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❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ Pr♦❢❡ss♦r ❉r✳ ❋❡❧✐♣❡ ▲♦♣❡s ❈❛str♦✱ ♣♦r ♠❡ ❣✉✐❛r ♥❡st❡ ❝❛♠✐♥❤♦✱
♥ã♦ só ♣❡❧♦ ❝♦♥❤❡❝✐♠❡♥t♦✱ ♠❛s ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ❡ ❝❛r✐♥❤♦✱ ❝♦♠ q✉❡ ♠❡
♦r✐❡♥t♦✉✱ ♥ã♦ t❡♠ ❝♦♠ ❞❡s❝r❡✈❡r ❛ ❣r❛t✐❞ã♦ ♣♦r t✉❞♦✳

❆♦s ♣r♦❢❡ss♦r❡s ❞❛ ❜❛♥❝❛✱ ♣❡❧❛s ❝♦♥tr✐❜✉✐çõ❡s ❡ ❞✐❝❛s ✈❛❧✐♦s❛s✳
❆♦s ♣r♦❢❡ss♦r❡s ❞♦ Pr♦❢♠❛t✱ ♣♦r t♦❞❛ ❞❡❞✐❝❛çã♦ ❡ ❡♥s✐♥❛♠❡♥t♦s✳
❆♦s ❝♦❧❡❣❛s ❞❡ ♠❡str❛❞♦✱ ♣❡❧❛s ❤♦r❛s ❞❡ ❡♥s✐♥♦ q✉❡ ❞❡❞✐❝❛♠♦s✳
❆♦s ♠❡✉s ♣❛✐s✱ ♣♦r ❛❝r❡❞✐t❛r❡♠ ❡♠ ♠✐♠ ❡ ♥✉♥❝❛ ❞❡s✐st✐r❡♠✳
➚ ♠✐♥❤❛ ❡s♣♦s❛✱ ♣♦r ❡st❡s ❛♥♦s ❞❡ ♣❛❝✐ê♥❝✐❛ ❡ ❛♠♦r✳
❆♦ Pr♦❢♠❛t ❡ ❛ ❯❋❙❈✱ ♣♦r t❡r ♣r♦♣♦r❝✐♦♥❛❞♦ ❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡st❡ ♠❡str❛❞♦✳





✏❆ ▼❛t❡♠át✐❝❛ é ❛ ❝✐ê♥❝✐❛ ♠❛✐s ❜❛r❛t❛✳ ◆ã♦ r❡q✉❡r q✉❛❧q✉❡r ❡q✉✐✲

♣❛♠❡♥t♦ ❝❛r♦✱ ❛♦ ❝♦♥trár✐♦ ❞❛ ❋ís✐❝❛ ♦✉ ❞❛ ◗✉í♠✐❝❛✳ ❚✉❞♦ ♦ q✉❡

♣r❡❝✐s❛♠♦s ♣❛r❛ ❛ ▼❛t❡♠át✐❝❛ é ❞❡ ✉♠ ❧á♣✐s ❡ ♣❛♣❡❧✳✑

●❡♦r❣❡ P♦❧②❛✱ ✶✾✻✷





❘❊❙❯▼❖

❆♣r❡s❡♥t❛r❡♠♦s ♥❡st❛ ❞✐ss❡rt❛çã♦ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❞❛ ❛♥á❧✐s❡ ❝♦♠❜✐♥❛tór✐❛ ♥❛ r❡s♦❧✉çã♦
❞❡ ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s ❞❡ ❝✉♥❤♦ ♥❛❝✐♦♥❛❧ ❡ ✐♥t❡r♥❛❝✐♦♥❛❧✱ ❛♥❛❧✐s❛♥❞♦ ❡ ♠♦str❛♥❞♦ ♣❛r❛ ♦
❧❡✐t♦r ❞✐✈❡rs♦s ❡①❡♠♣❧♦s ❡ ❛♣❧✐❝❛çõ❡s ❞❡ ❞✐✈❡rs❛s ár❡❛s ❞❛ ❝♦♠❜✐♥❛tór✐❛✳ P♦✉❝♦ é ♠♦str❛❞♦
♥❛s s❛❧❛s ❞❡ ❛✉❧❛ ❞❡ ♥í✈❡❧ s✉♣❡r✐♦r q✉❛♥❞♦ ♦ ❛ss✉♥t♦ é ❡ss❡ r❛♠♦ ❞❛ ♠❛t❡♠át✐❝❛✱ ❡♠
♠✉✐t❛s ❣r❛❞❡s ❝✉rr✐❝✉❧❛r❡s ❛ ❛❜♦r❞❛❣❡♠ ❞❛ ♠❡s♠❛ é ❛tr❛✈és ❞❡ ✉♠❛✱ ❞✉❛s ❞✐s❝✐♣❧✐♥❛s
❞❡♥tr♦ ❞❛ ❣r❛❞❡ ❞❡ ❡♥s✐♥♦✳ ❊ ❛♣❡s❛r ❞✐ss♦✱ é ✉♠ ❞♦s tó♣✐❝♦s q✉❡ s❡♠♣r❡ ❡stá ❡♠ ♣r♦✈❛s
♦❧í♠♣✐❝❛s ❞❡♥tr♦ ❡ ❢♦r❛ ❞♦ ❇r❛s✐❧✳ ❚r❛③❡♠♦s ✉♠ ♣♦✉❝♦ ❞♦ ❝♦♥t❡①t♦ ❞❛ ❛♥á❧✐s❡ ❝♦♠❜✐♥❛tór✐❛
❡ ❥✉♥t❛♠❡♥t❡✱ ❡①❡♠♣❧✐✜❝❛♠♦s ❝❛❞❛ ♣❛ss♦ ✉t✐❧✐③❛♥❞♦ ❡①❡r❝í❝✐♦s q✉❡ ❢♦r❛♠ ❛♣❧✐❝❛❞❛s ♥❡ss❛s
♦❧í♠♣✐❛❞❛s✳ ❆❧é♠ ❞✐ss♦✱ tr❛❜❛❧❤❛♠♦s ✉♠ ❞♦s ♣r✐♥❝í♣✐♦s ♠❛✐s ❝♦♥❤❡❝✐❞♦s ❞❡ss❛ ár❡❛✱ ♦
♣r✐♥❝í♣✐♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s ❞❡ ❉✐r✐❝❤❧❡t✱ ❡✈✐❞❡♥❝✐❛♥❞♦ ❝♦♠♦✱ ❛♣❡s❛r ❞❡ s✐♠♣❧❡s✱ ♦ ♠❡s♠♦
♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ♥ã♦ s♦♠❡♥t❡ ♥❛ ár❡❛ ❞❡ ❝♦♠❜✐♥❛tór✐❛ t❛♠❜é♠ ❝♦♠♦ ❡♠ ♦✉tr❛s ár❡❛s
❞❛ ♠❛t❡♠át✐❝❛✳
P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❆♥á❧✐s❡ ❝♦♠❜✐♥❛tór✐❛✱ ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s✱ ♦❧✐♠♣í❛❞❛s ❞❡ ♠❛t❡♠át✐❝❛✱
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❲❡ ✇✐❧❧ s❤♦✇ ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ❛♥ ❛♣♣r♦❛❝❤ ♦❢ ❝♦♠❜✐♥❛t♦r✐❛❧ ❛♥❛❧②s✐s ✐♥ s♦❧✈✐♥❣ ♥❛t✐✲
♦♥❛❧ ❛♥❞ ✐♥t❡r♥❛t✐♦♥❛❧ ❖❧②♠♣✐❝ ♣r♦❜❧❡♠s✱ ❛♥❛❧②③✐♥❣ ❛♥❞ s❤♦✇✐♥❣ t♦ t❤❡ r❡❛❞❡r s❡✈❡r❛❧
❡①❛♠♣❧❡s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ✈❛r✐♦✉s ❛r❡❛s ♦❢ ❝♦♠❜✐♥❛t♦r✐❝s✳ ▲✐tt❧❡ ✐s s❤♦✇♥ ✐♥ ✉♥❞❡r❣r❛✲
❞✉❛t❡❞ ❝❧❛ssr♦♦♠s ✇❤❡♥ ✐t ❝♦♠❡s t♦ t❤✐s ❜r❛♥❝❤ ♦❢ ♠❛t❤❡♠❛t✐❝s✱ ✐♥ ♠❛♥② ❝✉rr✐❝✉❧✉♠s
t❤❡ ❛♣♣r♦❛❝❤ ✐s t❤r♦✉❣❤ ♦♥❡✱ t✇♦ ❞✐s❝✐♣❧✐♥❡s ✇✐t❤✐♥ t❤❡ ❝✉rr✐❝✉❧✉♠✳ ❆♥❞ ②❡t✱ ✐t ✐s ♦♥❡
♦❢ t❤❡ t♦♣✐❝s t❤❛t ✐s ❛❧✇❛②s ✐♥ ▼❛t❤❡♠❛t✐❝❛❧ ❖❧②♠♣✐❛❞s✱ ✐♥ ❇r❛③✐❧ ❛♥❞ ❛❜r♦❛❞✳ ❲❡ ❜r✐♥❣
❛ ❜✐t ♦❢ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❛♥❛❧②s✐s ❛♥❞ t♦❣❡t❤❡r ✇❡ ❡①❡♠♣❧✐❢② ❡❛❝❤ st❡♣
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❘❊❋❊❘✃◆❈■❆❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸
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■◆❚❘❖❉❯➬➹❖

❙❡♥❞♦ ❡✉ ✉♠ ♣r♦❢❡ss♦r ❞♦s ❡♥s✐♥♦s ❢✉♥❞❛♠❡♥t❛❧ ❡ ♠é❞✐♦✱ ♠✉✐t❛s ✈❡③❡s ♠❡ ❞❡♣❛r♦

♣r♦❝✉r❛♥❞♦ r❡s♣♦st❛s ♣❛r❛ ♣❡r❣✉♥t❛s ❝♦rr✐q✉❡✐r❛s q✉❡ ❛ss♦♠❜r❛♠✱ ✐♠❛❣✐♥♦ ❡✉✱ ❝♦❧❡❣❛s

q✉❡ ❧❡❝✐♦♥❛♠ ♦✉tr❛s ❞✐s❝✐♣❧✐♥❛s t❛♠❜é♠✿ ✏P♦rq✉❡ t❡♠♦s q✉❡ ❛♣r❡♥❞❡r ✐ss♦❄✑✱ ✏❖♥❞❡ ✈♦✉

✉s❛r ✐ss♦ ♥❛ ♠✐♥❤❛ ✈✐❞❛❄✑✳ P♦r ✐♥ú♠❡r❛s ✈❡③❡s✱ ❜✉s❝♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐r❡t❛ ❞♦ ❛ss✉♥t♦

❡♠ q✉❡stã♦ ❡ t❡♥t♦ ❡①❡♠♣❧✐✜❝❛r ❝♦♠ s✐t✉❛çõ❡s ❞♦ ❝♦t✐❞✐❛♥♦✳ P♦r ♠❛✐s q✉❡ ❜♦❛ ♣❛rt❡ ❞♦

❝♦♥t❡ú❞♦ t❡♥❤❛ ❛❧❣✉♠❛ ✉t✐❧✐❞❛❞❡ ❢✉t✉r❛ ❛ ❡ss❡s ❛❞♦❧❡s❝❡♥t❡s✱ ♥ã♦ s❡ ♣♦❞❡ ♥❡❣❛r q✉❡ ♦✉tr❛

❜♦❛ ♣❛rt❡ s❡rá ✐rr❡❧❡✈❛♥t❡ s❡ ♦s ♠❡s♠♦s ♥ã♦ s❡❣✉✐r❡♠ ❝❛rr❡✐r❛ ♥❛s ár❡❛s ❞❡ ▼❛t❡♠át✐❝❛

♦✉ ❋ís✐❝❛✳

❊ss❛s ❝♦♠♣❛r❛çõ❡s ❝♦♠ s✐t✉❛çõ❡s r❡❛✐s ❞♦ ❞✐❛ ❛ ❞✐❛✱ ♠✉✐t❛s ✈❡③❡s ❢❛❝✐❧✐t❛♠ ♣❛r❛

q✉❡ ♦ ❛❧✉♥♦ ♣♦ss❛ ❡♥t❡♥❞❡r ❝♦♠ ♠❛✐s ❝❧❛r❡③❛ ❞❡t❡r♠✐♥❛❞♦s ♣r♦❜❧❡♠❛s ❡ ♣♦ss❛ t❛♠❜é♠

❡♥❝♦♥tr❛r ♠❛✐s ❞❡ ✉♠ ❝❛♠✐♥❤♦ ♣❛r❛ ♣♦❞❡r r❡s♦❧✈❡✲❧♦s✱ ♠❡❧❤♦r❛♥❞♦ ❛ss✐♠ s✉❛ ❢♦r♠❛ ❞❡

❝♦♠♣r❡❡♥sã♦✱ ❛❣✉ç❛♥❞♦ s✉❛ ❝✉r✐♦s✐❞❛❞❡ ❡ ❞❡✐①❛♥❞♦ q✉❡ s✉❛ ❝r✐❛t✐✈✐❞❛❞❡ s❡ t♦r♥❡ ❝❛❞❛ ✈❡③

♠❛✐s ♣r❡s❡♥t❡✱ s❡r✐❛ ✐♥t❡r❡ss❛♥t❡ s❡ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s ❛❣✐ss❡♠ ♦✉ ♣❡❧♦ ♠❡♥♦s ♣❡♥s❛ss❡♠

❞❡st❛ ❢♦r♠❛✱ ❝♦♠ ❝❡rt❡③❛ ❤❛✈❡r✐❛ ♠❡♥♦s ❛❞♦❧❡s❝❡♥t❡s ❝♦♠ ♠❡❞♦ ♦✉ ó❞✐♦ ♣❡❧❛ ♠❛t❡♠át✐❝❛✳

❖ ❢♦❝♦ ❞❡✈❡r✐❛ ❡st❛r ♥♦s ♣r♦❝❡ss♦s q✉❡ ❧❡✈❛♠ ❛ ✉♠ r❡s✉❧t❛❞♦✱ ❡ ♥ã♦ ❛♣❡♥❛s ♥♦ r❡s✉❧t❛❞♦

❡♠ s✐✳

◆❛ ♠❛t❡♠át✐❝❛ ❡①✐st❡ ✉♠❛ ár❡❛ ♦♥❞❡ ❡♠ ❣❡r❛❧ é ♣♦ssí✈❡❧ ❞❡ ✈✐s✉❛❧✐③❛r ♦s ♣r♦❜❧❡♠❛s

❢♦r❛ ❞♦ ❛❜str❛t♦ ❡ ❢❛❝✐❧♠❡♥t❡ tr❛③❡✲❧♦s ❛♦ ✏♠✉♥❞♦ r❡❛❧ ✑✿ ❛ ❛♥á❧✐s❡ ❝♦♠❜✐♥❛tór✐❛✳

◆❛ ❝♦♠❜✐♥❛tór✐❛ ❡①✐st❡♠ ♣r♦❜❧❡♠❛s ❝♦♠ ♥í✈❡✐s ✈❛r✐❛❞♦s ❞❡ ❞✐✜❝✉❧❞❛❞❡ ❡ q✉❡ ♣♦❞❡♠

s❡r ❝♦♠♣r❡❡♥❞✐❞♦s ♣♦r ❡st✉❞❛♥t❡s ❞❡ ❞✐✈❡rs♦s ♥í✈❡✐s ❞❡ ❡♥s✐♥♦✳ ◗✉❛❧ ❛ ✈❛♥t❛❣❡♠ ❞✐ss♦❄

❊ss❡s ♣r♦❜❧❡♠❛s ❣❡r❛❧♠❡♥t❡ ♣♦❞❡♠ s❡r r❡s♦❧✈✐❞♦s ✉t✐❧✐③❛♥❞♦ ❞✐✈❡rs♦s ♠ét♦❞♦s✱ ❞❡s❞❡ té❝✲

♥✐❝❛s s✐♠♣❧❡s ❞❡ ❝♦♥t❛❣❡♠ ❛té ♦ ✉s♦ ❡str❛té❣✐❝♦ ❞❡ ❧✐st❛s ❡ ♠❛♥✐♣✉❧❛çõ❡s ❞❡ ❢♦r♠✉❧❛s✱ ♦✉

s❡❥❛✱ ✉♠ ú♥✐❝♦ ♣r♦❜❧❡♠❛ ❝♦♠❜✐♥❛tór✐♦ ♣♦❞❡ s❡r ❛♣r❡s❡♥t❛❞♦ ❞❡ ❢♦r♠❛ r❡❧❡✈❛♥t❡ ❛ ❡st✉✲

❞❛♥t❡s ❞❡ ❛♥♦s ✐♥✐❝✐❛✐s ❡ t❛♠❜é♠ ❛ ❡st✉❞❛♥t❡s ✉♥✐✈❡rs✐tár✐♦s✳

❚❡♥❞♦ ❡st❛❞♦ ✐♥❡rt❡ à ♠❛r❣❡♠ ❞❛ ❝✐ê♥❝✐❛ ♠❛t❡♠át✐❝❛ ♣♦r sé❝✉❧♦s✱ ❛ ❛♥á❧✐s❡ ❝♦♠❜✐✲

♥❛tór✐❛ s❡ tr❛♥s❢♦r♠♦✉ ♥❛s ú❧t✐♠❛s ❞é❝❛❞❛s ❡♠ ✉♠ ❞♦s r❛♠♦s ❞❡ ♠❛✐s rá♣✐❞♦ ❝r❡s❝✐♠❡♥t♦

