×13 (DAVIES, 1995; ERTHAL, 2010;
MORENO et al., 2016c; MORENO et al., 2016) (Eq. (5.7)) for the me-
chanism, where each line represents a cut of the graph and the columns
represent the joints and the external forces. In addition, this matrix is re-
arranged, allowing 9 branches (edges 1-4, 6-10 and 27 - identity matrix)
and 4 chords (edges 5, 11, Py and Pz) to be defined, as shown in Fig. 52(a).

[I]10×13 =

1 2 3 4 · · · 9 10 11 Py Pz
A d 1 0 1 0 · · · 0 0 0 1 1 e
B | −1 1 0 0 · · · 0 0 0 0 0 |
C | 0 0 −1 1 · · · 0 0 0 0 0 |
D | 0 0 0 −1 · · · 0 0 0 0 0 |
E | 0 −1 0 0 · · · 1 0 0 0 0 |
F | 0 0 0 0 · · · 0 0 0 0 0 |
G | 0 0 0 0 · · · 0 0 0 0 0 |
H | 0 0 0 0 · · · −1 1 0 0 0 |
I | 0 0 0 0 · · · 0 −1 1 0 0 |
J b 0 0 0 0 · · · 0 0 −1 −1 −1 c

(5.6)

[Q]9×13 =

1 2 3 4 · · · 9 10 11 Py Pz
Cut 1 d 1 0 0 0 · · · 0 0 0 1 1 e
Cut 2 | 0 1 0 0 · · · 0 0 0 1 1 |
Cut 3 | 0 0 1 0 · · · 0 0 0 0 0 |
Cut 4 | 0 0 0 1 · · · 0 0 0 0 0 |
Cut 5 | 0 0 0 0 · · · 0 0 1 1 1 |
Cut 6 | 0 0 0 0 · · · 0 0 1 1 1 |
Cut 7 | 0 0 0 0 · · · 0 0 1 1 1 |
Cut 8 | 0 0 0 0 · · · 1 0 −1 0 0 |
Cut 9 b 0 0 0 0 · · · 0 1 −1 0 0 c

(5.7)
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All of the constraints are represented as edges. Which allows the
amplification of the cut-set graph and the cut-set matrix. Additionally, the
tire normal loads (FT 2,5), leaf spring normal loads (FLS7,10), and the pas-
sive torsional moment (Tx6) are included.

Figure 52b presents the cut-set action graph and the Eq. (5.8) pre-
sents the expanded cut-set matrix ([Q]9×29), where each line represents a
cut of the graph, and the columns represents the constraints of the joints
as well as the external forces acting on the mechanism.

Figure 52 – (a) Cut-set graph. (b) Cut-set action graph.

[Q]9×29 =

Fy1 Fz1 Mx2 Fp2 · · · Fy11 Fz11 Py Pz
d 1 1 0 0 · · · 0 0 1 1 e
| 0 0 1 1 · · · 0 0 1 1 |
| 0 0 0 0 · · · 0 0 0 0 |
| 0 0 0 0 · · · 0 0 0 0 |
| 0 0 0 0 · · · 1 1 1 1 |
| 0 0 0 0 · · · 1 1 1 1 |
| 0 0 0 0 · · · 1 1 1 1 |
| 0 0 0 0 · · · −1 −1 0 0 |
b 0 0 0 0 · · · −1 −1 0 0 c

(5.8)

5.1.4 Equation system solutions

Using the Cut-set law (DAVIES, 2000), the algebraic sum of the
normalized wrenches Eqs. (5.4) and (5.5), that belong to the same cut
[Q]9×29 (Fig. 52(b) and Eq. (5.8)) must be equal to zero. Thus, the stat-
ics of the mechanism can be defined, as exemplified in Eq. (5.9) (or the
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amplified matrix of the Eq. (5.10)):

[
Ân

]
27×29

[Ψ]T29×1 = [0]27×1 (5.9)

Cut 1
d 0 0 0 · · · 0 h2 −h1 e
| 1 0 0 · · · 0 −1 0 |
| 0 1 0 · · · 0 0 −1 |

Cut 2
| 0 0 1 · · · 0 h2 −h1 |
| 0 0 0 · · · 0 −1 0 |
| 0 0 0 · · · 0 0 −1 |

... |
...

...
...

...
...

...
... |

Cut 9
| 0 0 0 · · · −p10 0 0 |
| 0 0 0 · · · 0 0 0 |
b 0 0 0 · · · −1 0 0 c

.


Fy1
Fz1

Mx2

...
Fz11

Py
Pz

= [0]27×1 (5.10)

It is necessary to identify the set of primary variables [Ψp] (known
variables), among the variables of Ψ. Once identified, the system of the
Eq. (5.9) is rearranged and dividing into two sets, as shown by Eq. (5.11):

[
Âns

]
27×27

[Ψs]
T
27×1 +

[
Ânp

]
27×2

[Ψp]
T
2×1 = [0]27×1 (5.11)

where [Ψp] is the primary variable vector, [Ψs] is the secondary variable

vector (unknown variables),
[
Ânp

]
are the columns corresponding to the

primary variables and
[
Âns

]
are the columns corresponding to the secon-

dary variables.
In this case, the primary variable vector is:

[Ψp]2×1 =
[

Py Pz
]T (5.12)

and the secondary variable vector is:

[Ψs]27×1 =
[

Fy1 Mx2 Fp2 · · · FT 2 FLS7 Fz1 Fz3
]T (5.13)

Solving the system in Eq. (5.11) using the Gauss-Jordan elimina-
tion method provides the system Eq. (5.14). All secondary variables of
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the systems in Eq. (5.14) are functions of the primary variables.



| 0 −1
| C1 C22
| C2 C23
| 0 0
| 0 0
| −h1/t h2/t
| C3 C24
| C4 C25
| C5 C26
| C6 C27
| C7 C16
| C8 C28
| C9 C29

[I]27 | C10 C30
| C11 C31
| C12 C32
| C13 C33
| C14 C34
| C15 C35
| C16 C36
| C17 C37
| C18 C38
| C19 C39
| C20 C40
| C21 C41
| (h1− t)/t −h2/t
| −h1/t h2/t



.



Fy1
Mx2
Fp2
Mx3
Fy4
Fz4
Fy6
Fz6

Mx7
Fp7
Fy8
Fz8
Fy9
Fz9

Mx10
Fp10
Mx5
Fp5

Fy11
Fz11
Tx6
FT 2

FLS7
FT 5

FLS10
Fz1
Fz3
Pz
Py



= [0]27×1 (5.14)

where Ci are system variables.

5.2 RESULT

The system of the Eq. (5.14) shows all forces of the mechanism; as
the model does not have into account frictional forces on the tire-ground
interface, the lateral force (Fy4) on the tire 2 is equal to zero (5th row).

For this analysis only the forces acting on the suspension and the
tires are taken into account; the last seven rows of Eq. (5.14) show the
next equations: the moment of the joint 6 (T6x), the normal forces of the
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tire (FT 2,5), the normal forces of the leaf spring (FLS7,10), and the normal
loads of the tires (Fz1 and Fz3).

Tx6 +C17Pz +C37Py = 0 (5.15)

FT 2 +C18Pz +C38Py = 0 (5.16)

FT 5 +C20Pz +C40Py = 0 (5.17)

FLS7 +C19Pz +C39Py = 0 (5.18)

FLS10 +C21Pz +C41Py = 0 (5.19)

Fz1 +((h1− t)/t)Pz− (h2/t)Py = 0 (5.20)

Fz3− (h1/t)Pz +(h2/t)Py = 0 (5.21)

From Eqs. (5.15) to (5.21) the instantaneous forces acting on me-
chanism can be obtained. These forces modifying the configuration of the
tires and suspension systems, as shown in chapter 4.

At the rollover limit condition, the normal load, Fz3, reaches zero,
applying this condition in Eq. (5.21) and replacing the forces Pz (Eq. (4.26))
and Py (Eq. (4.25)), the SRT factor can be calculated as:

SRT2DT M =
ay

g
=

h1 +h2e
h2−h1e

(5.22)

where e is the tangent of the bank angle (e = tan(φ)) and SRT2DT M is the
static rollover threshold for a two-dimensional trailer model in a road with
bank angle.

Table 7 shows a comparison between the SRT factors of the two-
dimensional models presented in the Chapter 2 and the SRT factor of the
developed model.
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Table 7 – SRT factors of two-dimensional models.

Model SRT factors of 2D models

Rigid model (Eq. (2.6)) SRT2D =
t/2
h

Rigid model in a road
SRT2D−B =

t/2
h

+ ewith bank angle (Eq. (2.8))

Winkler model (Eq. (2.10)) SRT2D−W =
t/2−4t

h2

Rill model (Eq. (2.20)) SRT2D−R =

t/2

h+
l12

k∗
θ
−1

− 1
k∗T

Chang model (Eq. (2.22)) SRT2D−CB =
t

2h
+(1− h0

h
)(φ −θ)

Developed 2D-model
SRT2DT M =

h1 +h2e
h2−h1e(Eq. (5.22))

Table 7 shows that the SRT factor of the developed 2D-model
(Eq. (5.22)) is more complete, since the model takes into account all the
characteristics considered by the other models.

5.3 PUBLICATIONS

The two-dimensional model of the trailer has the following publi-
cations:
•Moreno, G. G., Nicolazzi, L., Vieira, R. S., Martins, D. Suspension and
tires: the stability of heavy vehicles. International Journal of Heavy vehi-
cle Systems, (in press). 2016.
• Moreno, G. G., Nicolazzi, L., Vieira, R. S., Martins, D. Modeling and
analysis of solid axle suspension and its impact on the heavy vehicles
stability. In: CONEM 2016 Congresso Nacional de Engenharia Mecânica.
Fortaleza - Brasil. 2016.
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Chapter 6

STATIC ANALYSIS OF THE
THREE-DIMENSIONAL MODEL

In this chapter a three-dimensional model of the trailer was ana-
lyzed (it was described in Section 4.6).

6.1 METHOD OF SUCCESSIVE SCREW DISPLACEMENTS OF THE
MECHANISM

The tests of the three-dimensional model were obtained using three
loading conditions. Loading conditions included a load laterally centered,
load with CG displacement, and overweight with CG displacement; for
these reasons the position of the center of gravity includes small displace-
ments (d1 - lateral CG displacement, d2 - longitudinal CG displacement,
and d3 - vertical CG displacement)(it was described in Section 4.7).

In the kinematic model for a mechanism the successive screws dis-
placement method is used (Section A.1.1). Figures 53 to 57 and Table 8
present the screw parameters of the mechanism.

Figure 53 – Variables of the mechanism position (Front view of the trailer).
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Figure 54 – Variables of the mechanism position (Rear view of the trailer).

Figure 55 – Vectors along the direction of the screws axis (Front and rear views of the
trailer).

Figure 56 – Variables of the mechanism position (Right side view of the vehicle)
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Figure 57 – Variables of the mechanism position (Three-dimensional model)

In Figures 53 to 57 and Table 8, l13 is the distance between the
fifth-wheel and the front axle, l1,2,7,8 are the dynamic rolling radii of tires,
t1,3 are the front and rear track widths of the trailer respectively, t2,4 are
the front and rear axle width of the trailer respectively, b is the lateral
separation between the springs, b1 is the fifth-wheel width, θi is the rev-
olution joint angle rotation i, l3,4,9,10 are the instantaneous heights of the
leaf spring, l12 is the height of the CG above the chassis, and ψ is the
trailer/trailer angle.

This method enables the determination of the displacement of the
mechanism and the instantaneous position vector s0i of the joints, and the
center of gravity (The vectors s0i (Table 10) are obtained from the first
three terms of the last column of equations shown in Table 9), as it was
described in Section A.1.1.
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Table 8 – Screw parameters of the mechanism.

