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RESUMO

Este trabalho apresenta um modelo analítico do campo de distribuição de temperatura da
ferramenta para o processo de corte com uma nova consideração de limite geométrico em
relação aos modelos atuais presentes na literatura. A maior parte da energia mecânica durante
o corte de metais é convertida em energia térmica. Dessa forma, muitos problemas, tais como
distribuição de tensão térmica, queima da superfície e desgaste da ferramenta podem ser causados
pelo calor excessivo gerado durante o processo de corte. Além disso, em processos de usinagem
de corte intermitentes, as ferramentas são submetidas a um aquecimento cíclico, e podem falhar
devido a mecanismos de fadiga térmica. Uma análise precisa da temperatura de corte é uma base
possível para prever e entender melhor os principais problemas do corte de metal. A modelagem
dos processos de corte permite melhorar a produtividade dos processos e a economia de custos,
otimizando as condições de corte e evitando ou reduzindo a necessidade de realizar testes
experimentais onerosos. Dessa forma, o principal objetivo deste trabalho de conclusão de curso
é contribuir para a pesquisa de modelagem para o processo de corte, desenvolvendo um modelo
analítico com a função de Green para condições de contorno finitas e tridimensionais, a fim
de prever os campos de temperatura variáveis no tempo da ferramenta. Com essa finalidade, o
modelo analítico será comparado com modelos térmicos presentes no estado da arte da tecnologia
de corte para o estado estacionário e o estado transiente. Além disso, experimentos ortogonais de
corte foram conduzidos para validar o modelo desenvolvido, em que apresentaram menos de 6%
de erro relativo para a ponta da ferrmenta. Após boa concordância dos resultados, foi possível
aplicar este modelo a um processo de corte de fresamento.

Palavras-chave: Solução térmica analítica. Função de Green. Condições de contorno finitas.
Corte ortogonal. Fresamento.



ABSTRACT

This work presents an analytical model of the tool temperature distribution field for the cutting
process with a new geometrical boundary assumption regarding the current models in the
literature. Most of the mechanical energy during metal cutting is converted into thermal energy.
Besides, many serious problems such as thermal stress distribution, surface burning, work
hardening and tool wear can be induced by the excessive cutting heat generated during the
cutting process. Furthermore, in interrupted processes tools are subjected to cyclic heating, and
may fail by thermal fatigue mechanisms. An accurate analysis of the cutting temperature is a
possible basis for predicting and better understanding the main metal cutting issues. Modeling of
cutting processes allows the productivity of cutting processes and costs savings to be improved
by optimizing cutting conditions and by avoiding or reducing the need to perform costly and
laborious experimental tests. Thus, the main objective of this bachelor thesis is to contribute to
the research of modeling for the cutting process, developing an analytical model with finite three-
dimensional Green’s Function in order to predict time-variant temperature fields in the tool. For
this purpose, this analytical model will be compared to previous thermal models in the cutting
technology’s state of the art for the stationary and the transient state. Moreover, orthogonal
cutting experiments were conducted to validate the model developed, which presented less than
6% of relative error for the edge of the tool. Finally, after good accordance of the results, it was
possible to accomplish a step forward to apply this model to a milling process.

Keywords: Analytical thermal solution. Green’s function. Finite boundaries assumption.
Orthogonal cutting. Milling.
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1 INTRODUCTION

During a cutting process, the mechanical energy from the plastic deformation developed
at the primary shear plane and the chip–tool interface is converted into heat. Studies have shown
that the chip and the environment dissipate a great deal of this heat while the reminiscent is
conducted into the workpiece and the cutting tool. However, this small quantity of heat conducted
into the tool is enough to create high temperatures near the cutting edges, which in the same
cases can reach the level of 1100 ◦C (ONYECHI; OLUWADARE; OBUKA, 2013). As a result,
various serious problems such as thermal stress distribution, surface burning, work hardening,
and tool wear can be caused by the excessive cutting heat generated during the cutting process.
Furthermore, the cutting heat has a potential to affect the fatigue life and machining distortion of
thin-walled titanium alloy parts, especially those used in the aerospace field (CHENWEI et al.,
2019).

The combined effect of the thermal and mechanical loads directly affects the stress field
during the cutting process. In addition, residual stresses affect the surface integrity (MAGDA,
2008). In the literature, the term “surface integrity” was suggested to indicate the surface
characteristics that influence the part functionality, such as surface roughness, residual stresses
and microstructure (CAPELLO, 2005). According to a Boeing report from 2001, the total cost
of rework and scrap due to residual stress-related machining distortion for four different aircraft
types was $290 million (LANDWEHR, 2021). As Ma et al. (2016) presented, cutting forces and
cutting temperature might be useful in predicting the machining-induced residual stress.

Furthermore, the tool temperature is an important parameter needed to determine tool
life and wear (RADULESCU; KAPOOR, 1994). Diffusion between tool and workpiece at
the tool-chip interface is one of the primary causes of wear mechanisms that is dependent on
temperature (ISLAM, 2018). Consequently, accurate analysis and measurement of the cutting
temperature is a possible basis for predicting the residual stress and the other consequences in
machining (CHENWEI et al., 2019). For this purpose, techniques like numerical simulation,
analytical and experimental methods have been used for the prediction of cutting temperatures
(BHIRUD; GAWANDE, 2017).

Modeling cutting processes is an essential tool for virtual manufacturing because it
allows the productivity of cutting processes and cost savings to be improved by optimizing cutting
conditions and avoiding or reducing the need to perform costly and laborious experimental tests.
In recent years, there has been significant progress in the development of models to predict cutting
forces, machining vibrations and thermal damage. Cutting temperatures are one of the limiting
factors in cutting processes due to their impact on the thermal damage of machined workpieces,
the generation of tensile residual stresses, tool wear etc. Thus, modeling and prediction of
cutting temperatures have become of great interest since it allows for a better understanding of
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main metal cutting issues (VEIGA et al., 2021). Compared with numerical simulation methods,
analytical models have the advantage of being able to provide a clear description of the cutting
mechanism (CHENWEI et al., 2019).

Cutting is a manufacturing process with strongly interconnected thermal and mechanical
physics, which are until today a challenge to understand. Whereas modeling the temperature can
predict thermal issues during the cutting process and save costs. With this motivation, in this
bachelor thesis, it is presented an analytical model of the temperature distribution in the tool for
the orthogonal cutting process. A comparative study of analytical thermal models, which are
present in the literature, to predict the orthogonal cutting temperature is conducted to analyze
the model developed in this work. Moreover, orthogonal experimental tests were realized to
validate the new analytical model’s results. After its validation, the last procedure was to apply
the methodology to the milling process, aiming to show its usability for the industry.

This bachelor thesis is organized as follows: the theoretical fundamentals of the cutting
process and the existing thermal models are reviewed in Chapter 2. The methodology of the
analytical models and the experiments are presented in Chapter 3. The results are discussed in
Chapter 4, followed by the conclusion and outlook in Chapter 5.

1.1 GENERAL OBJECTIVE

The main objective of this work is to develop a new analytical model of the tool
temperature distribution based on Green’s Function with a finite boundary assumption for the
orthogonal cutting process.

1.2 SPECIFIC OBJECTIVES

The specific objectives are:

• Implementing the analytical models from the previous cutting technology’s literature to
calculate the tool temperature in the cutting processes for the transient and steady-state;

• Defining a new geometrical boundary assumption for the tool and demonstrate the
equations to be used to describe a new analytical model to calculate the tool temperature
in orthogonal cutting for transient state;

• Presenting a comparative study of the analytical thermal models to predict the orthogonal
cutting temperature;

• Validating the analytical model developed in this bachelor thesis with orthogonal cutting
experiments in order to attest its reliability and accuracy;

• Applying the methodology of the analytical model’s temperature field in the cutting tool
to the milling process.
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2 STATE OF THE ART

For the purpose of understanding the contents discussed in this work, some essential
foundations are presented. Firstly, it is given an introduction of the machining mechanism and in
the sequence is explained the mechanics of the orthogonal cutting and milling process. Further,
a review of the analytical models for steady-state and transient temperatures in the literature
and the main aspects of its theory is introduced. Hence, two Sections will be presented: one for
orthogonal cutting, based on Jeager’s Solution; and another for interrupted cutting, based on
Green’s Function. Concluding, methods for measuring the temperatures in cutting processes are
provided.

2.1 CUTTING PROCESS

Machining is an essential manufacturing operation in the industry. The purpose of a
machining process is to generate a surface with a specified shape and acceptable surface finish
and prevent tool wear and thermal damage that leads to geometric inaccuracy of the finished part
(ONYECHI; OLUWADARE; OBUKA, 2013).

Besides, DIN (2003) classifies machining as all process variants of the main group
“Cutting”, in which form is altered by means of reducing material cohesion. This deformation is
achieved through a relative motion between the tool and the workpiece that generates energy
transfer. In addition, Klocke e Kuchle (2011a) defines the term “machining” in the sense of
cutting with geometrically defined cutting edges. All processes in the group of geometrically
defined cutting edges have in common that it is used a tool, which the cutting edge number,
geometry, and position to the workpiece are determined.

The cutting part is the active part of the tool where the cutting wedges are located with
the cutting edges. The idealized cutting wedge is comprised of two faces: A rake face and a flank
face, which cut in a line, cutting edge S. The angle between these two faces is designated as the
wedge angle β. Figure 1 shows an idealized cutting wedge. Up to this point, the concepts have
been explained using a simple cutting wedge formed by two faces. Generally, more complex
tools are used, composed of several cutting wedges, in the simplest case of one major cutting
wedge and one minor cutting face as shown in Figure 2 (KLOCKE; KUCHLE, 2011a).

All the basic process variants of cutting can all be subdivided into two categories:

a) Uninterrupted cut;
b) Interrupted cut.

The interrupted cut is the general variant among them, in which the cut takes place only
intermittently. In the case of the uninterrupted cut, temporal interruption is infinitely small, i.e.,
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Figure 1 – Description of the cutting wedge in the cutting process.

Source: (KLOCKE; KUCHLE, 2011a).

Figure 2 – Cutting edges and faces of the wedge in the cutting process.

Source: (KLOCKE; KUCHLE, 2011a).

the cut is continuous (KLOCKE; KUCHLE, 2011a).
Despite a large number of cutting process variants, they can be further extended by

three main categories (KLOCKE; KUCHLE, 2011a):

a) free, orthogonal cuts (Figure 3);
b) free, diagonal cuts (Figure 3);
c) bound, diagonal cuts.
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Figure 3 – (a) Free, orthogonal and (b) free, diagonal cut.

Source: (KLOCKE; KUCHLE, 2011a).

2.1.1 Orthogonal Cutting

In this work, it will be studied the free, orthogonal cut case, which can be brought about
by the following marginal conditions (KLOCKE; KUCHLE, 2011a):

a) Only the major cutting edge is being engaged (free);
b) The tool cutting edge angle kr is 90◦ (orthogonal);
c) Tool cutting edge inclination γs is equal to 0◦ (orthogonal).

Therefore, orthogonal cutting occurs when the cutting tool is perpendicular to the
direction of tool motion. Moreover, the direction of chip flow is perpendicular to the direction of
movement of the cutting edge. The chip formation takes place by the process of intense plastic
shearing in a region known as the primary shear zone extending from the tip of the cutting tool
to the free surface, as indicated in Figure 4. The chip has a freshly created and thus clean surface,
and as it flows up the rake face of the tool, it is subject to a very high normal stress. Under
these conditions, strong adhesion may occur between chip and tool, giving rise to additional
shear in the chip region adjacent to the tool surface known as the secondary shear zone (LIEW;
HUTCHINGS; WILLIAMS, 1998).

Orthogonal cutting is a cutting process in which the straight edge of a wedge-shaped
cutting tool is moved relative to a workpiece with a cutting speed Vc perpendicular to the cutting
edge (Figure 5a). Two angles define the tool geometry: rake angle γ and flank angle αF , as
shown in Figure 5b. This figure shows a cross-section of the workpiece, chip and tool through
the median plane (Figure 5a) (VEIGA et al., 2021).

In orthogonal cutting, the cutting edge is positioned at a depth below the workpiece
surface to remove a layer of the workpiece. The depth of cut corresponds to the uncut chip
thickness h . The simplest cutting model assumes that the chip is formed along a plane named
the shear plane or primary deformation zone, with shear length Ls (Figure 5b). The shear plane
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Figure 4 – Geometry of the orthogonal cutting: Primary and secondary shear zone.

Source: adapted from (LIEW; HUTCHINGS; WILLIAMS, 1998).

forms an angle ϕ with the direction of cutting speed Vc , while the shear deformation of the
material layer at the shear plane forms a chip with a larger deformed chip thickness tch. The chip
then slides over the tool rake face along a distance named Lf (VEIGA et al., 2021).

Figure 5 – (a) Geometry of orthogonal cutting process. (b) Cross-section by the median plane.

Source: (VEIGA et al., 2021).

Merchant (1945) in the early 1940s developed a model of the metal cutting process that
culminated in the development of what is popularly known as a Merchant Circle or a condensed
force diagram. This diagram shows the relationships between various force components, velocity
components, and angle relationships (KOMANDURI, 1993), as shown in Figure 6 at the upper
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right side and in Figure 8.
In addition to cutting speed Vc, which was already presented before, two other velocities

are involved in the cutting process: shear velocity Vs (Equation 1) and chip velocity Vch

(Equation 2) (MERCHANT, 1944). These velocities can be analyzed in Figure 6.

Vs = Vc
cos(γ)

cos(ϕ− γ)
(1)

Vch = Vc
sin(γ)

cos(ϕ− γ)
(2)

Figure 6 – Cutting speeds and forces and at the orthogonal cutting.

Source: (VEIGA et al., 2021).

For the analysis of the system’s mechanics, a physically consistent picture of the nature
of the force system associated with the cutting process is essential. A simple approach to
the obtaining of such a picture is to treat the chip as a “separate” body in stable mechanical
equilibrium under the action of two equal, opposite resultant forces — the force which the tool
exerts on the back surface of the chip and the force which the workpiece exerts on the base of
the chip (shear plane). The resulting force system for the case of orthogonal cutting is shown
in Figure 7, in which R and R′ represent the two equal, opposite forces that hold the chip in
equilibrium. The force R′ which the tool exerts on the chip may be resolved along the tool face
into a component Ff , the friction force, which is responsible for the work expended in friction as
the chip slides over the tool face and into a component Fn, the normal force, perpendicular to Ff

(MERCHANT, 1945).
Figure 8 illustrates these forces involved in orthogonal machining by a Merchant Circle.

Besides, the total cutting force R can be resolved into components Fc (cutting force) and Ft

(thrust force), which are in directions respectively parallel and normal to the cutting direction. R
may also be resolved into the components Ff (friction force) and Fn (normal force) parallel and
normal to the tool rake face (LIEW; HUTCHINGS; WILLIAMS, 1998).