❞❛ ♠❛t❡♠át✐❝❛✱ ✐st♦ ♣♦❞❡ s❡r ♥♦t❛❞♦ ❣r❛ç❛s ❛♦ ♥ú♠❡r♦ ❞❡ ♣✉❜❧✐❝❛çõ❡s q✉❡ ❛♣❛r❡❝❡♠ ♥❡st❡

❝❛♠♣♦ ✭❛♣❧✐❝❛çõ❡s ❡♠ ♦✉tr♦s r❛♠♦s ❞❛ ♠❛t❡♠át✐❝❛ ❡ ❡♠ ♦✉tr❛s ❝✐ê♥❝✐❛s✱ ❡ ❥✉♥t❛♠❡♥t❡ ❝♦♠

✐st♦✱ ♦ ✐♥t❡r❡ss❡ ❞❡ ❝✐❡♥t✐st❛s✱ ❡❝♦♥♦♠✐st❛s ❡ ❡♥❣❡♥❤❡✐r♦s ❡♠ r❛❝✐♦❝í♥✐♦s ❝♦♠❜✐♥❛tór✐♦s✮✳ ❖

♠✉♥❞♦ ♠❛t❡♠át✐❝♦ ❢♦✐ ❛tr❛í❞♦ ♣❡❧♦ s✉❝❡ss♦ ❞❛ á❧❣❡❜r❛ ❡ ❞❛ ❛♥á❧✐s❡ ❡ só ♥♦s ú❧t✐♠♦s ❛♥♦s

t♦r♥♦✉✲s❡ ❝❧❛r♦ q✉❡ ❛ ❝♦♠❜✐♥❛tór✐❛ t❡♠ s❡✉s ♣ró♣r✐♦s ♣r♦❜❧❡♠❛s ❡ ♣r✐♥❝í♣✐♦s✳ ❊ss❡s sã♦

✐♥❞❡♣❡♥❞❡♥t❡s ❞❛q✉❡❧❡s ❡♠ á❧❣❡❜r❛ ❡ ❛♥á❧✐s❡✱ ♠❛s✱ ❡♥❢r❡♥t❛♠ ♦s ♠❡s♠♦s ❡♠ ❞✐✜❝✉❧❞❛❞❡✱

✐♥t❡r❡ss❡ ♣rát✐❝♦ ❡ t❡ór✐❝♦ ❡ ❜❡❧❡③❛✳
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❚♦❞♦s ♦s ❛♥♦s✱ ❡♠ ❝❛❞❛ ✉♠❛ ❞❛s ♣r✐♥❝✐♣❛✐s ♦❧✐♠♣í❛❞❛s ♠❛t❡♠át✐❝❛s✱ t❛♥t♦ ❞❡ ♥í✈❡❧

♥❛❝✐♦♥❛❧ q✉❛♥t♦ ✐♥t❡r♥❛❝✐♦♥❛❧✱ ❤á ♣❡❧♦ ♠❡♥♦s ✉♠ ♣r♦❜❧❡♠❛ ❡♥✈♦❧✈❡♥❞♦ ❛♥á❧✐s❡ ❝♦♠❜✐♥❛✲

tór✐❛✳ ❙ã♦ ♣r♦❜❧❡♠❛s q✉❡ ❡①✐❣❡♠ ❞♦s ♣❛rt✐❝✐♣❛♥t❡s ✉♠ ❛❧t♦ ♥í✈❡❧ ❞❡ ✐♥t❡❧✐❣ê♥❝✐❛ ❡ ❝r✐❛t✐✲

✈✐❞❛❞❡ ♣❛r❛ q✉❡ ♣♦ss❛♠ ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦✳ ▼❡s♠♦ ♥❛s ❝♦♠♣❡t✐çõ❡s ♠❛✐s r❡❝❡♥t❡s✱

❤á ♣r♦❜❧❡♠❛s tã♦ ❞✐❢í❝❡✐s q✉❡ ❝♦♠ ✉♠❛ ú♥✐❝❛ ❡ ❜r✐❧❤❛♥t❡ ✐❞❡✐❛ ♣♦❞❡♠ s❡r r❡s♦❧✈✐❞♦s✳ ◆♦

❡♥t❛♥t♦✱ ♣❛r❛ q✉❡ s❡ ♣♦ss❛ ❡♥❢r❡♥t❛r ❡ss❡s ♣r♦❜❧❡♠❛s ❝♦♠ ✉♠ ❝❡rt♦ ❝♦♥❢♦rt♦ é ♥❡❝❡ssár✐♦

t❡r ❡♥❢r❡♥t❛❞♦ ♣r♦❜❧❡♠❛s ❞❡ ❞✐✜❝✉❧❞❛❞❡ ♠❡♥♦r ♦✉ s✐♠✐❧❛r❡s ❡ t❡r ✉♠ ❜♦♠ ❝♦♥❤❡❝✐♠❡♥t♦

❞❛s té❝♥✐❝❛s q✉❡ sã♦ ♥♦r♠❛❧♠❡♥t❡ ✉t✐❧✐③❛❞❛s ♣❛r❛ r❡s♦❧✈ê✲❧♦s✳

❆ ♣r✐♥❝✐♣✐♦ ❡st❛ ❞✐ss❡rt❛çã♦ ❢♦✐ ❡s❝r✐t❛ ❝♦♠ ❞♦✐s ♣r♦♣ós✐t♦s ❡♠ ♠❡♥t❡✿ ❖ ♣r✐♠❡✐r♦

s❡r✐❛ ❡①♣❧✐❝❛r ❛ ❜❛s❡ ❞❛ t❡♦r✐❛ ❡ ❛❧❣✉♠❛s té❝♥✐❝❛s ♥❡❝❡ssár✐❛s ♣❛r❛ r❡s♦❧✈❡r ♠✉✐t♦s ❞♦s ♣r♦✲

❜❧❡♠❛s ❝♦♠❜✐♥❛tór✐♦s q✉❡ ❛♣❛r❡❝❡♠ ❡♠ ♦❧✐♠♣í❛❞❛s ❞❡ ♥í✈❡❧ ♥❛❝✐♦♥❛❧ ❡ ✐♥t❡r♥❛❝✐♦♥❛❧✱ ❝♦♠

❡①❡♠♣❧♦s ❝❧❛r♦s ❞❡ ❝♦♠♦ ❛s ❢❡rr❛♠❡♥t❛s ❛q✉✐ ❞❡s❝r✐t❛s ♣♦❞❡♠ s❡r ✐♥s❡r✐❞❛s ♥❛s s♦❧✉çõ❡s✳

❖ s❡❣✉♥❞♦ s❡r✐❛ ❞❡ ♣r♦♣♦r❝✐♦♥❛r ❛♦s ❡st✉❞❛♥t❡s q✉❡ ♣r♦❝✉r❛♠ ♣❛rt✐❝✐♣❛r ❞❡ ♦❧✐♠♣í❛❞❛s ✭❡

♦✉tr♦s ❧❡✐t♦r❡s ✐♥t❡r❡ss❛❞♦s✮ ✉♠❛ ✈❛st❛ ❧✐st❛ ❞❡ ♣r♦❜❧❡♠❛s ❝♦♠ s✉❣❡stõ❡s ❡ s♦❧✉çõ❡s✳ ❊ss❛

❞✐ss❡rt❛çã♦ ♣♦❞❡ ❡♥tã♦ s❡r ✉s❛❞❛ ♣❛r❛ ✜♥s ❞❡ tr❡✐♥❛♠❡♥t♦ ❡♠ ♦❧✐♠♣í❛❞❛s ❞❡ ♠❛t❡♠át✐❝❛

♦✉ ❝♦♠♦ ♣❛rt❡ ❝♦♠♣❧❡♠❡♥t❛r ❡♠ ✉♠ ❝✉rs♦ ❞❡ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛✳

▼✉✐t♦s ❞♦s ♣r♦❜❧❡♠❛s ❡ ❡①❡♠♣❧♦s ❡♥❝♦♥tr❛❞♦s ❛q✉✐ ❥á ❛♣❛r❡❝❡r❛♠ ❡♠ ♦❧✐♠♣í❛❞❛s

❞❡ ▼❛t❡♠át✐❝❛✱ ♣r♦❝✉r❡✐ ❢♦r♥❡❝❡r r❡❢❡rê♥❝✐❛s ❞❡ q✉❛♥❞♦ ❛♣❛r❡❝❡r❛♠ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③✳

❊st❡ tr❛❜❛❧❤♦ ❢♦✐ ❞✐✈✐❞✐❞♦s ❡♠ ❞✉❛s ♣❛rt❡s✳ ❖ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ tr❛t❛ ❞❛ t❡♦r✐❛

❜ás✐❝❛ ❞❡ ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛✱ ❞❡s❞❡ ♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ❛té P❡r✲

♠✉t❛çõ❡s ❈❛ót✐❝❛s✳ ❈❛❞❛ ♣❛ss♦ ❞❛❞♦ ♥❡ss❡ ❝❛♣ít✉❧♦ é ❛❝♦♠♣❛♥❤❛❞♦ ❞❛ ♣❛rt❡ t❡ór✐❝❛ ❡

❞❡♠♦♥str❛çõ❡s✳ ❆❧é♠ ❞✐ss♦✱ ♥♦s tó♣✐❝♦s ❛❜♦r❞❛❞♦s ❛q✉✐ ❡①✐st❡♠ ❡①❡♠♣❧♦s ❡ ♣r♦❜❧❡♠❛s

♦❧í♠♣✐❝♦s ❛♣❧✐❝❛❞♦s ♣❛r❛ ❝❛❞❛ ❛ss✉♥t♦✳

◆♦ ❝❛♣ít✉❧♦ s❡❣✉✐♥t❡✱ é ❞❛❞❛ ê♥❢❛s❡ ♥♦ ♣r✐♥❝í♣✐♦ ❞❡ ❣❛✈❡t❛s ❞❡ ❉✐r✐❝❤❧❡t✱ ♦✉ Pr✐♥❝í✲

♣✐♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s✳ ❊ss❛ é ✉♠❛ ❞❛s ❢❡rr❛♠❡♥t❛s ♠❛✐s ✉s❛❞❛s ❡♠ ❝♦♠❜✐♥❛tór✐❛ ❡ ✉♠❛

❞❛s ♠❛✐s s✐♠♣❧❡s✳ ➱ ❛♣❧✐❝❛❞❛ ❢r❡q✉❡♥t❡♠❡♥t❡ ❡♠ t❡♦r✐❛ ❞❡ ❣r❛❢♦s✱ ❝♦♠❜✐♥❛tór✐❛ ❡♥✉♠❡r❛✲

t✐✈❛ ❡ ❣❡♦♠❡tr✐❛ ❝♦♠❜✐♥❛t♦r✐❛❧✳ ❙❡rá ✈✐st♦ q✉❡ s✉❛s ❛♣❧✐❝❛çõ❡s ❛❧❝❛♥ç❛♠ ♦✉tr❛s ár❡❛s ❞❛

♠❛t❡♠át✐❝❛✱ ❝♦♠♦ ❚❡♦r✐❛ ❞❡ ◆ú♠❡r♦s✱ ❆♥á❧✐s❡✱ ❡♥tr❡ ♦✉tr❛s✳ ◆❛s ♦❧✐♠♣í❛❞❛s✱ ♦ ✉s♦ ❞❡st❡

♣r✐♥❝í♣✐♦ é ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠❛ r❡❣r❛ ❞❡ ♦✉r♦✱ ❡ ♦s ❝♦♠♣❡t✐❞♦r❡s ❞❡✈❡♠ s❡♠♣r❡ ❡st❛r

❛t❡♥t♦s ♥❛ ♣♦ssí✈❡❧ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ♠❛♥❡✐r❛ ❞❡ ❛♣❧✐❝á✲❧♦✳

▼❡s♠♦ q✉❡✱ ❡♠ ❣❡r❛❧✱ ❜♦❛ ♣❛rt❡ ❞♦s ♣r♦❜❧❡♠❛s ❝♦♠❜✐♥❛tór✐♦s t❡♥❤❛♠ ✉♠❛ s♦❧✉çã♦

rá♣✐❞❛ ♦✉ ❢á❝✐❧✱ ✐ss♦ ♥ã♦ s✐❣♥✐✜❝❛ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❛ s❡r r❡s♦❧✈✐❞♦ ♥ã♦ s❡❥❛ ❞✐❢í❝✐❧✳ ❉✐✈❡rs❛s

✈❡③❡s ❛ ❞✐✜❝✉❧❞❛❞❡ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❡♠ ❆♥❛❧✐s❡ ❈♦♠❜✐♥❛tór✐❛ ❡stá ♥♦ ❢❛t♦ ❞❡ q✉❡ ❛ ✐❞❡✐❛

q✉❡ ❞á ✐♥í❝✐♦ à s♦❧✉çã♦ ❡stá ♠✉✐t♦ ❜❡♠ ❡s❝♦♥❞✐❞❛✳ ●r❛ç❛s ❛ ✐ss♦✱ ❛ ú♥✐❝❛ ♠❛♥❡✐r❛ ❞❡

r❡❛❧♠❡♥t❡ ❛♣r❡♥❞❡r ❛ ❝♦♠❜✐♥❛tór✐❛ é r❡s♦❧✈❡r ♠✉✐t♦s ♣r♦❜❧❡♠❛s✱ ❛♦ ✐♥✈és ❞❡ ❧❡r ♠✉✐t❛

t❡♦r✐❛✳ ❊st❛ ♣rát✐❝❛ é ♦ q✉❡ ♣r❡❝✐s❛♠❡♥t❡ ❡♥s✐♥❛ ♦ ❡st✉❞❛♥t❡ ❛ ♣r♦❝✉r❛r ❡ ✐r ❛trás ❞❡st❛s
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✐❞❡✐❛s ❝r✐❛t✐✈❛s ❡ ♦❝✉❧t❛s✳

❆♦ ✜♥❛❧✱ é ♣♦ssí✈❡❧ ❞✐③❡r q✉❡ ♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡st❛ ❞✐ss❡rt❛çã♦ ♥ã♦ é s✐♠♣❧❡s✲

♠❡♥t❡ ❡♥s✐♥❛r ✉♠ ♣♦✉❝♦ ❞❡ ❝♦♠❜✐♥❛tór✐❛✱ ♠❛s t❛♠❜é♠ s❡r ✉♠❛ ❧❡✐t✉r❛ ❛❣r❛❞á✈❡❧ ❛♦s

❧❡✐t♦r❡s✳ ❘❡s♦❧✈❡r ♣r♦❜❧❡♠❛s é ✉♠❛ ❞✐s❝✐♣❧✐♥❛ ❛♣r❡♥❞✐❞❛ ❝♦♠ ♣rát✐❝❛ ❝♦♥st❛♥t❡ ❡ q✉❡ ❧❡✈❛

❛ ✉♠❛ ❣r❛♥❞❡ s❡♥s❛çã♦ ❞❡ s❛t✐s❢❛çã♦✳
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✶ ❆◆➪▲■❙❊ ❈❖▼❇■◆❆❚Ó❘■❆

❆♥á❧✐s❡ ❝♦♠❜✐♥❛tór✐❛ é ❢r❡q✉❡♥t❡♠❡♥t❡ ❞❡✜♥✐❞❛ r❡s✉♠✐❞❛♠❡♥t❡ ❝♦♠♦ ♦ r❛♠♦ ❞❛

♠❛t❡♠át✐❝❛ q✉❡ ❡st✉❞❛ s♦❜r❡ ❝♦♥t❛❣❡♠✱ ❡ q✉❛♥❞♦ ❢❛❧❛♠♦s ❡♠ ❝♦♥t❛❣❡♠ ❡st❛♠♦s✱ ❡♠

❣❡r❛❧✱ q✉❡r❡♥❞♦ ❞❡t❡r♠✐♥❛r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ ❛❧❣✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳

❆❞♦t❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ♥♦♠❡♥❝❧❛t✉r❛ ❛♦ ❧♦♥❣♦ ❞❡st❡ ❝❛♣ít✉❧♦✿ ❡✈❡♥t♦ é ♦ ♥♦ss♦

♦❜❥❡t♦ ❞❡ ✐♥✈❡st✐❣❛çã♦✱ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❝♦♥❞✐çã♦ ♦✉ ♣r♦♣♦s✐çã♦ q✉❡ ❞❡s❡❥❛♠♦s ✐♥✈❡st✐❣❛r❀

❞❡❝✐sã♦ é ❝❛❞❛ ❡s❝♦❧❤❛ ✕ ♦✉ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡s❝♦❧❤❛ ✕ q✉❡ ❞❡t❡r♠✐♥❛ ♦ ❡✈❡♥t♦✳ P❛r❛ r❡s♦❧✈❡r

♣r♦❜❧❡♠❛s ❞❡ ❝♦♥t❛❣❡♠ é ❝♦♠✉♠ s✉❜❞✐✈✐❞✐r♠♦s ♦ ❡✈❡♥t♦ ♣r✐♥❝✐♣❛❧ ❡♠ s✉❜✲❡✈❡♥t♦s ♦✉

❡st✉❞á✲❧♦ ❛tr❛✈és ❞❡ ✉♠❛ ❛♥❛❧♦❣✐❛ ❝♦♠ ♦✉tr❛s s✐t✉❛çõ❡s ❥á ❡st✉❞❛❞❛s✳ ❆ss✐♠✱ ♣r♦❜❧❡♠❛s ❞❡

❝♦♥t❛❣❡♠ ❝♦♥s✐st❡♠ ❡♠ ❞❡t❡r♠✐♥❛r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ✉♠ ❡✈❡♥t♦ ♦❝♦rr❡r✳