Joints and s s0
θ d

points sx sy sz s0x s0y s0z
Joint 1 1 0 0 −l13 0 0 θ1 0
Joint 2 0 0 1 −l13 0 0 0 l1
Joint 3a 0 1 0 −l13 0 0 0 t1
Joint 3b 1 0 0 −l13 0 0 θ3 0
Joint 4 0 0 1 −l13 0 0 0 l2
Joint 5 1 0 0 −l13 (t2−b)/2 0 θ5 0
Joint 6 0 0 1 −l13 (t2−b)/2 0 0 l3
Joint 7 1 0 0 −l13 (t2−b)/2 0 θ7 0
Joint 8 1 0 0 −l13 (t2 +b)/2 0 θ8 0
Joint 9 0 0 1 −l13 (t2 +b)/2 0 0 l4
Joint 10 1 0 0 −l13 (t2 +b)/2 0 θ10 0
Joint 11 1 0 0 0 (t2−b1)/2 0 θ11 0
Joint 12 0 0 1 0 (t2−b1)/2 0 0 l5
Joint 13 1 0 0 0 (t2−b1)/2 0 θ13 0
Joint 14 1 0 0 0 (t2 +b1)/2 0 θ14 0
Joint 15 0 0 1 0 (t2 +b1)/2 0 0 l6
Joint 16 1 0 0 0 (t2 +b1)/2 0 θ16 0
Joint 17 1 0 0 −L 0 0 θ17 0
Joint 18 0 0 1 −L 0 0 0 l7
Joint 19a 0 1 0 −L 0 0 0 t3
Joint 19b 1 0 0 −L 0 0 θ19 0
Joint 20 0 0 1 −L 0 0 0 l8
Joint 21 1 0 0 −L (t4−b)/2 0 θ21 0
Joint 22 0 0 1 −L (t4−b)/2 0 0 l9
Joint 23 1 0 0 −L (t4−b)/2 0 θ23 0
Joint 24 1 0 0 −L (t4 +b)/2 0 θ24 0
Joint 25 0 0 1 −L (t4 +b)/2 0 0 l10
Joint 26 1 0 0 −L (t4 +b)/2 0 θ26 0
Joint 27 1 0 0 −L t4/2 0 θ27 0
Joint 28 1 0 0 0 t2/2 0 θ28 0
Point 29 0 0 1 0 t2/2 0 ψ 0
CG (30) 1 0 0 −a±d2 (t4/2)±d1 l12±d3 0 0
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Table 9 – Instantaneous position matrix.

Joints and points Instantaneous position matrix
Joint 1 p

′

1 = A29A1 p1

Joint 2 p
′

2 = A29A1A2 p2

Joint 3 p
′

3 = A29A3aA3b p3

Joint 4 p
′

4 = A29A3aA3bA4 p4

Joint 5 p
′

5 = A29A1A2A5 p5

Joint 6 p
′

6 = A29A1A2A5A6 p6

Joint 7 p
′

7 = A29A1A2A5A6A7 p7

Joint 8 p
′

8 = A29A1A2A8 p8

Joint 9 p
′

9 = A29A1A2A8A9 p9

Joint 10 p
′

10 = A29A1A2A8A9A10 p10

Joint 11 p
′

11 = A29A1A2A5A6A7A11 p11

Joint 12 p
′

12 = A29A1A2A5A6A7A11A12 p12

Joint 13 p
′

13 = A29A1A2A5A6A7A11A12A13 p13

Joint 14 p
′

14 = A29A1A2A5A6A7A14 p14

Joint 15 p
′

15 = A29A1A2A5A6A7A14A15 p15

Joint 16 p
′

16 = A29A1A2A5A6A7A14A15A16 p16

Joint 17 p
′

17 = A17 p17

Joint 18 p
′

18 = A17A18 p18

Joint 19 p
′

19 = A19aA19b p19

Joint 20 p
′

20 = A19aA19bA20 p20

Joint 21 p
′

21 = A17A18A21 p21

Joint 22 p
′

22 = A17A18A21A22 p22

Joint 23 p
′

23 = A17A18A21A22A23 p23

Joint 24 p
′

24 = A17A18A24 p24

Joint 25 p
′

25 = A17A18A24A25 p25

Joint 26 p
′

26 = A17A18A24A25A26 p26

Joint 27 p
′

27 = A17A18A21A22A23A27 p27

Joint 28 p
′

28 = A29A1A2A5A6A7A11A12A13A28 p28

CG (30) p
′

CG = A17A18A21A22A23A27ACG pCG
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Table 10 – Instantaneous position vector s0i.

Joints and s0i
points s0ix s0iy s0iz

Joint 1
t2s29−2l13c29

2
-
2l13s29 + t2c29− t2

2
0

Joint 2
(2l1s1 + t2)s29−2l13c29

2
-
(2l1s1 + t2)c29 +2l13s29− t2

2
l1c1

Joint 3
(t2−2t1)s29−2l13c29

2
-
2l13s29 +(t2−2t1)c29− t2

2
0

Joint 4
(2l2s3 + t2−2t1)s29−2l13c29

2
-
2l13s29 +(2l2s3 + t2−2t1)c29− t2

2
l2c3

Joints 5 to 16
...

...
...

Joint 17 −L 0 0
Joint 18 −L −l7s17 l7c17
Joint 19 −L t3 0
Joint 20 −L t3− l8s19 l8c19

Joint 21 −L -
2l7s17 +(b− t4)c17

2
(t4−b)s17 +2l17c17

2
Joints 22-23 −L

−2l9s21+17−2l7s17 +(b− t4)c17

2
2l9c21+17 +2l7c17 +(t4−b)s17

2

Joints 24 to 28
...

...
...

CG −a∓d2 h1 h2
si = sinθi ci = cosθi
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from the Table 10 h1 is the instantaneous lateral distance between the
zero-reference frame and the center of gravity (Eq. (6.1)), and h2 is the
instantaneous CG height (Eq. (6.2)).

h1 =− (l12±d3)s27+23+21+17∓d1c27+23+21+17 +
b
2

c23+21+17

− l9s21+17− l7s17−
b− t4

2
c17 (6.1)

h2 =∓d1s27+23+21+17 +(l12∓d3)c27+23+21+17 +
b
2

s23+21+17

+ l9c21+17 +
t4−b

2
s17+ l7c17 (6.2)

6.1.1 Wrench - forces and moments

In the static analysis, all forces and moments of the mechanism
are represented by wrenches ($A) (DAVIES, 1983b; CAZANGI, 2008;
MEJIA et al., 2013). According to the orientation of the mechanism, the
wrenches (forces and moments) applied (or sustained) can be represented
by the vector $A =

[
Mx My Mz Fx Fy Fz

]T (three-dimensional
space), where F denotes the forces, and M denotes the moments (Section
A.1.2).

The proposed model (Fig. 57) represents a vehicle making a turn.
To simplify the model, the following considerations were made:
• for the x-direction a steady state model was used in the analysis;
• accelerating, braking and aerodynamics forces were neglected;
• disturbances imposed by the road and the lateral friction forces (Fy)
(tire-ground contact) in joints 3 and 19 were neglected; and
• the components of the total weight of the trailer (W) and the inertial
force (may) are the only external forces acting on the center of gravity CG
(Eqs. (4.24) to (4.26)).

Considering a static analysis in a three-dimensional space (TSAI,
2001), the corresponding wrenches of each joint and the external forces
are defined by the parameters in Table 11, where si represents the orienta-
tion vector of each wrench i.
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Table 11 – Wrench parameters of the mechanism.

Joints and Constraints si Inst. position
points and forces six siy siz vector s0i (Table 10)

Revolute joints
1, 7, 8, 10, 13,
14, 16, 17, 23,
24 and 26.

Fxi 1 0 0
Revolute joints
1, 7, 8, 10, 13,
14, 16, 17, 23,
24 and 26.

Fyi 0 1 0
Fzi 0 0 1
Myi 0 1 0
Mzi 0 0 1

Spherical slider
joints 3 and 19.

Fxi 1 0 0
Spherical slider
joints 3 and 19.

Myi 0 1 0
Fzi 0 0 1

Revolute joints
5, 11 and 21.

Fxi 1 0 0

Revolute joints
5, 11 and 21.

Fyi 0 1 0
Fzi 0 0 1
Txi 1 0 0
Myi 0 1 0
Mzi 0 0 1

Prismatic joints
2, 4, 6, 9, 12, 15,
18, 20, 22 and
25.

Fxi 1 0 0
Prismatic joints
2, 4, 6, 9, 12, 15,
18, 20, 22 and
25.

Fpi 0 cosθi−1 sinθi−1
Mxi 1 0 0
Myi 0 1 0
Mzi 0 0 1

Prismatic joints
2, 4, 18 and 20.

FTi 0 −sinθi−1 cosθi−1
Prismatic joints
2, 4, 18 and 20.

Prismatic joints
6, 9, 22 and 25.

FLSi 0 −sinθi−1 cosθi−1
Prismatic joints
6, 9, 22 and 25.

Prismatic joints
12 and 15.

FFWi 0 −sinθi−1 cosθi−1
Prismatic joints
12 and 15.

Spherical joints
27 and 28.

Fxi 1 0 0
Spherical joints
27 and 28.

Fyi 0 1 0
Fzi 0 0 1
Txi 1 0 0

CG (30).
Px 1 0 0

CG (30).Py 0 -1 0
Pz 0 0 -1
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All of the wrenches of the mechanism together comprise the action
matrix [Ad ] given by Eq. (6.3)(or the amplified matrix of the Eq. (6.4)) .

[Ad ]6×150 =
[

$A
Fx1

$A
Fy1
· · · $A

Px
$A

Py
$A

Pz

]
(6.3)

[Ad ] =


0 0 · · · 0 h2Py −h1Pz
0 0 · · · h2Px 0 (−a±d2)Pz

p1Fx1 p2Fy1 · · · −h1Px −(−a±d2)Py 0
Fx1 0 · · · Px 0 0

0 Fy1 · · · 0 −Py 0
0 0 · · · 0 0 −Pz

 (6.4)

where pi are system variables.
The wrench can be represented by a normalized wrench and a mag-

nitude (Eq. (A.8)). Therefore, from the Eq. (6.4) the unit action matrix
and the magnitude action vector are obtained, as represented by Eqs. (6.5)
and (6.6).

[
Âd

]
6×150

=


0 0 · · · 0 h2 −h1
0 0 · · · h2 0 (−a±d2)

p1 p2 · · · −h1 −(−a±d2) 0
1 0 · · · 1 0 0
0 1 · · · 0 −1 0
0 0 · · · 0 0 −1

 (6.5)

[Ψ]150×1 =
[

Fx1 Fy1 · · · Px Py Pz
]T (6.6)

6.1.2 Graph theory

Figure 58 shows the direct coupling graph which represents the
mechanism of Fig. 57. The graph has twenty-three vertices (links) and
thirty-one edges (joints and the external forces Px, Py and Pz).

The direct coupling graph (Fig. 58) can be represented by the in-
cidence matrix [I]23×31 (Eq. (6.7)). Solving the system in Eq. (6.7) using
the Gauss-Jordan elimination method, the incidence matrix provides the
cut-set matrix [Q]22×31 (Eq. (6.8)) for the mechanism, where each line rep-
resents a cut of the graph and the columns represent the joints and the ex-
ternal forces. In addition, this matrix is rearranged, allowing twenty-two
branches (edges 1-3, 5-9, 11-15, 17-19, 21-25 and 27 - identity matrix)
and nine chords (edges 4, 10, 16, 20, 26, 28, Px, Py and Pz) to be defined,
as shown in Fig. 59.
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Figure 58 – Direct coupling graph of the mechanism.
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[I]23×31 =

1 2 3 4 5 6 7 8 · · · 25 26 27 28 Px Py Pz
A d 1 0 1 0 0 0 0 0 · · · 0 0 0 0 1 1 1 e
B | −1 1 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
C | 0 0 −1 1 0 0 0 0 · · · 0 0 0 0 0 0 0 |
D | 0 −1 0 −1 1 0 0 1 · · · 0 0 0 0 0 0 0 |
E | 0 0 0 0 −1 1 0 0 · · · 0 0 0 0 0 0 0 |
F | 0 0 0 0 0 −1 1 0 · · · 0 0 0 0 0 0 0 |
G | 0 0 0 0 0 0 0 −1 · · · 0 0 0 0 0 0 0 |
H | 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
I | 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
J | 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
K | 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
L | 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |

M | 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
N | 0 0 0 0 0 0 0 0 · · · 0 0 0 1 0 0 0 |
O | 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
P | 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
Q | 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
R | 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
S | 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
T | 0 0 0 0 0 0 0 0 · · · 1 0 0 0 0 0 0 |
U | 0 0 0 0 0 0 0 0 · · · −1 1 0 0 0 0 0 |
V | 0 0 0 0 0 0 0 0 · · · 0 −1 1 0 0 0 0 |
W b 0 0 0 0 0 0 0 0 · · · 0 0 −1 −1 −1 −1 −1 c

(6.7)
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[Q]22×31 =

1 2 3 4 5 6 7 8 · · · 25 26 27 28 Px Py Pz
Cut 1 d 1 0 0 1 0 0 0 0 · · · 0 0 0 −1 0 0 0 e
Cut 2 | 0 1 0 1 0 0 0 0 · · · 0 0 0 −1 0 0 0 |
Cut 3 | 0 0 1 −1 0 0 0 0 · · · 0 0 0 0 0 0 0 |
Cut 4 | 0 0 0 0 1 0 0 0 · · · 0 0 0 −1 0 0 0 |
Cut 5 | 0 0 0 0 0 1 0 0 · · · 0 0 0 −1 0 0 0 |
Cut 6 | 0 0 0 0 0 0 1 0 · · · 0 0 0 −1 0 0 0 |
Cut 7 | 0 0 0 0 0 0 0 1 · · · 0 0 0 0 0 0 0 |
Cut 8 | 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
Cut 9 | 0 0 0 0 0 0 0 0 · · · 0 0 0 −1 0 0 0 |

Cut 10 | 0 0 0 0 0 0 0 0 · · · 0 0 0 −1 0 0 0 |
Cut 11 | 0 0 0 0 0 0 0 0 · · · 0 0 0 −1 0 0 0 |
Cut 12 | 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
Cut 13 | 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
Cut 14 | 0 0 0 0 0 0 0 0 · · · 0 0 0 1 1 1 1 |
Cut 15 | 0 0 0 0 0 0 0 0 · · · 0 0 0 1 1 1 1 |
Cut 16 | 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
Cut 17 | 0 0 0 0 0 0 0 0 · · · 0 1 0 1 1 1 1 |
Cut 18 | 0 0 0 0 0 0 0 0 · · · 0 1 0 1 1 1 1 |
Cut 19 | 0 0 0 0 0 0 0 0 · · · 0 1 0 1 1 1 1 |
Cut 20 | 0 0 0 0 0 0 0 0 · · · 0 −1 0 0 0 0 0 |
Cut 21 | 0 0 0 0 0 0 0 0 · · · 1 −1 0 0 0 0 0 |
Cut 22 b 0 0 0 0 0 0 0 0 · · · 0 0 1 1 1 1 1 c

(6.8)
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Figure 59 – Cut-set action graph of the mechanism.