Thus, applying the force balance principle to the chip, the resulting forces R and R′

must be equal in magnitude and direction, but in the opposite direction. Aiming to obtain the
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forces Fs, Ns, Ff and Fn, two force components that can be measured in orthogonal cutting tests
as follows:

a) A cutting force component Fc in the direction of cutting speed Vc;
b) And a thrust force component Ft, or named as feed force, perpendicular to the cutting

force Fc.

These two force components Fc and Ft can be measured in the orthogonal cutting using
a dynamometer. As well as the passive force Fp are usually detected metrologically with the help
of piezoelectric force sensors (KLOCKE; KUCHLE, 2011a).

Figure 7 – Force system holds chip in stable mechanical equilibrium in the orthogonal cutting.

Source: adapted from (MERCHANT, 1945).

Figure 8 – Merchant circle to determine various forces acting in the cutting edge.

Source: adapted from (LIEW; HUTCHINGS; WILLIAMS, 1998).

Taking into account the force circle diagram (Merchant circle diagram) shown in
Figure 8 and also in Figure 6, shear force Fs and normal force Ns can be expressed as a function
of cutting force Fc, thrust force Ft and shear angle ϕ (MERCHANT, 1944):
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Fs = Fc · cos(ϕ)− Ft · sin(ϕ) (3)

Ns = Fc · sin(ϕ) + Ft · cos(ϕ) (4)

Similarly, friction force Ff and normal force Fn can be expressed as a function of forces
Fc and Ft and tool rake angle γ (MERCHANT, 1944):

Ff = Fc · sin(γ) + Ft · cos(γ) (5)

Fn = Fc · cos(γ)− Ft · sin(γ) (6)

The heat generation sources can be then estimated using these speeds (Vs and Vs,
Equation 1 and Equation 2) and the cutting forces (Fs and Ff , Equation 3 and Equation 5)
generated during the orthogonal cutting process (VEIGA et al., 2021). Research has shown that
at least 99% of the input energy is converted into heat by deformation of the chip and by the
friction of the chip and workpiece on the tool (ONYECHI; OLUWADARE; OBUKA, 2013).
The interface at which the chip slides over the tool is normally the hottest region during cutting.
The actual temperature is strongly affected by workpiece material, cutting speed, feed, depth of
cut, tool geometry, coolant, and many other variables. (ONYECHI; OLUWADARE; OBUKA,
2013)

The illustration in Figure 9 left gives information about the heat that is
absorbed/dissipated by the workpiece, chip and tool. Most of the heat is dissipated by the
chip. Most of the mechanical energy (in this case 75% and generally more than 50%) is converted
in the shear zone. The heat arising in the individual development locations is dissipated by
thermal conduction, radiation and convection to the environment. As a result of this heat
balance, corresponding temperature fields form in the workpiece and tool that change until
equilibrium between added and removed heat is achieved. The right side of the figure shows
such a temperature field (KLOCKE; KUCHLE, 2011a).

Thus, the most crucial part of the work generated during the cutting process is converted
into heat (ONYECHI; OLUWADARE; OBUKA, 2013). It is well known that two principal
heat sources cause a temperature rise in metal cutting — the shear plane (or the shear zone)
heat source at the primary shear plane and the frictional heat source at the tool-chip interface
(KOMANDURI; HOU, 2001a). Based on this previous modeling of the orthogonal cutting
process, the heat sources that emerge in the primary shear zone and the secondary deformation
zone can be evaluated. For a sharp cutting tool without flank wear, the heat sources are (VEIGA
et al., 2021):
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Figure 9 – Distribution of heat and temperature in workpiece, chip, and tool in the process of
steel cutting.

Source: (KLOCKE; KUCHLE, 2011a)

a) The primary heat source, due to plastic deformation in the shear plane: This source affects
the temperatures of workpiece and chip and is modeled as an oblique moving heat source
with heat flux qs .The heat flux qs generated on the shear plane can be expressed as a
function of shear force Fs , shear speed Vs and shear plane area (Ls · w), where Ls is the
length of the shear plane and w is the width of cut (Figure 5):

qs =
Fs · Vs

Ls · w
(7)

b) The secondary heat source, due to friction at the tool-chip interface: This heat source,
acting on the tool-chip interface, is assumed to be rectangular with dimensions Lf · w,
where Lf is the contact length between chip and tool on the rake face. This heat source is
modeled as a stationary heat source for the tool and as a moving heat source for the chip.
The heat flux qf generated in the tool-chip interface due to friction can be expressed as a
function of friction force Ff , chip speed Vch and secondary heat source area Lf · w:

qf =
Ff · Vch

Lf · w
(8)

Using Blok’s approach of heat partition (BLOK, 1937), it is considered only a fraction
of the total heat generated by the frictional heat source, B · q to flow into the chip and the
remaining portion, (1−B)q to flow into the tool. Whereas heat intensity at the primary shear
zone due to shearing can be modeled uniformly. However, Chao (1953) assumed uniform heat
intensity with a non-uniform heat partition ratio at the tool-chip interface, i.e., the heat intensity
acting on the chip along the tool-chip interface can be expressed as B(x)qf (x), and that acting
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on the tool is [1 − B(x)]qf(x). Komanduri e Hou (2001a) extended the functional analysis
based on the work of Chao (1953). Thus, the secondary heat source cannot be assumed as
uniform because of plastic and elastic zones along contact length. Huang e Liang (2003) used the
nonuniform heat intensity along the tool-chip interface in their model (KARPAT; ÖZEL, 2006a).

2.1.2 Milling Process

Milling is a machining production method with a circular cutting movement of a usually
multi-tooth tool for producing flat and curved surfaces (KLOCKE; KUCHLE, 2011c);(SHAW;
COOKSON, 2005). The direction of the cut is perpendicular or sometimes transverse to the
tool’s axis of rotation. (KLOCKE; KUCHLE, 2011c). Also, milling is a process of removing
the excess material from the workpiece in the form of small individual chips. These chips are
formed by the intermittent engagement with the workpiece of a plurality of cutting edges or teeth
integral with or inserted in a cylindrical body known as the milling cutter (MARTELLOTTI,
1941).

The principal differences between milling and other machining processes are
(COMMITTEE et al., 1989):

a) The interruptions in cutting that occurs as the teeth of the milling cutter alternately engage
and leave the workpiece;

b) The relatively small size of the chips in milling force;
c) The variation in thickness within each chip;

There are three basic types of milling cutters: plane, face and end milling. In the
plane milling (Figure 10a), the cutting edge may be parallel to or inclined to the axis of
the cutter. While for the face milling (Figure 10b), the axis of the cutter is perpendicular
to the finished surface. An end mill closely resembles a face mill but is a very much smaller cutter.

Figure 10 – Principal types of milling cutters: (a) Plane. (b) Face.

Source: (SHAW; COOKSON, 2005).
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If the workpiece surface is produced by the front face of the tool with the minor cutting
edge, it is called face milling (Figure 10b and Figure 11). Analogously, milling processes in
which the surface is manufactured by the cutting edges on the milling cutter periphery are called
peripheral milling Figure 12 (KLOCKE; KUCHLE, 2011c).

Figure 11 – Kinematics of Face Milling.

Source: (KLOCKE; KUCHLE, 2011c).
Figure 12 – Kinematics of Peripheral Milling.

Source: (KLOCKE; KUCHLE, 2011c).

The process can also be distinguished by further implications regarding chip formation
and affiliated non-steady-state cyclic conditions of the forces, heat sources, and thus temperatures.
Subsequently, the fluctuating heat sources and generated temperature fields lead to cyclic thermal
loads of the tool and workpiece with effects on tool wear, surface integrity, and machinability in
general (AUGSPURGER et al., 2020; KLOCKE; KUCHLE, 2011c).

Following the kinematics representation in Figure 13 and according to (KLOCKE;
KUCHLE, 2011a) for peripheral milling, the active force on the edge Fa is split in the normal
cutting force Fcn and in the cutting force Fc. Those can be obtained from the cutting force
components Fx,y regarding the engagement angle Φ by (AUGSPURGER et al., 2020).
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Figure 13 – Kinematics of the Peripheral Milling Process.

Source: (AUGSPURGER, 2018).

[
Fc

Fcn

]
=

[
sin(Φ) −cos(Φ) 0

cos(Φ) sin(Φ) 0

]
·

[
Fx

Fy

]
(9)

2.2 ANALYTICAL MODELS FOR TEMPERATURES IN THE CUTTING PROCESS

As presented before in the Introduction of this work, cutting is a manufacturing process
with strongly interconnected thermal and mechanical physics, which are until today a challenge to
understand. An accurate analysis of the cutting temperature is a basis for metal cutting issues such
as surface integrity, tool life and thermal distortions of machined parts. In literature, analytical
and numerical modeling have been presented. Due to limited computational capacity years ago,
the first models for temperatures in cutting were analytical.

The following sections will discuss analytical models for predicting temperature in the
cutting process. In this Section, it will be presented the theories for temperature in orthogonal
cutting. The state of the art regarding analytical models for steady-state temperature in orthogonal
cutting is the basis for transient temperature fields in the milling process, i.e., in the interrupted
cutting. Thus, the literature is divided into two parts: one regarding steady-state temperature
in orthogonal cutting, based on Jeager Solution, and another regarding application to transient
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temperature in orthogonal cutting, based on Green’s Function. The theoretical fundamentals for
the methodology of this work will be discussed in detail: Jaeger solution and Green’s Function.

2.2.1 Analytical Steady-State Thermal Models in the Orthogonal Cutting Process

Pioneering work on the analytical modeling of temperatures in the cutting process
was conducted by Blok (1937), Jaeger (1942) and Jaeger e Carslaw (1959). The moving heat
source method has been widely used by many researchers to study the cutting temperature. This
method was proposed by Jaeger (1942), in which analytical modeling of moving heat sources in
semi-infinite and infinite solids is taken into consideration. Jeager’s work introduced into the
study of cutting temperature by Rosenthal (1946) and has been carried out since 1950 in order to
predict temperatures at the shear plane (HAHN, 1951; LEONE, 1953), at the tool-chip interface
(TRIGGER; CHAO, 1955) and in the cutting tool (LOEWEN, 1954).

Therefore, many of the first analytical models of the cutting process are based on the
so-called Jaeger’s solution for moving heat sources, which gives a solution of the prevailing
differential equations for the steady-state temperature field caused by a moving heat source on a
semi-infinite solid. This approach can be used with the aim of calculating temperature fields as
the result of the shear plane or rake face heat source in mathematically linked sub-regions of
the cutting zone like the tool, the workpiece and the chip region considering adequate boundary
conditions, e.g., adiabatic.

The principle of the heat source method is the superposition of the temperature fields for
individual heat sources. The basis of the heat source method is the solution for the instantaneous
point heat source, Equation 10 (RICHARDSON; KEAVEY; DAILAMI, 2006):

θM =
Qptα

8k(παt)3/2
e−R2/4αt (10)

Where Qpt is the heat flux at a point (W ), α is the thermal diffusivity (m2/s), θM is
the temperature rise at point M(◦C). This is then integrated along the length of the heat source
in the feed direction, x, from −li to +li to provide the solution for a moving band heat source
in an infinite solid and multiplied by two in a semi-infinite solid (RICHARDSON; KEAVEY;
DAILAMI, 2006; AUGSPURGER, 2018), Equation 11:

TM =
q̇′′

πk

∫ +li

−li

e−
v(X−x)

2α ·K0 ·
[
(v)

2α
·
√

(X − x)2 + Z2

]
dx (11)

The variable K0 represents the BESSEL function of the second kind, order zero, v the
velocity of the moving heat source, x the coordinate parallel to the workpiece’s surface, α the
temperature diffusivity, k the heat conductivity and X respectively Z the coordinates of the
points the temperature TM is calculated.
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The modified Bessel function of the second kind is the function Kn(x) which is one of
the solutions to the modified Bessel differential equation. This modified Bessel function of the
second kind is sometimes called as the Bessel function, modified Bessel function of the third
kind, or Macdonald function.

Thereby, this Equation 11 is Jaeger’s classical solution for a moving band heat
source in an infinite solid, which can be applied for the workpiece. However, for other
applications, a stationary rectangular heat source on a semi-infinite solid can be calculated by
Ust(x, y, z; a, b, λ0), the increment of the temperature at a point M(x, y, z) of a semi-infinite
solid due to a stationary rectangular heat source with dimensions (2a) · (2b) and acting on the
solid surface (Figure 14), which can be expressed as Equation 12:

Figure 14 – Stationary rectangular heat source on a semi-infinite solid.

Source: (VEIGA et al., 2021).

Ust(x, y, z; a, b, λ0) =
1

2πλ0

∫ a

−a

∫ b

−b

1√
(x− x′2) + (y − y′2) + z2

dx′dy′ (12)

Where λ0 is the thermal conductivity of the solid. In the 2000s, Komanduri and Hou
proposed an analytical model that predicts the temperature distribution near the shear zone, both
in the chip and the workpiece, incorporating a modification to this Jaeger’s stationary rectangular
heat source solution considering the effect of additional boundary, that is, appropriate image
sources (KOMANDURI; HOU, 2000; KOMANDURI; HOU, 2001a; KOMANDURI; HOU,
2001b). An image heat source is a mirror image of the heat source regarding the boundary surface
with the same heat liberation intensity. Komanduri and Hou used non-uniform heat partition
distribution between tool and chip to account appropriate boundaries using the functional analysis
approach, originally proposed by (TRIGGER, 1951).

As already mentioned in Section 2.1.1, Huang e Liang (2005) investigated a model
that considered nonuniform heat intensity along the tool-chip interface. Also, they developed a
model for predicting temperature along the tool-workpiece interface of a worn tool (HUANG;
LIANG, 2003). Chou e Song (2005) used an analytical approach to develop a thermal model for
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temperature predictions in finish hard turning, in particular, the machined-surface temperature
that can be used for part thermal damage evaluation, and validated their models based on white
layers generated on the workpiece surface. Karpat and Özel presented a model for cutting and
ploughing forces and temperatures that included the effect of flank wear (KARPAT; ÖZEL, 2006a;
KARPAT; ÖZEL, 2006b), subsequently developed a thermal model to predict the temperature in
chamfered tools (KARPAT; ÖZEL, 2008).

Also based on Komanduri e Hou (2001b)’s thermal model, M’Saoubi e Chandrasekaran
(2011) analyzed tool temperature distribution by taking a non-uniform heat produced along
with the tool-chip interface into consideration and investigated the effect of workpiece material
treatment on tool temperature.