■♥✐❝✐❛r❡♠♦s ♣❡❧♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠✳

✶✳✶ P❘■◆❈❮P■❖ ❋❯◆❉❆▼❊◆❚❆▲ ❉❆ ❈❖◆❚❆●❊▼

Pr♦♣♦s✐çã♦ ✶✳✶ ✭Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠✮✳ ❙❡ ❤á m ♠♦❞♦s ❞❡ t♦♠❛r ✉♠❛

❞❡❝✐sã♦ ❡ s❡ t♦♠❛❞❛ ❡ss❛ ❞❡❝✐sã♦ ❤á n ♠♦❞♦s ❞❡ t♦♠❛r ♦✉tr❛ ❞❡❝✐sã♦✱ ❡♥tã♦ ❤á mn ♠♦❞♦s

❞❡ t♦♠❛r s✉❝❡ss✐✈❛♠❡♥t❡ ❛s ❞✉❛s ❞❡❝✐sõ❡s✳

❖❜s❡r✈❛çã♦ ✶✳✷✳ ❖ ♣r✐♥❝í♣✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❝♦♥t❛❣❡♠ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ❛tr❛✈és ❞❡

✉♠ ❞✐❛❣r❛♠❛ t✐♣♦ ár✈♦r❡✱ ♦♥❞❡ ♦s ♠♦❞♦s ❞❡ t♦♠❛r ✉♠❛ ❞❡❝✐sã♦ sã♦ r❡♣r❡s❡♥t❛❞♦s ♣❡❧♦s

❣❛❧❤♦s✳

❈♦♥s✐❞❡r❛♥❞♦ q✉❡ t❡♥❤❛♠♦s ✷ ❢♦r♠❛s ❞❡ t♦♠❛r ❛ ❞❡❝✐sã♦ ✶ ❡ q✉❡ t♦♠❛❞❛ ❡ss❛

❞❡❝✐sã♦ t❡♥❤❛♠♦s ✸ ❢♦r♠❛s ❞❡ t♦♠❛r ❛ s❡❣✉♥❞❛ ❞❡❝✐sã♦✱ ❡♥tã♦ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ár✈♦r❡✿

✭✶✮

✭✶✱✶✮ ✭✶✱✷✮ ✭✶✱✸✮

✭✷✮

✭✷✱✶✮ ✭✷✱✷✮ ✭✷✱✸✮

❉❡ ❢♦r♠❛ ❣❡r❛❧✱ s❡ ❤á n ❞❡❝✐sõ❡s ❛ s❡r❡♠ t♦♠❛❞❛s✱ D1, D2, . . . , Dn✱ ❞❡ ❢♦r♠❛ q✉❡

❤á x1 ♠♦❞♦s ❞❡ s❡ t♦♠❛r ❛ ❞❡❝✐sã♦ D1✱ ❡ t♦♠❛❞❛ ❡ss❛ ❞❡❝✐sã♦ ❤á x2 ♠♦❞♦s ❞❡ s❡ t♦♠❛r

❛ ❞❡❝✐sã♦ D2✱ ❡ ❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡✱ ❛té ❛ ❞❡❝✐sã♦ Dn✱ ❝♦♠ xn ♠♦❞♦s ❞❡ t♦♠á✲❧❛✱ ❡♥✲
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tã♦ ❡①✐st❡♠ x1x2 · · · xn ❢♦r♠❛s ❞❡ t♦♠❛r s✉❝❡ss✐✈❛♠❡♥t❡ ❛s ❞❡❝✐sõ❡s D1, D2, . . . , Dn✳ ❊ss❡

♣r✐♥❝í♣✐♦ t❛♠❜é♠ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ Pr✐♥❝í♣✐♦ ▼✉❧t✐♣❧✐❝❛t✐✈♦✳

❖❜s❡r✈❛çã♦ ✶✳✸✳ ❉❡♣❡♥❞❡♥❞♦ ❞♦ ♣r♦❜❧❡♠❛ ❛♥❛❧✐s❛❞♦✱ ❛ ♦r❞❡♠ ❞❛s ❞❡❝✐sõ❡s ♣♦❞❡ ✐♥✢✉✲

❡♥❝✐❛r ♦✉ ♥ã♦ ♥♦ r❡s✉❧t❛❞♦ ✜♥❛❧✱ ❛ss✐♠ ❞❡✈❡♠♦s ♣r❡st❛r ❛t❡♥çã♦ ♥❡ss❡ ❛s♣❡❝t♦ q✉❛♥❞♦

r❡s♦❧✈❡♠♦s ✉♠ ♣r♦❜❧❡♠❛✳

❊♠ ♠✉✐t♦s ❝❛s♦s✱ ✉♠❛ ❞❡❝✐sã♦ ❞❡♣❡♥❞❡ ❞❛✭s✮ ❛♥t❡r✐♦r✭❡s✮✱ ♣♦rt❛♥t♦ ❛ ♦r❞❡♠ ♥ã♦

♣♦❞❡ s❡r ❛❧t❡r❛❞❛✳ ❊♠ ♦✉tr♦s ❝❛s♦s✱ ❛s ❞❡❝✐sõ❡s sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❛ ♦r❞❡♠ ❡♠ q✉❡ ❛s

❞❡❝✐sõ❡s sã♦ t♦♠❛❞❛s✳

Pr♦❜❧❡♠❛ ✶✳✹✳ ❇r✉❝❡ ♣♦ss✉✐ ✺ ❜❧✉s❛s✱ ✸ ❝❛❧ç❛s ❡ ✷ ♣❛r❡s s❛♣❛t♦s✳ ❉❡ q✉❛♥t❛s ♠❛♥❡✐r❛s

❞✐❢❡r❡♥t❡s ❡❧❡ ♣♦❞❡ s❡ ✈❡st✐r❄

❙♦❧✉çã♦✳ ❱❛♠♦s ♣r✐♠❡✐r♦ ❝♦♥t❛r ♦ ♥ú♠❡r♦ ❞❡ ♠❛♥❡✐r❛s q✉❡ ❇r✉❝❡ ♣♦❞❡ ❡s❝♦❧❤❡r ❛ ❜❧✉s❛

❡ ❛ ❝❛❧ç❛✳ P❛r❛ q✉❛❧q✉❡r ❝❛❧ç❛ q✉❡ ❇r✉❝❡ ❡s❝♦❧❤❛ ❡①✐st❡♠ ❝✐♥❝♦ ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ❡s❝♦❧❤❡r

❛ ❜❧✉s❛✳ ❈♦♠♦ ❡❧❡ ♣♦ss✉✐ ❝✐♥❝♦ ❜❧✉s❛s ❡ três ❝❛❧ç❛s✱ ❧♦❣♦ ❡①✐st❡♠ 5 × 3 = 15 ♠♦❞♦s ❞❡

❡s❝♦❧❤❡r ♦ ♣❛r ✭❝❛❧ç❛✱ ❜❧✉s❛✮✳ ❆❣♦r❛✱ ♣❛r❛ ❝❛❞❛ ♠❛♥❡✐r❛ ❞❡ ❡s❝♦❧❤❡r ❡ss❡ ♣❛r ❡❧❡ ❛✐♥❞❛

t❡♠ ❞✉❛s ♠❛♥❡✐r❛s ❞❡ ❡s❝♦❧❤❡r ♦s s❛♣❛t♦s✳ ❆ss✐♠✱ ❇r✉❝❡ ♣♦❞❡ s❡ ✈❡st✐r ❞❡ 5× 3× 2 = 30

♠❛♥❡✐r❛s ❞✐❢❡r❡♥t❡s✳ ◆❡st❡ ❡①❡♠♣❧♦ ♣♦❞❡♠♦s ✈❡r q✉❡ ❛ ♦r❞❡♠ q✉❡ ❇r✉❝❡ ❡s❝♦❧❤❡ ❛s ♣❡ç❛s

♥ã♦ ✐♠♣♦rt❛ ♣❛r❛ ♦ r❡s✉❧t❛❞♦ ✜♥❛❧✳

Pr♦❜❧❡♠❛ ✶✳✺ ✭▼❖❘●❆❉❖✮✳ ◗✉❛♥t♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s ❞❡ ✹ ❛❧❣❛r✐s♠♦s ✭♥❛ ❜❛s❡ ✶✵✮✱

q✉❡ s❡❥❛♠ ♠❡♥♦r❡s q✉❡ ✺✵✵✵ ❡ ❞✐✈✐sí✈❡✐s ♣♦r ✺✱ ♣♦❞❡♠ s❡r ❢♦r♠❛❞♦s ✉s❛♥❞♦✲s❡ ❛♣❡♥❛s ♦s

❛❧❣❛r✐s♠♦s ✷✱ ✸✱ ✹ ❡ ✺❄

❙♦❧✉çã♦✳ ◆❡st❡ ♣r♦❜❧❡♠❛ ♥ã♦ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ❛ s♦❧✉çã♦ é✿ 4× 4× 4× 4 = 256✳ ■ss♦

♥ã♦ ❣❛r❛♥t❡ q✉❡ ♦ ♥ú♠❡r♦ s❡rá ♠❡♥♦r q✉❡ ✺✵✵✵ ♦✉ ❞✐✈✐sí✈❡❧ ♣♦r ✺ ✭♣♦r ❡①✳ ✺✸✷✹✮✳ ❚❡♠♦s

q✉❡ ♥❡st❡ ❝❛s♦ ❛♥❛❧✐s❛r ❛s ♣♦s✐çõ❡s✿

❖ ú❧t✐♠♦ ❛❧❣❛r✐s♠♦ ❞❡✈❡ s❡r ✺ ✭✶ ♦♣çã♦✮✳ ❖ ♣r✐♠❡✐r♦ ❛❧❣❛r✐s♠♦ ❞❡✈❡ s❡r ✷✱ ✸ ♦✉ ✹

✭✸ ♦♣çõ❡s✮✳ ❊ ♦ s❡❣✉♥❞♦ ❡ t❡r❝❡✐r♦ ❛❧❣❛r✐s♠♦s ♥ã♦ ♣♦ss✉❡♠ r❡str✐çõ❡s ✭✹ ♦♣çõ❡s ❝❛❞❛✮✳

❆ss✐♠ ❛ r❡s♣♦st❛ é✿ 3× 4× 4× 1 = 48 ♥ú♠❡r♦s ♠❡♥♦r❡s q✉❡ ✺✵✵✵ ❡ ❞✐✈✐sí✈❡✐s ♣♦r

✺✳

Pr♦❜❧❡♠❛ ✶✳✻ ✭❖❇▼ ✷✵✵✻✮✳ ◆✉♠ r❡❧ó❣✐♦ ❞✐❣✐t❛❧✱ ❛s ❤♦r❛s sã♦ ❡①✐❜✐❞❛s ♣♦r ♠❡✐♦ ❞❡ q✉❛tr♦

❛❧❣❛r✐s♠♦s✳ P♦r ❡①❡♠♣❧♦✱ ❛♦ ♠♦str❛r ✵✵✿✵✵ s❛❜❡♠♦s q✉❡ é ♠❡✐❛✲♥♦✐t❡ ❡ ❛♦ ♠♦str❛r ✷✸✿✺✾

s❛❜❡♠♦s q✉❡ ❢❛❧t❛ ✉♠ ♠✐♥✉t♦ ♣❛r❛ ♠❡✐❛✲♥♦✐t❡✳ ◗✉❛♥t❛s ✈❡③❡s ♣♦r ❞✐❛ ♦s q✉❛tr♦ ❛❧❣❛r✐s♠♦s

♠♦str❛❞♦s sã♦ t♦❞♦s ♣❛r❡s❄

❙♦❧✉çã♦✳ Pr❡❝✐s❛♠♦s q✉❡ ❡♠ t♦❞♦s ♦s ❞í❣✐t♦s s❡❥❛♠ ❡①✐❜✐❞♦s ♥ú♠❡r♦s ♣❛r❡s✱ ♠❛s ❝♦♠♦ ♦s

❞í❣✐t♦s ❞❛s ❤♦r❛s sã♦ ❞❡ ✵✵ ❛ ✷✸ ❡ ♦s ❞í❣✐t♦s ❞♦s ♠✐♥✉t♦s ✈ã♦ sã♦ ❞❡ ✵✵ ❛té ✺✾✱ ❧♦❣♦ ❡①✐st❡♠



✷✾

r❡str✐çõ❡s ♥♦s ❞í❣✐t♦s ❞❛s ❤♦r❛s ❡ ♥♦ ♣r✐♠❡✐r♦ ❞♦s ❞í❣✐t♦s q✉❡ ♠❛r❝❛♠ ♦s ♠✐♥✉t♦s✳ ❉❡ss❛

❢♦r♠❛✱ ❡♠ ✈❡③ ❞❡ ♣❡♥s❛r ❡♠ ❝❛❞❛ ❞í❣✐t♦ s❡♣❛r❛❞❛♠❡♥t❡✱ ✈❛♠♦s ♣❡♥s❛r ❡♠ três ✏❜❧♦❝♦s ❞❡

❞í❣✐t♦s✑✳

❖ ♣r✐♠❡✐r♦ ❜❧♦❝♦✱ q✉❡ é ❢♦r♠❛❞♦ ♣❡❧♦s ❞♦✐s ♣r✐♠❡✐r♦s ❛❧❣❛r✐s♠♦s✱ ♣♦❞❡ ❛ss✉♠✐r ✼

✈❛❧♦r❡s ❞✐❢❡r❡♥t❡s✿ ✵✵✱ ✵✷✱ ✵✹✱ ✵✻✱ ✵✽✱ ✷✵ ♦✉ ✷✷✳ ❖ s❡❣✉♥❞♦ ❜❧♦❝♦ é ❢♦r♠❛❞♦ ❛♣❡♥❛s ♣❡❧♦

t❡r❝❡✐r♦ ❞í❣✐t♦ ❡ ♣♦❞❡ ❛ss✉♠✐r ✸ ✈❛❧♦r❡s✿ ✵✱✷ ♦✉ ✹✳ ❊ ♦ ú❧t✐♠♦ ❞í❣✐t♦✱ q✉❡ ♣♦❞❡ ❛ss✉♠✐r ✺

✈❛❧♦r❡s✿ ✵✱ ✷✱ ✹✱ ✻ ♦✉ ✽✳

❉❡st❡ ♠♦❞♦✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❈♦♥t❛❣❡♠ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✈❡③❡s ❡♠

q✉❡ t♦❞♦s ♦s ❛❧❣❛r✐s♠♦s ❞♦ r❡❧ó❣✐♦ sã♦ ♣❛r❡s é 7× 3× 5 = 105✳

Pr♦❜❧❡♠❛ ✶✳✼ ✭❘▼❖✮✳ ❯♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ n é ❞✐t♦ ❡❧❡❣❛♥t❡ s❡ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ❛

s♦♠❛ ❞❡ ❝✉❜♦ ❝♦♠ ✉♠ q✉❛❞r❛❞♦ n = a3 + b2✱ ♦♥❞❡ a, b ∈ N✳ ❊♥tr❡ ✶ ❡ ✶✳✵✵✵✳✵✵✵ ❡①✐st❡♠

♠❛✐s ♥ú♠❡r♦s q✉❡ sã♦ ❡❧❡❣❛♥t❡s ♦✉ q✉❡ ♥ã♦ sã♦❄

❙♦❧✉çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡ ♣♦❞❡♠♦s ❞❡t❡r♠✐♥❛r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ q✉❛❞r❛❞♦s ♣❡r❢❡✐t♦s ❡ ❛ q✉❛♥✲

t✐❞❛❞❡ ❞❡ ❝✉❜♦s ♣❡r❢❡✐t♦s q✉❡ ❡①✐st❡♠ ❡♥tr❡ ✶ ❡ ✶✵✵✵✵✵✵✳ ❈♦♠♦ t♦❞♦ ♥ú♠❡r♦ ❡❧❡❣❛♥t❡ é

♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❡ ✉♠ ♣❛r ✭q✉❛❞r❛❞♦ ♣❡r❢❡✐t♦✱ ❝✉❜♦ ♣❡r❢❡✐t♦✮✱ ❛ss✐♠ ❛ q✉❛♥t✐❞❛❞❡ ❞❡

♥ú♠❡r♦s ❡❧❡❣❛♥t❡s é ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛♦ ♣r♦❞✉t♦ ❞❡ss❛s q✉❛♥t✐❞❛❞❡s✳

❈♦♠♦✱ ❡①✐st❡♠ 1000 =
√
1000000 q✉❛❞r❛❞♦s ♣❡r❢❡✐t♦s ♥❡ss❡ ✐♥t❡r✈❛❧♦ ❡ ❡①✐st❡♠

100 = 3
√
1000000 ❝✉❜♦s ♣❡r❢❡✐t♦s ♥❡ss❡ ♠❡s♠♦ ✐♥t❡r✈❛❧♦✱ ❧♦❣♦ ❡①✐st❡♠ ♠❡♥♦s ❞❡ 1.000 ×

100 = 100.000 ♥ú♠❡r♦s ❡❧❡❣❛♥t❡s✳

P♦rt❛♥t♦✱ ❡①✐st❡♠ ♠❛✐s ♥ú♠❡r♦s ♥ã♦ ❡❧❡❣❛♥t❡s ❞♦ q✉❡ ❡❧❡❣❛♥t❡s ❡♥tr❡ ✶ ❡ ✶✵✵✵✵✵✵✳

❖ s❡❣✉♥❞♦ ♣r✐♥❝í♣✐♦ ❜ás✐❝♦ ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥t❛❣❡♠ é ♦ ♣r✐♥❝í♣✐♦