All of the constraints are represented as edges. Which allows the
amplification of the cut-set graph and the cut-set matrix. Additionally,
the tire normal loads (FT 2,4,18,20), leaf spring normal loads (FLS6,9,22,25),
fifth-wheel normal loads (FFW12,15), and the passive torsional moments
(Tx5,11,21,27,28) are included.

Figure 59 presents the cut-set action graph and the Eq. (6.9) pre-
sents the expanded cut-set matrix ([Q]22×150), where each line represents
a cut of the graph, and the columns represents the constraints of the joints
as well as the external forces acting on the mechanism.
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[Q]22×150 =

Fx1 Fy1 Fz1 My1 Mz1 Fx2 Fp2 FT 2 · · · Fx28 Fy28 Fz28 Tx28 Px Py Pz
d 1 1 1 1 1 0 0 0 · · · 0 −1 −1 −1 0 0 0 e
| 0 0 0 0 0 1 1 1 · · · 0 −1 −1 −1 0 0 0 |
| 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 · · · 0 −1 −1 −1 0 0 0 |
| 0 0 0 0 0 0 0 0 · · · 0 −1 −1 −1 0 0 0 |
| 0 0 0 0 0 0 0 0 · · · 0 −1 −1 −1 0 0 0 |
| 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 · · · 0 −1 −1 −1 0 0 0 |
| 0 0 0 0 0 0 0 0 · · · 0 −1 −1 −1 0 0 0 |
| 0 0 0 0 0 0 0 0 · · · 0 −1 −1 −1 0 0 0 |
| 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 · · · 0 1 1 1 1 1 1 |
| 0 0 0 0 0 0 0 0 · · · 0 1 1 1 1 1 1 |
| 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 · · · 0 1 1 1 1 1 1 |
| 0 0 0 0 0 0 0 0 · · · 0 1 1 1 1 1 1 |
| 0 0 0 0 0 0 0 0 · · · 0 1 1 1 1 1 1 |
| 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
| 0 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 |
b 0 0 0 0 0 0 0 0 · · · 1 1 1 1 1 1 1 c

(6.9)



6.2. Equation system solutions 123

6.2 EQUATION SYSTEM SOLUTIONS

Using the Cut-set law (DAVIES, 2000), the algebraic sum of the
normalized wrenches Eqs. (6.5) and (6.6), that belong to the same cut
[Q]22×150 (Fig. 59 and Eq. (6.9)) must be equal to zero. Thus, the statics
of the mechanism can be defined, as exemplified in Eq. (6.10) (or the
amplified matrix of the Eq. (6.11)):[

Ân

]
132×150

[Ψ]T150×1 = [0]132×1 (6.10)

Cut 1

d 0 0 · · · 0 0 e
| 0 0 · · · 0 0 |
| p1 p2 · · · 0 0 |
| 1 0 · · · 0 0 |
| 0 1 · · · 0 0 |
| 0 0 · · · 0 0 |

... |
...

...
...

...
... |

Cut 22

| 0 0 · · · 0 0 |
| 0 0 · · · 0 −a±d2 |
| 0 0 · · · a∓d2) 0 |
| 0 0 · · · 0 0 |
| 0 0 · · · −1 0 |
b 0 0 · · · 0 −1 c

.


Fx1
Fy1

...
Py
Pz

= [0]132×1 (6.11)

It is necessary to identify the set of primary variables [Ψp] (known
variables), among the variables of Ψ. Once identified, the system of the
Eq. (6.10) is rearranged and dividing into two sets, as shown by Eq. (6.12).[

Âns

]
132×147

[Ψs]
T
147×1 +

[
Ânp

]
132×3

[Ψp]
T
3×1 = [0]132×1 (6.12)

where [Ψp] is the primary variable vector, [Ψs] is the secondary variable

vector (unknown variables),
[
Ânp

]
are the columns corresponding to the

primary variables and
[
Âns

]
are the columns corresponding to the secon-

dary variables.
In this case, the primary variable vector is:

[Ψp]3×1 =
[

Px Py Pz
]T (6.13)

and the secondary variable vector is:

[Ψs]147×1 =
[

Fx1 Fy1 My1 · · · Fz3 Fz17 Fz19
]T (6.14)
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Solving the system in Eq. (6.12) using the Gauss-Jordan elimina-
tion method, the last row of the solution system provides the following
equation:

Fz3 +
P1 + t3
t1 cosψ

Fz19 +
P1

t1 cosψ
Fz17

− h1 +P1

t1 cosψ
Pz +

h2

t1 cosψ
Py = 0 (6.15)

replacing Py and Pz:

Fz3 +
P1 + t3
t1 cosψ

Fz19 +
P1

t1 cosψ
Fz17

− h1 +P1

t1 cosψ
(W cosφ cosϕ +may sinφ)

+
h2

t1 cosψ
(may cosφ −W sinφ cosϕ) = 0 (6.16)

where P1 is a system variable (P1 = (2l13 sinψ + t2(cosψ − 1))/2), h1 is
the instantaneous lateral distance between the zero-reference frame and
the CG, and h2 is the instantaneous CG height, as shown in Figs. 55 and
56 and Table 10. Dividing by W cos(φ), making tan(φ) = e, where e is
the tangent of the bank angle, and rearranging the equation, we have:

ay

g
=

h1 cosϕ +h2ecosϕ

h2− (h1 +P1)e
.

(
1− t1Fz3 cosψ +P1(Fz17−W cosφ cosϕ)+(P1 + t3)Fz19

W cosφ(h1 cosϕ +h2ecosϕ)

)
(6.17)

According to the static redundancy problem known as the four-
legged table described by Heyman (2008) and Blundell and Harty (2004),
a plane is defined by just three points in space and, consequently, a four-
legged table has support plane multiplicities. This is why when one leg
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loses contact with the ground, the table is supported by the other three
legs, as shown in Fig. 60.

Figure 60 – Problem of redundancy the four-legged table.

The problem of the four-legged table is observed in dynamic rollover
tests, when the rear inner tire loses contact with the ground (Fz19 = 0), and
the front inner tire (Fz3) does not, as show e.g. in Fig. 61.

Figure 61 – Dynamic rollover test.
Source: Adapted of Cabral (2008).

Applying this approach to the vehicle stability, and considering the
chassis flexibility, fifth-wheel, suspension, tires, and the trailer/trailer an-
gle when a vehicle makes a turn, the vehicle is subjected to an increasing
lateral load until it reaches the rollover threshold. During the turning, the
rear inner tire is normally the one which loses contact with the ground;
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for this condition Fz19 = 0, and thus:

SRT3Dψφϕ
=

ay

g
=

h1 cosϕ +h2ecosϕ

h2− (h1 +P1)e
.

(
1− t1Fz3 cosψ +P1(Fz17−W cosφ cosϕ)

W cosφ(h1 cosϕ +h2ecosϕ)

)
(6.18)

where SRT3Dψφϕ
factor is the three-dimensional static rollover threshold

for a trailer model with trailer/trailer angle (ψ), bank angle (e), and slope
angle (ϕ).

The normal forces Fz3 and Fz17 depend on the LLT coefficient in the
front and rear axles respectively (RILL, 2011; LUI et al., 1997; KAMNIK
et al., 2003). Furthermore, this coefficient depends of the vehicle type,
speed, suspension, tires, etc.

Table 12 shows a comparison between the SRT factors of the three-
dimensional models presented in the Chapter 2 and the SRT factors of the
developed models.

Table 12 shows that the SRT factor of the developed 3D-model
(Eq. (6.18)) is more complete, since the model takes into account all the
characteristics considered by the other models, and additionally the over-
weight and the characteristics of the road.

Table 12 also shows that the SRT3Dψφϕ
factor of the developed 3D-

model (Eq. (6.18)) is, in general, inferior to the SRT2DT M factor of the
developed 2D-model (Eq. (5.22)).

Then, with Eq. (6.18) it is possible to obtain a better vehicle sta-
bility representation and the SRT3Dψφϕ

factor value attainments closer to
reality.

Figure 62 shows a summary of all characteristics of the vehicle and
the road that influence in the SRT3Dψφϕ

factor calculations.
Taking into account the developed model and all characteristics

that influence on the SRT3Dψφϕ
factor calculations, Table 13 shows the

comparison of the main models developed and the new vehicle stability
model.

Table 13 shows that the developed model considered the main cha-
racteristics of LCV’s; additionally, the model includes other characteris-
tics such as the trailer/trailer angle (ψ), longitudinal slope angle (ϕ), and
the trailer overweight.
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Table 12 – SRT factors of three-dimensional models.

Models SRT factors of 3D models

Gillespie model
SRT3D−G =

t
2h

1+(1− h0

h
)

[
W (h−h0)

kθ f + kθr−W (h−h0)

]
(Eq. (2.28))

Navin model
SRT3D−N =

t
2
(1− lre

L
)+h(φ −θ)− h5lreφ

L
+h0θ

tφ
2
(

lre

L
−1)+h−h5

lre
L

(Eq. (2.30))

Developed 2D
SRT2DT M =

h1 +h2e
h2−h1e

(Eq. (5.22))

Developed 3D

SRT3Dψφϕ
= h1 cosϕ +h2ecosϕ

h2− (h1 +P1)e
.

(
1− t1Fz3 cosψ +P1(Fz17−W cosφ cosϕ)

W cosφ(h1 cosϕ +h2ecosϕ)

)
(Eq. (6.18))
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Figure 62 – Characteristics that influence on the SRT3Dψφϕ
factor calculation.
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Table 13 – Stability models comparison.
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Models of SRT factor
Gillespie (1992) x x x x x x x x
Winkler et al. (1992) x x x x x x x x
Navin (1992) x x x x x x x x x x
Ranganathan (1993) x x x x x x x x
Winkler (2000) x x x x x x x x x x x x x x
Chang (2001) x x x x x x x
Jung et al. (2009) x x x x x x x x x
Rill (2011) x x x x x x x x x

Other models of lateral stability
Fancher and Winkler (1992) x x x x x x x x x
Rempel (2001) x x x x x x x x x x
Takano and Nagai (2001) x x x x x x x x x x x
Miege and Cebon (2002) x x x x x x x x
Kamnik et al. (2003) x x x x x x x x x x x x x
Sampson and Cebon (2003) x x x x x x x x x
Sanchez et al. (2004) x x x x x x x x x x x
Whitehead et al. (2004) x x x x x x x x x
Bouteldja et al. (2004) x x x x x x x x x x x
Dahlberg and Wideberg (2004) x x x x x x x x x
Gaspar et al. (2005) x x x x x x x x x x x
Prem et al. (2006) x x x x x x x x x x
Pinxteren (2010) x x x x x x x x x
Ricalde et al. (2008) x x x x x x x x x x x
Hac et al. (2008) x x x x x x x
Chen and Chen (2009) x x x x x x x x x x
Ryu et al. (2010) x x x x x x x x x x
Islam and He (2013) x x x x x x x x
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Malviya and Mishra (2014) x x x x x x x x x x
Imine et al. (2014) x x x x x x x x x x x
Huston and Kelly (2014) x x x x x x
He et al. (2015) x x x x x x x x x x
Developed 2D-model x x x x x x x x x x x
Developed 3D-model x x x x x x x x x x x x x x x x x
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In order to simplify the solution of the equations system in Eq. (6.12),
the following assumptions were applied:
• the load of the trailer is uniformly distributed on the front and rear axles
(Eq. (4.27));
• the lateral load transfer of the trailer model is controlled through the
torsional moment of the chassis (spherical joints 27 and 28 (Eqs. (4.21)
and (4.22)).