Later, Deppermann e Kneer (2015) measured the temperatures of the workpiece during
an orthogonal turning process of carbon steel (AISI 1045). An analogous thermal model was
used to solve the ill-posed inverse heat conduction problem by the sequential estimation method,
introduced by (BECK; BLACKWELL; JR, 1985). Still in 2015, Gierlings adapted and validated
Komanduri e Hou (2001b)’s analytical temperature model to the broaching process on super alloy
Inconel 718 intending to confirm the connection between cutting zone temperatures and thermal
induced surface integrity defects. Furthermore, the model was extended by a tool-workpiece
contact heat source, considering the different tool wear states until the end of the tool lifetime.
Finally, he used the adapted model for a process monitoring solution (GIERLINGS, 2015).

Hu et al. developed an analytical thermo-mechanical model of orthogonal cutting using
tools with a negative rake face and chamfered tools (HU et al., 2019a; HU et al., 2020). Based
on slip-line field theory, material plasticity, and ploughing theory, the modeling allows for the
estimation of slip-line field geometry, cutting forces, and cutting temperature distribution. Then,
Hu et al. (2019b) developed a modified heat partition model to estimate the heat partition ratio
on the tool-chip interface based on the expressions for non-uniform heat partition ratio defined
by Komanduri e Hou (2001a). Besides, in Zhao e Liu (2019), the transient partition ratio at the
tool-chip interface of coated tools in continuous and interrupted cutting was modeled considering
the coating thickness and thermal properties in the modeling.

In Chenwei et al. (2019), an improved analytical model based on the moving heat source
method is developed for predicting the distribution of the cutting temperature in orthogonal
cutting of titanium alloy Ti6Al4V. Also in 2019, Mirkoohi, Bocchini e Liang (2019) developed
an iterative nonlinear regression model to predict the cutting conditions for a required cutting
temperature. In Ning e Liang (2019a), the analytical thermal models proposed in the literature
by Oxley (1989) — which is a monograph that presents a very thorough continuum mechanics
approach to steady-state metal cutting where the chips produced are in the form of continuous
ribbons — Komanduri e Hou (2001b), Ning e Liang (2018) and Ning e Liang (2019b) were
compared in terms of prediction accuracy, computational efficiency and experimental complexity.

Wang et al. (2020) has recently used analytical modeling to predict the steady
temperature generated in cryogenic machining. The model considers the heat losses due to
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cryogenic cooling employing a convective heat transfer coefficient in the rake and flank faces
of the tool. The influences of some important factors, including the shear deformation at the
primary zone, the friction at the tool-chip interface, and the heat losses at both rake and flank
faces of the tool caused by liquid nitrogen jetting, were all considered in the thermal model.

For last, Veiga et al. (2021) presented a new methodology that considers the
temperature-dependent thermal conductivity of materials for estimating the heat partition ratio
along with the secondary heat source, which is assumed to be non-uniform.

2.2.2 Analytical Transient Thermal Models in Interrupted Cutting

It has long been realized that thermal conditions in interrupted cutting processes such as
milling differ from those in continuous processes such as turning. In interrupted processes tools
are subjected to cyclic heating and cooling as they pass in and out of the workpiece, and may fail
by thermal fatigue mechanisms not encountered in the continuous case (STEPHENSON; ALI,
1992). Recently, analytical models for temperature prediction in other cutting processes such as
milling have also been developed in literature (VEIGA et al., 2021). Already Jaeger e Carslaw
(1959) suggested the possibility to use Green’s functions in order to solve inhomogeneous,
transient heat conduction problems for the application in one-, two- and three-dimensional space
with heat generation.

Green’s functions are named after the British mathematician George Green, who first
developed the concept in the 1820s (CANNELL, 1999). Under the many-body theory, the
term is also used in physics, specifically in quantum field theory, aerodynamics, aeroacoustics,
electrodynamics, seismology and statistical field theory, to refer to various types of correlation
functions (BONCH-BRUEVICH; TYABLIKOV, 1962). Furthermore, Green’s Functions (GFs)
have been used in the solution of heat conduction for many decades, for example in the classic
books by Morse e Feshbach (1954) and Jaeger e Carslaw (1959). Also, Ozisik (1993) presented
a fine derivation of the GF solution equation. Cole et al. (2010) provided a book containing
the following components: a careful derivation of the GF solution equation; a systematic and
practical approach to the solution of diffusive-type problems; and, an extensive compilation of
GFs.

One advantage of GFs is that they are flexible and powerful. The same GF for a given
geometry and a given set of homogeneous boundary conditions is a building block for the
temperature distribution resulting from (a) space-variable initial temperature distribution, (b)
time- and space-variable boundary conditions, and (c) time- and space-variable volume energy
generation (COLE et al., 2010).

The Green’s function G(r, t | r′, τ) represents the temperature at the location r, at time
t, due to an instantaneous point source of unit strength, located at the point r′, releasing its
energy spontaneously at time t = τ . Based on this definition, the physical significance of Green’s
function may be interpreted as follows (AUGSPURGER, 2018):
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G(r, t | r′, τ) = G(effect | impulse) (13)

The first part of the argument, “r, t”, represents the “effect”, the temperature in the
medium at the location r at time t, while the second part, “r′, τ”, represents the impulse, the
impulsive instantaneous point source located at r′. It releases its heat spontaneously at time τ .
The usefulness of Green’s function lies in the fact that the solution of the original problem can
be represented in terms of Green’s function. Therefore, once the Green’s function is known, the
temperature distribution T (r, t) in the medium may be determined (AUGSPURGER, 2018).

For the application of Green’s Function to the cutting process, Chakraverti, Pandey e
Mehta (1984) presented a unidimensional model for temperature distribution in the tool during
intermittent cutting. Years later, Stephenson e Ali (1992) picked up the approach in order to
model the temperature in a semi-infinite rectangular corner , x ⩾ 0, y ⩾ 0, and z ⩾ 0, heated by
a time-varying heat flux (as shown Figure 15) with various spatial distributions and to investigate
the general nature of the temperature distribution within the tool assuming adiabatic conditions
at the boundaries. More details of this geometry assumption can be noticed in Figure 16.

Figure 15 – Tool insert model in the milling process.

Source: (KARAGUZEL; BAKKAL; BUDAK, 2016).

A semi-infinite body is described by a body occupying the region x ≥ 0. Although it
represents an idealized body extending to positive infinity, it is a good model for many problems.
A finite body of thickness L can be represented by a semi-infinite body, 0 < x < ∞, when the
boundary condition at x = L does not influence the temperature distributions near x = 0. This
happens for the small dimensionless times of αt/L2 < 0, 05. Isothermal and insulation boundary
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conditions at x = 0 can be constructed from the infinite region solutions (COLE et al., 2010).

Figure 16 – Approximation of the cutting tool by a semi-infinite corner. The secondary heat
source in orthogonal cutting is the x, y-plane (the rake face).

Source: adapted from (AUGSPURGER, 2018).

According to Stephenson e Ali (1992), the Green’s function for the temperatures in a
semi-infinite corner due to an instantaneous point source at time τ at the surface point x = xp,
y = yp, z = 0, assuming adiabatic conditions at the boundaries, can be obtained by multiplying
the Green’s function for three mutually perpendicular instantaneous plane sources in semi-infinite
half spaces which intersect to form an eighth space or corner as shown in Figure 16. The x,
y-plane represents the tool’s rake face, where the planar heat source, extending over chip-tool
contact length Ly and the depth of cut Lz, is applied. The clearance face is represented by the x,
z-plane and the tool’s lateral face by the y, z-plane. Thus, the temperature field T (x, y, z, t) at a
point x, y, z in the corner at the time t can be calculated by a solution of:

∂2T

∂x2
+
∂2T

∂y2
+

∂2T

∂z2
=

1

α

∂T

∂t

−λ · ∂T
∂z

= q̇′′(x, y, t); 0 ⩽ y ⩽ Ly; 0 ⩽ x ⩽ Lx; z = 0

(14)

T (x, y, z, t) =
α

λ

∫ t

0

∫ Lx

0

∫ Ly

0

G(x,y, z, t, xp, yp, 0, D) · q̇′′(xp, yp, τ)dxpdypdτ (15)

For D determined by Equation 16, G(x, y, z, t | y′, z′, 0, D) can be defined as
Equation 17, which is the Green’s Function of the semi-infinite corner. Physically D is the
scaling factor or characteristic dimension for the penetration of the temperature field at time t

due to an instantaneous heat source at the time τ (AUGSPURGER, 2018).

D =
√
4α(t− τ) (16)
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G(x, y, z, t |x′, y′, z′, D) =
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√
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]}
·
{
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]
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]}
·
{
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]
+ exp

[
−(x+ x′)2

D2

]}
;

t− τ ≥ 0

(17)

Using the error function, erf(), that is defined by Equation 18 (COLE et al., 2010), for
a spatial uniform heat source the temperature field an instantaneous heat impulse over the patch
0 ≤ x ≤ Lx and 0 ≤ y ≤ Ly, the Equation 26 can be defined as Equation 19.

erf(x) =
2√
π

∫ x

0

e−t2dt (18)

T (x, y, z, Ly, Lz, D) =
a

λ

∫ t

0

1

2
√
πD

{
exp

[
−(z)2

D2

]}
·ΘGU(y, Ly, D) ·ΘGU(x, Lx, D) · q̇′′(xp, yp, τ) dτ

(19)

This Equation is presented at (AUGSPURGER, 2018) for thermal analysis and its
simulation is used for comparing the model developed during this work. Where,

ΘGU(u, L,D) = erf

(
L+ u

D

)
+ erf

(
L− u

D

)
(20)

Besides the application of Green’s Function, the transient behavior has been solved
via assuming quasi-steady-state conditions to determine heat partition and heat flux towards
tool (ISLAM, 2018). Richardson, Keavey e Dailami (2006) introduced an analytical model for
the temperature fields in the workpiece by a modified Jaeger’s solution for the flat moving heat
source in the semi-infinite solid. It was simulated the peripheral milling process by using a
method of moving heat sources, and the heat flux value for the workpiece was determined via
the temperature measurements from the workpiece.

Using a point heat source Green’s function solution, Sato, Tamura e Tanaka (2011)
extended Stephenson e Ali (1992) approach to end milling temperature modeling. They
considered the changing chip load and contact length via introducing time-dependent plane heat
sources. However, heat flux and heat partition were approximated based on the assumptions in
(STEPHENSON; ALI, 1992).

In 2013, Jiang et al. (2013) modeled induced temperature of both tool and workpiece
during interrupted cutting. An inverse heat-conduction method is proposed to calculate
temperature distribution and heat flux flowing into the tool and workpiece based on the measured
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temperature data in the interrupted cutting processes. Besides that, Lin et al. (2013) investigated
the transient temperature variation in the workpiece for an end milling process considering the
flank rubbing effect as a result of tool wear. Moving heat sources according to the Jaeger’s
solution were considered in order to model a flank wear-land heat source and a shear plane heat
source, which induce heat into the workpiece. Subsequently, Liu et al. (2014) modeled workpiece
temperature in helical end milling by introducing heat sources along the flank and bottom cutting
edges. A nonhomogeneous partial differential equation (PDE) containing heat source term was
derived and was solved using Green’s function approach.

Using these models, the effects of microstructure evolution when milling Inconel 718
(FENG; PAN; LIANG, 2018) and of laser preheating in laser-assisted milling of Ti6Al4V (FENG
et al., 2019) on cutting temperatures were studied. A transient heat conduction model for the
prediction of the cutting tool temperature generated in end milling operations was developed by
Karaguzel e Budak (2018). They discussed proposed a dual-zone model to calculate the heat flux
at the too-chip interface and the Green functions to determine the temperature distribution in the
cutting tool.

Augspurger (2018) analyzed the temperatures and heat flows in the milling process
aiming to understand causal and statistical relationships between process parameters and thermal
state variables. These have a direct influence on tool wear in the process, dimensional accuracy
and surface integrity. In 2020, Augspurger et al. (2020) showed the results of a model extended
measuring approach in order to monitor as well as investigate heat flows and their partitioning in
the milling process under dry conditions.

Besides the literature that has used semi-infinite Green’s Function for the interrupted
cutting process, Green’s Function can be applied for other geometry assumptions. Fernandes et
al. (2010), with the aim of using a 3D-transient analytical solution based on Green’s function to
reduce computational time in inverse heat conduction problems, used a method of a rectangular
parallelepiped geometry.

2.3 MEASUREMENT OF THE TEMPERATURES IN CUTTING PROCESS

It is obvious that temperature prediction is very important and is one of the most complex
subjects in the metal cutting literature. Apart from the prediction, temperature measurement
is an even more challenging part of this research area because it is very difficult to make
temperature measurement very close to the cutting edge, and due to this fact there is a lack
of experimental data verifying the proposed mathematical models in the literature (DINC;
LAZOGLU; SERPENGUZEL, 2008).

Cutting temperatures are more difficult to measure accurately than cutting forces. The
cutting force is a vector completely characterized by three components, while the temperature
is a scalar field, which varies throughout the system and which cannot be uniquely described
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by values at a few points. For this reason, no simple analog to the cutting force dynamometer
exists for measuring cutting temperatures; rather, several measurement techniques based on
various physical principles have been developed. Particular methods generally yield only limited
information on the complete temperature distribution (STEPHENSON; AGAPIOU, 2018).

Numerous attempts have been made to measure the temperature in the machining
operations (DINC; LAZOGLU; SERPENGUZEL, 2008), which vary according to technique,
experimental setup and measurement position. The measurement of temperature in material
removal processes has an extremely long history which we have summarized in Figure 17,
where it tabulates the introduction of important work in the field by method. The only
metrological techniques that come into question for measuring temperature during the
cutting process are time-resolution measurement techniques, since the cutting process
duration (and thus the achievement of a thermally stationary state) is too short for other
methods. Of the processes, temperature measurement with thermocouples, pyrometers and
photo thermometry are of technical interest (KLOCKE; KUCHLE, 2011a) as shown in Figure 18.

Figure 17 – Historical outline of thermal measurements in material removal processes.

Source: (DAVIES et al., 2007).
Figure 18 – Technical interest in thermal measurements for material removal processes.

Source: Author.
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2.3.1 Thermocouple Method

The tool–work thermocouple method (Figure 19), first developed in the 1920s by
Verbeek (1920) as shown in Figure 17, uses the tool and workpiece as the elements of a
thermocouple (STEPHENSON; AGAPIOU, 2018). The thermocouple (TC) is the most widely
used temperature sensor, which consists of two dissimilar metals that produce a voltage in the
vicinity of the point where the two metals are in contact. The voltage produced is dependent on
the difference of temperature of the junction to other parts of those conductors Nee (2015).

Figure 19 – Tool-workpiece thermocouple arrangement.

Source: (AUGSPURGER, 2018).

This method can only be used when both the tool and workpiece are electrical
conductors, and thus cannot be used with many ceramic cutting tools. The thermoelectric
power of the circuit is usually low and must be estimated by calibrating the circuit against a
reference thermocouple (STEPHENSON; AGAPIOU, 2018).