❛❞✐t✐✈♦ q✉❡ é ✉s❛❞♦ q✉❛♥❞♦ s❡♣❛r❛♠♦s ♦ ♣r♦❜❧❡♠❛ ❡♠ ❝❛s♦s ❞✐st✐♥t♦s✱ ❞❡✜♥✐❞♦ ❛ s❡❣✉✐r✳

❉❡✜♥✐çã♦ ✶✳✽ ✭Pr✐♥❝í♣✐♦ ❆❞✐t✐✈♦✮✳ ❙❡❥❛♠ A ❡ B ❝♦♥❥✉♥t♦s ✜♥✐t♦s ❞✐s❥✉♥t♦s✱ ❡♥tã♦ ❛

q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ A ∪B é

|A ∪ B| = |A|+ |B|,

♦♥❞❡ |X| ❞❡♥♦t❛ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦ ✜♥✐t♦ X✳

Pr♦❜❧❡♠❛ ✶✳✾✳ ◗✉❛♥t♦s ♥ú♠❡r♦s ❞❡ ✸ ❛❧❣❛r✐s♠♦s sã♦ ♠❛✐♦r❡s q✉❡ ✸✾✵ ❡ tê♠ t♦❞♦s ♦s

❛❧❣❛r✐s♠♦s ❞✐❢❡r❡♥t❡s❄

❙♦❧✉çã♦✳ ❈♦♠♦ ♦s ♥ú♠❡r♦s ❞❡s❡❥❛❞♦s ❞❡✈❡♠ s❡r ♠❛✐♦r❡s q✉❡ ✸✾✵✱ ❧♦❣♦ ♦ t❡r❝❡✐r♦ ❛❧❣❛✲

r✐s♠♦ ♥ã♦ ♣♦❞❡rá s❡r ✶ ♦✉ ✷✳ ▼❛✐s ❛✐♥❞❛✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠♦❞♦s ❞❡ ❡s❝♦❧❤❡r ♦ s❡❣✉♥❞♦

❛❧❣❛r✐s♠♦ ♠✉❞❛ s❡ ♦ t❡r❝❡✐r♦ ❛❧❣❛r✐s♠♦ ❢♦r ✸ ♦✉ ❢♦r ✹✱ ✺✱ ✻✱ ✼✱ ✽ ♦✉ ✾✳ ❆ss✐♠✱ ✈❛♠♦s ❝♦♥t❛r

s❡♣❛r❛❞❛♠❡♥t❡ ♦s ❝❛s♦s✳



✸✵

❙❡ ♦ ♥ú♠❡r♦ ❝♦♠❡ç❛r ♣♦r ✸✱ ❤á ✶ ♠♦❞♦ ❞❡ ❡s❝♦❧❤❡r ♦ t❡r❝❡✐r♦ ❞í❣✐t♦✱ ✶ ♠♦❞♦

❞❡ ❡s❝♦❧❤❡r ♦ s❡❣✉♥❞♦ ✭❞❡✈❡ s❡r ✐❣✉❛❧ ❛ ✾✮ ❡ ✼ ♠♦❞♦s ❞❡ ❡s❝♦❧❤❡r ♦ ♣r✐♠❡✐r♦✳ ❆ss✐♠✱ ♣❡❧♦

♣r✐♥❝í♣✐♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✱ ❡①✐st❡♠ 1×1×7 = 7 ♥ú♠❡r♦s ❞✐st✐♥t♦s ❞❡ três ❛❧❣❛r✐s♠♦s ♠❛✐♦r❡s

q✉❡ ✸✾✵ ❡ q✉❡ ❝♦♠❡ç❛♠ ♣♦r ✸✳

❙❡ ♦ ♥ú♠❡r♦ ♥ã♦ ❝♦♠❡ç❛r ♣❡❧♦ ❛❧❣❛r✐s♠♦ ✸✱ ❡①✐st❡♠ ✻ ♠♦❞♦s ❞❡ s❡❧❡❝✐♦♥❛r ♦ t❡r❝❡✐r♦

❛❧❣❛r✐s♠♦✱ ✾ ❞❡ s❡❧❡❝✐♦♥❛r ♦ s❡❣✉♥❞♦ ❡ ✽ ❞♦ ♣r✐♠❡✐r♦✳ ❊♥tã♦✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ▼✉❧t✐♣❧✐❝❛t✐✈♦✱

❤á 6× 9× 8 = 432 ♥ú♠❡r♦s ❞❡ três ❛❧❣❛r✐s♠♦s ♠❛✐♦r❡s q✉❡ ✸✾✵ ❡ q✉❡ ❝♦♠❡ç❛♠ ♣♦r ✹✱ ✺✱

✻✱ ✼✱ ✽ ♦✉ ✾✳

❊♥tã♦✱ ♣❡❧♦ ♣r✐♥❝í♣✐♦ ❛❞✐t✐✈♦✱ t❡♠♦s 432 + 7 = 439 ♥ú♠❡r♦s ❞❡ ✸ ❞í❣✐t♦s q✉❡ sã♦

♠❛✐♦r❡s q✉❡ ✸✾✵ ❡ q✉❡ tê♠ t♦❞♦s ♦s ❞í❣✐t♦s ❞✐❢❡r❡♥t❡s✳

Pr♦❜❧❡♠❛ ✶✳✶✵✳ ◗✉❛♥t♦s sã♦ ♦s ♥ú♠❡r♦s ❞❡ ✹ ❞í❣✐t♦s q✉❡ ♣♦ss✉❡♠ ♣❡❧♦ ♠❡♥♦s ❞♦✐s

❞í❣✐t♦s ✐❣✉❛✐s❄

❙♦❧✉çã♦✳ ❊①✐st❡♠ 9×10×10×10 = 9000 ♥ú♠❡r♦s ♥❛t✉r❛✐s ❞❡ ✹ ❞í❣✐t♦s ❡ 9×9×8×7 =

4536 ♥❛t✉r❛✐s ❞❡ ✹ ❞í❣✐t♦s ❞✐❢❡r❡♥t❡s✳

❈♦♠♦ q✉❡r❡♠♦s s♦♠❡♥t❡ ♦s ♥ú♠❡r♦s q✉❡ ❛❧❣✉♠ ❞í❣✐t♦ r❡♣❡t❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ✈❡③✳

♣❡❧♦ ♣r✐♥❝í♣✐♦ ❛❞✐t✐✈♦✱ t❡♠♦s 9000− 4536 = 4464 ♥ú♠❡r♦s ❞❡ ✹ ❞í❣✐t♦s q✉❡ ♣♦ss✉❡♠ ♣❡❧♦

♠❡♥♦s ❞♦✐s ❞í❣✐t♦s ✐❣✉❛✐s✳

Pr♦❜❧❡♠❛ ✶✳✶✶ ✭❖❇▼❊P ✷✵✶✼✮✳ ❏♦ã♦ ❡s❝r❡✈❡✉ t♦❞❛s ❛s ♣♦tê♥❝✐❛s ❞❡ ✷✱ ✸ ❡ ✺ ♠❛✐♦r❡s q✉❡

✶ ❡ ♠❡♥♦r❡s q✉❡ ✷✵✶✼ ❡♠ ✉♠❛ ❢♦❧❤❛ ❞❡ ♣❛♣❡❧✳ ❊♠ s❡❣✉✐❞❛✱ ❡❧❡ r❡❛❧✐③♦✉ t♦❞♦s ♦s ♣r♦❞✉t♦s

♣♦ssí✈❡✐s ❞❡ ❞♦✐s ♥ú♠❡r♦s ❞✐st✐♥t♦s ❞❡ss❛ ❢♦❧❤❛ ❡ ♦s ❡s❝r❡✈❡✉ ❡♠ ♦✉tr❛ ❢♦❧❤❛ ❞❡ ♣❛♣❡❧✳ ◗✉❛❧

❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✐♥t❡✐r♦s q✉❡ ❏♦ã♦ r❡❣✐st♦✉ ♥❛ s❡❣✉♥❞❛ ❢♦❧❤❛❄

❙♦❧✉çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❞❡✈❡♠♦s ❡♥❝♦♥tr❛r ❛s ♣♦tê♥❝✐❛s ❞❡ ✷✱ ✸ ❡ ✺ r❡❣✐str❛❞❛s ♥❛ ♣r✐♠❡✐r❛

❢♦❧❤❛✳ ❈♦♠♦ 210 < 2017 < 211 ✱ 36 < 2017 < 37 ❡ 54 < 2017 < 55✱ ❧♦❣♦ ❛s ♣♦tê♥❝✐❛s ❡s❝r✐t❛s

♥❛ ♣r✐♠❡✐r❛ ❢♦❧❤❛ ♣♦❞❡♠ s❡r ❞✐✈✐❞✐❞❛s ❡♠ três ❝♦♥❥✉♥t♦s✿

P2 =
{
21, 22, . . . , 210

}
, P3 =

{
31, 32, . . . , 36

}
❡ P5 =

{
51, 52, 53, 54

}

❊♠ ✈✐rt✉❞❡ ❞❛ ❢❛t♦r❛çã♦ ú♥✐❝❛ ❡♠ ♥ú♠❡r♦s ♣r✐♠♦s✱ P1✱ P2 ❡ P3 sã♦ ❝♦♥❥✉♥t♦s ❞♦✐s✲

❛✲❞♦✐s ❞✐s❥✉♥t♦s ❡ ♦s ♥ú♠❡r♦s ♦❜t✐❞♦s ♣❡❧❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ❞❡ss❡s

❝♦♥❥✉♥t♦s sã♦ t❛♠❜é♠ ❞✐st✐♥t♦s✳ ❆ss✐♠✱ ♣❡❧♦ ♣r✐♥❝í♣✐♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❡ ❛❞✐t✐✈♦✱ ❡①✐st❡♠

10× 6 + 10× 4 + 6× 4 = 124 ♣r♦❞✉t♦s ❞❡ ❞✉❛s ♣♦tê♥❝✐❛s ❞❡ ❜❛s❡s ❞✐st✐♥t❛s✳

❘❡st❛ ❛❣♦r❛ ❝♦♥t❛r♠♦s q✉❛♥t♦s ♣r♦❞✉t♦s ❡①✐st❡♠ ❡♥tr❡ ♣♦tê♥❝✐❛s ❞❡ ♠❡s♠❛ ❜❛s❡✳

❉❛❞♦ ✉♠ ♥ú♠❡r♦ ♣r✐♠♦ q ❡ ♦ ❝♦♥❥✉♥t♦ Pq = {q1, q2, . . . , qk}✱ ♦ ♠❡♥♦r ♣r♦❞✉t♦ ❞❡ ♣♦tê♥❝✐❛s

❞✐st✐♥t❛s é q1q2 = q3 ❡ ♦ ♠❛✐♦r é qk−1qk = q2k−1✳ ❱❡r✐✜❝❛r❡♠♦s ❛❣♦r❛ q✉❡ t♦❞❛s ❛s ♣♦tê♥❝✐❛s

qt ❝♦♠ ❡①♣♦❡♥t❡ t ❡♥tr❡ ✸ ❡ 2k−1 ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❝♦♠♦ ♣r♦❞✉t♦ ❞❡ ❞♦✐s ♥ú♠❡r♦s ❞❡ss❡

❝♦♥❥✉♥t♦✱ ❛♥❛❧✐s❛♥❞♦ ❛ ♣❛r✐❞❛❞❡ ❞❡ t✳
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❙❡ t é ♣❛r✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r t = 2m✱ ♣❛r❛ ❛❧❣✉♠ ✐♥t❡✐r♦ m✱ ❡ ❞❛❞♦ q✉❡ 3 < t <

2k − 1✱ t❡♠♦s 1 < m < k − 1✳ ❈♦♠♦ qm−1 ❡ qm+1 ♣❡rt❡♥❝❡♠ ❛♦ ❝♦♥❥✉♥t♦ Pq✱ ❧♦❣♦ qt é

♦❜t✐❞♦ ♣♦r qm−1 · qm+1 = q2m = qt✳

❙❡ t é í♠♣❛r✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r t = 2m + 1✱ ♣❛r❛ ❛❧❣✉♠ m ✐♥t❡✐r♦✱ ❡ ❞❛❞♦ q✉❡

3 < t < 2k − 1✱ t❡♠♦s 0 < m < k − 1✳ ❈♦♠♦ qm ❡ qm+1 ♣❡rt❡♥❝❡♠ ❛ Pq✱ ❡♥tã♦ ♦❜t❡♠♦s

qm · qm+1 = q2m+1 = qt✳

❉❡st❡ ♠♦❞♦ ❡①✐st❡♠ ❡①❛t❛♠❡♥t❡ 2k − 3 ♣r♦❞✉t♦s ❞❡ ♣♦tê♥❝✐❛s ❞✐st✐♥t❛s ♦❜t✐❞❛s

♣❡❧❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ❞♦✐s ❡❧❡♠❡♥t♦s ❞❡ Pq✳ ❆♣❧✐❝❛♥❞♦ ❡ss❛ ❝♦♥t❛❣❡♠ ❝♦♠ q = 2, 3 e 5✱

♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❡①✐st❡♠ ♠❛✐s 17+9+5 = 31 ♣♦tê♥❝✐❛s ❞✐st✐♥t❛s ❞❡ ♠❡s♠❛ ❜❛s❡ ♥❛

s❡❣✉♥❞❛ ❢♦❧❤❛✳

P♦rt❛♥t♦✱ ♦ t♦t❛❧ ❞❡ ♥ú♠❡r♦s ♥❛ s❡❣✉♥❞❛ ❢♦❧❤❛ é 124 + 31 = 155✳

Pr♦❜❧❡♠❛ ✶✳✶✷ ✭❆❍❙▼❊ ✶✾✽✾✮✳ ❙r✳ ❡ ❙r❛ ❩❡t❛ q✉❡r❡♠ ♥♦♠❡❛r s❡✉ ✜❧❤♦ r❡❝é♠✲♥❛s❝✐❞♦

❞❡ ♠♦❞♦ q✉❡ ❛ ♣r✐♠❡✐r❛ ✐♥✐❝✐❛❧✱ ❛ ✐♥✐❝✐❛❧ ❞♦ ♠❡✐♦ ❡ ❛ ú❧t✐♠❛ ✐♥✐❝✐❛❧ s❡❥❛ ✉♠ ♠♦♥♦❣r❛♠❛✶

❡♠ ♦r❞❡♠ ❛❧❢❛❜ét✐❝❛ s❡♠ ❧❡tr❛s r❡♣❡t✐❞❛s✳ ◗✉❛♥t♦s ♠♦♥♦❣r❛♠❛s sã♦ ♣♦ssí✈❡✐s❄

❙♦❧✉çã♦✳ ❈♦♠♦ ♦ s♦❜r❡♥♦♠❡ ❞♦s ♣❛✐s ✭❩❡t❛✮ ❛❝♦♠♣❛♥❤❛ ♦ ♥♦♠❡ ❝♦♠♣❧❡t♦ ❞♦ ✜❧❤♦✱ ❛

ú❧t✐♠❛ ✐♥✐❝✐❛❧ é ✜①❛ Z✳ ❙❡ ❛ ♣r✐♠❡✐r❛ ✐♥✐❝✐❛❧ ❢♦r A✱ ❛ s❡❣✉♥❞❛ ✐♥✐❝✐❛❧ ❞❡✈❡ s❡r B,C,D, . . . , Y ✱

♥♦ t♦t❛❧ ❞❡ ✷✹ ❡s❝♦❧❤❛s✳ ❙❡ ❛ ♣r✐♠❡✐r❛ ✐♥✐❝✐❛❧ ❢♦r B✱ ❡①✐st❡♠ ✷✸ ❡s❝♦❧❤❛s ♣❛r❛ ❛ s❡❣✉♥❞❛✿

C,D,E, . . . , Y ✳ ❈♦♥t✐♥✉❛♥❞♦ ♥❡st❡ ♣❡♥s❛♠❡♥t♦✱ ♣❡❧♦ ♣r♦❝❡ss♦ ❛❞✐t✐✈♦✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡

♠♦♥♦❣r❛♠❛s ♣♦ssí✈❡✐s é✿

24 + 23 + 22 + · · ·+ 2 + 1.

❘❡❧❡♠❜r❛♥❞♦ ❛ ❢ór♠✉❧❛

1 + 2 + · · ·+ n =
n (n+ 1)

2
,

♦❜t❡♠♦s q✉❡ ❡①✐st❡♠
24× 25

2
= 300 ♠♦♥♦❣r❛♠❛s ♣♦ssí✈❡✐s✳

✶✳✷ P❊❘▼❯❚❆➬Õ❊❙✱ ❆❘❘❆◆❏❖❙ ❊ ❈❖▼❇■◆❆➬Õ❊❙

❖s ♣r✐♥❝✐♣❛✐s tó♣✐❝♦s ❞❡ ❛♥á❧✐s❡ ❝♦♠❜✐♥❛tór✐❛ ❡st✉❞❛❞♦s ♥♦ ❊♥s✐♥♦ ▼é❞✐♦ sã♦ ❛s

♣❡r♠✉t❛çõ❡s s✐♠♣❧❡s✱ ❛rr❛♥❥♦s ❡ ❝♦♠❜✐♥❛çõ❡s✳

❚❡♦r❡♠❛ ✶✳✶✸ ✭◆ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s✳✮✳ ❆ q✉❛♥t✐❞❛❞❡ ❞❡ ♠♦❞♦s ❞❡ s❡ ♦r❣❛♥✐③❛r n

❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ❡♠ ✉♠❛ ✜❧❛ ✭♦♥❞❡ ❛ ♦r❞❡♠ ❞♦s ❡❧❡♠❡♥t♦ é r❡❧❡✈❛♥t❡✮ é ❞❛❞❛ ♣♦r

Pn = n!