Equation (6.19) shows the final static system for the stability ana-
lysis.

Solving the system in Eq. (6.19) using the Gauss-Jordan elimina-
tion method, all secondary variables of the system being function of the
three primary variables (Px - force acting on the x-axis, Py - force acting
on the y-axis, and Pz - force acting on the z-axis).

For this analysis only the forces acting on the suspension, tires,
fifth-wheel, and the chassis are taken into account; the last nineteen rows
of the solution of Eq. (6.19) show the forces acting on the mechanism.
Rearranging these lines gives the following equations (Ci are system vari-
ables):
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Cut 1

d 0 0 · · · 0 0 −p1 0 0 0 0 0 0 e
| 0 0 · · · 0 0 −p2 0 0 0 0 0 0 |
| p1 p2 · · · 0 0 0 0 0 0 0 0 0 |
| 1 0 · · · 0 0 0 0 0 0 0 0 0 |
| 0 1 · · · 0 0 0 0 0 0 0 0 0 |
| 0 0 · · · 0 0 1 0 0 0 0 0 0 |

... |
...

...
...

...
...

...
...

...
...

...
...

... |

Cut 10

| 0 0 · · · −p41 0 0 0 0 0 0 0 0 |
| 0 0 · · · −p44 0 0 0 0 0 0 0 0 |
| 0 0 · · · 0 0 0 0 0 0 0 0 0 |
| 0 0 · · · 0 0 0 0 0 0 0 0 0 |
| 0 0 · · · 0 0 0 0 0 0 0 0 0 |
| 0 0 · · · 1 0 0 0 0 0 0 0 0 |

... |
...

...
...

...
...

...
...

...
...

...
...

... |

Cut 22

| 0 0 · · · 0 0 0 0 0 0 0 0 0 |
| 0 0 · · · 0 0 0 0 0 0 h2 0 −a±d2 |
| 0 0 · · · 0 0 0 0 0 0 −h1 −(−a±d2) 0 |
| 0 0 · · · 0 0 0 0 0 0 1 0 0 |
| 0 0 · · · 0 0 0 0 0 0 0 −1 0 |
| 0 0 · · · 0 0 0 0 0 0 0 0 −1 |

Eq. (4.27) | 0 0 · · · 0 0 0 0 L L h2 0 −(−a±d2) |
Eq. (4.21) | 0 0 · · · 0 0 0 0 0 0 0 0 0 |
Eq. (4.22) b 0 0 · · · 0 0 0 0 0 0 0 0 0 c

.



Fx1
Fy1

...
Tx5

Tx11
Tx21
Tx27
Tx28
FT 2
FT 4

FT 18
FT 20
FLS6
FLS9

FLS22
FLS25

FFW12
FFW15

Fz1
Fz3

Fz19
Fz17

Px
Py
Pz



= [0]135×1 (6.19)
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Tx5 =−C1Px−C2Py−C3Pz (6.20)

Tx11 =−C4Px−C5Py−C6Pz (6.21)

Tx21 =−C7Px−C8Py−C9Pz (6.22)

Tx27 =−C10Px−C11Py−C12Pz (6.23)

Tx28 =−C13Px−C14Py−C15Pz (6.24)

FT 2 =−C16Px−C17Py−C18Pz (6.25)

FT 4 =−C19Px−C20Py−C21Pz (6.26)

FT 18 =−C22Px−C23Py−C24Pz (6.27)

FT 20 =−C25Px−C26Py−C27Pz (6.28)

FLS6 =−C28Px−C29Py−C30Pz (6.29)

FLS9 =−C31Px−C32Py−C33Pz (6.30)

FLS22 =−C34Px−C35Py−C36Pz (6.31)

FLS25 =−C37Px−C38Py−C39Pz (6.32)

FFW12 =−C40Px−C41Py−C42Pz (6.33)

FFW15 =−C43Px−C44Py−C45Pz (6.34)

Fz1 =−C46Px−C47Py−C48Pz (6.35)
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Fz3 =−C49Px−C50Py−C51Pz (6.36)

Fz19 =−C52Px−C53Py−C54Pz (6.37)

Fz17 =−C55Px−C56Py−C57Pz (6.38)

From Eqs. (6.20) to (6.38), the instantaneous forces acting on me-
chanism can be obtained. These forces modifying the configuration of the
tires, suspension, fifth-wheel and the chassis systems, as shown in chap-
ter 4.

At the rollover limit condition, the normal load F19z, reaches zero
and on applying this condition in Eq. (6.37) the SRT3Dψφϕ

factor can also
be calculated as:

SRT3Dψφϕ
=

ay

g
=
−C52(sinϕ/cosφ)−C53ecosϕ−C54 cosϕ

C53 +C54e
(6.39)
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(in press). 2016.
• Book chapter. Graph-Based Modelling in Engineering. Ed. Zawiślak, S
and Rysiński, J. Chapter 9: Three-Dimensional Analysis of Vehicle Sta-
bility Using Graph Theory. Moreno, G. G., Barreto, R. L. P., Vieira, R.
S., Nicolazzi, L., Martins, D. Springer International Publishing, (in press).
Switzerland. 2016. ISBN 978-3319390185. DOI 10.1007/978−3−319−
39020−8_9.
•Moreno, G. G., Nicolazzi, L., Vieira, R. S., Martins, D. Three-Dimensional
Analysis of the Rollover Risk of Heavy Vehicles Using Davies Method. In:
14th World Congress in Mechanical and Machine Science (IFToMM2015).
Taipei - Taiwan, 2015. DOI: 10.6567/IFToMM.14TH.WC.PS4.006.
• Moreno, G. G., Nicolazzi, L., Vieira, R. S., Martins, D. Rollover of
heavy truck using Davies method. In: RS5C 2016 - 17th International Con-
ference Road Safety on Five Continents. Río de Janeiro - Brasil. 2016.
DOI: 10.13140/RG.2.2.20805.24807.
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Chapter 7

ADAMS® SIMULATION - SEMI-TRAILER 2D

For the validation the two-dimensional model developed in the
Chapter 5, a simplified two-dimensional model of a semi-trailer (Figure 63
- SECTION A - A) with the parameters of the Table 14 was analyzed using
the software ADAMS® (2016).

Adams simulations allowed us to get different loading conditions
to be studied through a finite element method (FEM) analysis, putting to
evidence the most critical loading combinations.

Figure 63 – Model of Semi-trailer.

Table 14 – Parameters of the trailer model - Semi-trailer.

Parameter Value Units
Trailer weight - W 250 kN
Vehicle track - t 1.86 m
Axle width - t1 1.86 m
Equivalent stiffness of the suspension - kLs 5400 kN/m
Equivalent tire vertical stiffness - kT 5040 kN/m
Initial suspension height - ls 0.205 m
Initial dynamic rolling radius - lr 0.499 m
Lateral separation between the springs - b 0.95 m
CG height above the chassis - l12 1.346 m

7.1 STATIC ROLLOVER THRESHOLD WITH ADAMS

In this analysis a student license of Adams was used, which is
quite limited in regards to the number of bodies to be simulated. The two-
dimensional model of the trailer is composed of seven bodies (as shown in
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Figure 64). According to the physical parameters of the vehicle in Adams
multi-body system dynamics model (Table 14), it can be found that the
model consists of following parts: suspension, tires, and frame.

Figure 64 – Semi-trailer - Adams model.

For the SRT factor calculation, the inertial force was applied until
the lateral load transfer of the model become complete. At the rollover
threshold limit condition, the normal load Fz2 reaches zero, as shown in
Fig. 65.
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Figure 65 – Normal force in the outer tire (Fz2) - SRT factor - Adams model.
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The example shows that the SRT factor for a trailer model is 0.374.
The reduction in the SRT factor results from the combined action of the
trailer systems (suspension and tires), which allows the CG movements
and a body roll angle of the trailer model of θ = 5.75°, as shown in
Fig. 66.
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Figure 66 – Body roll angle of the trailer model - Adams model.

7.2 STATIC ROLLOVER THRESHOLD WITH THE DEVELOPED
MODEL

Using the two-dimensional model of stability developed in the Chap-
ter 5, the same vehicle of the previous example was analyzed. More details
concerning to the developed example are contained in the article “Suspen-
sion and tire: the stability of heavy vehicles” (MORENO et al., 2016c)

For the SRT factor calculation (Eq. 5.22), the inertial force was
applied until the lateral load transfer of the model become complete. At
the rollover threshold limit condition, the normal load Fz2 reaches zero, as
shown in Fig. 67.



138 Chapter 7. Adams® simulation - Semi-trailer 2D

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
0

0.2

0.4

0.6

0.8

1

1.2

1.4

SRT
s−t

a
y
/g

T
ire

 n
or

m
al

 fo
rc

e 
F

z2
. (

kN
)

 

 

Trailer model 2D − suspension−tires systems − SRT
s−t

Figure 67 – Normal force in the outer tire (Fz2) - SRT factor - Developed model 2D.

The example shows that the SRT factor for a trailer model is 0.376.
The reduction in the SRT factor results from the combined action of the
trailer systems (suspension and tires), which allows the CG movements
and a body roll angle of the trailer model of θ = 6.1°, as shown in Fig. 68.
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Figure 68 – Body roll angle of the trailer model - Developed model 2D.
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7.3 CONCLUSIONS

Figure 69 shows a summary of some SRT factors: the rigid, the
Rill and the Winkler models that were presented in the Chapter 2, the
proposed two-dimensional model developed in this thesis (Chapter 5), and
the developed model with ADAMS® (2016).

Figure 69 – Developed two-dimensional models.

Figure 69 shows that:
• the developed two-dimensional model presents a difference of 0.5% as
compared to the Adams model,
• the developed two-dimensional has a similar SRT factor as the model
developed by Winkler et al. (1992), and
• the developed two-dimensional presents a difference of 2% as compared
to the Rill model (RILL, 2011).

The proposed tires and suspension systems of the developed model
allow the determination of their influence on the SRT factor of the vehicle,
and the changes on the CG of the vehicle positions.

The results obtained with the proposed model were compared with
the Adams and the Winkler models, and the reductions in the SRT factor
was similar. This guarantee that this approach is coherent and can be well
accepted.

The proposed model also shows how several characteristics of the
vehicle affect dramatically the SRT factor estimation, and enables a better
understanding and interpretation of the rollover phenomenon, becoming
closer to reality.
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Chapter 8

TRUCKSIM® SIMULATION - SEMI-TRAILER
3D

For the validation the three-dimensional model developed in this
work (Chapter 6), a model of a semi-trailer such as shown on Fig. 70 was
analyzed using the software TruckSim® (2016). The model is composed
by: the truck with one axle on front and one axle on rear, and a trailer with
three axles.

Figure 70 – Semi-trailer - TruckSim® (2016).

TruckSim is a software that is being used in a wide variety of driv-
ing simulations. This software allows to evaluate and analyze the perfor-
mance of a vehicle when making certain manoeuvres on a selected road.

8.1 STATIC ROLLOVER THRESHOLD WITH TRUCKSIM

For the SRT factor calculation, the steady state circular tests (ISO-
14792, 2011) were conducted on two path references:
• Test 1: 60 m radius circle with 10 % of bank angle (φ ), and
• Test 2: 100 m radius circle (flat paved surface), as shown in Fig. 71.

To calculate the SRT factor, the tests were make at constant tan-
gential speed (V), therefore a constant inertial force was applied until the
lateral load transfer in the rear axles of the trailer become complete (3rd ,
4th and 5th axles).

Table 15 show the parameters of the vehicle and the road used in
this analysis.
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Figure 71 – Circular road - TruckSim® (2016).

Table 15 – Parameters of the trailer model - Semi-trailer.