Installing a thermocouple into the tool or workpiece allows for a point-wise
determination of the temperature. Thermocouples can be applied in blind holes in the tool
or the workpiece. Temporal resolution is influenced by the response time of the thermocouple
and heat transfer between the thermocouple and the device under test. These techniques generally
have low temporal resolution (KLOCKE; KUCHLE, 2011a). However, it is characterized by
the main advantages of low cost, simple construction, ease of remote measurement, flexibility
in construction, simplicity in operation, a broad temperature range (-300◦C to 1200◦C) and
low inherent uncertainties (< 1◦C). Yet, for the application in the metal cutting process, besides
method specific errors, it suffers from signal lag and settling errors, uncertainties regarding the
thermal resistance at the sensor contact in the immersion and the alteration of the temperature
field by the sensor. Further difficulties are the structural weakening by the required immersion,
thus restricted accessibility (except thin film solutions) and the incapability to resolve high
temperature gradients by the principle (AUGSPURGER, 2018).

Stephenson (1993) considered several issues associated with the implementation of the
chip–tool thermocouple technique. He points out it is necessary to isolate only the tool, since
a potential difference is measured and the machine is usually well-grounded. Removing the
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necessity of insulating the work eliminates the possibility of reducing the stiffness of the system
(SHAW; COOKSON, 2005).

It may be pointed out that extensive experimental work on tool-work interface
temperatures in machining steel with cemented tungsten carbide using a chip-tool thermocouple
technique at various cutting conditions by Trigger (1948), Trigger (1949) and Komanduri (1993).
In 1963, Administration, Group e Boothroyd (1963), with the probe thermocouple investigated
the temperature distribution over the top and side surfaces of the tool close to the chip in the
orthogonal metal cutting process.

In the 1990s, Stephenson, as it was already discussed, developed an analytical model
using Green’s functions to calculate the tool temperatures during interrupted cutting. In order to
validate their model, they performed a series of experiments and measured cutting temperature
by tool-workpiece thermocouple technique (STEPHENSON; ALI, 1992). They concluded that
the temperatures in interrupted cutting are lower than those obtained in continuous cutting.
Radulescu e Kapoor (1994) also performed measurements using a tool-chip thermocouple
method to compare to an analytical model for prediction of tool temperature fields during
continuous and interrupted cutting.

Komanduri e Hou (2001b) distinguished between embedded thermocouples, tool-
workpiece (dynamic) thermocouples (two bodies in motion as the two elements of the
thermocouple), thin-film thermocouples (constituted by vapor deposited coatings) and traverse
thermocouples (modification of the tool-workpiece thermocouple) (AUGSPURGER, 2018).

In the work carried out by Lima, Machado e Guimaraes (2001) and Chen, Tsao e
Liang (1997), the numerical technique used is the finite volume method and the temperatures are
obtained by inserting a thermocouple in the tool. Carvalho et al. (2006) also used the finite volume
method to study the temperature fields generated in the cutting processes. The temperatures
were measured on accessible locations of the insert, the shim and the tool holder by using
thermocouple.

Karpat e Özel (2006a) presented a novel experimental technique to measure transient
tool temperatures in dry milling operation with a K-type thermocouple. Richardson, Keavey e
Dailami (2006) developed a model to determine the magnitude and distribution of workpiece
temperatures for dry milling of aerospace aluminum alloys. The transient temperature profiles
predicted by the model were compared with the temperature profiles obtained from the high
response speed thermocouple experiments.

In 2013, thermocouples were used to measure the transient temperatures by Onyechi,
Oluwadare e Obuka (2013) to compare a three-dimensional steady heat transfer finite element
model. A multichannel acquisition system of contact measurement by using thermocouples is
developed by Jiang et al. (2013) to accomplish continuous measurement of cutting induced
temperature. Also, Lin et al., for the transient workpiece temperature profiles due to the
tool getting close to and far away from measuring positions were measured by fast response
thermocouples. The thermocouples are K-type thermocouples and two thermal couple wires are
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encapsulated in each one (LIN et al., 2013).
Liu et al. (2014) with the purpose of predicting the heat transfer process in helical

milling and to gain the accurate measurement temperature, the type K thermocouples were used
in the experiments. Still for the milling process, a single wire thermocouple was employed
to measure the tool temperature in the conducted milling experiments by Baohai et al. for a
developed cutting tool temperature prediction method using an analytical model for end milling
(BAOHAI et al., 2016). Recently, other works also used thermocouple method to compared
against the prediction results, as Islam (2018), Xiong et al. (2018), Ribeiro et al. (2018),
Karaguzel e Budak (2018), Mirkoohi, Bocchini e Liang (2019), Chenwei et al. (2019), Wang et
al. (2020), Zhou (2020) and Chenwei et al. (2020).

2.3.2 Pyrometry

Besides thermocouples, radiation is another technique to measure temperature
(Figure 18). The most important techniques in this type of measurement, which determines
temperature by measuring the heat radiation emitted from a surface, are pyrometry and
thermography. Pyrometry, a.k.a. spectral radiance thermometers, is the contact-free determination
of absolute temperature by measuring the inherent radiation of a body without spatial scanning
of the object field. Thermography will be explained in Section 2.3.3. Radiation techniques have
decisive advantages compared with thermoelectric methods: the time resolution is much higher
(whereby pyrometers are principally faster than infrared cameras), and they are also contact-free
(KLOCKE; KUCHLE, 2011a).

A radiation thermometer/pyrometer uses an optical system to collect the energy emitted
by the target, followed by a detector that converts this energy to an electrical signal. An emissivity
adjustment is used to match the thermometer calibration to the specific emitting characteristics of
the target and an ambient temperature compensation circuit, to ensure that temperature variations
inside the thermometer due to ambient conditions do not affect accuracy (NEE, 2015).

One significant problem when measuring for an exact absolute temperature with a
radiation method is the dependence of the radiation emitted on the grade of emission of the
surface. Since the emission grade is the function of many factors like temperature, wavelength,
angular position, material and surface condition, calibrating the measurement device for a
particular surface is very difficult. The precision of total radiation and broadband partial radiation
pyrometers are especially influenced by factors that alter the spectral grade of emission of
the surface. In cutting, effects such as surface roughness and oxidation influence the grade of
emission of different surfaces greatly. To limit the influence of the grade of emission on measured
temperatures, narrow-band partial radiation, two-color and multi-color pyrometers have been
developed (KLOCKE; KUCHLE, 2011a).

The two-color pyrometer (Figure 20) has the advantage that the spectral grades of
emission ε1 and ε2 of the surface need not be known. Since the two selected wavelengths lie
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directly next to each other, ελ1 ∼ ελ2. A measurement error will only result if both wavelengths
λ1 and λ2 differ greatly. Further advantages of this principle are that the measured temperature is
independent of signal dampening, due to dust for example, so long as both signals are dampened
equally. Moreover, the temperature of objects that are smaller than the optical field of vision can
be measured without error (KLOCKE; KUCHLE, 2011a).

Figure 20 – Two-color pyrometer principle.

Source: (KLOCKE; KUCHLE, 2011a).

Spectral band radiance measurements of material removal processes dates to Schwerd
(1933) (as shown in Figure 17) and Kraemer (1937) who focused light from a cutting process
directly onto a thermocouple (DAVIES et al., 2007).

As a radiation method, Ueda et al. (2001) measured a flank face temperature in high-
speed end milling by a two-color pyrometer with an optical fiber. The effects of cutting speed,
feed rate, and depth of cut on the temperature were investigated. Abukhshim, Mativenga e
Sheikh (2005) did cutting tests on ASIS 4140 steel with uncoated carbide tools and measured
temperature values by using a pyrometer.

Sato, Tamura e Tanaka (2011) used the Green’s function model in order to predict
punctual temperatures in the milling tool, which they validated by a tool integrated ratio pyrometer
in a distance from 0.1 to 0.5 mm to the rake face. In the work of Feng et al. (2019), the surface
temperature of the workpiece was measured through an infrared pyrometer. The pyrometer
measured the temperature at about 0.2 mm below the machined surface corresponding to the
laser beam spot. The measurement range for the pyrometer was between 800 and 2500◦C and
for the infrared thermal camera was up to 2000◦C.

Augspurger et al. (2020) presented a model extended measuring approach in order to



43

monitor as well as investigate heat flows and their partitioning in the milling process under dry
conditions. Therefore, the cutting power in the process was measured through a dynamometer as
well as the temperature in the tool by an embedded thermocouple and a ratio pyrometer. As the
milling process is complex, the measured temperature is only the average value in a small zone
when considering the size effect.

2.3.3 Thermography

While pyrometry is the contact-free determination of the absolute temperature of one
point of the object. Thermography provides a pictorial representation of temperature distribution.
Thus, infrared cameras can be used as an alternative to pyrometrical measurements. Thermo
cameras allow for non-contact, extensive measurement of temperature. They function according
to the principle of thermography (KLOCKE; KUCHLE, 2011b). The advantage to this is the
pictorial representation of temperature information. Commercial cameras usually work with
long wavelengths and large broad-bands, which makes it possible to measure lower temperatures
but which also has a negative effect on the attainable accuracy. Scanning cameras that work
with a single detector are too slow for fast processes. Some high-speed infrared cameras offer
integration times in the range of microseconds, making it possible to capture fast processes
without motion blur (KLOCKE; KUCHLE, 2011a).

Boothroyd (1961), Salmon, McCulloch e Rice (1968) and Mayer (1966) developed the
first thermal images of the tool-chip interface using infrared (IR) sensitive film. Jeelani (1981)
and Lauscher (1989) improved on earlier IR photographic techniques by taking advantage of the
development of more sensitive films and more accurate calibration techniques to measure the
temperature distribution orthogonal machining.

In the experimental measurements obtained from Dinc, Lazoglu e Serpenguzel (2008),
a high precision thermal infrared camera was employed to estimate the cutting temperature
during the dry turning process of AISI 1050 with carbide inserts in their work. Yan et al. (2014)
also used an infrared camera to measure the cutting temperature distribution. the objective was
the modeling and the analysis of coated tool temperature variation in dry milling of Inconel
718 turbine blade considering flank wear effect. The instrument was Type HY-2688, which
can automatically measure and capture the maximum temperature in the full screen with the
temperature range of 0–800◦C. Temperature resolution is 0.07◦C at the external temperature of
20◦C.

In Deppermann e Kneer (2015), high-speed infrared (IR) camera was fixed perpendicular
to the workpiece’s front surface, providing a temporal resolution of 1250 Hz and a temperature
resolution of 25 mK at 25◦C. Feng, Pan e Liang (2018) applied a Maurer model QKTR 1075
two-color optical pyrometer and an infrared thermal camera of ThermoVision® model A40 to
measure the surface temperature at the laser spot. The measurement range for the pyrometer is
between 800 and 2500◦C and for the infrared thermal camera is up to 2000◦C.
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Aiming to verify model predictions by comparing them to tool temperature distributions,
Veiga et al. (2021) performed orthogonal cutting tests and used an IR camera. In Hu et al.
(2020), inserts with various edge preparations were carried out on a CNC lathe. Predicted
chip-tool interface temperature distributions were compared against the measurements from the
dynamometer and infrared camera, respectively.

2.4 STATE OF THE ART’S SUMMARY

During a cutting process, the mechanical energy from the plastic deformation developed
at the primary shear plane and the chip–tool interface is converted into heat. This heat conducted
into the tool is enough to create high temperatures near the cutting edge. As a result, various
serious problems such as thermal stress distribution, surface burning, work hardening and tool
wear can be caused (ONYECHI; OLUWADARE; OBUKA, 2013). Because of this, it is important
to understand or predict the temperature during the cutting processes.

Firstly, in the State of the Art of this work, some essential theoretical fundamentals were
presented. It was introduced the machining mechanism, with a focus on the orthogonal cutting
and milling process. An orthogonal cutting occurs when the cutting tool is moved relatively
perpendicular to a workpiece with a cutting speed Vc. The cutting edge is positioned at a depth
below the workpiece surface to remove a layer of the workpiece. The depth of cut corresponds to
the uncut chip thickness h. However, milling is a more complex process than orthogonal cutting.
Milling is a machining production method with a circular cutting movement of a usually multi-
tooth tool. Moreover, the undeformed chip thickness for milling is a function of the cutter rotation
angle. As an interrupted process, during the milling process, the tools are subjected to cyclic
heating and cooling as they pass in and out of the workpiece. These transient temperature changes
may cause cycling strains and alterations of the microstructure and thus material properties in
the tool as well as the workpiece.

An accurate analysis of the cutting temperature is a basis for metal cutting issues. With
this motivation, the literature has been presented analytical and numerical models. Compared
with numerical simulation methods, analytical models have the advantage of being able to
provide a clear description of the cutting mechanism and require less computational time.

For orthogonal process, as a continuous process, analytical models of temperatures have
been developed for steady-state. Pioneering work was conducted for this purpose especially by
Jaeger (1942), who proposed the moving heat source method. Jaeger’s classical solution for a
moving band heat source in an infinite solid, which can be applied for the workpiece. However,
for other applications, as an example for the tool, Komanduri e Hou (2001a) considered the theory
of stationary heat sources in semi-infinite solid considering the effect of additional boundary.

Nevertheless, interrupted cutting processes such as milling differ from those in
continuous processes. In interrupted processes, tools are subjected to cyclic heating and cooling,
that is, to a transient state. For this cutting process, Green’s Functions have been used, in which
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a tool geometry is considered a semi-infinite rectangular corner.
Another methodology regarding temperature analysis during the cutting process is the

measurement. The literature shows that this method might be an even more challenging part of
this research area, because it is very difficult to make temperature measurements very close to the
cutting edge. The main types of measurement are thermocouple, pyrometer and thermometry. The
first was developed in the 1920s, which consists of two dissimilar metals that produce a voltage,
dependent on the difference of temperature, at the point where the two metals are in contact. The
second, pyrometer, is the contact-free determination of absolute temperature by measuring the
radiation of a body without spatial scanning of the object field. While thermography provides a
pictorial representation of temperature distribution.

Therefore, all of the analytical models in the literature consider the boundaries as
an infinite or semi-infinite assumption. Furthermore, for continuous processes, the solution is
obtained for steady-state. However, not all processes of this kind will reach a stationary condition.
Furthermore, the solutions for the transient state, i.e., that utilizes Green’s Function, are suitable
only for a tool as a semi-infinite rectangular corner, with the heat source in the edge. With this
motivation, a study of a new analytical model to obtain the transient temperature distribution in
the tool will be conducted in this work. It will be defined the tool as finite boundaries and the
heat in the chip-tool contact interface as not only defined in the corner. In order to validate the
analytical model developed in this bachelor thesis to calculate the tool temperature distribution,
orthogonal cutting experiments will be conducted with thermography measurements.
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3 METHODOLOGY

In this chapter, the methodology for modeling and implementing an analytical model
of the temperature at cutting process is presented, and, subsequently, the experimental test’s
materials and method are discussed with the purpose of comparing, afterward, the results in
Chapter 4.