✶❙❡❣✉♥❞♦ ❆✉ré❧✐♦✿ ▼♦♥♦❣r❛♠❛ é ♦ ❡♥tr❡❧❛ç❛♠❡♥t♦ ❞❛s ❧❡tr❛s ✐♥✐❝✐❛✐s ♦✉ ♣r✐♥❝✐♣❛✐s ♥♦ ♥♦♠❡ ❞❡ ♣❡ss♦❛
♦✉ ❡♥t✐❞❛❞❡✳
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❉❡♠♦♥str❛çã♦✳ P❛r❛ ♣r♦✈❛r ❛ ❢ór♠✉❧❛ ❛❝✐♠❛✱ ✉s❛r❡♠♦s ♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✳

❆ss✐♠✱ ❞❡✈❡♠♦s ✈❡r✐✜❝❛r ♣❛r❛ n = 1 ❡✱ ❡♠ s❡❣✉✐❞❛✱ ♣❛r❛ ♣r♦✈❛r q✉❡ s❡ ❛ ❢ór♠✉❧❛ ❢♦r

✈❡r❞❛❞❡✐r❛ ♣❛r❛ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ k✱ ❡♥tã♦ é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ ♦ s❡✉ s✉❝❡ss♦r k + 1✳

❙❡ n = 1✱ ♦ ❝♦♥❥✉♥t♦ ❝♦♥té♠ ❛♣❡♥❛s ✉♠ ♦❜❥❡t♦✳ ◆❡st❡ ❝❛s♦✱ ❛♣❡♥❛s ❛ ♣❡r♠✉t❛çã♦

tr✐✈✐❛❧ é ♣♦ssí✈❡❧ ❝♦❧♦❝❛♥❞♦ ❡st❡ ♦❜❥❡t♦ ♥❛ ♣r✐♠❡✐r❛ ♣♦s✐çã♦✳ ❈♦♠♦ 1! = 1✱ ❧♦❣♦ ❛ ❢ór♠✉❧❛

❞♦ ♥ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s é ✈á❧✐❞❛ ♣❛r❛ n = 1✱ ❡ ❛ ❜❛s❡ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛ ❡stá

❡st❛❜❡❧❡❝✐❞❛✳

❙✉♣♦♥❤❛♠♦s q✉❡ ❛ ❢ór♠✉❧❛

Pk = k! ✭✶✳✶✮

é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ ❛❧❣✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ k✱ ♦✉ s❡❥❛✱ ♦ ♥ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s ❞♦ ❝♦♥❥✉♥t♦

❞❡ k ♦❜❥❡t♦s ❞✐st✐♥t♦s é ✐❣✉❛❧ ❛ k!✳ ❆❣♦r❛ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ k + 1 ♦❜❥❡t♦s✳ ❱❛♠♦s

❡s❝♦❧❤❡r ❡ ♠❛r❝❛r q✉❛❧q✉❡r ♦❜❥❡t♦ ❞♦ ❝♦♥❥✉♥t♦ ❡ ❝♦♥s✐❞❡r❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ k + 1 ♦❜❥❡t♦s

❝♦♠♦ ❛ ✉♥✐ã♦ ❞♦ ♦❜❥❡t♦ ♠❛r❝❛❞♦ ❡ ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♦❜❥❡t♦s r❡st❛♥t❡s✳ ◆♦t❡ q✉❡

♦ s✉❜❝♦♥❥✉♥t♦ t❡♠ k ♦❜❥❡t♦s✳

◗✉❛❧q✉❡r ♣❡r♠✉t❛çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ k+1 ♦❜❥❡t♦s ❝♦♥té♠ ♦ ❡❧❡♠❡♥t♦ ♠❛r❝❛❞♦ ♥❛

♣r✐♠❡✐r❛ ♣♦s✐çã♦✱ ♦✉ ❡♠ ❛❧❣✉♠❛ ♣♦s✐çã♦ ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s r❡st❛♥t❡s✳ P♦rt❛♥t♦✱ ❝♦♥s✐❞❡r❡

t♦❞❛s ❛s ♣❡r♠✉t❛çõ❡s ❞❡ k + 1 ♦❜❥❡t♦s q✉❡ t❡♥❤❛♠ ♦ ❡❧❡♠❡♥t♦ ♠❛r❝❛❞♦ ♥❛ ♣r✐♠❡✐r❛

♣♦s✐çã♦✳ ❖ ♥ú♠❡r♦ ❞❡ t❛✐s ♣❡r♠✉t❛çõ❡s é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ t♦❞❛s ❛s ♣❡r♠✉t❛çõ❡s ❞♦s k

❡❧❡♠❡♥t♦s r❡st❛♥t❡s é k! ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♣r❡♠✐ss❛ ❞❡ ✐♥❞✉çã♦ ✶✳✶✳

❊♠ s❡❣✉✐❞❛✱ ❝♦♥s✐❞❡r❡ t♦❞❛s ❛s ♣❡r♠✉t❛çõ❡s ❞❡ k+1 ♦❜❥❡t♦s q✉❡ t❡♥❤❛♠ ♦ ❡❧❡♠❡♥t♦

♠❛r❝❛❞♦ ♥❛ s❡❣✉♥❞❛ ♣♦s✐çã♦✳ ▼❛✐s ✉♠❛ ✈❡③✱ t❡♠♦s k! r❡st❛♥t❡s k ❡❧❡♠❡♥t♦s✳

▼❛✐s ❛✐♥❞❛✱ ♣❛r❛ q✉❛❧q✉❡r i ❡♥tr❡ 1 ❡ k+ 1 ❛ q✉❛♥t✐❞❛❞❡ ❞❡ t♦❞❛s ❛s ♣❡r♠✉t❛çõ❡s

❞♦s k + 1 ♦❜❥❡t♦s q✉❡ ♣♦ss✉❡♠ ♦ ❡❧❡♠❡♥t♦ ♠❛r❝❛❞♦ ♥❛ i✲és✐♠❛ ♣♦s✐çã♦ é ✐❣✉❛❧ ❛ k! ✳

❚✉❞♦ ✐ss♦ ♥♦s ❢♦r♥❡❝❡ (k + 1) · k! = (k + 1)! ♣❡r♠✉t❛çõ❡s ♣♦ssí✈❡✐s ❞♦ ❝♦♥❥✉♥t♦ ❞❡

k + 1 ♦❜❥❡t♦s✳ ➱ ❝❧❛r♦ q✉❡ t♦❞❛s ❡ss❛s ♣❡r♠✉t❛çõ❡s sã♦ ❞✐❢❡r❡♥t❡s ❡ q✉❛❧q✉❡r ♣❡r♠✉t❛çã♦

♣♦ssí✈❡❧ ❞❡ k + 1 ♦❜❥❡t♦s ❞✐st✐♥t♦s é ❝♦❜❡rt❛ ❞❡ss❛ ♠❛♥❡✐r❛✳

❆ss✐♠✱ ♣r♦✈❛♠♦s q✉❡ s❡ ♦ ♥ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s ❞❡ k ♦❜❥❡t♦s é ✐❣✉❛❧ ❛ k!✱ ❡♥tã♦

♦ ♥ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s ❞❡ k + 1 ♦❜❥❡t♦s é ✐❣✉❛❧ ❛ (k + 1)!✳ P♦r ✐♥❞✉çã♦✱ ♦ r❡s✉❧t❛❞♦ é

✈❡r❞❛❞❡✐r♦ ♣❛r❛ t♦❞♦ n✳

❊①❡♠♣❧♦ ✶✳✶✹✳ ◗✉❛♥t♦s ❛♥❛❣r❛♠❛s ♣♦❞❡♠ s❡r ❢♦r♠❛❞♦s ❛ ♣❛rt✐r ❞❛ ♣❛❧❛✈r❛ P❘❖❋▼❆❚❄

❙♦❧✉çã♦✳ ❈♦♠♦ ❛ ♣❛❧❛✈r❛ P❘❖❋▼❆❚ ♣♦ss✉✐ s❡t❡ ❧❡tr❛s ❞✐st✐♥t❛s ✭♥♦ss♦s ❡❧❡♠❡♥t♦s✮✱

✉t✐❧✐③❛♥❞♦ ❛ ❢ór♠✉❧❛ r❡❝é♠ ❞❡♠♦♥str❛❞❛ t❡♠♦s✿

P7 = 7! = 7× 6× 5× 4× 3× 2× 1 = 5040
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❛♥❛❣r❛♠❛s✳

Pr♦❜❧❡♠❛ ✶✳✶✺ ✭❆▼❈ ✷✵✵✶✮✳ ❯♠❛ ❛r❛♥❤❛ t❡♠ ✉♠❛ ♠❡✐❛ ❡ ✉♠ s❛♣❛t♦ ♣❛r❛ ❝❛❞❛ ✉♠❛

❞❛s s✉❛s ♦✐t♦ ♣❛t❛s✳ ❊♠ q✉❛♥t❛s ♦r❞❡♥s ❞✐❢❡r❡♥t❡s ❛ ❛r❛♥❤❛ ♣♦❞❡ ❝♦❧♦❝❛r s✉❛s ♠❡✐❛s ❡

s❛♣❛t♦s✱ ❛ss✉♠✐♥❞♦ q✉❡✱ ❡♠ ❝❛❞❛ ♣❛t❛✱ ❛ ♠❡✐❛ ❞❡✈❡ s❡r ❝♦❧♦❝❛❞❛ ❛♥t❡s ❞♦ s❛♣❛t♦❄

❙♦❧✉çã♦✳ ❉❡✐①❡ ❛ ❛r❛♥❤❛ t❡♥t❛r ❝♦❧♦❝❛r t♦❞♦s ♦s ✶✻ ✐t❡♥s ❡♠ ✉♠❛ ♦r❞❡♠ ❛❧❡❛tór✐❛✳ ❈❛❞❛

✉♠❛ ❞❛s ♣❡r♠✉t❛çõ❡s ❞❡ 16! é ✐❣✉❛❧♠❡♥t❡ ♣r♦✈á✈❡❧✳ P❛r❛ q✉❛❧q✉❡r ♣❛t❛ ✜①❛✱ ❡①✐st❡♠ ❞♦✐s

t✐♣♦s ❞❡ s✐t✉❛çã♦✱ ✉♠❛ ❡♠ q✉❡ ❛s ♠❡✐❛s ❢♦r❛♠ ❝♦❧♦❝❛❞❛s ❛♥t❡s ❞♦s s❛♣❛t♦s ❡ ♦✉tr❛ ❡♠

q✉❡ ♦s s❛♣❛t♦s ❢♦r❛♠ ❝♦❧♦❝❛❞♦s ❛♥t❡s ❞❛s ♠❡✐❛s✳ ❈♦♠♦ q✉❡r❡♠♦s s♦♠❡♥t❡ ❛ s✐t✉❛çã♦ ❡♠

q✉❡ ❛ ♠❡✐❛ ❡♥tr❛ ❛♥t❡s ❞♦ s❛♣❛t♦✱ ♣r❡❝✐s❛♠♦s ❞✐✈✐❞✐r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s ♣♦r

✷✳ ❈♦♠♦ ❛ ❛r❛♥❤❛ ♣r❡❝✐s❛ ❝♦❧♦❝❛r ❝♦rr❡t❛♠❡♥t❡ ❛s ♠❡✐❛s ❛♥t❡s ❞♦s s❛♣❛t♦s ❡♠ t♦❞❛s ❛s

♣❡r♥❛s ♣r❡❝✐s❛♠♦s ❞✐✈✐❞✐r ❛ q✉❛♥t✐❞❛❞❡ t♦t❛❧ ♣♦r ✷ ♣❛r❛ ❝❛❞❛ ♣❛t❛ ❞❛ ❛r❛♥❤❛ ✐st♦ é✱ ❛

q✉❛♥t✐❞❛❞❡ t♦t❛❧ ❞❡ ♣❡r♠✉t❛çõ❡s ✈❡③❡s
1

28
✳ P♦rt❛♥t♦✱ ♦ ♥ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s ❝♦rr❡t❛s

❞❡✈❡ s❡r
16!

28
✳

Pr♦❜❧❡♠❛ ✶✳✶✻ ✭❖❇▼ ✷✵✶✻✮✳ ❯♠❛ ♣❡r♠✉t❛çã♦ (a1, a2, a3, . . . , an−1, an) ❞♦s ♥ú♠❡r♦s ❞♦

❝♦♥❥✉♥t♦ {1, 2, 3, . . . , n} é ❧❡❣❛❧ s❡ ♥ã♦ ❡①✐st❡♠ ❞♦✐s t❡r♠♦s ❝♦♥s❡❝✉t✐✈♦s ❝✉❥❛ s♦♠❛ é ✉♠

♠ú❧t✐♣❧♦ ❞❡ ✸ ❡ s❡ ♦s ❞♦✐s ✈✐③✐♥❤♦s ❞❡ ✉♠ t❡r♠♦ q✉❛❧q✉❡r ♥ã♦ ❞✐❢❡r❡♠ ♣♦r ✉♠ ♠ú❧t✐✲

♣❧♦ ❞❡ ✸✳ P♦r ❡①❡♠♣❧♦✱ (4, 6, 2, 5, 3, 1) é ✉♠❛ ♣❡r♠✉t❛çã♦ ❧❡❣❛❧ ❞♦s ♥ú♠❡r♦s ❞♦ ❝♦♥❥✉♥t♦

{1, 2, 3, 4, 5, 6}✳ ❊♥tr❡t❛♥t♦✱ (1, 2, 5, 3, 4, 6) ♥ã♦ é ✉♠❛ ♣❡r♠✉t❛çã♦ ❧❡❣❛❧ ❞♦ ♠❡s♠♦ ❝♦♥✲

❥✉♥t♦✱ ♣♦✐s ♦s ♥ú♠❡r♦s ✶ ❡ ✷ sã♦ ✈✐③✐♥❤♦s ❡ s✉❛ s♦♠❛ é ✉♠ ♠ú❧t✐♣❧♦ ❞❡ ✸✳ ❆❧é♠ ❞✐ss♦✱

♦✉tr❛ r❛③ã♦ ♣❛r❛ ❡❧❛ ♥ã♦ s❡r ❧❡❣❛❧✱ é q✉❡ ♦s ✈✐③✐♥❤♦s ❞♦ ♥ú♠❡r♦ ✹✱ q✉❡ sã♦ ♦ ✸ ❡ ♦ ✻✱

❞✐❢❡r❡♠ ♣♦r ✉♠ ♠ú❧t✐♣❧♦ ❞❡ ✸✳

✭❛✮ ❉❡t❡r♠✐♥❡ ♦ ♥ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s ❧❡❣❛✐s ❞♦ ❝♦♥❥✉♥t♦ {1, 2, 3, 4, 5, 6}✳

✭❜✮ ❉❡t❡r♠✐♥❡ ♦ ♥ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s ❧❡❣❛✐s ❞♦ ❝♦♥❥✉♥t♦ {1, 2, 3, . . . , 2016}✳

❖❜s❡r✈❛çã♦✿ ❯♠❛ ♣❡r♠✉t❛çã♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ é ✉♠❛ s❡q✉ê♥❝✐❛ ♦r❞❡♥❛❞❛ ❝♦♥t❡♥❞♦ ❝❛❞❛

✉♠ ❞❡ s❡✉s ❡❧❡♠❡♥t♦s ✉♠❛ ú♥✐❝❛ ✈❡③✳

❙♦❧✉çã♦✳ P❛r❛ r❡s♦❧✈❡r♠♦s ❡st❡ ♣r♦❜❧❡♠❛✱ ✈❛♠♦s ❝♦♠❡ç❛r ❝♦♥s✐❞❡r❛♥❞♦ ❛♣❡♥❛s ♦s r❡st♦s

❞❡✐①❛❞♦s ♣❡❧❛ ❞✐✈✐sã♦ ♣♦r ✸✱ q✉❡ sã♦ ✵✱ ✶ ❡ ✷✳

❈♦♥s✐❞❡r❛♥❞♦ ❛ ♣r✐♠❡✐r❛ r❡str✐çã♦✱ ♣❡r❝❡❜❛ q✉❡ ♦s ♥ú♠❡r♦s q✉❡ ❞❡✐①❛♠ r❡st♦ ✶ ❡ ✷

♥ã♦ ♣♦❞❡♠ s❡r ✈✐③✐♥❤♦s✱ ♣♦✐s s✉❛ s♦♠❛ r❡s✉❧t❛r✐❛ ♥✉♠ ♠ú❧t✐♣❧♦ ❞❡ ✸✱ ♣❡❧♦ ♠❡s♠♦ ♠♦t✐✈♦✱

♥ú♠❡r♦s q✉❡ ❞❡✐①❛♠ r❡st♦ ✵ t❛♠❜é♠ ♥ã♦ ♣♦❞❡♠ s❡r ❝♦♥s❡❝✉t✐✈♦s✳ ❈♦♥s✐❞❡r❡♠♦s ✐♥✐❝✐❛❧✲

♠❡♥t❡ ✉♠❛ ♣❡r♠✉t❛çã♦ q✉❡ ✐♥✐❝✐❛✲s❡ ❝♦♠ ✉♠ ♥ú♠❡r♦ q✉❡ ❞❡✐①❛ r❡st♦ ✵✱ ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s