Parameter Value Units
Trailer weight - W 364.147 kN
Front and rear track widths - t1,3 1.815 m
Front and rear axle widths - t2,4 1.815 m
Stiffness of the suspension per axle - kLs 2500 kN/m
Number of axles at the front (trailer) (4 tires per axle) 1
Number of axles at the rear (trailer) (4 tires per axle) 3
Vertical stiffness per tire - kT 980 kN/m
Stiffness of the fifth-wheel - k f 7500 kN/m
Initial suspension height - ls = l3,4,9,10 0.205 m
Initial dynamic rolling radius - lr = l1,2,7,8 0.51 m
Initial height of the fifth wheel - l f 0.1 m
Lateral separation between the springs - b 0.95 m
Fifth-wheel width - b1 0.6 m
CG height above the chassis - l12 1.285 m
Distance between the fifth wheel and the front axle - l13 0.9 m
Wheelbase of the trailer - L 8.7 m
Distance from the front axle to the center of gravity - a 5 m
Trailer/trailer angle (ψ) 0 0

Radius of the circular road (R) 60 m
Bank angle (φ ) 10 %
Speeds of the tests (V ) 50:1 to 60 km/h
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8.1.1 Test 1

Using the 60 m radius circle with 10 % of bank angle (φ ), the test
made with vehicle speed of 50 km/h shows that the lateral load transfer
(LLT) in the 5th axle of the semi-trailer was not complete. Figures 72
shows the normal forces on tires of 5th axle.

Figure 72 – Normal force on tires of 5th axle - V = 50 km/h.

The test made with vehicle speed of 55 km/h shows that the LLT
coefficient was completed in the 5th axle, but it was not in the 3rd and 4th

axles. Figures 73 to 75 show the normal forces on tires of 3rd , 4th and 5th

axles.

Figure 73 – Normal force on tires of 3rd axle - V = 55 km/h.
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Figure 74 – Normal force on tires of 4th axle - V = 55 km/h.

Figure 75 – Normal force on tires of 5th axle - V = 55 km/h.

The test made with vehicle speed of 58 km/h shows that the lateral
load transfer (LLT) in the 3rd , 4th and 5th axles were complete. Figures 76
to 78 show the normal forces on tires of the axles 3rd , 4th and 5th axles.
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Figure 76 – Normal force on tires of 3rd axle - V = 58 km/h.

Figure 77 – Normal force on tires of 4th axle - V = 58 km/h.

Figure 78 – Normal force on tires of 5th axle - V = 58 km/h.
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In this specific case, Fig. 79 shows that the lateral load transfer
(LLT) in the 2nd axle was not complete. This fact is important, since it
corroborated the theory of the four-legged table, proposed in this work.

Figure 79 – Normal force on tires of 2nd axle - V = 58 km/h.

Making an analysis of the normal forces on the 2nd axle, the lateral
load transfer (Eq. (2.5)) is about 57 %.

Rearranging the Eq. (6.18), and replacing the speed of the vehicle
(V) and the radius of curvature (Rc), the SRT factor for the TruckSim
model (Test 1) is 0.4409.

SRT3Dψφϕ
=

ay

g
=

V 2

Rc g
(8.1)

8.1.2 Test 2

Following the same methodology of the previous example, and
using the 100 m radius circle (flat paved surface), the test made with ve-
hicle speed of 64 km/h shows that the lateral load transfer (LLT) in the
3rd , 4th and 5th axles were complete, but in the 2nd axle was not complete.
Figures 80 to 83 show the normal forces on tires of the axles 3rd , 4th, 5th

and 2nd axles.
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Figure 80 – Normal force on tires of 3rd axle - V = 64 km/h.

Figure 81 – Normal force on tires of 4th axle - V = 64 km/h.

Figure 82 – Normal force on tires of 5th axle - V = 64 km/h.
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Figure 83 – Normal force on tires of 2nd axle - V = 64 km/h.

Making an analysis of the normal forces on the 2nd axle, the lateral
load transfer (Eq. (2.5)) is about 56 %; of the Eq. (8.1) the SRT factor for
the TruckSim model (Test 2) is 0.3221.

8.2 STATIC ROLLOVER THRESHOLD WITH THE DEVELOPED
MODEL

8.2.1 Test 1

Using the three-dimensional model of stability (Chapter 6), the
same vehicle of the previous example (Subsection 8.1.1) is analyzed; Fig. 84
and Table 15 show the parameters of the model used in this analysis.

Figure 84 – Parameters of the trailer model.
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The SRT factor calculation was obtained using the steady circular
test (ISO-14792, 2011), to calculate the SRT factor, the inertial force was
increased until the lateral load transfer in the rear axle is complete and the
LLTf coefficient on the front axle is about 57 % (TruckSim model).

At the rollover threshold limit, the normal force in the rear inner
tire (Fz19) reaches zero (Eqs. (6.17) and (6.39)). Hence, applying this con-
dition, Figs. 85 and 86 show the normal forces on the tires of the trailer
model with respect to the increase of the inertial force (SRT factor), Fz3
and Fz1 are the inner and outer normal forces on the front axle of the trailer
model respectively, and Fz19 and Fz17 are the inner and outer normal forces
on the rear axle of the trailer model respectively.

The example in the Figs. 85 and 86 show that the reduction in the
SRT factor results from the combined action of the trailer systems, the
example shows that the proposed model with all systems and considers
that LLTf coefficient on the front axle is about 57 % (TruckSim model),
the SRTLLTf =57% factor for a model is 0.4353.
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Figure 85 – Normal force on the front axle (Fz1 and Fz3)- SRT factor - Semi-trailer.
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Figure 86 – Normal force on the rear axle (Fz17 and Fz19) - SRT factor - Semi-trailer.

8.2.2 Test 2

Using the three-dimensional model of stability (Chapter 6), the
same vehicle of the previous example (Subsection 8.1.2) is analyzed.

The SRT factor calculation was obtained using the steady circular
test (ISO-14792, 2011), to calculate the SRT factor, the inertial force was
increased until the lateral load transfer in the rear axle is complete and the
LLTf coefficient on the front axle is about 57 % (TruckSim model)

At the rollover threshold limit, the normal force in the rear inner
tire (Fz19) reaches zero (Eqs. (6.17) and (6.39)). Hence, applying this con-
dition, Fig. 87 show the normal forces on the tires of the trailer model
with respect to the increase of the inertial force (SRT factor).

The example in the Fig. 87 show that the reduction in the SRT
factor results from the combined action of the trailer systems, the exam-
ple shows that the proposed model with all systems and considers that
LLTf coefficient on the front axle is about 57 % (TruckSim model), the
SRTLLTf =57% factor for a model is 0.3231.
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Figure 87 – Normal forces - SRT factor - Semi-trailer.



152 Chapter 8. TruckSim® simulation - Semi-trailer 3D

8.3 CONCLUSIONS

Figures 88 and 89 show a summary of some SRT factor: the rigid,
the Gillespie and the Navin three-dimensional model developed in the
Chapter 2, the proposed three-dimensional model developed in this thesis
(Chapter 6), and the tests of TruckSim model.

Figure 88 – Developed three-dimensional models - Test 1.

Figure 89 – Developed three-dimensional models - test 2.

Figure 88 and 89 show that:
• the Navin model (NAVIN, 1992) presents a difference of 15.7 % as
compared to the TruckSim model (Test 1) and of 19.6 % as compared to
the TruckSim model (Test 2),
• the Gillespie model (GILLESPIE, 1992) presents a difference of 33 %
as compared to the TruckSim model (Test 2), and
• the developed three-dimensional model presents a difference of 1.2 %
as compared to the TruckSim model (Test 1) and of 0.3 % as compared to
the TruckSim model (Test 2).

The results of this example demonstrate that the longitudinal cha-
racteristics of a trailer model and the road have an important influence on
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the SRT factor calculation, which allows that the model provides consis-
tent results.

The results obtained with the proposed model were compared with
the TruckSim model, and the reductions in the SRT factor was similar.
This guarantee that this approach is coherent and can be well accepted.
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Chapter 9

CASE STUDY - B-TRAIN

In this study, a trailer of a B-train with two axles on front (truck)
and three axles on rear was analyzed (Fig. 90). In this model a suspen-
sion system with a tandem axle is used and the suspension parameters
are dependent on the construction materials. Harwood et al. (2003) re-
ported that the range of values for the stiffness of the suspension per
axle is kLs = (1500− 2400) kN.m−1. Another important parameter is
the dynamic rolling radius or loaded radius lr; the proposed model con-
siders Michelin XZA® (MICHELIN, 2013) radial tires with lr = 0.499
m. Figure 91 and Table 16 show the parameters of the trailer used in this
analysis (ERVIN; GUY, 1986). The proposed model is adaptable to other
vehicles, and other examples are shown in appendices B and C.

Figure 90 – B-train.

Figure 91 – Parameters of the trailer model.
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Table 16 – Parameters of the trailer model - B-train.

Parameter Value Units
Trailer weight - W 355.22 kN
Front and rear track widths - t1,3 1.86 m
Front and rear axle widths - t2,4 1.86 m
Stiffness of the suspension per axle - kLs (HARWOOD et al., 2003) 1800 kN/m
Number of axles at the front (trailer) (4 tires per axle) 2
Number of axles at the rear (trailer) (4 tires per axle) 3
Vertical stiffness per tire - kT (HARWOOD et al., 2003) 840 kN/m
Stiffness of the fifth-wheel - k f 7500 kN/m
Initial suspension height - ls = l3,4,9,10 0.205 m
Initial dynamic rolling radius - lr = l1,2,7,8 (MICHELIN, 2013) 0.499 m
Initial height of the fifth wheel - l f 0.1 m
Lateral separation between the springs - b 0.95 m
Fifth-wheel width - b1 0.6 m
CG height above the chassis - l12 1.356 m
Distance between the fifth wheel and the front axle - l13 0.15 m
Wheelbase of the trailer - L 4.26 m
Distance from the front axle to the center of gravity - a 3 m

Lateral CG displacement, offset of the cargo d1

± 0.04

m± 0.08
± 0.12
± 0.16

Longitudinal CG displacement d2

± 0.5
m± 1

± 1.5

Vertical CG displacement d3
± 0.1 m± 0.2

Trailer/trailer angle (ψ) 0 °

9.1 THREE-DIMENSIONAL STATIC ROLLOVER THRESHOLD

The SRT factor calculation was obtained using the steady state cir-
cular test (ISO-14792, 2011), the load conditions include a load laterally
centered, load with CG displacement and overweight with CG displace-
ment.

The simulation model was applied using MATLAB® (2013). To
calculate the SRT factor, the inertial force was increased until the lateral
load transfer in the rear axle become complete.

At the rollover threshold limit, the normal force in the rear inner
tire Fz19 reaches zero (Eqs. (6.17) and (6.39)). Hence, applying this condi-
tion, Fig. 92 shows the normal forces on the tires of the trailer model with
respect to the increase of the inertial force (SRT factor).
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Figure 92 – Normal forces - SRT factor - B-train.
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where Fz3 and Fz1 are the inner and outer normal forces on the front of
the trailer model respectively, and Fz19 and Fz17 are the inner and outer
normal forces on the rear of the trailer model respectively.

The example of Fig. 92 shows the normal forces on the tires and the
following stages of the trailer model: in the first stage, the model considers
the tires and suspension systems, SRTts factor for a model is 0.3792.

In the second stage, the trailer model considers all systems (tires,
suspension, fifth-wheel, and the flexibility of the chassis). According to
Kamnik et al. (2003), they detected that when an articulated vehicle makes
a spiral manoeuvre, the LLTf coefficient on the front axle is approximately
70 % of the LLTr coefficient on the rear axle (as shown in Fig. 93). Apply-
ing this concept, the SRT3D factor reduces to 0.3364.

Finally, the proposed model shows how the lateral offset of the
cargo (d1 = 0.1 m) influences the SRTo f f factor: 2 cm of lateral offset
corresponds to a loss of stability of around 0.01 (a reduction similar to
that reported by Winkler (2000)).
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Figure 93 – Lateral load transfer of the trailer model - SRT factor - B-train.

The reduction in the SRT factor results from the combined action
of the trailer systems, which allows a body roll angle of the trailer of
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θ3D = θ17 +θ21 +θ23 +θ27 = 5.8°, as shown in Fig. 94.
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Figure 94 – Total body roll angle of the trailer (θ3D) - SRT factor - B-train.

Additionally, the proposed model shows how a change in the lateral
separation between the springs (b) influences the SRT factor. Some LCV’s
with tanker trailers have a grater lateral separation between the springs,
which leads to a decrease in the roll angle and thus an increase in the SRT
factor: 1 cm of lateral separation between the springs corresponds to an
increase or loss of stability of around 0.001, as shown in Fig. 95.

Furthermore, this model also allows the determination of the lateral
(h1 - the instantaneous lateral distance between the zero-reference frame
and the center of gravity - as shown in Fig. 96) and the vertical (h2 - the
instantaneous CG height - as shown in Fig. 97) CG displacements.
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Figure 95 – Total body roll angle of the trailer (θ3D) - SRT factor (lateral separation
between the springs (b)) - B-train.