The procedure for establishing the analytical thermal model in the cutting process
will be presented firstly at steady-state: an image method to the tool temperature distribution.
Subsequently, the thermal model in the interrupted cutting process will be presented at transient
state for the tool’s temperature field using Green’s Function: with semi-infinite boundaries
assumption from the previews literature and with finite geometry assumption, which is completely
developed in this thesis.

For a detailed overview of the methodology, Figure 21 shows a flowchart. It can be
analyzed the two different groups of the method as explained: analytical and experimental. But
since it is necessary some input data from experimental tests, firstly, it is chosen the cutting
conditions. Thus, the cutting force measurement gives the necessary force values, while with
the high-speed camera measurement it is possible to obtain the chip-tool contact length Lf (see
Figure 5), which is necessary to determine the geometry for the analytical models. Besides,
with the chip-tool contact length and the force, it is possible to calculate the heat flux for the
secondary heat boundary (Equation 8). After the simulated analytical models, it is possible to
compare the new transient analytical model for orthogonal cutting simulation. Subsequently, the
thermal camera measurement can generate the temperature distribution fields to compare them
to analytical results. For last, after good comparison results, the analytical model can be applied
to the milling process.
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Figure 21 – Methodology summary in details.

Source: Author.
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3.1 MODELING OF THE TEMPERATURE IN THE CUTTING PROCESS USING
ANALYTICAL METHOD

It is important to highlight that compared with numerical simulation methods, analytical
models have the advantage of being able to provide a clear description of the cutting mechanism,
besides resulting in a faster simulation. With this motivation, in order to analyze analytically the
temperature in the tool and workpiece during the orthogonal cutting process, it was used different
models described in Figure 22 separated in steady and transient states. The fundamentals of the
image method and the semi-infinite Green’s Function were explained in Chapter 2. The finite
three-dimensional Green’s Function approach will be developed in this bachelor thesis. All of
the integrations were calculated numerically with Python language.

The first analytical model used from the literature was for steady-state, thus, a
modification to Jaeger’s stationary rectangular heat source solution considering the effect of
additional boundary, that is, appropriate image source is considered. This model will be used
to analyze after the new transient model. For the transient thermal model from the literature, a
semi-infinite geometry Green’s Function is considered. After, it is proposed and demonstrated
the new geometrical boundary assumption: finite three-dimensional boundary regions. This new
model will be compared to semi-infinite geometry and to the steady-state solutions. Subsequently,
this model will be compared to orthogonal cutting’s experimental data. Figure 23 shows this
sequence of the steps for the analytical modeling in detail for the flowchart of the general
methodology in Figure 21. For last, the methodology will be applied to the milling process.

Orthogonal cutting was chosen for the analytical model development, so it is possible
to compare to experimental data. An orthogonal cutting process has as main cutting conditions
a cutting speed Vc and an undeformed chip thickness h. While a milling process presents a
rotation of the cutter, and consequently, the undeformed chip thickness varies dependently on
the cutter rotation angle. Besides that, with the milling process, due to the complexity of the
process, it would be more difficult to measure the temperature in the tool. Thus, the analytical
model validated for orthogonal cutting will be applied to a more complex process, in order to
show its usability in the industry.

As shown in Figure 22 and Figure 23, some experimental data is necessary as input
to the analytical simulation. This data is explained better in Figure 21. The cutting conditions
as the definition of the velocity of the experiment, as well as the geometry and material of the
tool and geometry of the workpiece are necessary. But also, some values of the tests’ results
are important to calculate the heat. The forces are taken by the cutting force measurement and
the length of chip-tool contact is taken by the high-speed camera measurement. The setup
experiment will be explained in Section 3.2. Therefore, with force, velocity, geometries and
length of chip-tool contact, it is possible to calculate the heat flux at the secondary heat source,
Equation 8 presented in Chapter 2.1.1. Also, with the length of chip-tool contact is possible to
determine the geometry of the modeling. It is important to highlight that the heat to the tool for
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steel, as the illustration in Figure 9 shows, is about 18%.

Figure 22 – Analytical modeling methodology summary.

Source: Author.
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Figure 23 – Scientific approach for analytical modeling.

Source: Author.
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3.1.1 Steady-State Temperature Fields

In this Section, a thermal model of the orthogonal cutting process to the tool for
steady-state is presented. This analytical model will be used to compare its results to the finite
three-dimension Green’s Function (Section 3.1.2.2), in order to observe if the cutting process in
analysis happens in a transient state and how it differs from the steady-state. The model utilized
is based on the application of the assumptions and methodology of Veiga et al. (2021). As can be
observed from Figure 24, a sharp tool is only affected by the secondary heat source. The effect
of this heat source on tool temperature is calculated considering that:

Figure 24 – (a) View of the rake face and secondary zone at the tool-chip interface. (b) Schematic
of the stationary rectangular heat source, discretization in the secondary zone and
boundary conditions at the tool.

Source: (VEIGA et al., 2021).

a) The secondary heat source acts on the rake face of an edge-shaped cutting tool of width
W (Figure 5), as a stationary rectangular heat source with dimensions Lf · w, chip-tool
contact length.

b) this zone is discretized into a finite number of source elements (Figure 24) in which a
constant heat partition coefficient 1 − B(i, j) for the tool side is assumed in the source
element (i, j). Therefore, the heat that flows into the tool in this source element is [1 −
B(i, j)] · qf . The secondary heat source, qf , can be calculated byEquation 8 presented
in Chapter 2.1.1. And the heat partition coefficient, B(i, j), was considered constant, as
B(i, j) = 82%. Because how it was delighted before, the heat to the tool for steel is about
18%.

c) As a sharp tool, the flank face of the tool is considered to be adiabatic (KOMANDURI;
HOU, 2001a; HUANG; LIANG, 2005; VEIGA et al., 2021).
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d) In the model proposed, the lateral faces of the tool (Figure 24) are also assumed to be
adiabatic (Figure 24).

Moreover, this model considers two important aspects:

a) Firstly, it is considered the theory of stationary heat sources in semi-infinite solid in order
to model secondary deformation zones.

b) Besides that, it is necessary to apply imaginary heat sources (image method) to meet
adiabatic boundary conditions in the chip and tool. Imaginary heat sources were defined
in the thermal model proposed in such a way that the effect of the tool-chip interface
dimensions and of cutting tool width on the tool temperature could be taken into account.
This allows the temperature on the rake face and lateral faces of the tool to be predicted
(VEIGA et al., 2021).

This model incorporates modifications to Jaeger’s solutions for a stationary square heat
source for the tool as is used in the literature, e.g., (KOMANDURI; HOU, 2001a). The theory of
stationary heat sources in semi-infinite solid was presented in Chapter 2.2.1 can be calculated by
Equation 12, as the increment of the temperature at a point M(x, y, z) of a semi-infinite solid
due to a stationary rectangular heat source with dimensions (2a) · (2b) and acting on the solid
surface.

While the theory of stationary heat source possibilities calculates the temperature in a
semi-infinite solid. The imaginary heat sources shown in Figure 25 are taken into consideration
in order to meet these boundary conditions, i.e., build the adiabatic planes. The method of images
(or method of mirror images) is a mathematical tool for solving differential equations, in which
the domain of the function is extended by the addition of its mirror image concerning a symmetry
hyperplane. As a result, certain boundary conditions are satisfied automatically by the presence
of a mirror image, greatly facilitating the solution of the original problem. As in Figure 26, the
plane insulated in Figure 26a is the same as Figure 26b.

Taking the previous discretization of the secondary heat source into account, imaginary
heat sources along the y-axis are defined for a source element (i, j). Considering the tool
geometry and the position, shape and dimensions of a source element (i, j) acting on the tool
rake face, apparent temperature θt,f(x, y, z;xi, yj) at a tool point P (x, y, z) due to this heat
source element (i, j) and its corresponding imaginary heat sources, can be expressed as:

θt,f (x, y, z;xi, yj) = [1−B(i, j)] qfUt,f (x, y, z;xi, yj) (21)

Where,

Ut,f (x, y, z;xi, yj) =

nq∑
q=−nq

[
Ust(x− xi, y − yq, z;

∆f

2
,
∆w

2
, λt0)

+ Ust(x+ xi, y − yq, z;
∆f

2
,
∆w

2
, λt0)

] (22)
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Figure 25 – View of the tool rake face, secondary heat source, the imaginary heat sources and
the source element (i, j).

Source: (VEIGA et al., 2021).

In Equation 22, Ust(x, y, z, a, b, λ0) represents the increment in temperature at point
P (x, y, z) due to a heat source located at point (xi, yj, 0), with dimensions ∆f ·∆w and unit
heat flux, and can be calculated by Equation 12.

Position yq of the q imaginary heat source can be expressed as a function of the tool
width W (Figure 5), the distance d of the median plane from the tool lateral face (Figure 24) and
the position yj of the source element being taken into consideration (Figure 25):



54

Figure 26 – Example of how imaginary image method works: (a) Insulated boundary; (b) mirror
image source has the same result as insulated boundary.

Source: Author.

yq = q ·W + (W − 2d) · 1
2

[
(−1)q+1 + 1

]
+ (−1)q · yi (23)

Finally, the temperature θt,f (x, y, z) at point P (x, y, z) of the tool due to secondary heat
source can be calculated by considering the contribution made by the nf · nw elements in which
the secondary zone is discretized:

θt,f (x, y, z) =

nf∑
i=1

nw∑
j=1

θt,f (x, y, z;xi, yj) (24)

This method was implemented using the programming language Python. The input
data necessary to run the code is in Table 1, where the material and dimension of the tool, the
workpieces’ width and the cutting conditions will be presented in Section 3.2. Also, the other
necessary parameters that will be obtained only after the experimental tests will be presented in
Table 6 in Chapter 4.

3.1.2 Transient Temperature Fields

As explained before in Chapter 2, the thermal conditions in interrupted cutting processes
such as milling differ from those in continuous processes such as turning. In interrupted processes,
tools are subjected to cyclic heating and cooling, that is, to a transient state. For this reason, it
is not possible to apply a stationary analytical method for interrupted cutting. In order to solve
inhomogeneous, transient heat conduction problems, Green’s Functions have been widely used.
For the cutting process, a tool geometry of a semi-infinite rectangular corner has been presented
in the literature as presented in State of the Art in Section 2.2.2. This method will be applied
in the next Section. However, this solution is not suitable for orthogonal cutting conditions as
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presented in Figure 5, in which the workpiece passes the inner surface of the tool. Besides, this
type of experimental orthogonal cutting will be used in this bachelor thesis, which more details
will be presented in Section 3.2. Furthermore, a finite geometry could result in a more acceptable
temperature field for the tool. Thus, a new geometry assumption for the cutting process will be
developed in this bachelor thesis: a three-dimension rectangular parallelepiped Green’s Function
Solution.

3.1.2.1 Tool Temperature for a Semi-infinite Body Assumption

As presented in Section 2.2.2, a solution for the tool temperature in the interrupted
cutting process used in the literature is Green’s Function for semi-infinite rectangular geometry.
This model will be applied for comparison to the new geometry assumption in the next Section
3.1.2.2.

The Green’s function for the temperatures in a semi-infinite corner due to an
instantaneous point source at time τ at the surface point x = xp, y = yp and z = 0, assuming
adiabatic conditions at the boundaries, can be obtained by multiplying the Green’s function for
three mutually perpendicular instantaneous plane sources in semi-infinite half spaces. Those
intersect to form an eighth space or corner as shown in (Figure 16). Where the x, y-plane
represents the tool’s rake face, the planar heat source, extending over chip-tool contact length Lx

and the depth of cut Ly is applied. Thus, the transient temperature field T (x, y, z, t) at a point
(x, y, z) in the corner at the time t can be described as a solution of the governing differential
equation for transient heat conduction within a continuous medium to

∂2T

∂x2
+
∂2T

∂y2
+

∂2T

∂z2
=

1

α

∂T

∂t

−λ · ∂T
∂z

= q̇′′(x, y, t); 0 ⩽ x ⩽ Lx; 0 ⩽ y ⩽ Ly; z = 0

(25)

T (x, y, z, t) =
α

λ

∫ t

0

∫ Lx

0

∫ Ly

0

G(x,y, z, t, xp, yp, 0, D) · q̇′′(xp, yp, τ)dxpdypdτ (26)

The variable α represents the thermal diffusivity of the tool material and λ its heat
conductivity. The term q̇′′(xp, yp, τ) describes the spatial and temporal distribution of the heat flux
of the instantaneous, punctual heat sources, and the Green’s function of the relevant geometry
G(x, y, z, t, xp, yp, 0, D). According to (Figure 16), for a spatial uniform heat source, the Green’s
function for an instantaneous heat impulse over the patch 0 ⩽ y ⩽ Ly, 0 ⩽ x ⩽ Lx can be
approximated by:
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G(x, y, z, t |x′, y′, z′, D) =

=
1

(
√
πD)3

{
exp

[
− z2

D2

]}
·
{
exp

[
−(y − y′)2

D2

]
+ exp

[
−(y + y′)2

D2

]}
·
{
exp

[
−(x− x′)2

D2

]
+ exp

[
−(x+ x′)2

D2

]}
;

t− τ ≥ 0

(27)

D =
√
4α(t− τ) (28)

As presented in Section 2.2.2, the final temperature field equation is:

T (x, y, z, Ly, Lz, D) =
a

λ

∫ t

0

1

2
√
πD

{
exp

[
−(x)2

D2

]}
·ΘGU(y, Ly, D) ·ΘGU(x, Lx, D) · q̇′′(xp, yp, τ) dτ

(29)

Where,

ΘGU(u, L,D) = erf

(
L+ u

D

)
+ erf

(
L− u

D

)
(30)

Equation 29 was integrated using the programming language Python. The input data
necessary to run the code is in Table 1, where the material and dimension of the tool and the
cutting conditions will be presented in Section 3.2. Also, the others necessary parameters that
will be obtained only after the experimental tests will be presented in Table 6 in Chapter 4.