♣❛r❛ ♦ t❡r♠♦ s❡❣✉✐♥t❡ sã♦ ❞❡✐①❛r r❡st♦ ✶ ♦✉ r❡st♦ ✷✳
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❈♦♥s✐❞❡r❛♥❞♦ ❛ s❡❣✉♥❞❛ r❡str✐çã♦✱ ♣❡r❝❡❜❛ q✉❡ ♦s ✈✐③✐♥❤♦s ❞❡ ✉♠ ♥ú♠❡r♦ ♥ã♦

♣♦❞❡♠ ❞❡✐①❛r ♠❡s♠♦ r❡st♦✱ ♣♦✐s ❛ ❞✐❢❡r❡♥ç❛ ❞❡st❡s s❡r✐❛ ❞✐✈✐sí✈❡❧ ♣♦r ✸✳ P♦rt❛♥t♦✱ ❝♦♥✲

s✐❞❡r❛♥❞♦ ❛ ♣❡r♠✉t❛çã♦ ❛❝✐♠❛ q✉❡ s❡ ✐♥✐❝✐❛ ❝♦♠ ✉♠ ♥ú♠❡r♦ q✉❡ ❞❡✐①❛ r❡st♦ ✵✱ t❡♠♦s ✷

❝❛s♦s✿

❈❛s♦ ✶ ✿ ❙❡ ❡s❝♦❧❤❡r♠♦s ✉♠ ♥ú♠❡r♦ ❝✉❥♦ r❡st♦ é ✶✱ ♣❡❧❛s ❝♦♥s✐❞❡r❛çõ❡s ❛♥t❡r✐♦r❡s✱

♦ ♣ró①✐♠♦ t❡r♠♦ t❛♠❜é♠ t❡r✐❛ q✉❡ ❞❡✐①❛r r❡st♦ ✶✱ ❞❡♣♦✐s ❞❡st❡✱ ♦ ♣ró①✐♠♦ t❡r♠♦ ❞❡✐①❛r✐❛

r❡st♦ ✵✱ ♦ ♣ró①✐♠♦ t❡r✐❛ q✉❡ ❞❡✐①❛r r❡st♦ ✷✱ ♦ ♣ró①✐♠♦ r❡st♦ ✷✱ ♦ ♣ró①✐♠♦ r❡st♦ ✵✱ ♦ ♣ró①✐♠♦

r❡st♦ ✶ ❡ ❛ss✐♠ ✈♦❧t❛rí❛♠♦s ♣❛r❛ ❛ s✐t✉❛çã♦ ✐♥✐❝✐❛❧ ❡ ❛ s❡q✉ê♥❝✐❛ ❞❡ r❡st♦s ❡st❛r✐❛ ❞❡✜♥✐❞❛✳

❆ s❡q✉ê♥❝✐❛ ❞❡ r❡st♦s ❞❡st❡ ❝❛s♦ s❡r✐❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

0, 1, 1, 0, 2, 2, 0, 1, 1, 0, 2, 2, 0, 1, . . .

❈❛s♦ ✷ ✿ ❙❡ ❡s❝♦❧❤❡r♠♦s ✉♠ ♥ú♠❡r♦ ❝✉❥♦ r❡st♦ é ✷✱ ♦ ♣ró①✐♠♦ t❡r♠♦ t❛♠❜é♠ t❡r✐❛

q✉❡ ❞❡✐①❛r r❡st♦ ✷ ❡ ✉t✐❧✐③❛♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❞♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ❛ s❡q✉ê♥❝✐❛ ❞❡ r❡st♦s

t❛♠❜é♠ ❡st❛r✐❛ ❞❡✜♥✐❞❛ ❡ s❡ ❞❛r✐❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

0, 2, 2, 0, 1, 1, 0, 2, 2, 0, 1, 1, 0, 2, . . .

❈❛s♦ ❛ s❡q✉ê♥❝✐❛ ❝♦♠❡ç❛ss❡ ❝♦♠ ♥ú♠❡r♦s q✉❡ ❞❡✐①❛♠ r❡st♦ ✶ ♦✉ ✷✱ ❛♦ ❡s❝♦❧❤❡r♠♦s

♦ s❡❣✉♥❞♦ t❡r♠♦✱ ❛ s❡q✉ê♥❝✐❛ ❞❡ r❡st♦s t❛♠❜é♠ ❡st❛r✐❛ ❞❡✜♥✐❞❛✳ P♦r ❡①❡♠♣❧♦✱ s❡ ❡❧❛

❝♦♠❡ç❛ss❡ ❝♦♠ ✉♠ t❡r♠♦ q✉❡ ❞❡✐①❛ r❡st♦ ✶✱ t❡rí❛♠♦s✱ ♥♦✈❛♠❡♥t❡✱ ❞♦✐s ❝❛s♦s✿

❈❛s♦ ✭✐✮✿ ❊s❝♦❧❤❡♠♦s ✉♠ ♥ú♠❡r♦ q✉❡ ❞❡✐①❛ ✵ ❝♦♠♦ s❡❣✉♥❞♦ t❡r♠♦✱ ❛ ú♥✐❝❛ ♣♦s✲

s✐❜✐❧✐❞❛❞❡ ♣❛r❛ ♦ t❡r❝❡✐r♦ t❡r♠♦ s❡r✐❛ ❞❡✐①❛r r❡st♦ ✷ ❡ ❡st❛rí❛♠♦s ♥❛ s✐t✉❛çã♦ ❞♦ ❈❛s♦

✷✳

❈❛s♦ ✭✐✐✮✿ ❊s❝♦❧❤❡♠♦s ✉♠ ♥ú♠❡r♦ q✉❡ ❞❡✐①❛ r❡st♦ ✶ ❝♦♠♦ s❡❣✉♥❞♦ t❡r♠♦✱ ❛ss✐♠✱ ❛

ú♥✐❝❛ ❡s❝♦❧❤❛ ♣♦ssí✈❡❧ ♣❛r❛ ♦ t❡r❝❡✐r♦ t❡r♠♦ s❡r✐❛ ✉♠ ♥ú♠❡r♦ q✉❡ ❞❡✐①❛ r❡st♦ ✶ ❡ ❡st❛rí❛♠♦s

♥❛ s✐t✉❛çã♦ ❞♦ ❝❛s♦ ✶✳

Pr♦❝❡❞❡♥❞♦ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱ ♠❛s ❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ s❡q✉ê♥❝✐❛ q✉❡ ❝♦♠❡ç❛ss❡

❝♦♠ ✉♠ ♥ú♠❡r♦ q✉❡ ❞❡✐①❛ r❡st♦ ✷✱ t❡♥❞♦ ❡s❝♦❧❤✐❞♦ ♦ t❡r♠♦ s❡❣✉✐♥t❡✱ ❛ s❡q✉ê♥❝✐❛ ❞❡ r❡st♦s

t❛♠❜é♠ ❡st❛rá ❞❡✜♥✐❞❛✳

❖✉ s❡❥❛✱ ✈❡r✐✜❝❛♠♦s q✉❡ ❡s❝♦❧❤✐❞♦s ♦s r❡st♦s ❞♦s ❞♦✐s ♣r✐♠❡✐r♦s t❡r♠♦s ♦ r❡st❛♥t❡

❞❛ s❡q✉ê♥❝✐❛ ❞❡ r❡st♦s ❡stá ❞❡✜♥✐❞❛✳ ❆❣♦r❛ ❜❛st❛ ❞❡s❝♦❜r✐r ❞❡ q✉❛♥t❛s ❢♦r♠❛s ♣♦❞❡♠♦s

❡s❝♦❧❤❡r ♦s ❞♦✐s ♣r✐♠❡✐r♦s r❡st♦s ❡ ♣❡r♠✉t❛r♠♦s ❝❛❞❛ ♥ú♠❡r♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ s❡✉ r❡st♦✳

P❡r❝❡❜❛ q✉❡ s❡♠ ❝♦♥s✐❞❡r❛r ❛s r❡str✐çõ❡s✱ ❛ s❡q✉ê♥❝✐❛ ❞❡ r❡st♦s ♣♦❞❡ ❝♦♠❡ç❛r ❞❡ ✾ ❢♦r♠❛s

❞✐st✐♥t❛s✿ t❡♠♦s ✸ ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❡ ✸ ♣❛r❛ ♦ s❡❣✉♥❞♦✳ ◆♦ ❡♥t❛♥t♦✱

❝♦♥s✐❞❡r❛♥❞♦ ❛s r❡str✐çõ❡s✱ ♦s ♣❛r❡s ❞❡ r❡st♦s ✶ ❡ ✷✱ ✷ ❡ ✶✱ ✵ ❡ ✵ ♥ã♦ ❞❡✈❡♠ s❡r ❝♦♥s✐❞❡r❛❞♦s✱

♣♦rt❛♥t♦✱ t❡♠♦s ✻ ❢♦r♠❛s ❞❡ ❝♦♠❡ç❛r ❛ s❡q✉ê♥❝✐❛ ❞❡ r❡st♦s✳
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❆❣♦r❛✱ ❜❛st❛ ♣❡r♠✉t❛r ❝❛❞❛ ♥ú♠❡r♦ ❞❡♥tr♦ ❞❡ s❡✉s r❡s♣❡❝t✐✈♦s r❡st♦s✱ ♣❡r❝❡❜❛

q✉❡ ❛s ❞✉❛s s❡q✉ê♥❝✐❛s ❞♦ ♣r♦❜❧❡♠❛ tê♠ ✉♠ ♥ú♠❡r♦ ❞❡ t❡r♠♦s q✉❡ é ❞✐✈✐sí✈❡❧ ♣♦r ✸✱ ♥❛

♣r✐♠❡✐r❛✱ q✉❡ t❡♠ ✻ t❡r♠♦s✱ ❝❛❞❛ r❡st♦ ❛♣❛r❡❝❡ ❞✉❛s ✈❡③❡s✱ ♣♦✐s
6

3
= 2✳ ◆❛ s❡❣✉♥❞❛✱ ❝♦♠

✷✵✶✻ t❡r♠♦s✱ ❝❛❞❛ r❡st♦ ❛♣❛r❡❝❡
2016

3
= 672 ✈❡③❡s✳ ❙❡❥❛ k ❛ q✉❛♥t✐❞❛❞❡ q✉❡ ❝❛❞❛ r❡st♦

❛♣❛r❡❝❡✱ ❡♥tã♦ ♦s ♥ú♠❡r♦s ❝♦♠ ✉♠ ♠❡s♠♦ r❡st♦ ♣♦❞❡♠ s❡r ♣❡r♠✉t❛❞♦s ❞❡ k! ❢♦r♠❛s✱ ❝♦♠♦

t❡♠♦s ✸ r❡st♦s ♣♦ssí✈❡✐s✱ ❞❛❞❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ r❡st♦s✱ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♣❡r♠✉t❛çõ❡s

♣♦ssí✈❡✐s ♣❛r❛ ❡st❛ s❡q✉ê♥❝✐❛ é ❞❛❞♦ ♣♦r k! · k! · k! = (k!)3✳ P♦rt❛♥t♦✱ s❛❜❡♥❞♦ q✉❡ ❤á

✻ s❡q✉ê♥❝✐❛s ❞❡ r❡st♦s ♣♦ssí✈❡✐s✱ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♣❡r♠✉t❛çõ❡s ❧❡❣❛✐s ❞♦s ❝♦♥❥✉♥t♦s ❞♦

♣r♦❜❧❡♠❛ é ❞❛❞♦ ♣♦r 6 · (k!)3✳ ❈❛❧❝✉❧❛♥❞♦✱ t❡♠♦s✿

✭❛✮ 6× (2!)3 = 6× 8 = 48 ♣❡r♠✉t❛çõ❡s ❧❡❣❛✐s✳

✭❜✮ 6× (672!)3 ♣❡r♠✉t❛çõ❡s ❧❡❣❛✐s✳

❚❡♦r❡♠❛ ✶✳✶✼ ✭❆rr❛♥❥♦ ❙✐♠♣❧❡s✮✳ ❙❡❥❛ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠ n ❡❧❡♠❡♥t♦s✳ ❖ ♥ú♠❡r♦ ❞❡

♠♦❞♦s ❞❡ s❡ ❞✐s♣♦r p ❡❧❡♠❡♥t♦s ❞❡st❡ ❝♦♥❥✉♥t♦ ❡♠ s❡q✉ê♥❝✐❛ ✭♦♥❞❡ ❛ ♦r❞❡♠ ❞♦s ❡❧❡♠❡♥t♦

é r❡❧❡✈❛♥t❡✮✱ ❞❡♥♦t❛❞♦ ♣♦r An,p é ❞❛❞♦ ♣♦r

An,p =
n!

(n− p)!
.

❉❡♠♦♥str❛çã♦✳ ❖ ♣r✐♠❡✐r♦ ❡❧❡♠❡♥t♦ ❞❛ ♣❡r♠✉t❛çã♦ ♣♦❞❡ s❡r ❡s❝♦❧❤✐❞♦ ❞❡ n ♠❛♥❡✐r❛s✱

♣♦rq✉❡ ❡①✐st❡♠ n ❡❧❡♠❡♥t♦s ♥♦ ❝♦♥❥✉♥t♦✳ ❆ss✐♠✱ ♣♦rq✉❡ ❡①✐st❡♠ n−1 ❡❧❡♠❡♥t♦s r❡st❛♥t❡s

♥♦ ❝♦♥❥✉♥t♦ ❞❡♣♦✐s ❞❡ ✉s❛r ♦ ❡❧❡♠❡♥t♦ ❡s❝♦❧❤✐❞♦ ♣❛r❛ ❛ ♣r✐♠❡✐r❛ ♣♦s✐çã♦✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱

❡①✐st❡♠ n−2 ♠❛♥❡✐r❛s ❞❡ ❡s❝♦❧❤❡r ♦ t❡r❝❡✐r♦ ❡❧❡♠❡♥t♦✱ ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✱ ❛té q✉❡ ❡①✐st❛♠

❡①❛t❛♠❡♥t❡ n− (p− 1) = n− p+ 1 ♠❛♥❡✐r❛s ❞❡ ❡s❝♦❧❤❡r ♦ ♣✲és✐♠♦ ❡❧❡♠❡♥t♦✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❡❧❛ ♣r✐♥❝í♣✐♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✱ ❡①✐st❡♠

n (n− 1) (n− 2) · · · (n− p+ 1)

♣❡r♠✉t❛çõ❡s ❞♦ ❝♦♥❥✉♥t♦✳ ❆❧é♠ ❞✐ss♦✱

n!

(n− p)!
=

n (n− 1) (n− 2) · · · (n− p+ 1) (n− p)!

(n− p)!
= n (n− 1) (n− 2) · · · (n− p+ 1) .

Pr♦❜❧❡♠❛ ✶✳✶✽ ✭▼❖❘●❆❉❖✮✳ ❯♠ ❝❛♠♣❡♦♥❛t♦ é ❞✐s♣✉t❛❞♦ ♣♦r ✶✷ ❝❧✉❜❡s ❡♠ r♦❞❛❞❛s

❞❡ ✻ ❥♦❣♦s ❝❛❞❛✳ ❉❡ q✉❛♥t♦s ♠♦❞♦s é ♣♦ssí✈❡❧ s❡❧❡❝✐♦♥❛r ♦s t✐♠❡s ❞❛ ♣r✐♠❡✐r❛ r♦❞❛❞❛❄

❙♦❧✉çã♦✳ Pr❡❝✐s❛♠♦s ❡s❝♦❧❤❡r ♦s ✶✷ t✐♠❡s ❡ ❛rr❛♥❥á✲❧♦s ❡♠ ✻ ❥♦❣♦s✱ t♦♠❛♠♦s ❡♥tã♦ ♦

❛rr❛♥❥♦ A12,6 ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s✳ P♦ré♠ ♥❡st❛s ❡s❝♦❧❤❛s✱ ♦ ❥♦❣♦ ❞♦ t✐♠❡ ❆ ❝♦♥tr❛ ♦ t✐♠❡
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❇✱ ♣♦r ❡①❡♠♣❧♦✱ ❢♦✐ ❝♦♥t❛❞♦ ❞✉❛s ✈❡③❡s ✭AB ❡ BA✮✳ Pr❡❝✐s❛♠♦s ❡♥tã♦ ❞✐✈✐❞✐r ♣♦r ✷ ❛s

❡s❝♦❧❤❛s ❢❡✐t❛s✳ ■❣✉❛❧♠❡♥t❡ ♣❛r❛ ♦s ❞❡♠❛✐s ✺ ❥♦❣♦s✳ P♦rt❛♥t♦✱ ♦ ♥ú♠❡r♦ ♣♦ssí✈❡❧ ❞❡ ❥♦❣♦s

é✿
A12,6

26
=

12!