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

SRT
ts

SRT
3D

← SRT
off

a
y
/g

La
te

ra
l d

is
ta

nc
e 

of
 C

G
 −

 h
1. (

m
)

 

 
Veh.−suspension−tires systems−SRT

ts

Vehicle 3D systems−SRT
3D

Vehicle−off−center cargo−SRT
off

Figure 96 – Lateral movement of CG - SRT factor - B-train.
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Figure 97 – Vertical movement of CG - SRT factor - B-train.

9.2 DOWNHILL AND UPHILL CORNERS

In this case, for the stability analysis is considered the recommen-
ded maximum lateral load transfer ratio (LLTr) for the rear axle of 0.6
(WOODROOFFE et al., 2010; WALKER; PEARSON, 1987), and also
include the recommended bank angle and longitudinal slope of the road
(AASHTO, 2003) (AASHTO, 2001), we can calculate the SRT factor for
a trailer model on uphill (Fig. 98(a)) and downhill corners (Fig. 98(b)).

ψ

ψ

(a) (b)

Figure 98 – a - Uphill corner. b - Downhill corner.
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As mentioned previously, in this study was analyzed the last trailer
of a LCV’s; for this reason is considered the angle formed by the last units
when the LCV makes turns (trailer/trailer angle - ψ), as shown in Fig. 98.
These manoeuvres are made at relatively low speeds, according to the
studies of “Minimum turning paths of design vehicles” (AASHTO, 2001)
is assumed that the trailer/trailer angle not be greater than 30°.

Figure 99 shows the behavior of the SRT factor under the influence
of the bank angle, longitudinal slope angle, and the trailer/trailer angle.
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Figure 99 – Trailer/trailer angle (ψ = 00) - SRT factor - B-train.

Table 17 shows the influence of the bank angle, longitudinal slope
angle, and the trailer/trailer angle on the SRT factor calculations.

In the worst case scenario, the trailer model, for a downhill corner
with a bank angle of 0 %, longitudinal slope of the road of 12 %, and a
trailer/trailer angle of 30°, can reduce the SRT factor of the vehicle by
61.8 %, using 0.451 as a reference.
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Table 17 – Static Rollover Threshold (SRT) of LCV with trailer/trailer angle - B-train.

Slope angle (ϕ) - (%) Uphill corners Downhill corners
Trailer/trailer Bank 9 8 6 4 2 0 2 4 6 8 10 12angle (ψ)− (0) angle (φ) - (%)

0 0 0.257 0.240 0.223 0.214 0.208 0.202 0.198 0.194 0.190 0.186 0.181 0.178
0 2 0.278 0.261 0.245 0.235 0.228 0.223 0.218 0.214 0.210 0.206 0.202 0.199
0 4 0.302 0.283 0.265 0.256 0.249 0.244 0.239 0.234 0.230 0.226 0.223 0.219
0 6 0.324 0.305 0.286 0.277 0.270 0.265 0.260 0.256 0.252 0.248 0.244 0.240
0 8 0.349 0.327 0.308 0.299 0.292 0.285 0.281 0.276 0.272 0.268 0.264 0.261
0 10 0.373 0.350 0.330 0.320 0.313 0.307 0.303 0.298 0.294 0.290 0.285 0.281
0 12 0.398 0.372 0.352 0.341 0.334 0.328 0.324 0.319 0.315 0.311 0.307 0.303
10 0 0.258 0.241 0.223 0.214 0.207 0.202 0.197 0.193 0.189 0.185 0.180 0.177
10 2 0.280 0.262 0.245 0.234 0.227 0.222 0.217 0.213 0.209 0.205 0.201 0.198
10 4 0.303 0.283 0.265 0.256 0.249 0.243 0.239 0.233 0.229 0.225 0.222 0.218
10 6 0.326 0.306 0.286 0.276 0.270 0.264 0.259 0.255 0.251 0.247 0.243 0.239
10 8 0.351 0.328 0.308 0.298 0.291 0.285 0.280 0.276 0.271 0.267 0.264 0.260
10 10 0.375 0.351 0.330 0.319 0.312 0.307 0.302 0.297 0.293 0.288 0.284 0.280
10 12 0.401 0.373 0.352 0.341 0.333 0.328 0.323 0.318 0.314 0.310 0.306 0.302
20 0 0.259 0.241 0.222 0.212 0.206 0.200 0.195 0.191 0.187 0.182 0.178 0.175
20 2 0.281 0.262 0.244 0.233 0.226 0.220 0.216 0.211 0.207 0.203 0.199 0.196
20 4 0.304 0.283 0.264 0.254 0.247 0.242 0.236 0.232 0.227 0.224 0.220 0.216
20 6 0.327 0.306 0.285 0.275 0.268 0.262 0.257 0.253 0.249 0.245 0.241 0.236
20 8 0.352 0.328 0.307 0.297 0.290 0.283 0.278 0.274 0.270 0.265 0.262 0.258
20 10 0.377 0.351 0.329 0.318 0.311 0.305 0.300 0.295 0.291 0.286 0.282 0.278
20 12 0.403 0.373 0.351 0.339 0.332 0.326 0.321 0.316 0.312 0.308 0.304 0.300
30 0 0.259 0.240 0.220 0.210 0.203 0.197 0.193 0.188 0.183 0.179 0.176 0.172
30 2 0.281 0.261 0.242 0.231 0.223 0.218 0.213 0.208 0.204 0.200 0.197 0.193
30 4 0.305 0.282 0.262 0.252 0.245 0.239 0.233 0.229 0.225 0.221 0.217 0.213
30 6 0.328 0.305 0.283 0.273 0.265 0.260 0.255 0.250 0.246 0.242 0.238 0.233
30 8 0.353 0.327 0.305 0.295 0.286 0.280 0.275 0.271 0.267 0.263 0.259 0.255
30 10 0.378 0.350 0.327 0.316 0.308 0.302 0.297 0.293 0.287 0.283 0.279 0.275
30 12 0.404 0.372 0.349 0.337 0.329 0.323 0.318 0.313 0.309 0.305 0.301 0.297
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Making an analysis of Table 17, the following conclusions for the
critical conditions of the trailer model are obtained:
• a 1 % bank angle corresponds to a gain in stability of around 0.01;
• when the trailer model is in downhill corners; a 1 % slope angle corre-
sponds to a loss of stability of around 0.0021;
• the trailer/trailer angle is inversely proportional to the SRT factor since,
when the trailer model makes a horizontal curve with a small radius, the
trailer/trailer angle and the inertial force are large, then the SRT factor is
smaller.

9.3 LOAD DISTRIBUTION

Using the same trailer model described in section 9.1, at the rollover
threshold limit, the example shows a trailer with relatively low stability,
under the action of suspension, tires and the chassis, the SRT3D factor of
the model is 0.3364; additionally the trailer model takes into account the
CG displacement (as it was described in section 4.7), Fig. 100 shows a sen-
sibility analysis of the CG displacement, for the simulation of the trailer
rollover, the vertical CG displacement (d3) is fixed, and the longitudinal
(d2) and lateral (d1) CG displacement are varied.
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Figure 100 – Lateral and longitudinal CG displacement - SRT factor - d3 = 0 - B-train.

Rearranging the Eq. (8.1), the speed limit of the vehicle (V-(km/h))
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can be calculated for different radius of roadway curves (Rc-(m)), as shown
in Eq. (9.1).

V =
√

127 SRT3Dψφϕ
Rc (9.1)

From Eq. (9.1), another example for sensibility analysis of the load
distribution and the CG displacement is shown; Table 18 shows the speed
limits for a vehicle making a curve of radius Rc = 80 m, and taking into
account the SRT3Dψφϕ

factor for the three cases highlighted in Fig. 100.

Table 18 – Maximum speed of the trailer model - B-train.

Parameters SRT3Dψφϕ
factor Max. speed (km/h)

Case 1 (the best SRT factor) 0.4485 67.5
Case 2 (standard SRT factor) 0.3364 58.5
Case 3 (the worst SRT factor) 0.2528 50.7

Table 18 shows how the SRT factor and the load distribution can
influence the speed limits of the vehicles, which make them unstable in
the worst case.

Table 19 shows the influence of the CG displacement on the SRT
factor calculations.

Making the technique interpretation of the result (Table 19), the
following conclusions are obtained:
• 2 cm of lateral CG displacement (d1) corresponds to an increase or loss
of stability of around 0.01, (a reduction similar to that reported by Winkler
(2000);
• 4 cm of vertical CG displacement (d3) corresponds to an increase or loss
of stability of around 0.01;
• for the longitudinal CG displacement (d2), the overweight on the front
or the rear axle enable an increase of the SRT factor; but, the overweight
on the front axle induces the understeer of the vehicle, and the overweight
on the rear axle induces the oversteer of the vehicle.
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Table 19 – Static Rollover Threshold (SRT) of LCV with CG displacement - B-train.

Lateral CG disp. - (d1)-(m) External side of veh. in the turn Internal side of veh. in the turn
Vertical CG Long. CG 0.16 0.12 0.08 0.04 0 -0.04 -0.08 -0.12 -0.16disp. (d3)-(m) disp. (d2)-(m)

0.2 1.5 0.234 0.255 0.273 0.292 0.308 0.326 0.345 0.363 0.381
0.2 1 0.232 0.251 0.269 0.287 0.306 0.324 0.343 0.361 0.379
0.2 0.5 0.226 0.245 0.265 0.283 0.302 0.320 0.338 0.359 0.377
0.2 0 0.218 0.236 0.257 0.275 0.294 0.314 0.332 0.351 0.371
0.2 -0.5 0.230 0.251 0.269 0.287 0.306 0.326 0.345 0.363 0.381
0.2 -1 0.245 0.263 0.281 0.300 0.318 0.336 0.357 0.375 0.393
0.2 -1.5 0.257 0.275 0.294 0.312 0.330 0.349 0.367 0.385 0.404
0.1 1.5 0.255 0.273 0.294 0.312 0.330 0.351 0.369 0.387 0.406
0.1 1 0.251 0.269 0.290 0.308 0.328 0.347 0.367 0.385 0.406
0.1 0.5 0.245 0.263 0.283 0.304 0.322 0.343 0.361 0.381 0.402
0.1 0 0.234 0.255 0.275 0.294 0.314 0.334 0.355 0.373 0.393
0.1 -0.5 0.247 0.267 0.285 0.306 0.326 0.347 0.365 0.385 0.404
0.1 -1 0.259 0.279 0.298 0.318 0.338 0.357 0.377 0.396 0.416
0.1 -1.5 0.273 0.292 0.312 0.330 0.349 0.369 0.387 0.406 0.426

0 1.5 0.275 0.296 0.316 0.336 0.357 0.375 0.396 0.416 0.434
0 1 0.271 0.292 0.312 0.332 0.353 0.371 0.391 0.412 0.432
0 0.5 0.263 0.283 0.304 0.324 0.347 0.367 0.387 0.408 0.428
0 0 0.253 0.273 0.294 0.316 0.336 0.357 0.377 0.400 0.420
0 -0.5 0.265 0.285 0.306 0.326 0.347 0.367 0.389 0.410 0.430
0 -1 0.277 0.298 0.318 0.338 0.359 0.379 0.400 0.420 0.440
0 -1.5 0.290 0.310 0.328 0.349 0.369 0.389 0.410 0.428 0.449

-0.1 1.5 0.300 0.320 0.340 0.363 0.383 0.404 0.424 0.444 0.465
-0.1 1 0.294 0.314 0.336 0.357 0.377 0.400 0.420 0.440 0.463
-0.1 0.5 0.283 0.306 0.328 0.349 0.371 0.393 0.414 0.436 0.457
-0.1 0 0.273 0.294 0.316 0.338 0.361 0.383 0.404 0.426 0.449
-0.1 -0.5 0.283 0.306 0.328 0.349 0.371 0.393 0.414 0.436 0.457
-0.1 -1 0.296 0.316 0.338 0.359 0.381 0.402 0.424 0.444 0.467
-0.1 -1.5 0.308 0.328 0.349 0.371 0.391 0.412 0.432 0.455 0.475
-0.2 1.5 0.324 0.347 0.369 0.391 0.412 0.434 0.457 0.477 0.499
-0.2 1 0.318 0.340 0.363 0.385 0.408 0.430 0.451 0.473 0.495
-0.2 0.5 0.308 0.330 0.353 0.377 0.400 0.422 0.444 0.467 0.489
-0.2 0 0.294 0.318 0.340 0.365 0.387 0.412 0.434 0.457 0.479
-0.2 -0.5 0.306 0.328 0.351 0.375 0.398 0.420 0.442 0.465 0.489
-0.2 -1 0.316 0.338 0.361 0.383 0.406 0.428 0.451 0.473 0.497
-0.2 -1.5 0.326 0.349 0.371 0.393 0.416 0.438 0.461 0.481 0.504
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9.4 OVERWEIGHT

Using the same trailer model described in section 9.1, at the rollover
threshold limit, the example shows a trailer with relatively low stability,
under the action of suspension, tires and the chassis, the SRT3D factor of
the model is 0.3364.