3.1.2.2 Tool Temperature for a Three-Dimensional Finite Body Assumption

In this bachelor thesis, the model developed was defined for finite three-dimensional
body assumption. The tool was considered a small parallelepiped shaped control volume in a
stationary, homogeneous, and isotropic body. The energy equation, also called the heat conduction
equation, based on the conservation of energy (COLE et al., 2010), when the thermal conductivity
does not depend on position (for example, when the temperature gradients are not too large), can
be written as Equation 31:

∂2T

∂x2
+

∂2T

∂y2
+

∂2T

∂z2
+

1

k
g(x, y, z, t) =

1

α

∂T

∂t
(31)
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Where α = k/(ρc) is the thermal diffusivity (m2/s), k is the thermal conductivity
(W/(m.K)), ρ is the density (kg/m3), c is the specific heat capacity (J/(kg.K)), and g(x, y, z, t)

is the energy generation (W/m3).
In a solid body with a temperature gradient, heat flux has a magnitude and a direction,

and it is denoted by vector q⃗. The component of heat flux, in a direction of coordinate x is given
by the Equation 32:

q̇′′(x′, y′, τ) = −k
∂T

∂z
; Lx1 ⩽ x ⩽ Lx2 ; 0 ⩽ y ⩽ Ly2 ⩽; z = c1 = 0 (32)

Figure 27 – Tool as three-dimension rectangular parallelepiped geometry with second kind of
boundary conditions. The secondary heat source in orthogonal cutting is the x, y-
plane (the rake face), which is defined by the chip-tool contact length and the depth
of cut (length of Lx2 − Lx1).

Source: Author, 2021.

Figure 28 – Orthogonal Cutting.

Source: provided by LIU, Hui; 2022.

The GFSE for a three-dimensional rectangular parallelepiped region of a1 ≤ x ≤ a2,
b1 ≤ y ≤ b2, c1 ≤ z ≤ c2 as in Figure 28, with the initial temperature of F (x, y, z), is determined
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by Equation 33 (COLE et al., 2010).

T (x, y, z, t) =

∫ a2

x′=a1

∫ b2

y′=b1

∫ c2

z′=c1

G(x, y, z, t |x′, y′, z′, 0)F (x′, y′, z′)dx′dy′dz′+

+
α

k

∫ t

τ=0

∫ a2

x′=a1

∫ b2

y′=b1

∫ c2

z′=c1

G(x, y, z, t |x′, y′, z′, τ)g(x′, y′, z′, τ)dx′dy′dz′dτ

+ Ix′=a1 + Ix′=a2 + Iy′=b1 + Iy′=b2 + Iz′=c1 + Iz′=c2

(33)

In rectangular coordinates, one-dimensional transient GFs can be multiplied together
to form two- and three-dimensional GFs under the following restrictions: (1) the boundary
conditions are of the type 0, 1, 2, or 3 (types 4 and 5 are not permitted); (2) if boundary
conditions of the third type are present, the heat transfer coefficient hi must be a constant for a
given surface si. Some of this boundary conditions are determined by a body with an isothermal
surface or an insulated surface. For example, a prescribed temperature at a boundary is called
a boundary condition of the first kind. The homogeneous isothermal case is for the surface
temperature (at x = 0) held at 0◦C. If the prescribed temperature is zero, the boundary condition
is termed homogeneous. whereas for a prescribed heat flux at a surface, it is called a boundary
condition of the second kind; if this heat flux is zero, the surface is said to be insulated and the
boundary condition is also homogeneous.

For the geometry assumed, boundary conditions are of second kind, e.g., insulated
surface (Figure 28). Thus, the three-dimensional GF in rectangular coordinates can be found
from a product of three one-dimensional GFs; that is, GXY Z = GX · GY · GZ (COLE et al.,
2010).

G(x, y, z, t |x′, y′, z′, τ) = G(x, t |x′, τ) · G(y, t | y′, τ) · G(z, t | z′, τ) (34)

Therefore, Equation 33 can be written as Equation 35:

T (x, y, z, t) =

∫ a2

x′=a1

∫ b2

y′=b1

∫ c2

z′=c1

GXIJ(x, t |x′, 0)GY KL(y, t | y′, 0)

·GZMN(z, t | z′, 0)F (x′, y′, z′)dx′dy′dz′+

+
α

k

∫ t

τ=0

∫ a2

x′=a1

∫ b2

y′=b1

∫ c2

z′=c1

GXIJ(x, t |x′, τ)GY KL(y, t | y′, τ)

·GZMN(z, t | z′, τ)g(x′, y′, z′, τ)dx′dy′dz′dτ

+ Ix′=a1 + Ix′=a2 + Iy′=b1 + Iy′=b2 + Iz′=c1 + Iz′=c2

(35)

The notation GXIJ refers to the GF specific to the rectangular coordinate type of
boundary condition on the boundaries x = a1 and x = a2. Similarly, GYMN the GF for their
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type of boundary conditions. The last six terms denoted I depend on the type of the boundary
condition, of the zeroth, first, second, or third kinds.

The boundary condition at x = a1 can be written as:

−ka1
∂T (a1, y, z, t)

∂x
+ ha1T (a1, y, z, t) = fa1(y, z, t) (36)

Where Ta1(y, z, t) is the prescribed temperature history at x = a1. For the boundary
condition of the second kind, the values are:

−ka1 = k; ha1 = 0; fa1(y, z, t) = qa1(y, z, t) (37)

For example, boundaries conditions of second or third kinds at x = a1 will have term
Ix=a1 as Equation 38. The same occurs if the other boundary conditions are the second kind.

Ix=a1 =
α

k

∫ t

τ=0

∫ b2

y′=b1

GXIJ(x, t | a1, τ)GYMN(y, t | y′, τ)GZMN(z, t | z′, τ)fx1(a1, y
′, z′, τ)dy′dz′dτ

(38)

Considering second kind of boundary conditions as the Figure 28 and F (x, y, z, 0) =

20◦C (room temperature), g = 0, fc1 = q̇′′ and fc2 = fa1 = fa2 = fb1 = fb2 = 0. As explained
before in Section 3.1.1, a sharp tool is only affected by the secondary heat source, and q̇′′ can be
calculated by 18% of Equation 8.So the temperature T (x, y, t) is:

T (x, y, z, t) =

∫ a2

x′=a1

∫ b2

y′=b1

∫ c2

z′=c1

GXIJ(x, t |x′, 0)GY KL(y, t | y′, 0)

·GZMN(z, t | z′, 0)F (x, y, z, 0)dx′dy′dz′+

+
α

k

∫ t

τ=0

∫ Lx2

x′=Lx1

∫ Ly2

y′=Ly1

GXIJ(x, t |x′, τ)GY KL(y, t | y′, τ)

·GZMN(z, t | c1, τ)q̇′′dx′dy′dτ

(39)

Besides, for boundaries conditions as ∂G
∂x

= 0 at x = 0 and x = L (second kind), the
best expression for small cotimes is (AUGSPURGER, 2018):

GX22(x, t |x′, τ) = [4πα(t− τ)]−1/2

∞∑
n=−∞

{
exp

[
−(2nL+ x− x′)2

4α(t− τ)

]
+ exp

[
−(2nL+ x+ x′)2

4α(t− τ)

]} (40)

For small values of α(t− τ)/L2 ≤ 0, 25, it is possible to use the expression:
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GX22(x, t |x′, τ) ≈ [4πα(t− τ)]−1/2

{
exp

[
− (x− x′)2

4α(t− τ)

]
+ exp

[
− (x+ x′)2

4α(t− τ)

]
+ exp

[
−(2L− x− x′)2

4α(t− τ)

]} (41)

Substituting Equation 41 in Equation 39, it is obtained the Equation 42:

T (x, y, z, t) = F (x, y, z, 0)

∫ a2

x′=a1

[4πα(t)]−1/2

{
exp

[
−(x− x′)2

4α(t)

]
+ exp

[
−(x+ x′)2

4α(t)

]
+ exp

[
−(2L− x− x′)2

4α(t)

]}
dx′

·
∫ b2

y′=b1

[4πα(t)]−1/2

{
exp

[
−(y − y′)2

4α(t)

]
+ exp

[
−(y + y′)2

4α(t)

]
+ exp

[
−(2L− y − y′)2

4α(t)

]}
dy′

·
∫ c2

z′=c1

[4πα(t)]−1/2

{
exp

[
−(z − z′)2

4α(t)

]
+ exp

[
−(z + z′)2

4α(t)

]
+ exp

[
−(2L− z − z′)2

4α(t)

]}
dz′+

+
α

k

∫ t

τ=0

∫ Lx2

x′=Lx1

[4πα(t− τ)]−1/2

{
exp

[
− (x− a1)

2

4α(t− τ)

]
+ exp

[
− (x+ a1)

2

4α(t− τ)

]
+ exp

[
−(2L− x− a1)

2

4α(t− τ)

]}
·
∫ Ly1

y′=Ly1

[4πα(t− τ)]−1/2

{
exp

[
− (y − y′)2

4α(t− τ)

]
+ exp

[
− (y + y′)2

4α(t− τ)

]
+ exp

[
−(2L− y − y′)2

4α(t− τ)

]}
· [4πα(t− τ)]−1/2

{
exp

[
− (z − c1)

2

4α(t− τ)

]
+ exp

[
− (z + c1)

2

4α(t− τ)

]
+ exp

[
−(2L− z − c1)

2

4α(t− τ)

]}
q̇′′(x′, y′, τ)dx′dy′dτ

(42)

It is important to remind D determined by Equation 16 in Section 2.2.2, which is the
scaling factor or characteristic dimension for the penetration of the temperature field at time t

due to an instantaneous heat source at the time τ .

D =
√
4α(t− τ) (43)

Using the error function, erf(), that is defined by Equation 44 (COLE et al., 2010), a
part of the integration at Equation 42 can be written as Equation 45, substituting x+x′

D
by w.
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erf(x) =
2√
π

∫ x

0

e−t2dt (44)

∫ a2

x′=a1

exp

[
−
(
x+ x′

D

)2
]
dx′ = D

∫ x+a2
D

x+a1
D

exp
(
−(w)2

)
dw

= D

√
π

2

[
erf

(
x+ a2
D

)
− erf

(
x+ a1
D

)] (45)

The same procedure can be applied for x−x′

D
, substituting it by w:

∫ a2

x′=a1

exp

[
−
(
x− x′

D

)2
]
dx′ = −D

∫ x−a2
D

x−a1
D

exp
(
−(w)2

)
dw

= −D

√
π

2

[
erf

(
x− a2
D

)
− erf

(
x− a1
D

)] (46)

Moreover, for 2L−x−x′

D
:

∫ a2

x′=a1

exp

[
−
(
2L− x− x′

D

)2
]
dx′ = −D

∫ x−a2
D

x−a1
D

exp
(
−(w)2

)
dw

= −D

√
π

2

[
erf

(
2L− x− a2

D

)
− erf

(
2L− x− a1

D

)]
(47)

Thus, one integration of Equation 42, it is defining by multiplying the term [4πα(t)]−1/2

by the sum of Equations 45, 46 and 47:

∫ a2

x′=a1

GX22(x, t|x′, τ)dx′ =
1

2

{[
erf

(
x+ a2
D

)
− erf

(
x+ a1
D

)]
−

[
erf

(
x− a2
D

)
− erf

(
x− a1
D

)]
−
[
erf

(
2L− x− a2

D

)
− erf

(
2L− x− a1

D

)]} (48)

Finally, applying the Equation 48 for both y and z, and using them with Equation 43 in
Equation 42, it results in Equation 49:
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T (x, y, z, t) =
F (x, y, z, 0)

8
·

∏
u = x, y, z
U = X,Y, Z

erf

(u+ U)

D
∣∣∣
τ=0

− erf

(u− U)

D
∣∣∣
τ=0



− erf

(U − u)

D
∣∣∣
τ=0

+ erf

(2U − u)

D
∣∣∣
τ=0


+

α

k

∫ tc

τ=0

1

4
√
πD

{
2exp

(
− z2

D2

)
+ exp

[
−(2Z − z)2

D2

]}
·

∏
u = x, y
U = X,Y

{
erf

[
(u+ Lu2)

D

]
− erf

[
u+ Lu1

D

]

− erf

[
(u− Lu2)

D

]
+ erf

[
u− Lu1

D

]
− erf

[
2U − u− Lu2

D

]
+ erf

[
2U − u− Lu1

D

]}
· q̇′′(x′, y′, τ)dτ

(49)

This equation was integrated using the programming language Python. The input data
necessary to run the code is in Table 1, where the material and dimension of the tool, the
workpieces’ width and the cutting conditions will be presented in Section 3.2. Also, the other
necessary parameters that will be obtained only after the experimental tests will be presented in
Table 6 in Chapter 4.

3.2 TEMPERATURE IN THE CUTTING PROCESS USING EXPERIMENTAL METHOD

All orthogonal cutting experiments were performed on a vertical external broaching
machine tool of type FORST RASX 8 × 2200 × 600 M/CNC, as shown in Figure 31 by Number
1. With a turning machine, it would not be possible to have a good camera position to capture
the process. The general setup for the orthogonal cutting process performed can be observed in
Figure 29. Where the workpieces of size 42mm × 3mm × 200mm and material C45E (equivalent
to AISI 1045) were fixed in the machine slide and performed the main cutting movement against
the motionless tool.

DIN C45E steel is medium carbon steel. It also is a general engineering structural steel.
It has good machinability and high tensile properties. C45E was selected because steel is the
most important representative for metallic materials and for cutting technology. Especially, the
steel grade C45E shows a continuous chip formation for the chosen cutting parameters, which is
important for the measurement of tool-chip length contact (BRÖMMELHOFF et al., 2013).

The cutting tools used were 5TGN10NX-036182 B2F3 SANDVIK grooving inserts
(coated cemented carbide). Cemented carbide is a hard material used extensively as cutting tool
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material, as well as other industrial applications. It consists of fine particles of carbide cemented
into a composite by a binder metal. The thermal conductivity utilized in analytical models, k,
was 51, 9W/(m.K), a density ρ of value 1, 48E + 04(kg/m3), and a specific heat capacity, c,
of 198, 0(J/(kg.K)) (VORNBERGER et al., 2020; OTAI, 2020). The tool has a rake angle
γ = 12.0◦ and a flank angle of α = 3◦ have been used. The approximated dimensions are
4, 6mm x 25mm x 5mm.

Figure 29 – Schematic drawing of the orthogonal cutting process performed. The workpiece is
fixed in the machine slide and performs the cutting movement against the motionless
tool.

Source: Author.

A wide variation of cutting speed Vc was applied in this study. The used cutting
parameters were Vc = 100, 0; 120, 0 and 150, 0m/min for the cutting speed and h = 0, 30mm

for the undeformed chip thickness. For each velocity, it is possible to calculate the time of
cutting. The workpieces’ height, as mentioned before, is 200 mm. Thus, the time of cutting is,
t = 200mm/Vc, i.e., t = 0, 08; 0, 1 and 0, 12s respectively. All experiments were repeated twice.
The methodology is presented in three different kinds of experiments, as Figure 30 shows.