6!× 26
= 10395 ♠♦❞♦s✳

❊st❛ é ✉♠❛ ❞❛s ♠❛♥❡✐r❛s ❞❡ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛✳ ❊①✐st❡♠ ✉♠❛ ♦✉tr❛ s♦❧✉çã♦ q✉❡

✉t✐❧✐③❛ ♦ ♠ét♦❞♦ ❞❛ ❝♦♠❜✐♥❛çã♦ ✭q✉❡ ✈❡r❡♠♦s ♠❛✐s ❛ ❢r❡♥t❡✮✳

Pr♦❜❧❡♠❛ ✶✳✶✾ ✭❆❍❙▼❊ ✶✾✾✹✮✳ ◆♦✈❡ ❝❛❞❡✐r❛s s❡❣✉✐❞❛s s❡rã♦ ♦❝✉♣❛❞❛s ♣♦r s❡✐s ❛❧✉♥♦s ❡

♣❡❧♦s Pr♦❢❡ss♦r❡s ❆❧❢❛✱ ❇❡t❛ ❡ ●❛♠❛✳ ❊ss❡s três ♣r♦❢❡ss♦r❡s ❝❤❡❣❛♠ ❛♥t❡s ❞♦s s❡✐s ❛❧✉♥♦s ❡

❞❡❝✐❞❡♠ ❡s❝♦❧❤❡r s✉❛s ❝❛❞❡✐r❛s ♣❛r❛ q✉❡ ❝❛❞❛ ♣r♦❢❡ss♦r ✜q✉❡ ❡♥tr❡ ❞♦✐s ❛❧✉♥♦s✳ ❉❡ q✉❛♥t❛s

♠❛♥❡✐r❛s ♦s Pr♦❢❡ss♦r❡s ❆❧♣❤❛✱ ❇❡t❛ ❡ ●❛♠♠❛ ❡s❝♦❧❤❡♠ s✉❛s ❝❛❞❡✐r❛s❄

❙♦❧✉çã♦✳ ❈♦♠♦ ❝❛❞❛ ♣r♦❢❡ss♦r ❞❡✈❡ s❡♥t❛r✲s❡ ❡♥tr❡ ❞♦✐s ❛❧✉♥♦s✱ ❡❧❡s ♥ã♦ ♣♦❞❡♠ s❡ s❡♥t❛r

♥♦s ❛ss❡♥t♦s ✶ ♦✉ ✾ ✭♦s ❛ss❡♥t♦s ❡♠ ❝❛❞❛ ❡①tr❡♠✐❞❛❞❡ ❞❛ ✜❧❛✮✳

■♠❛❣✐♥❡ ♦s s❡✐s ❡st✉❞❛♥t❡s ❞❡ ♣é ❡♠ ✜❧❛ ❛♥t❡s ❞❡❧❡s s❡♥t❛r❡♠✳ ❊①✐st❡♠ ✺ ❡s♣❛ç♦s

❡♥tr❡ ❡❧❡s✱ ❝❛❞❛ ✉♠ q✉❡ ♣♦❞❡ s❡r ♦❝✉♣❛❞♦ ♣♦r ✉♠ ❞♦s três ♣r♦❢❡ss♦r❡s✳ ❆ss✐♠ s❡♥❞♦✱

❡①✐st❡♠ A5,3 = 5× 4× 3 = 60 ♠❛♥❡✐r❛s ❞♦s ♣r♦❢❡ss♦r❡s ❡s❝♦❧❤❡r❡♠ s❡✉s ❧✉❣❛r❡s✳

Pr♦❜❧❡♠❛ ✶✳✷✵✳ ◗✉❛♥t♦s ♥ú♠❡r♦s ❞❡ q✉❛tr♦ ❞í❣✐t♦s ❡①✐st❡♠ ❝♦♠ ❞í❣✐t♦s ❞✐st✐♥t♦s❄

❙♦❧✉çã♦✳ ❖ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❛rr❛♥❥♦s é✿ A10,4 =
10!

(10− 4)!
▼❛s ❡ss❡s ❛rr❛♥❥♦s t❛♠❜é♠ ✐♥❝❧✉❡♠ ♦s ♥ú♠❡r♦s q✉❡ tê♠ ③❡r♦ (0) ♥❛ ♣♦s✐çã♦ ❞♦s

♠✐❧❤❛r❡s✳ ❊ss❡s ♥ú♠❡r♦s ♥ã♦ sã♦ ♥ú♠❡r♦s ❞❡ q✉❛tr♦ ❞í❣✐t♦s ❡✱ ♣♦rt❛♥t♦✱ ♣r❡❝✐s❛♠ s❡r

❡①❝❧✉í❞♦s✳

◗✉❛♥❞♦ 0 é ✜①❛❞♦ ♥❛ ♣♦s✐çã♦ ❞❛ ✉♥✐❞❛❞❡ ❞❡ ♠✐❧❤❛r✱ t❡♠♦s q✉❡ ♦r❣❛♥✐③❛r ♦s r❡s✲

t❛♥t❡s ✾ ❞í❣✐t♦s✱ t♦♠❛♥❞♦ ✸ ❞❡ ❝❛❞❛ ✈❡③ ❞❡ ✉♠❛ ❢♦r♠❛
9!

(9− 3)!
✳

❉❛í ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♥ú♠❡r♦s ❞❡ q✉❛tr♦ ❞í❣✐t♦s é✿

10!

(10− 4)!
− 9!

(9− 3)!
= 5040− 504 = 4536

❚❡♦r❡♠❛ ✶✳✷✶ ✭❈♦♠❜✐♥❛çã♦ ❙✐♠♣❧❡s✮✳ ❖ ♥ú♠❡r♦ ❞❡ ♠♦❞♦s ❞❡ ❡s❝♦❧❤❡r p ❡❧❡♠❡♥t♦ ❞❡♥tr❡

n ♣♦ssí✈❡✐s✱ ♦♥❞❡ ❛ ♦r❞❡♠ ❞♦s ❡❧❡♠❡♥t♦s é ✐rr❡❧❡✈❛♥t❡ é ❞❛❞♦ ♣♦r

Cp
n =

(
n

p

)

=
n!

(n− p)!p!
.

❉❡♠♦♥str❛çã♦✳ ❖ ♥ú♠❡r♦ ❞❡ ♠♦❞♦s ❞❡ ❡s❝♦❧❤❡r p ❡❧❡♠❡♥t♦s ❞❡♥tr❡ n é ❞❛❞❛ ♣♦r
n!

(n− p)!
✳

❈♦♠♦ ♥❡st❡ ❝❛s♦✱ ❛ ♦r❞❡♠ ❞♦s ❡❧❡♠❡♥t♦s ♥ã♦ é r❡❧❡✈❛♥t❡✱ ❜❛st❛ ❞✐✈✐❞✐r ♣❡❧♦ ♥ú♠❡r♦ ❞❡

♣❡r♠✉t❛çõ❡s ❞❡ p ❡❧❡♠❡♥t♦s✳ ▲♦❣♦✱ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠❜✐♥❛çõ❡s é ❞❛❞♦ ♣♦r
n!

(n− p)!p!
✳
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Pr♦❜❧❡♠❛ ✶✳✷✷ ✭▼❖❘●❆❉❖✮✳ ❯♠ ❝❛♠♣❡♦♥❛t♦ é ❞✐s♣✉t❛❞♦ ♣♦r ✶✷ ❝❧✉❜❡s ❡♠ r♦❞❛❞❛s

❞❡ ✻ ❥♦❣♦s ❝❛❞❛✳ ❉❡ q✉❛♥t♦s ♠♦❞♦s é ♣♦ssí✈❡❧ s❡❧❡❝✐♦♥❛r ♦s t✐♠❡s ❞❛ ♣r✐♠❡✐r❛ r♦❞❛❞❛❄

❙♦❧✉çã♦✳ ❈♦♠♦ ❝♦♠❡♥t❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ❡st❡ ♣r♦❜❧❡♠❛ ♣♦ss✉✐ ✉♠❛ ♦✉tr❛ ❢♦r♠❛ ❞❡ r❡✲

s♦❧✈❡r✱ ✈❡❥❛♠♦s✿

Pr❡❝✐s❛♠♦s s❡❧❡❝✐♦♥❛r ✷ ❞♦s t✐♠❡s ♣❛r❛ ❝❛❞❛ ❥♦❣♦ ❞❛ ♣r✐♠❡✐r❛ r♦❞❛❞❛ ✭❧❡✈❛♥❞♦ ❡♠

❝♦♥t❛ q✉❡ ❛ ♦r❞❡♠ ❞❛s ❡s❝♦❧❤❛s ❞❛s ❡q✉✐♣❡s ♥ã♦ ❢❛③ ❞✐❢❡r❡♥ç❛✮✱ ❡♥tã♦ ♣❛r❛ ❝❛❞❛ ♣❛rt✐❞❛

t❡r❡♠♦s✿
(
12

2

)

=
12!

10!× 2!
=

132

2
= 66,

(
10

2

)

=
10!

8!× 2!
=

90

2
= 45,

(
8

2

)

=
8!

6!× 2!
=

56

2
= 28,

(
6

2

)

=
6!

4!× 2!
=

30

2
= 15,

(
4

2

)

=
4!

2!× 2!
=

12

2
= 6,

(
2

2

)

=
2!

0!× 2!
=

2

2
= 1.

P❡❧♦ ♣r✐♥❝í♣✐♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ t❡♠♦s✿

66× 45× 28× 15× 6× 1 = 7.484.400.

❈♦♠♦ ❛ ♦r❞❡♠ ❞❛s ♣❛rt✐❞❛s t❛♠❜é♠ ♥ã♦ ❢❛③ ❞✐❢❡r❡♥ç❛✱ ❞✐✈✐❞✐♠♦s ♦ r❡s✉❧t❛❞♦ ♣♦r

6! = 720✳

❖❜t❡♥❞♦✱
7484400

720
= 10395 ♠♦❞♦s✳

Pr♦❜❧❡♠❛ ✶✳✷✸ ✭❆■▼❊ ✶✾✾✻✮✳ ❉✉❛s ❝❛s❛s ❞❡ ✉♠ t❛❜✉❧❡✐r♦ 7×7 sã♦ ♣✐♥t❛❞❛s ❞❡ ❛♠❛r❡❧♦

❡ ❛s ♦✉tr❛s sã♦ ♣✐♥t❛❞❛s ❞❡ ✈❡r❞❡✳ ❉✉❛s ♣✐♥t✉r❛s sã♦ ❞✐t❛s ❡q✉✐✈❛❧❡♥t❡s s❡ ✉♠❛ é ♦❜t✐❞❛

❛ ♣❛rt✐r ❞❡ ✉♠❛ r♦t❛çã♦ ❛♣❧✐❝❛❞❛ ♥♦ ♣❧❛♥♦ ❞♦ t❛❜✉❧❡✐r♦✳ ◗✉❛♥t❛s ♣✐♥t✉r❛s ✐♥❡q✉✐✈❛❧❡♥t❡s

❡①✐st❡♠❄

❙♦❧✉çã♦✳ ❊①✐st❡♠
(
49

2

)

♠❛♥❡✐r❛s ♣♦ssí✈❡✐s ♣❛r❛ s❡❧❡❝✐♦♥❛r ❞♦✐s q✉❛❞r❛❞♦s ♣❛r❛ s❡r❡♠

♣✐♥t❛❞♦s ❞❡ ❛♠❛r❡❧♦✳ ❊①✐st❡♠ q✉❛tr♦ ♠❛♥❡✐r❛s ♣♦ssí✈❡✐s ❞❡ ❣✐r❛r ❝❛❞❛ ♣✐♥t✉r❛✳ ❉❛❞♦ ✉♠

♣❛r ❛r❜✐trár✐♦ ❞❡ q✉❛❞r❛❞♦s ❛♠❛r❡❧♦s✱ ❡ss❛s q✉❛tr♦ r♦t❛çõ❡s ♣r♦❞✉③✐rã♦ ❞✉❛s ♦✉ q✉❛tr♦

♣❧❛❝❛s ❡q✉✐✈❛❧❡♥t❡s✱ ♠❛s ❞✐st✐♥t❛s✳

◆♦t❡ q✉❡ ✉♠ ♣❛r ❞❡ q✉❛❞r❛❞♦s ❛♠❛r❡❧♦s ♣r♦❞✉③✐rá ❛♣❡♥❛s ✷ t❛❜✉❧❡✐r♦s ❞✐st✐♥t♦s✱

s♦♠❡♥t❡ s❡ ♦s q✉❛❞r❛❞♦s ❛♠❛r❡❧♦s ❢♦r❡♠ r♦t❛❝✐♦♥❛❞♦s s✐♠❡tr✐❝❛♠❡♥t❡ ❡♠ t♦r♥♦ ❞♦ q✉❛✲



✸✽

❞r❛❞♦ ❝❡♥tr❛❧❀ ❡①✐st❡♠
49− 1

2
= 24 t❛✐s ♣❛r❡s✳

❊①✐st❡♠✱ ❡♥tã♦✱
(
49

2

)

− 24 ♣❛r❡s q✉❡ ❣❡r❛♠ ✹ t❛❜✉❧❡✐r♦s ❞✐st✐♥t♦s ❛♣ós ❛ r♦t❛çã♦❀

❡♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s ♣❛r❡s
(
49

2

)

− 24✱ ❡①✐st❡♠ ♦✉tr♦s três ♣❛r❡s q✉❡

❣❡r❛♠ ✉♠❛ ♣✐♥t✉r❛ ❡q✉✐✈❛❧❡♥t❡✳

❆ss✐♠✱ ♦ ♥ú♠❡r♦ ❞❡ t❛❜✉❧❡✐r♦s ✐♥❡q✉✐✈❛❧❡♥t❡s é

(
49

2

)

− 24

4
+

24

2
= 300✳

Pr♦❜❧❡♠❛ ✶✳✷✹ ✭❆■▼❊ ✷✵✵✺✮✳ ❯♠ ❥♦❣♦ ✉s❛ ✉♠ ❜❛r❛❧❤♦ ❞❡ n ❝❛rt❛s ❞✐❢❡r❡♥t❡s✱ ♦♥❞❡ n é

✉♠ ✐♥t❡✐r♦ ❡ n ≥ 6✳ ❖ ♥ú♠❡r♦ ❞❡ ❝♦♥❥✉♥t♦s ♣♦ssí✈❡✐s ❞❡ ✻ ❝❛rt❛s q✉❡ ♣♦❞❡♠ s❡r r❡t✐r❛❞❛s

❞♦ ❜❛r❛❧❤♦ é ✻ ✈❡③❡s ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❥✉♥t♦s ♣♦ssí✈❡✐s ❞❡ ✸ ❝❛rt❛s q✉❡ ♣♦❞❡♠ s❡r s♦rt❡❛❞❛s✳

❊♥❝♦♥tr❡ n✳

❙♦❧✉çã♦✳ ❖ ♥ú♠❡r♦ ❞❡ ♠❛♥❡✐r❛s ❞❡ s❛❝❛r s❡✐s ❝❛rt❛s ❞❡ n é ❞❛❞♦ ♣♦r
(
n

6

)

=
n (n− 1) (n− 2) (n− 3) (n− 4) (n− 5)

6× 5× 4× 3× 2× 1
.

❊ ♦ ♥ú♠❡r♦ ❞❡ ♠❛♥❡✐r❛s ❞❡ ❡s❝♦❧❤❡r três ❝❛rt❛s ❡♥tr❡ n ♣♦ssí✈❡✐s é

(
n

3

)

=
n (n− 1) (n− 2)

3× 2× 1
.

❖ ♣r♦❜❧❡♠❛ ♥♦s ❢♦r♥❡❝❡ q✉❡
(
n

6

)

= 6

(
n

3

)

❧♦❣♦✿

n (n− 1) (n− 2) (n− 3) (n− 4) (n− 5)

6× 5× 4× 3× 2× 1
= 6× n (n− 1) (n− 2)

3× 2× 1
.