Taking into account that the overweight on the front axle induces
the understeer of the vehicle, and the overweight on the rear axle induces
the oversteer of the vehicle. The SRT factor calculation was obtained
using 5 % and 10 % of overweight, load laterally centered, and load with
CG displacement.

Figures 101 and 102 show the influence of the overweight on the
SRT factor calculation; this overweight affects the CG height (h2) and the
trailer roll angle (θ ), 1 % of overweight corresponds to a loss of stability
of around 0.2 %.
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Figure 101 – CG height - Overweight - SRT factor - B-train.
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Figure 102 – Total roll angle (θ3D) - Overweight - SRT factor - B-train.

Figure 103 shows the influence of lateral CG displacement (d1) and
the overweight on the SRT factor calculation and the trailer roll angle: 2
cm of lateral CG displacement and 1 % of overweight corresponds to a
loss of stability of around 0.0106.
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Figure 103 – Lateral CG movement - Overweight - SRT factor - B-train.
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Figures 104 and 105 show the influence of vertical CG displace-
ment (d3) and the overweight on the SRT factor calculation and the trailer
roll angle: Fig. 104 shows that: 4 cm of vertical increase of the CG loca-
tion and 1 % of overweight corresponds to a loss of stability of around
0.0106.
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Figure 104 – Vertical CG movement - Overweight - SRT factor - B-train.

Fig. 105 shows that: 4 cm of vertical decrease of the CG location
corresponds to an increase of stability of around 0.01, and 1 % of over-
weight corresponds to a loss of stability of around 0.0006.
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Figure 105 – Vertical CG movement - Overweight - SRT factor - B-train.

9.5 STABILITY MODELS COMPARISON

Using the same trailer model described in the section 9.1, the re-
sults were compared with the models exposed in the Chapter 2.

Additionally, for the stability analysis is considered the recommen-
ded maximum lateral load transfer ratio (LLTr) for the rear axle of 0.6
(WOODROOFFE et al., 2010; WALKER; PEARSON, 1987); this value
is compared with the SRT factors used in USA (SRT = 0.23) (BAKER et
al., 2001) and New Zealand (SRT = 0.22) (NZTA, 2008).

Figure 106 shows the summary of all stages of the model, and the
influence of its characteristics in the SRT factor calculation.
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Figure 106 – Stability models comparison.

Figure 106 shows that the differences between the developed model
and the models cited are small, which indicates that the proposed model
provides consistent results.



172 Chapter 9. Case study - B-train

Figure 106 shows that the SRT factor for the developed model is
less than the ones currently used in the world, this fact would make that
the road safety greater

On the other hand, using the Eq. (9.1), an example for sensibility
analysis of the SRT factor is shown; Table 20 shows the speed limits for a
vehicle making a curve of radius R = 120 m, and taking into account the
SRT factor for the three cases highlighted in Fig. 106 and the SRT factor
for the vehicle in downhill corner with 12 % of slope angle and 0 % of
bank angle (Table 17).

Table 20 – Maximum speed of the trailer model - B-train.

Parameters SRT3Dψφϕ
factor Max. speed (km/h)

USA 0.23 59.2
New Zealand 0.22 57.9
Proposed model 0.202 55.5
Proposed model

0.172 51.2Downhill corners
Slope angle (ϕ = 12%)
Bank angle (φ = 0%)

Table 20 shows how the SRT factor can influence the speed lim-
its of the vehicles. The velocity of the proposed model (Case 3) has a
decrease of around 6.3 % with respect to the velocity in USA, and the
velocity of the proposed model (Case 4) has a decrease of around 13.5 %
with respect to the velocity in USA.

9.6 ROAD DESIGN MINIMUM RADIUS FOR LCV

According to AASHTO (2001), AASHTO (2003), DNER (1999)
and DNIT (2009): “The minimum radius is a limiting value of curvature
for a given design speed and is determined from the maximum rate of su-
perelevation (bank angle) and the maximum side friction factor selected
for design (limiting value of f ). Using a sharper curvature for that design
speed would call for superelevation beyond what is considered comfort-
able by many drivers, or both. Although based on a threshold of driver
comfort, rather than safety, the minimum radius of curvature is also an
important control value for determination of superelevation rates for flat-
ter curves. The minimum radius of curvature, Rmin (m), can be calculated
directly from the next simplified curve formula”:

Rmin =
V 2

127(0.01emax + fmax)
(9.2)
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where V is the vehicle speed (km/h), e is the rate of roadway supereleva-
tion or bank angle (percent), and fmax is the side friction (demand) factor.
Table 21 shows the recommended friction factors in relation to speed lim-
its on roads:

Table 21 – Speed limits and friction factors.

Speed limits - (V) (km/h) Friction factor (f )
30 0.17 - 0.28
40 0.17 - 0.23
50 0.16 - 0.19
60 0.15 - 0.17
70 0.14 - 0.15
80 0.14
90 0.13 - 0.14

100 0.12 - 0.13
110 0.11 - 0.12
120 0.09 - 0.11

Source: Adapted from AASHTO (2003), DNER (1999) and DNIT (2009)

However, this method is based on using the limiting values of e and
f (or as mentioned above, the minimum radius of curvature is based on the
driver comfort threshold, rather than safety); this is a problem, because,
the vehicle has two accident possibilities: slide out and rollover, as shown
in Fig. 107.

Figure 107 – Accident possibilities of LCV’s.

Then, taking into account the second possibility, and using the
SRT3Dψφϕ

factor (Eq. (8.1)) for the minimum radius calculation, the next
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equations are defined:

Rmin =
V 2

127 SRT3Dψφϕ

(9.3)

Using the same trailer model described in section 9.2, and taking
into account the theory mentioned above, Figures 108 to 114 compared
the minimum radius given by the Eq. (9.2) and the minimum radius given
by the Eq. (9.3); in these equations the bank angle and the slope angle
are varied. These figures show that for certain situations and using the
classical minimum radius given by the Eq. (9.2), the trailer is prone to
rollover. This shows that the SRT factor plays an important role in road
design and the speed limits of vehicles.
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Figure 108 – Minimum radius of curvature Rmin. Bank angle (e = 0 %) - B-train.
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Figure 109 – Minimum radius of curvature Rmin. Bank angle (e = 2 %) - B-train.
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Figure 110 – Minimum radius of curvature Rmin. Bank angle (e = 4 %) - B-train.
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Figure 111 – Minimum radius of curvature Rmin. Bank angle (e = 6 %) - B-train.
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Figure 112 – Minimum radius of curvature Rmin. Bank angle (e = 8 %) - B-train.
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Figure 113 – Minimum radius of curvature Rmin. Bank angle (e = 10 %) - B-train.
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Figure 114 – Minimum radius of curvature Rmin. Bank angle (e = 12 %) - B-train.
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Chapter 10

CONCLUSIONS

From the technique of analysis, the following conclusions are given:

• The developed technique, which used the Virtual Joint Method (VJM)
along with the theory of buckling, allows the modeling of mechan-
ical components where the linear deformation and the shear defor-
mation plays an important role for the stiffness analysis of the me-
chanism.

• The developed technique can be applied in different types of mech-
anisms and mechanical structures; the deformation model provides
consistent results and it enables a better design and selection of me-
chanical components.

Important conclusions were reached comparing the SRT factor in
two dimensional and three-dimensional models:

• When the vehicle length is considered, the SRT factor becomes
smaller, and this is a real problem. If we use the SRT2D factor as
an important feature to characterize the vehicle stability, we are ne-
glecting the longitudinal effects. Which means that the vehicle load
distribution and the LLT coefficient have important role on the cal-
culation of SRT factor of the vehicle, and not only the track (t) and
gravity center height (h).

• The theory of the four legged table described by Heyman (2008)
allowed a better understanding of vehicles stability, this theory is
possible due to different vehicle characteristics, such as suspension,
tires, fifth wheel, and chassis flexibility. This important analysis al-
lows the development of more complex models, in different types
of vehicles, allowing better rollover phenomenon representations.

• The results of this study demonstrate that the longitudinal characte-
ristics of a trailer model have an important influence on the SRT fac-
tor calculation. In the case study, when the proposed model makes
a horizontal curve the SRT3Dψφϕ

factor is approximately 38 % lower
than the reported value for a rigid vehicle. This value is very close
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to that reported by Winkler (2000) (i.e., 40 %), which suggests that
the proposed model provides consistent results.

From the technical analysis of the simulations, the following con-
clusions are given:

• The proposed model shown that the change in the lateral separation
between the springs (b) plays an important role and thus it should
be considered in the design and construction of vehicles. A greater
lateral separation between the springs will increase the vehicle sta-
bility.

• We also found that the parameters of the road, such as the bank an-
gle and the longitudinal slope angle, can affect the vehicle stability.
This situation is closer to the actual problem: when the road is not
planar, the lateral and the longitudinal load transfer play an impor-
tant role in reducing the stability. On the other hand, this provides
a very important warning, because some simplifications carried out
when estimating the SRT factor can lead to a considerably higher
stability value. This is a point of concern, leading to the perception
that our roads are safer than they really are.

• In the worst case scenario, when the vehicle is in downhill corners,
and if it is considered the recommended maximum lateral load trans-
fer ratio for the rear axle of 0.6, it can reduce the SRT factor of the
vehicle by 61.8 %

• The results demonstrate that the load distribution and the overweight
have an important role on the SRT factor calculation of LCV’s. The
case study showed that the lateral and vertical CG displacement can
reduce or increase the SRT factor.

• In the same way the longitudinal CG displacement of the vehicle
enables an increase of the SRT factor; but the overweight on the
front axle induces the understeer of the vehicle, and the overweight
on the rear axle produces the oversteer of the vehicle.

From the case study of the road design, the following conclusions
are given:

• The study showed that for certain situations and using the classi-
cal minimum radius given by the Eq. (9.2), the trailer is prone to
rollover. This shows that the SRT factor plays an important role in
road design and the speed limits of vehicles.
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• Therefore, when road design studies are made, it is important to take
into account that the vehicle has two accident possibilities: slide out
and rollover.

• The SRT factor decrease is important, as it allows to set new road
speed limits, which contributes with road safety and decreases vehi-
cle stability related to accidents, which are very high nowadays.

10.1 CONTRIBUTION OF THIS WORK

The original contributions of this work can be summarized as shown
below:

(i) Development a technique that allows the modeling of mechanical
components where the linear deformation and the shear deforma-
tion play an important influence for the stiffness analysis of the me-
chanism.

(ii) Development of a three-dimensional trailer model for the stability
analysis of LCV’s.

(iii) Inclusion of the load distribution, slope angle, trailer/trailer angle,
and the overweight on the static rollover threshold of the LCV’s.

(iv) The model proposed allows the calculation of the speed limits of
the vehicles and the minimum radius of curvature of the road; these
make an important contribution to the road safety and to the new
road design studies
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Chapter 11

RECOMMENDATIONS FOR FUTURE WORK

Based on the results obtained in this thesis, some recommendations
for further investigations in vehicle stability and road safety can be made,
especially concerning the software development. The following activities
are suggested as future research topics:

1. Vehicle assessment: In this topic the proposed model allows the
following sub topics:

a) Evaluation of stability in different vehicles.

b) Evaluation of vehicle implements, such as the suspension, tires,
chassis, among others.

c) Development of new vehicle models and anti-rollover equip-
ments.

2. Road infrastructure safety assessment: In this topic the proposed
model allows the following sub topics:

a) Evaluation of speed limit for different types of roads.

b) Evaluation of new road projects.

3. Transport logistics assessment: In this topic the proposed model
allows the following sub topics:

a) Evaluation of the load distribution and the overweight on LCV.

b) Route type evaluations.
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Appendix A

DAVIES METHOD

A.1 SCREW THEORY

Screw theory enables the representation of the instantaneous po-
sition of the mechanism in a coordinate system (successive screw dis-
placement method) and the representation of the forces and moments
(wrenches), replacing the traditional vector representation. All these fun-
damentals are presented in this section.