The grooving insert tool was clamped onto a KISTLER Z21289 piezoelectric
dynamometer with a measurement range from -80 to 80 kN in cutting force direction (MEURER
et al., 2020) to measure the forces during the cutting, which are necessary to calculate the heat
flux utilized in the analytical models. In Figure 31 is possible to observe the dynamometer
(Number 2). The resulted forces were cutting force, Fc, and thrust force, Ft were analyzed in the
software DIAdem, where it is possible to calculate both average values. How each experiment
was repeated twice for better accuracy, the value of each force was calculated by the average of
both experiments.

Besides the measurement of the force, the experimental setup offers the possibility to
capture the cutting process using ultra-high-speed camera techniques: Vision Research phantom



64

Figure 30 – Experimental methodology.

Source: Author.

v7.3 with an exposure of 25 µs and resolution of 800x600. This test was realized for measuring
the length of tool-chip contact, Lf , which can be realized by the Phantom Camera Control (PCC)
Software. In Figure 31 the high-speed Camera is identified by Number 6, and this experiment
setup can be seen in the middle image. The LED Right light (Number 5), GDVitec MultiLed,
was used to get better image results. This measurement captures the cutting process by the right
lateral side of the experiment, as shown in Figure 31.

After the cutting conditions as velocity Vc and undeformed chip thickness h, and the
material of the tool (k, rho, c) defined (Table 1), and with the results of the forces obtained by
the dynamometer and the length of tool-chip contact, Lf , obtained by the high-speed camera, it
is possible to apply these values in the analytical modeling. This sequence can be observed in
Figure 21.

The last part of the methodology for experiments as Figure 30 shows is the tool
temperature measurement. In the State of Art (Section 2.3) was presented the three principal
methods in the literature and their principles: thermocouples, pyrometers and thermometry.
While pyrometry is the contact-free determination of the absolute temperature of one point of
the object. Thermography provides a pictorial representation of temperature distribution. For this
reason, thermography was chosen as the measurement method of temperature. A thermographic
camera Flir SC 7600 recorded the infrared radiation of the fixed tool’s lateral face during the
orthogonal cutting by the left side. It was used black coating in order to enhance and homogenize
the absorptivity and emissivity. The thermo camera can be seen in Figure 31 by Number 8. Its
setup can be analyzed in the upper right image. The resulting field of view (FOV) has a resolution
of 380x400 pixels. The sensor had a pixel pitch of 15µm.
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Table 1 – List of parameter’s values for the analytical models (Part I). The ■,▲ and ⋆ symbols

represent which parameters are necessary for the image method, semi-infinite Green’s

function solution and three-dimension finite Green’s function solution, respectively.

Parameter Symbol Value
Thermal conductivity k ■▲⋆ 51, 9 [W/(m.K)]

Density ρ ▲⋆ 1, 48E + 04 [kg/m3]

Specific heat c▲,⋆ 198, 0 [J/(kg.K)]

Workpiece’s width w ■▲⋆ 3, 0 [mm]

Tool’s width W = X ■⋆ 4, 6 [mm]

Tool’s height and length Z x Y ⋆ 5 x 25 [mm2]

Rake Angle γ ■▲⋆ 12, 0◦

Shear angle Φ ■▲⋆ 45, 0◦

Cutting speed Vc ■▲⋆ 100, 0; 120, 0; 150, 0 [m/min]

Undeformed chip thickness h 0, 3 [mm]

Time of cutting tc ■▲⋆ 0, 08; 0, 01; 0, 12 [s]
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Figure 31 – Experimental setup for the orthogonal cutting experiments.

Source: Author.
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3.3 APPLICATION OF THE TOOL TEMPERATURE ANALYTICAL MODEL TO
MILLING PROCESS

Orthogonal cutting was chosen for the analytical model development, so it is possible
to compare to experimental data. An orthogonal cutting process has as main cutting conditions
a cutting speed Vc and an undeformed chip thickness h. While a milling process presents a
rotation of the cutter, and consequently, the undeformed chip thickness varies dependently on
the cutter rotation angle. Besides that, with the milling process, due to the complexity of the
process, it would be more difficult to measure the temperature in the tool. Thus, the analytical
model validated for orthogonal cutting will be applied to a more complex process, in order to
show its usability in the industry.

After all the procedures for the analytical modeling for orthogonal cutting process in
this bachelor thesis and its validation by experimental tests, as explained in Section 3.1, the
GFSE-3D analytical model developed will be applied to the milling process as an example of
application in a process widely used the industry. Moreover, understanding the high frequent
temperature fluctuations in the interrupted process is crucial to predict the alternating strains in
the material, tool wear and cracks. For a summary of this application methodology, Figure 23
shows the steps until the final analytical model to the milling. It was used the solution Green’s
Function for a three-dimension finite geometry assumption developed in Section 3.1.2.2.

Augspurger (2018) predicted the tool temperature for milling applying the GREEN’S
function for a semi-corner, approximating the cutting-edge geometry, as the theory presented in
Section 3.1.2.1. It simulated time-variant temperature fields T (x, y, z, t) in the tool approximated
by a semi-infinite corner during milling as the result of the former empirically modeled transient
tool load Q̇tool(t, vc, ae, d, fz). This analytical temperature model is based on the solution of
the partial differential equation for heat conduction through GREEN´S functions. Its specific
characteristics make it potentially suitable for modeling transient temperature fields in the tool
for the orthogonal cutting process as well as the milling process. Hence, it was capable to predict
time-variant volumetric temperature fields in a defined geometry, even though the tools used in
the milling experiments deviate from the assumption of the semi-infinite corner by the clearance
as well as rake angle.

In this bachelor thesis, it will be used the same methodology utilized by Augspurger
(2018), but for a different geometry assumption. It will be applied the three-dimension finite
Green’s Function presented in Section 3.1.2.2. Previously, it was applied the transient temperature
fields in the tool for the orthogonal cutting process for continuous process, in order to compare
the modeling results to the experimental data. For milling application, as explained before, the
heat is non-continuous due to milling being an interrupted process. The following analytical
formulation was used. The same Equation 39 can be utilized for Lx1 = 0, Lx2 = Lx = w,
Ly1 = 0, Ly2 = Lf . The difference is that q̇′′ is non-uniform during the cutting time. Thus, the
Equation 49 is utilized for:
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q̇′′(t) = ae ·
d

2
· qtool,lc,ap(h(Φ), vc) ·

dΦ

dt
· 1, 188/(Lx · Ly)

Q̇′′(t) = q̇′′ · Lx · Ly

(50)

h(Φ) = fz · sin(Φ) (51)

Where, ae is the width of cut, d is the diameter of the tool, lc is the cutting length, ap
is the depth of cut, vc is the velocity of cut, fz is the feed per tooth, Lx is also the depth of
cut, and Ly is the chip-tool contact length. In Figure 32, the geometry for the application of
the modeling in Peripheral Milling can be observed. The coordinate system is rotated with the
tool, with y in the rake face and x in the clearance face direction. Besides that, more details
about the kinematics of this process can be seen in Figure 12 and Figure 13 in Section 2.1.2. The
parameters for the simulation of this analytical model can be obtained in Table 2. These values
were taken from the Augspurger (2018)’s doctoral thesis, as an empirically input model.

Figure 32 – Milling process.

Source: provided by LIU, Hui, 2022.

Table 2 – List of parameter’s values for the analytical milling model.

Parameter Symbol Value
Depth of cut ap 3, 0 [mm]

Width of cut ae 3, 75 [mm]

Tool diameter d 20, 0 [mm]

Feed per tooth fz 0, 05 [mm]

Thermal diffusivity α 1, 7E − 05 [m2/s]

Cutting speed vc 35 [m/min]

Time t 1 [s]
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The dependence qtool,lc,ap(h(Φ), vc) utilized is also provided by Auspurger, which is
approximated via a three dimensional regression fitting a second degree polynomial h and vc by
measured specific heat inputs in the orthogonal cutting experiments. This way for the tool the
following formulation was derived from the measurements (AUGSPURGER, 2018):

qtool,lc,ap(h(Φ), vc) = p00 + p10 · h+ p01 · vc + p20 · h2 + p11 · h · vc ++p02 · v2c (52)

For AISI 1045 the formulation used the coefficients in Table 3. This formulation is valid
between the parameter range from vc = 35m/min to 140m/min and h = 0mm to 0, 1mm.
With the cutting velocity, the heat flow into the tool rises yet the duration of the cut is shorter. The
integral of the Equation 50 defines the heat input into the tool. In order to derive a continuous
function of the heat flow over several engagements including the cutting interruption Qtool a
spline interpolation was applied to describe the heat flow piecewise by polynomials.

Table 3 – List of coefficient’s values of Equation 52 for AISI 1045.

Coefficient Value
p00 0, 00292

p10 0, 1663

p01 −6, 089E − 05

p20 −0, 5697

p11 −5, 243E − 05

p02 2, 53E − 07

Source: (AUGSPURGER, 2018).
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4 RESULTS AND DISCUSSION

In this chapter is presented the results of the analytical modeling in the continuous and
interrupted cutting process and its experimental tests comparison. Firstly, it is approached the
experimental measurement’s results: the cutting forces and the high-speed camera measurements.
Both present the necessary cutting parameters to utilize in the analytical models. In Figure 21 in
the last chapter, it is shown this sequence of procedures. Whereas Figure 23 presents the steps for
the analytical modeling. Following, the comparison between the GFSE-3D and the state of art’s
analytical models for the steady and transient state is discussed. Subsequently, the GFSE-3D is
validated with thermal measurement results. Afterward, the methodology of the new analytical
model for transient cutting is applied to the milling process.

4.1 EXPERIMENTAL RESULTS: PART I

As mentioned in Section 3.2, the orthogonal cutting experiments were performed for a
variation of cutting speed Vc = 100; 120 and 150 m/min and repeated twice for each velocity.
The first measurement constitutes the measurement of the forces, which are necessary to calculate
the heat transferred to the tool in the secondary heat source. The second measurement is the
high-speed measurement to provide the chip-tool contact length, which is necessary to define the
region of the secondary heat source and its heat flux. This approach’s steps are present in the
flowchart Figure 21.

4.1.1 Cutting Forces Measurement

The resulted forces, cutting force, Fc, and thrust force, Ft, measured by the
dynamometer, Fz and Fy, respectively, were analyzed in the software DIAdem. For the velocity
of 100m/min, the results for the repeated experiments can be seen in Figure 33. The first and
second columns present the measured signal forces during the cutting for the first and second
experiments, respectively. The magnitude of cutting forces was similar in both experiments. The
same happens for the thrust force.

Table 4 and Figure 34 shows the effect of cutting speed on the magnitude of thrust force
and cutting force. As it can be seen from the results both thrust and tangential forces decrease
with increasing cutting speed. It can be observed that both forces decrease with the increasing
cutting speed in the range of 100–150 m/min, and the highest cutting forces are recorded at
lower cutting speed. As the cutting speed starts increasing, heat generation in the process due to
shearing, friction and ploughing increases resulting in thermal softening of the workpiece with
the reduction in machining forces. The magnitude of cutting forces was higher than the thrust
forces under all cutting speed conditions.
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Figure 33 – Force signals for cutting velocity Vc = 100m/min. The experiment was repeated
twice. Each experiment resulted in cutting force, Fc, and thrust force, Ft.

Source: Author.

Table 4 – Average of cutting forces results from the twice repeated experiments.

Vc [m/min] Fc [N ]
Max. and min.

value of Fc [N ]
Ft [N ]

Max. and min.

value of Ft [N ]

100 1700, 185
1497, 604

1837, 398
694, 827

478, 308

830, 823

120 1640, 818
1433, 185

1872, 110
605, 071

339, 502

800, 893

150 1616, 852
1952, 396

1208, 580
535, 962

230, 657

733, 134

4.1.2 High Speed Measurement

The cutting process was captured by an ultra-high-speed camera, which enabled the
measuring of the length of tool-chip contact, Lf . The experiments were repeated twice. In
Figure 35, it is possible to observe the experiment during the time for the velocity of Vc =

100 m/min . The moment of the first frame (Figure 35a) is before the cutting starts. Figure 35b
shows the begging of the cutting process. The next sequences present in each frame the chip
formation, until it ends the cutting. Figure 35h shows immediately after the cutting, in which the
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Figure 34 – Average of cutting forces results from the twice repeated experiments.

Source: Author.

chip and workpiece have no more contact with the tool.

The chip-tool contact length was measured in the PCC software as in Figure 36, resulting
in a value of 0, 05mm for Vc = 100 m/min. For the same parameter of velocity, Figure 37
presents a microscope photo and a topography of the rake face of the tool after the cutting
experiment (upper side view of Figure 35). In Figure 37a, the left side is where happened
chip-tool contact. While in Figure 37b, this region is seen on the right side, by the increase
in roughness. The topography result presents a similar chip-length contact of approximately
0, 05mm. For all the cutting speed and the repeated tests, the results of Lf can be analyzed in
Table 5.

As Figure 21 shows, with the forces during the orthogonal cutting and the chip-tool
contact measured, all the necessary parameter’s values for the analytical models are obtained.
These values are presented in Table 6.

Table 5 – Lf [mm] for different cutting velocities.

Vc [m/min] Average of Lf [mm]

100 0, 55

120 0, 7

150 0, 75
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Figure 35 – Cutting process captured by the ultra-high-speed camera for Vc = 100 mm/min.

Source: Author.

Table 6 – List of parameter’s values for the analytical models (Part II). The ■,▲ and ⋆ symbols

represent which parameters are necessary for the image method, semi-infinite Green’s

function solution and three-dimension finite Green’s function solution, respectively.

Parameter Symbol
Value for the respective velocity
Vc = 100; 120; 150 [m/min]

Cutting force Fc ■▲⋆

1700, 185 [N ]

1640, 818 [N ]

1616, 852 [N ]

Thrust force Ft ■▲⋆

694, 827 [N ]

605, 071 [N ]

535, 962 [N ]

Chip-tool contact length Lf ■▲⋆

0, 55 [mm]

0, 7 [mm]

0, 75 [mm]
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Figure 36 – Lf measurement for Vc = 100 m/min in PCC software. Figure (a) shows the region
where it is the chip-tool contact, while Figure (b) shows the line of contact in red,
which it is measured by the software as d in meters.

Source: Author.
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Figure 37 – Microscope photo and topography of the rake face of the tool for Vc = 100 m/min
test.

(a) Microscope photo. (b) Topography.

Source: Author.
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4.2 ANALYTICAL MODELS

With all the parameter’s values defined in Table 1 and Table 6, it is possible to simulate
the analytical models with conditions from a real cutting process.

4.2.1 Comparison between Image Method and 3D-Green’s Function in Orthogonal
Cutting.

The comparison between Image Method and GFSE-3D in orthogonal cutting was
presented to observe if the cutting process happens in the transient state and how it differs from
the steady-state.