A.1.1 Method of successive screw displacements

The screw displacement of all points of a rigid body are represented
by a rotation (θ ) around a screw axis (s) followed by a translation (d)
along the same axis (TSAI, 1999; LEE, 2001; ROCHA et al., 2011), as
shown in Fig. 115.

d

θ

a1

b1

p1

p2

s
s0

Figure 115 – General displacement of a rigid body in space by screw representation.
Source: Adapted from Lee (2001).

After establishing these concepts, the body instantaneous position
matrix (p2) in a screw displacement is given by the Eq. (A.1):

p2 = Ap1 (A.1)
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where p1 is the reference position matrix,

p1 =

 1 0 0 s0x
0 1 0 s0y
0 0 1 s0z
0 0 0 1

 (A.2)

and the transformation matrix A is a 4×4 matrix, which includes the ro-
tation matrix whose elements are:

a11 = (s2
x−1)(1− cosθ)+1

a12 = sxsy(1− cosθ)− sz sinθ

a13 = sxsz(1− cosθ)+ sy sinθ

a21 = sysx(1− cosθ)+ sz sinθ

a22 = (s2
y−1)(1− cosθ)+1

a23 = sysz(1− cosθ)− sx sinθ

a31 = szsx(1− cosθ)− sy sinθ

a32 = szsy(1− cosθ)+ sx sinθ

a33 = (s2
z −1)(1− cosθ)+1

(A.3)

and the translation vector is given by the last column of the matrix:

a14 = dsx− s0x(a11−1)− s0ya12− s0za13

a24 = dsy− s0xa21− s0y(a22−1)− s0za23

a34 = dsz− s0xa31− s0ya32− s0z(a33−1)

(A.4)

where s =
[

sx sy sz
]T denotes a unit vector along the direction of the

screw axis, and s0 =
[

s0x s0y s0z
]T denotes the position vector of a

point lying on the screw axis. The angle of rotation (θi) and the translation
(di) are known as the screw parameters. The elements a41 = a42 = a43 = 0
and a44 = 1 complete the matrix.
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A.1.2 Wrench - forces and moments

In the static analysis, all mechanism forces and moments are repre-
sented by wrenches ($A), according to Eq. (A.5).

$A =

{
s0i×Fi

Fi

}
(A.5)

where Fi is the force applied on joint i of the mechanism, and s0i =[
s0ix s0iy s0iz

]T is the instantaneous position vector of the wrench
i, related to the inertial reference point of the mechanism. The vector s0i
is obtained from the first three terms of the last column of Eq. (A.1).

The wrench decomposition (Eq. (A.5)) provides the Eq. (A.6), in
which (si) is the wrench orientation vector i,

$A =

{
s0i× si

si

}
Fi (A.6)

for pure moment (M), the wrench has the form presented by Eq. (A.7),

$A =

{
si
0

}
M (A.7)

in a more compact form, the wrench can be represented by Eq. (A.8)

$A = $̂A.Ψ (A.8)

where $̂A is the normalized wrench (screw) and Ψ is its magnitude.

A.2 GRAPH THEORY

Kinematic chains and mechanisms are constituted by links and
joints, which can be represented in a more abstract approach by graphs,
whose vertices correspond to the links and edges correspond to the joints
and external forces(CROSSLEY, 1964; TSAI, 2001).

This methodology is explained with a four-bar mechanics; Fig. 116
illustrates the kinematic structure and the graph of a four-bar mechanism,
which contains four revolute joints “R” identified by letters a, b, c and d,
and the four links are identified by numbers 1, 2, 3 and 4.
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Figure 116 – Four-bar mechanism and the corresponding graph.

The direct coupling graph can be represented by the incidence ma-
trix [I] (DAVIES, 1995), as indicated in Eq. (A.9).

I4×4 =

 1 0 0 1
−1 1 0 0

0 −1 1 0
0 0 −1 −1

 (A.9)

The incidence matrix provides the mechanism cut-set matrix [QINT ],
Eq. (A.10), where each line represents a cut graph and the columns repre-
sent the mechanism joints (DAVIES, 1995). In addition, this matrix allows
defining three graph branches (edges a, b and c - identity matrix) and a
chord (edge d), as shown in Fig. 117(a).

1

2

3

4

(b)

1

2

3

4

a

b c

d

(a)

Rax
Ray
Ta

Rbx
Rby

Rcx
Rcy

Rdx
Rdy

Td

Figure 117 – a) - Direct coupling graph with branch and chord. b) - Direct coupling
graph expanded.

[QINT ]3×4 =

 1 0 0 1
0 1 0 1
0 0 1 1

 (A.10)

For planar mechanisms, a revolute joint “R” allows a rotation (z-
axis) and constrains two translations (Rx,Ry) (TSAI, 2001). Figure 117b
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shows the direct coupling graph expanded with the constraints of each
joint. Additionally, the external forces in the mechanism are also included:
input torque (joint a - Ta) and output torque (joint d - Td).

Equation (A.11) presents the expanded cut-set matrix [Q], where
each line represents a cut graph (Fig. 118), and the columns represent the
joint constraints and the external forces present on the mechanism.

[Q]3×10 =
Rax Ray Ta Rbx Rby Rcx Rcy Rdx Rdy Td

Cut1 d1 1 1 0 0 0 0 1 1 1e
Cut2 |0 0 0 1 1 0 0 1 1 1|
Cut3 b0 0 0 0 0 1 1 1 1 1c

(A.11)

1
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3

4
Rax
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Rbx
Rby

Rcx
Rcy

Rdx
Rdy

Td

Cut 1

Cut 2

Cut 3

Figure 118 – Cut-set graph.

A.3 KIRCHHOFF’S LAWS

The Kirchhoff’s laws for electric circuits were adapted by Davies
(1981) to be used on mechanical systems.

Adapting the Kirchhoff-Davies cut-set law, it was possible to es-
tablish the relationship between actions belonging to the same partition
or node, which contributed to the static analysis. Davies states that the
wrench algebraic sums belonging to the same partition or cut is zero,
which is the Cut-set Law.

According to Cut-set Law, the algebraic sum of the normalized
wrenches (Eq. (A.8)) belonging to the same cut (Fig. 118) or each line of
the expanded cut-set matrix [Q] (Eq. (A.11)) is zero.

The solution of the equations given by the Cut-set Law enables the
static solution of the proposed mechanism.
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Appendix B

CASE STUDY - TRUCK

In this study, a truck with an axle on front and two axles on rear
was analyzed (Fig. 119). Figure 120 and Table 22 show the parameters of
the truck used in this analysis.

Figure 119 – Truck.

Figure 120 – Parameters of the truck.
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Table 22 – Parameters of the truck model.

Parameter Value Units
Truck weight - W 255 kN
Front and rear track widths - t1,3 1.86 m
Front and rear axle widths - t2,4 1.86 m
Stiffness of the suspension per axle - kLs (HARWOOD et al., 2003) 1800 kN/m
Number of axles at the front (2 tires per axle) 1
Number of axles at the rear (4 tires per axle) 2
Vertical stiffness per tire - kT (HARWOOD et al., 2003) 840 kN/m
Initial suspension height - ls = l3,4,9,10 0.205 m
Initial dynamic rolling radius - lr = l1,2,7,8 (MICHELIN, 2013) 0.499 m
Lateral separation between the springs - b 0.95 m
CG height above the chassis - l12 1.41 m
Wheelbase of the truck - L 7.62 m
Distance from the front axle to the center of gravity - a 5.63 m
Lateral CG displacement, offset of the cargo d1 ± 0.1 m
Longitudinal and vertical CG displacement d2 - d3 0 m
Steer angle (ψ) 0 °

B.1 THREE-DIMENSIONAL STATIC ROLLOVER THRESHOLD

The SRT factor calculation was obtained using the steady state cir-
cular test (ISO-14792, 2011), the load conditions include a load laterally
centered and load with CG displacement.

The simulation model was applied using MATLAB® (2013). To
calculate the SRT factor, the inertial force was increased until the lateral
load transfer in the rear axle become complete.

At the rollover threshold limit, the normal load Fz19 reaches zero
(Eqs. (6.17) and (6.39)). Hence, applying this condition Fig. 121 shows
the decrease of the normal force in the rear inner tire (Fz19) with respect
to the increase of the inertial force (SRT factor).

The example shows the normal force on the rear inner tire with
respect to the inertial force: in the first stage, the model considers the tires
and suspension systems, SRTts factor for the model is 0.3593.

In the second stage, the truck model considers all systems and the
LLTf coefficient on the front axle is approximately 90 % of the LLTr coef-
ficient on the rear axle (as shown in Fig. 122). Applying this concept, the
SRT3D factor reduces to 0.3456.
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Figure 121 – Normal load Fz−19 - SRT factor - Truck.

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

SRT − LLT
f

SRT − LLT
r

a
y
/g

LL
T

 

 

Lateral load transfer on the front axle − LLT
f

Lateral load transfer on the rear axle − LLT
r

Figure 122 – Lateral load transfer - SRT factor - Truck.

The reduction in the SRT factor results from the combined action
of the truck systems, which allows a body roll angle of the truck of θ3D =
6.3°, as shown in Fig. 123.
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Figure 123 – Total body roll angle (θ3D) - SRT factor - Truck.

Furthermore, this model also allows the determination of the lateral
(h1) and vertical (h2) CG displacements.
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Figure 124 – Lateral movement of CG - SRT factor - Truck.
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Figure 125 – Vertical movement of CG - SRT factor - Truck.
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Appendix C

CASE STUDY - SEMI-TRAILER

In this study, the trailer of a semi-trailer with two axles on front
(truck) and three axles on rear was analyzed (Fig. 126). Figure 127 and
Table 23 show the parameters of the trailer used in this analysis.

Figure 126 – Semi-trailer.

Figure 127 – Parameters of the trailer model.
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Table 23 – Parameters of the trailer model - Semi-trailer.

Parameter Value Units
Trailer weight - W 392.13 kN
Front and rear track widths - t1,3 1.86 m
Front and rear axle widths - t2,4 1.86 m
Stiffness of the suspension per axle - kLs (HARWOOD et al., 2003) 1800 kN/m
Number of axles at the front (trailer) (4 tires per axle) 2
Number of axles at the rear (trailer) (4 tires per axle) 3
Vertical stiffness per tire - kT (HARWOOD et al., 2003) 840 kN/m
Stiffness of the fifth-wheel - k f 7500 kN/m
Initial suspension height - ls = l3,4,9,10 0.205 m
Initial dynamic rolling radius - lr = l1,2,7,8 (MICHELIN, 2013) 0.499 m
Initial height of the fifth wheel - l f 0.1 m
Lateral separation between the springs - b 0.95 m
Fifth-wheel width - b1 0.6 m
CG height above the chassis - l12 1.21 m
Distance between the fifth wheel and the front axle - l13 0.2 m
Wheelbase of the trailer - L 8.7 m
Distance from the front axle to the center of gravity - a 5.55 m
Lateral CG displacement, offset of the cargo d1 ± 0.1 m
Longitudinal and vertical CG displacement d2 - d3 0 m
Trailer/trailer angle (ψ) 0 °

C.1 THREE-DIMENSIONAL STATIC ROLLOVER THRESHOLD

The SRT factor calculation was obtained using the steady state cir-
cular test (ISO-14792, 2011), the load conditions include a load laterally
centered and load with CG displacement.

The simulation model was applied using MATLAB® (2013). To
calculate the SRT factor, the inertial force was increased until the lateral
load transfer in the rear axle become complete.

At the rollover threshold limit, the normal load Fz19 reaches zero
(Eqs. (6.17) and (6.39)). Hence, applying this condition Fig. 128 shows
the decrease of the normal force in the rear inner tire (Fz19) with respect
to the increase of the inertial force (SRT factor).

The example shows the normal force on the rear inner tire with
respect to the inertial force: in the first stage, the model considers the tires
and suspension systems, SRTts factor for the model is 0.4179.

Finally, in the second stage, the trailer model considers all systems
and the LLTf coefficient on the front axle is approximately 70 % of the
LLTr coefficient on the rear axle. Applying this concept, the SRT3D factor
reduces to 0.3629.
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Figure 128 – Normal load Fz−19 - SRT factor - Semi-trailer.

The reduction in the SRT factor results from the combined action
of the trailer systems, which allows a body roll angle of the trailer of
θ3D = 5.480, as shown in Fig. 129.
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Figure 129 – Total body roll angle of the trailer (θ3D) - SRT factor - Semi-trailer..
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Furthermore, this model also allows the determination of the lateral
(Fig. 130) and vertical (Fig. 131) CG displacements.
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Figure 130 – Lateral movement of CG - Semi-trailer.
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Figure 131 – Vertical movement of CG - SRT factor - Semi-trailer.
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