In Figure 38, the analytical model results can be seen for Vc = 150m/min. In this
graph, it is presented results for image method, i.e., steady-state; GFSE-3D for the cutting time
tc = 0, 08s and for a high value of time, both at y for x = W/2. The results are as expected, the
temperature distribution for the image method is bigger than for GFSE-3D. As the image method
was applied for a steady-state, the heat transfer occurs in a longer period of time until reaches a
stationary state.

Figure 38 – Temperature (at y for x = W/2) for the cutting conditions of Vc = 150m/min for
image method, i.e., steady-state; finite three-dimensional Green’s Function for the
cutting time tc = 0, 08s and for a high value of time tmax = 4, 67s (maximum time
for small cotime for the model assumed).

Source: Author.

As presented in Section 3.1.2.2, it was considered small cotime for the Green’s Function
utilized. This means that for each dimension, each expression used is valid for the condition
of α(t− τ)/L2 ≤ 0, 25. Considering, the three dimensions and the parameter’s values for the
cutting speed of Vc = 150m/min, the maximum time for a small cotime is tmax = 4, 67s. In
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Figure 38 this value is compared, this tmax does not reach the steady-state.
Besides applying a high value of time for the GFSE-3D than the cutting time, using tmax,

both methods’ temperature distributions were compared for the same plane in Figure 39. The
temperature distribution in the background of the graph is the image method and the temperature
distribution in dashed lines is the GFSE-3D. As also observed in Figure 38, the GFSE-3D’s
temperature is lower than the Image Method’s temperature. But both have a similar distribution,
with a higher variation near the chip-tool contact. However, the GFSE-3D does not reach the
steady-state.

Figure 39 – Temperature distribution at cutting conditions of Vc = 150m/min for image method
and GFSE-3D for a tmax = 4, 67s .

Source: Author.

4.2.2 Comparison between Analytical Models in Transient State in the Cutting Process

The comparison of the tool temperature distribution results between semi-infinite and
finite three-dimensional Green’s Functions has as purpose to analyze a method used in the
literature and a new analytical solution. It is important to remind that both geometry assumptions
are different. Besides one having a semi-infinite boundary and the second having a finite boundary,
the heat flux part is located in a different position for the tool. The first has the heat distribution
in the corner of the rake face (Figure 16), while the second has the heat in the inferior middle of
the rake-face plane of the tool (Figure 28). Because of this purpose, the results are presented in
the tool lateral face for both methods Figure 40. In addition, the experiment tests measure the
lateral face of the tool, which will be present in Section 4.3.

Thus, in Figure 40, the temperature distribution in the lateral tool at cutting conditions
of Vc = 150m/min for both methods are presented. The whole length’s tool (y-axis) has a value
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Figure 40 – Temperature distribution in the lateral tool at cutting conditions of Vc = 150m/min
for: (a) GFSE-3D (image on the left side), and (b) semi-infinite Green’s Function
(image on the right side).

Source: Author.

of 25mm, which was not plotted completely, for a better visualization of the edge. It is noticed a
higher value at the edge for semi-infinite Green’s Function (image on the right side), as its heat
source is positioned in the corner of the rake face. Furthermore, the temperature distributions
of both methods are different. A semi-infinite body will conduct its heat away from the tool
differently from a limited boundary.

Besides the distribution of the temperature, it is important to predict the maximum
temperature during the cutting, especially in the industry. Thus, the manufacturer can choose
the better material to utilize for the tool, for example. Each material has a usable maximum
temperature. The maximum application temperature of WC–Co cemented carbides is 800 to
900◦C. Above this temperature, the plastic deformation, caused by softening of the binder phase,
leads to tool failure (UHLMANN et al., 2016).

Because of this, the maximum temperature in both methods was analyzed. The
maximum temperature at y direction for the semi-infinite Green’s Functions is for x = 0,
while for the finite three-dimensional Green’s Functions, x = W/2. In Figure 41, the result of
this analysis is presented. Semi-infinite Green’s Function obtained a higher value than GFSE-3D
and a bigger magnitude of 900◦C (near the plastic deformation temperature). The first presented
a possibility to overestimate the maximum temperature, besides not having the same geometry
as the orthogonal tests realized in this bachelor thesis.

Furthermore, as presented in Chapter 2.2.2, the consideration of a semi-infinite body
of a finite body of thickness L can be represented by a semi-infinite body, 0 < x < ∞, when
the boundary condition at x = L does not influence the temperature distributions near x = 0.
This happens for the small dimensionless times of αt/L2 < 0, 05 (COLE et al., 2010). However,
for the parameters of velocity vc = 120 and 150m/min, this condition is not respected for the
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Figure 41 – Temperature in tool at y at cutting conditions of Vc = 150m/min for semi-infinite
Green’s Function and GFSE-3D.

Source: Author.

tool’s height (z-dimension) of 5mm. As for the first cutting velocity, it should be Lz > 5, 35mm,
and for the second, Lz > 6, 42mm. Nevertheless, for the condition of small cotime utilized in
the GFSE-3D model (Chapter 3.1.2.2), α(t− τ)/L2 ≤ 0, 25, is reached for all the simulation’s
parameters.

4.3 EXPERIMENTAL RESULTS: PART II

The thermography experiment captured the temperature distribution by a thermal camera
during the cutting process. In Figure 42, it is possible to observe the experiment during the time.
The moment of the first Figure 42a is in the begging the cutting. The whole sequence shows
in each frame the temperature distribution of the tool and the chip formation, until it ends the
cutting. Figure 42f shows the time immediately before the end of the cutting, while Figure 42g
shows immediately after the cutting, which the chip has no more contact with the tool, similarly
what happens to Figure 35h.

The GFSE-3D was compared to the experimental results. As explained in the
methodology the time used for the analytical models was the time of cutting. Because of this, all
the experimental test frames used to compare both methods were chosen as the correspondent
frame that presents the time immediately before the end of the cutting, for example, Figure 42f.
results for the experimental tests and the GFSE-3D results are presented for the three different
parameters Vc = 100; 120; 150m/min in Figures 43, 44 and 45. The temperature distribution in
the background of the graph is the experiment and the temperature distribution in dashed lines is
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Figure 42 – Cutting process captured by the thermal camera for Vc = 100m/min.

Source: Author.

the GFSE-3D. For all three different parameters, the temperature distribution for the GFSE-3D
model is similar to the experimental result.

Table 7 – Maximum temperature of experimental tests and GFSE-3D analytical results.

Vc [m/min] Method Maximum Temperature [◦C] Relative Error

100
Experiment

GFSE-3D

367, 0729

366, 5957
0, 13%

120
Experiment

GFSE-3D

369, 3487

365, 3978
1, 07%

150
Experiment

GFSE-3D

363, 8994

347, 8918
4, 40%

It is possible to notice that the temperature distribution for Vc = 150m/min (Figure 45)
has a smaller value of maximum temperature than for the others parameters in Figure 43 and



81

Figure 43 – Comparison between thermal experiment tests and finite three-dimension Green’s
Function Solution results for cutting condition of Vc = 100m/min. The surface
observed is the tool lateral face (Figure 28).

Source: Author.

Figure 44 – Comparison between thermal experiment tests and finite three-dimension Green’s
Function Solution results for cutting condition of Vc = 120m/min. The surface
observed is the tool lateral face (Figure 28).

Source: Author.

Figure 44. In Table 7 can be observed the maximum temperature for the experiment test and
GFSE-3D model results. For the GFSE-3D method, as higher the cutting speed, Vc, as smaller
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Figure 45 – Comparison between thermal experiment tests and finite three-dimension Green’s
Function Solution results for cutting condition of Vc = 150m/min. The surface
observed is the tool lateral face (Figure 28).

Source: Author.

the maximum temperature, which is expected. How as higher the cutting speed, Vc, as smaller
the cutting force (Figure 34). Thus, a smaller value of heat flux is obtained, which results in a
smaller temperature.

However, the same does not happen for the experiment results. For the middle velocity,
Vc = 120m/min, the temperature is higher than for Vc = 100 and Vc = 150m/min. This
happens because, as explained in Chapter 2, the heat partition — coefficient into cutting tool
characterizes the proportion of cutting heat flowing into it — is non-constant. Besides that, the
literature shows a correlation between the heat partition and the Peclét number, a dimensionless
variable correlating with the heat partition into the tool with the undeformed chip thickness as
the characteristic length:

NPe =
Vc · h
αtool

(53)

Augspurger (2018) presented that the heat partition into the tool rises with a decreasing
undeformed chip thickness and a decreasing cutting velocity. Furthermore, with a rising Peclét
number, partition into the tool decreases, probably due to the higher influence of the heat
transportation velocity, as presented in Figure 47 for Inconel 718 and AISI 1045 (C45E). Hence,
it suffices as a dimensionless number in order to estimate the parameter influence on the heat
partition into the tool.

Nevertheless, the maximum temperature from the GFSE-3D method has similar results
compared to experimental tests. It presented an acceptable relative error, it reached a maximum
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Figure 46 – Relative error between thermal experiment tests and finite three-dimension Green’s
Function Solution results for cutting condition of Vc = 150m/min. The surface
observed is the tool lateral face (Figure 28).

Source: Author.

Figure 47 – Heat partition into the tool and Peclét number.

Source: (AUGSPURGER, 2018).

value of 4, 40% for Vc = 150m/min (Table 7). As commented before, it is important to predict
the maximum temperature during the cutting, for example, the manufacturer can choose a better
material to utilize for the tool. Furthermore, this analytical model presented acceptable relative
errors. Even for the results from the parameter with the higher relative error of the maximum
temperature, its distribution of the relative error between GFSE-3D method and experiment tests
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is less than 6% for the edge of the tool, as Figure 46 shows.
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4.4 RESULTS OF THE APPLICATION OF THE ANALYTICAL MODEL FOR MILLING
PROCESS

Regarding the research hypothesis, it was further investigated if the GFSE-3D model
could be used in order to predict time-variant temperature fields in the tool during the cutting
process. For this, the analytical GFSE-3D method was analyzed together with the image method
at steady-state and other Green’s function used in the state of the art of predicting the temperature
at the cutting process. Subsequently, the measured transient temperature fields at the tool’s
lateral face were compared to analytically, time-variant, volumetric temperature fields at defined
finite tool for three different parameter settings (Vc = 100; 120; 150 m/min). The results of the
analytical temperature fields showed good accordance with the observed conditions in the tool.
Those results reveal a valid indicator for a possible step forward to apply the GFSE-3D model to
the interrupted cutting process.

Thus, after the analytical model for the cutting process using GFSE-3D developed in
this bachelor thesis and its comparison by experimental tests, the methodology was applied
to the milling process. For this, the analytical model resolving the transient temperature fields
through finite Green’s functions, introduced and demonstrated in Chapter 3.1.2.2 and applied
to the milling process in Chapter 3.3 was used. It simulated the time-variant temperature fields
T (x, y, z, t) in the tool approximated by a finite body during milling as the result of the former
empirically modeled transient tool load Q̇tool(t, vc, ae, d, fz).

For x = 0.8mm, y = 0.8mm and z = 0.17mm, the GFSE-3D for milling process at
parameters presented in Chapter 3.3, Table 2, resulted in heat flow into the tool and temperatures
at Figure 48. For the heat flow into the tool at the interrupted process, the tool temperature
increase depending on the heat’s cycles, which range depending on the contact of the tool defined
by the cutter rotation angle. Besides the temperature’s cyclic variation related directly to the
heat’s cycle, its magnitude increases.

Yet the heating of the tool was not predicted by the analytical model, and the milling
results were not compared directly to experiments. The validation of the modeled temperature
fields in the tool was achieved by an experimental setup enabling visibility of the tool’s lateral
face of an orthogonal cutting process. Those dynamics provide a significant methodology to
apply the methodology to an interrupted process and understand thermal cycles at the tool during
the milling processes. This kind of analytical simulation is important to understand how those
high frequent temperature fluctuations cause alternating strains in the material and could cause
tool wear and as well as cracks.
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Figure 48 – Heat flow into the tool during the milling process and tool temperature using the
GFSE-3D model.

Source: Author.
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5 CONCLUSIONS

The main objective of this bachelor thesis is to develop an analytical model of the
tool temperature distribution prediction in the cutting process with a new boundary assumption.
To accomplish this general objective, firstly, it was compared the new model to the previous
analytical models in the state of art for cutting process divided into stationary and transient states.
For last, a validation of the new analytical model using finite three-dimensional Green’s Function
with orthogonal cutting experiments, i.e., continuous cutting, was realized. Finally, after good
accordance with the results, it was possible to achieve a step forward: to apply the GFSE-3D
model to the interrupted cutting process aiming to present its usability.

With regard to the research hypothesis, it was investigated if the finite three-dimensional
Green’s functions model can be used in order to predict time-variant temperature fields in the
tool. For this purpose, the comparison to the image method together the Jaeger’s solutions for a
stationary square heat source was realized. Thus, it was confirmed that the parameters utilized in
the analytical simulations were in accordance with the transient state. Yet in the analysis of the
previous analytical models in the state of the art for the cutting process, the Green’s Function
for semi-infinite rectangular geometry was investigated. The semi-infinite showed a possibility
to overestimate the maximum temperature in comparison to the cutting’s conditions analyzed,
which presented temperature near the plastic deformation temperature for the edge of the tool. In
addition, the finite three-dimensional have more accuracy of the real geometry of the orthogonal
tests realized in this bachelor thesis. The condition of small dimensionless times for considering
a semi-infinite was not reached for all the cutting parameters. While the finite three-dimensional
presented accordance to small cotime condition for all the parameters.

Finally, a validation of the modeled temperature fields in the tool was achieved by an
orthogonal cutting experimental setup enabling visibility of the tool’s lateral face. Even for the
results from the parameter of cutting velocity of 150mm/min that presented a higher relative
error of the temperature, it obtained less than 6% of relative error for the edge of the tool. After
validation of the model, an application of the GFSE-3D model to the milling process as an
interrupted cutting was realized. As an interrupted process, it is important to predict its transient
temperature, since cyclic heating and cooling may cause cycling strains and alterations of the
microstructure and material properties.

Although good accordance of the results between the GFSE-3D model and the
orthogonal cutting experiment were obtained, as it was discussed, the heat partition is actually
non-constant. Therefore, for future works, the author suggests that the theory of a nonuniform
heat partition ratio may be investigated into the analytical model developed in this bachelor
thesis. Furthermore, in this work, it was also utilized a constant thermal conductivity as the state
of the art for cutting process suggests, but this parameter has a dependence on the temperature.
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Since the temperature of the tool can vary significantly due to the heat source in the chip-contact
region, a study of the application of a non-constant thermal conductivity might bring a good
contribution to the research of the cutting process. In addition, an investigation of a real tool
temperature distribution for the milling process in comparison to the results of the application of
the analytical model obtained in this work is suggested for future works. Finally, a consideration
of the effects of the conductive and the radiation could improve the analytical model developed
this bachelor thesis.
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