❈❛♥❝❡❧❛♥❞♦ ♦s t❡r♠♦s s❡♠❡❧❤❛♥t❡s✱ ✜❝❛♠♦s ❝♦♠ (n− 3) (n− 4) (n− 5) = 720

❚❡♠♦s q✉❡ ❡♥❝♦♥tr❛r ✉♠❛ ❢❛t♦r❛çã♦ ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❡st❛ ❡q✉❛çã♦ ❡♠ três ✐♥t❡✐r♦s

❝♦♥s❡❝✉t✐✈♦s✳ ❈♦♠♦ ✼✷✵ é ♣ró①✐♠♦ ❛ 93 = 729✱ t❡♥t❛♠♦s ✽✱ ✾ ❡ ✶✵✱ ♦ q✉❡ ❢✉♥❝✐♦♥❛✱ ❡♥tã♦

n− 3 = 10 ❡✱ ♣♦rt❛♥t♦✱ n = 13✳

Pr♦❜❧❡♠❛ ✶✳✷✺ ✭■▼❈ ✷✵✵✷✮✳ ❉✉③❡♥t♦s ❛❧✉♥♦s ♣❛rt✐❝✐♣❛r❛♠ ❞❡ ✉♠ ❝♦♥❝✉rs♦ ❞❡ ♠❛t❡♠á✲

t✐❝❛✳ ❊❧❡s t✐♥❤❛♠ s❡✐s ♣r♦❜❧❡♠❛s ♣❛r❛ r❡s♦❧✈❡r✳ ❙❛❜❡✲s❡ q✉❡ ❝❛❞❛ ♣r♦❜❧❡♠❛ ❢♦✐ r❡s♦❧✈✐❞♦

❝♦rr❡t❛♠❡♥t❡ ♣♦r ♣❡❧♦ ♠❡♥♦s ✶✷✵ ♣❛rt✐❝✐♣❛♥t❡s✳ Pr♦✈❛r q✉❡ ❞❡✈❡ ❤❛✈❡r ❞♦✐s ♣❛rt✐❝✐♣❛♥t❡s

❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❝❛❞❛ ♣r♦❜❧❡♠❛ ❢♦✐ r❡s♦❧✈✐❞♦ ♣♦r ♣❡❧♦ ♠❡♥♦s ✉♠ ❞❡ss❡s ❞♦✐s ❛❧✉♥♦s

❙♦❧✉çã♦✳ ❱❛♠♦s s✉♣♦r q✉❡ ♦ ❝♦♥trár✐♦ é ✈❡r❞❛❞❡✐r♦✳ ❖✉ s❡❥❛✱ ♣❛r❛ q✉❛✐sq✉❡r ❞♦✐s ❛❧✉♥♦s✱

❤á ❛❧❣✉♠ ♣r♦❜❧❡♠❛ q✉❡ ♥❡♥❤✉♠ ❞❡❧❡s r❡s♦❧✈❡✉✳ ■ss♦ ♥♦s ❧❡✈❛ ❛ ❝♦♥t❛r ♦s ♣❛r❡s ❞❡ ❛❧✉♥♦s

❝♦♠ s❡✉s ♣r♦❜❧❡♠❛s ♥ã♦ r❡s♦❧✈✐❞♦s✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r ❛ s❡❣✉✐♥t❡ ♠❛tr✐③ ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞♦s ❞❛❞♦s ❞♦ ♣r♦❜❧❡♠❛✳ ◆ós

t❡♠♦s s❡✐s ❧✐♥❤❛s✱ ❝❛❞❛ ✉♠❛ r❡♣r❡s❡♥t❛♥❞♦ ✉♠ ♣r♦❜❧❡♠❛✱ ❡ ✷✵✵ ❝♦❧✉♥❛s✱ ❝❛❞❛ ✉♠❛ r❡♣r❡✲
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s❡♥t❛♥❞♦ ✉♠ ❛❧✉♥♦✳ ➚ ❧✉③ ❞❛ ♦❜s❡r✈❛çã♦ ❛❝✐♠❛✱ ❢❛③❡♠♦s ✉♠❛ ❡♥tr❛❞❛ ❞❛ ♠❛tr✐③ ✶ s❡ ♦

❛❧✉♥♦ ❝♦rr❡s♣♦♥❞❡♥t❡ à ❝♦❧✉♥❛ ♥ã♦ r❡s♦❧✈❡✉ ♦ ♣r♦❜❧❡♠❛ ❝♦rr❡s♣♦♥❞❡♥t❡ à ❧✐♥❤❛✱ ❡ ❢❛③❡♠♦s

✉♠❛ ❡♥tr❛❞❛ ✵ ❝❛s♦ ❝♦♥trár✐♦✳ ❯♠❛ ❝♦♥✜❣✉r❛çã♦ é ✐❧✉str❛❞❛ ❛❜❛✐①♦✿

Pr♦❜❧❡♠❛ ✶

Pr♦❜❧❡♠❛ ✷

Pr♦❜❧❡♠❛ ✸

Pr♦❜❧❡♠❛ ✹

Pr♦❜❧❡♠❛ ✺

Pr♦❜❧❡♠❛ ✻















0 1 0 · · · 0

1 0 0 · · · 0

0 0 0 · · · 1

0 1 1 · · · 1

1 0 1 · · · 1

0 1 0 · · · 1















❙❡❥❛ τ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣❛r❡s ❞❡ ✶✬s q✉❡ ♣❡rt❡♥❝❡♠ à ♠❡s♠❛ ❧✐♥❤❛✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r

❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ τ ❞❡ ❞✉❛s ♣❡rs♣❡❝t✐✈❛s ❞✐❢❡r❡♥t❡s✿

❈♦♥t❛♥❞♦ ♣♦r ❝♦❧✉♥❛s✿ ❛ss✉♠✐♠♦s q✉❡ ♣❛r❛ q✉❛✐sq✉❡r ❞♦✐s ❛❧✉♥♦s✱ ❤❛✈✐❛ ✉♠

♣r♦❜❧❡♠❛ q✉❡ ♥❡♥❤✉♠ ❞❡❧❡s r❡s♦❧✈❡✉✳ ❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ ❞✉❛s ❝♦❧✉♥❛s✱ ❤á ♣❡❧♦ ♠❡♥♦s

✉♠ ♣❛r ❞❡ ✶✬s ❡♥tr❡ ❡ss❛s ❞✉❛s ❝♦❧✉♥❛s q✉❡ ♣❡rt❡♥❝❡♠ à ♠❡s♠❛ ❧✐♥❤❛✳ ❆ss✐♠✱ ♣♦❞❡♠♦s

❡♥❝♦♥tr❛r ✉♠ ❡❧❡♠❡♥t♦ ❞❡ τ ❡♠ ❝❛❞❛ ♣❛r ❞❡ ❝♦❧✉♥❛s✳ ❏á q✉❡ ❡①✐st❡♠
(
200

2

)

♣❛r❡s ❞❡

❝♦❧✉♥❛s✱ ♥♦s t❡♠♦s |τ | ≥
(
200

2

)

= 19900✳

❈♦♥t❛♥❞♦ ♣♦r ❧✐♥❤❛s✿ ♥♦s é ❞✐t♦ q✉❡ ❝❛❞❛ ♣r♦❜❧❡♠❛ ❢♦✐ r❡s♦❧✈✐❞♦ ♣♦r ♣❡❧♦ ♠❡♥♦s

✶✷✵ ❛❧✉♥♦s✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ ❤á ♥♦ ♠á①✐♠♦ ✽✵ ✶✬s ❡♠ ❝❛❞❛ ❧✐♥❤❛✳ ❊♥tã♦✱ ❝❛❞❛ ❧✐♥❤❛ ❝♦♥té♠✱

♥♦ ♠á①✐♠♦✱
(
80

2

)

♣❛r❡s ❞❡ ✶✬s✳ ❏á q✉❡ ❡①✐st❡♠ ✻ ❧✐♥❤❛s✱ t❡♠♦s |τ | ≤ 6×
(
80

2

)

= 18960✳

❈♦♠❜✐♥❛♥❞♦ ❛s ❞✉❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛✱ ♦❜t❡♠♦s 19900 ≤ |τ | ≤ 18960✱ ♦ q✉❡ é

❝❧❛r❛♠❡♥t❡ ❛❜s✉r❞♦✳ ❆ss✐♠ s❡♥❞♦✱ ♥♦ss❛ s✉♣♦s✐çã♦ ✐♥✐❝✐❛❧ ❞❡✈❡ s❡r ❢❛❧s❛✳ P♦rt❛♥t♦✱ ❡①✐st❡♠

❞♦✐s ❛❧✉♥♦s ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❝❛❞❛ ♣r♦❜❧❡♠❛ ❢♦✐ r❡s♦❧✈✐❞♦ ♣♦r ♣❡❧♦ ♠❡♥♦s ✉♠ ❞❡ss❡s ❞♦✐s

❡st✉❞❛♥t❡s✳

Pr♦❜❧❡♠❛ ✶✳✷✻ ✭❇▼❈ ✷✵✵✶✮✳ ❉♦③❡ ♣❡ss♦❛s ❡stã♦ s❡♥t❛❞❛s ❡♠ ✈♦❧t❛ ❞❡ ✉♠❛ ♠❡s❛ ❝✐r❝✉✲

❧❛r✳ ❉❡ q✉❛♥t❛s ♠❛♥❡✐r❛s s❡✐s ♣❛r❡s ❞❡ ♣❡ss♦❛s ♣♦❞❡♠ s❡ ❡♥✈♦❧✈❡r ❡♠ ❛♣❡rt♦s ❞❡ ♠ã♦ ❞❡

♠♦❞♦ q✉❡ ♥❡♥❤✉♠ ❜r❛ç♦ s❡ ❝r✉③❡❄

❙♦❧✉çã♦✳ ❆ s❡❣✉✐r✱ ❛ss✉♠✐♠♦s q✉❡ t♦❞♦s ❞❡✈❡♠ ❛♣❡rt❛r ❛s ♠ã♦s✱ ♣♦✐s ✐ss♦ é ❢♦rt❡♠❡♥t❡

✐♠♣❧✐❝❛❞♦ ♣❡❧❛ ♣❡r❣✉♥t❛✳

❈♦♥s✐❞❡r❡ ❛ ♣❡ss♦❛ ✶✱ ❡❧❛ só ♣♦❞❡ ❛♣❡rt❛r ❛s ♠ã♦s ❞❛s ♣❡ss♦❛s ❝♦♠ ✉♠ ♥ú♠❡r♦

í♠♣❛r ❞❡ ❛ss❡♥t♦s ❞❡ ❞✐stâ♥❝✐❛✳ ❈❛s♦ ❝♦♥trár✐♦✱ s❡✉ ❛♣❡rt♦ ❞❡ ♠ã♦ s✉❜❞✐✈✐❞❡ ♦ ❝♦♥❥✉♥t♦

❡♠ ❞♦✐s s✉❜❝♦♥❥✉♥t♦s ❞❡ ♥ú♠❡r♦s í♠♣❛r❡s ❞❡ ♣❡ss♦❛s✱ ♦s q✉❛✐s ❛ss✐♠ ❞❡✈❡♠ s❡r ♥♦✈❛♠❡♥t❡

s❡♣❛r❛❞♦s ❡♠ ❛♣❡rt♦s ♥ã♦ ❝r✉③❛❞♦s✱ ♦ q✉❡ é ✉♠❛ ✐♠♣♦ss✐❜✐❧✐❞❛❞❡✳

❊♥tã♦✱ s❡ ♥ós ❝❤❛♠❛r♠♦s a2n ♦ ♥ú♠❡r♦ ❞❡ ❡♠♣❛r❡❛♠❡♥t♦s ❞❡ ❛♣❡rt♦s ♥ã♦ ❝r✉③❛❞♦s
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♣♦ssí✈❡✐s ♣❛r❛ 2n ♣❡ss♦❛s s❡♥t❛❞❛s ❡♠ ✉♠❛ ♠❡s❛ r❡❞♦♥❞❛✱ ❡♥tã♦ ♣♦❞❡♠♦s r❛❝✐♦❝✐♥❛r ❞❛

s❡❣✉✐♥t❡ ♠❛♥❡✐r❛ ♣❛r❛ a12✿

❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ❛ ♣❡ss♦❛ ✶ ❡stá ♥♦ ❛ss❡♥t♦ ✵✱ ❡♥tã♦ ❡st❛ ❞❡✈❡ ❛♣❡rt❛r ❛ ♠ã♦ ❞❡ ✉♠

❞♦s ✐♥❞✐✈í❞✉♦s ♥♦s ❛ss❡♥t♦s 1, 3, 5, 7, 9 ♦✉ 11✱ ❛ss❡♥t♦s ♦r✐❡♥t❛❞♦s ♥♦ s❡♥t✐❞♦ ❤♦rár✐♦✳ ❊♠

❝❛❞❛ ❝❛s♦✱ ♦ ♥ú♠❡r♦ ❞❡ ♣♦ssí✈❡✐s ♣❛r❡s ❞❡ ❛♣❡rt♦s ❞❡ ♠ã♦ ♥ã♦ ❝r✉③❛❞♦ ♣❛r❛ ❛s ♣❡ss♦❛s

r❡st❛♥t❡s é a0a10, a2a8, a4a6, a6a4, a8a2 ❡ a10a0✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❥á q✉❡ ♣♦❞❡♠♦s tr❛t❛r

❝❛❞❛ s✉❜❝♦♥❥✉♥t♦ ❝r✐❛❞♦ ♣❡❧♦ ❛♣❡rt♦ ❞❡ ♠ã♦ ❞❛ ♣❡ss♦❛ ✶ ❝♦♠♦ ✉♠❛ ✬♠❡s❛ r❡❞♦♥❞❛✬ ♠❡♥♦r

❞❡ ❛♣❡rt♦s ♥ã♦ ❝r✉③❛❞♦s ✭✈❡❥❛ ❛ ❋✐❣✉r❛ ✶✮✳

I
a0

a10

I

a2

a8

I

a4

a6

I

a6
a4

I

a8

a2

I

a10

a0

❋✐❣✉r❛ ✶✿ ❆♣❡rt♦s ❞❡ ♠ã♦s

❆ss✐♠✱ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♣❛r❡s ❞❡ ❛♣❡rt♦s ❞❡ ♠ã♦ ♥ã♦ ❝r✉③❛❞♦s ❞❡ ✶✷ ♣❡ss♦❛s ❡♠

t♦r♥♦ ❞❡ ✉♠❛ ♠❡s❛ ❝✐r❝✉❧❛r é ❞❛❞♦ ♣❡❧❛ s♦♠❛ ❞❡ss❛s ♣♦ss✐❜✐❧✐❞❛❞❡s

a12 = a0a10 + a2a8 + a4a6 + a6a4 + a8a2 + a10a0.

❉❡ ❢❛t♦✱ ❡♠ ❣❡r❛❧✱ ♣❛r❛ 2n ♣❡ss♦❛s ❡♠ t♦r♥♦ ❞❡ ✉♠❛ ♠❡s❛ s❡ ❝♦❧♦❝❛r♠♦s cn = a2n✱ ❡♥tã♦✱
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♥❛ ✈❡r❞❛❞❡✱ t❡♠♦s ❛ r❡❝♦rrê♥❝✐❛ ❞♦ ♥ú♠❡r♦ ❞❡ ❈❛t❛❧❛♥✷ ♣❛r❛ cn✿

cn =







∑n−1
k=0 ckcn−k−1, n ≥ 1

1, n = 0

❈♦♠♦ t❡♠♦s ♦ ♠❡s♠♦ ✈❛❧♦r ✐♥✐❝✐❛❧ c0 = a0 = 1 ❡ ❛ r❡❝♦rrê♥❝✐❛ ♣❛r❛ cn q✉❛♥❞♦ n ≥ 1✱

❝♦♥❝❧✉í♠♦s q✉❡ cn sã♦✱ ❡❧❡s ♣ró♣r✐♦s✱ ♥ú♠❡r♦s ❞❡ ❈❛t❛❧❛♥✳

❊♥tã♦✱ ❡♠ ❣❡r❛❧✱ ♦♥❞❡ cn é ♦ ❡♥és✐♠♦ ♥ú♠❡r♦ ❝❛t❛❧ã♦✿

✏P❛r❛ 2n ♣❡ss♦❛s s❡♥t❛❞❛s ❡♠ t♦r♥♦ ❞❡ ✉♠❛ ♠❡s❛ ❝✐r❝✉❧❛r✱ ❤á cn ♣❛r❡s ❞❡ ❛♣❡rt♦s

❞❡ ♠ã♦s ♥ã♦ ❝r✉③❛❞♦s✳✑

P♦❞❡ s❡r ♠♦str❛❞♦ q✉❡ ♦ ❡♥és✐♠♦ ♥ú♠❡r♦ ❞❡ ❈❛t❛❧❛♥✸ é ❞❛❞♦ ♣♦r✿

cn =
1

n+ 1

(
2n

n

)

.

❊♥tã♦ t❡♠♦s ♥♦ss❛ r❡s♣♦st❛✿

a12 = c6 =
1

7

(
12

6

)

= 132 ♠❛♥❡✐r❛s.

✶✳✸ P❊❘▼❯❚❆➬Õ❊❙ ❈■❘❈❯▲❆❘❊❙

P❡r♠✉t❛çã♦ ❡♠ ✉♠ ❝ír❝✉❧♦ é ❝❤❛♠❛❞❛ ❞❡ ♣❡r♠✉t❛çã♦ ❝✐r❝✉❧❛r✳

❙❡ ❝♦♥s✐❞❡r❛r♠♦s ✉♠❛ ♠❡s❛ r❡❞♦♥❞❛ ❡ três ♣❡ss♦❛s✱ ❡♥tã♦ ♦ ♥ú♠❡r♦ ❞❡ ❛rr❛♥✲

❥♦s ❞❡ ❛ss❡♥t♦s ❞✐❢❡r❡♥t❡s q✉❡ ♣♦❞❡♠♦s t❡r ❛♦ r❡❞♦r ❞❛ ♠❡s❛ r❡❞♦♥❞❛ é ✉♠ ❡①❡♠♣❧♦ ❞❡

♣❡r♠✉t❛çã♦ ❝✐r❝✉❧❛r✳

❆ ♣❡r♠✉t❛çã♦ ❝✐r❝✉❧❛r é ✉♠ ❝❛s♦ ♠✉✐t♦ ✐♥t❡r❡ss❛♥t❡✳ ❱❛♠♦s t❡♥t❛r r❡s♦❧✈❡r ♦ s❡✲

❣✉✐♥t❡ ♣r♦❜❧❡♠❛✳ ❙❡ t✐✈❡r♠♦s ✸ ♣❡ss♦❛s ❡ q✉✐s❡r♠♦s ♦r❣❛♥✐③á✲❧❛s ❞❡ ♠❛♥❡✐r❛ ❧✐♥❡❛r✱ ♦

♥ú♠❡r♦ t♦t❛❧ ❞❡ ♣❡r♠✉t❛çõ❡s ❞❡ ✸ ♣❡ss♦❛s t♦♠❛❞❛s ✉♠❛ ❞❡ ❝❛❞❛ ✈❡③ é P3 = 3! = 6✳

❆❣♦r❛✱ ♣❡❧♦ ❜❡♠ ❞❡ ♥♦ss❛ ❝♦♥✈❡♥✐ê♥❝✐❛✱ ✈❛♠♦s r❡♣r❡s❡♥á✲❧♦s ❝♦♠♦ A✱ B ❡ C✳ ❆ss✐♠✱

t❡r❡♠♦s ♦s s❡❣✉✐♥t❡s ❛rr❛♥❥♦s ❧✐♥❡❛r❡s✿

ABC,ACB,BAC,BCA,CAB,CBA

❆❣♦r❛ ❛ ♣❛rt❡ ❝✐r❝✉❧❛r✱ s❡ ♦r❣❛♥✐③❛r♠♦s ❡st❛s ✸ ♣❡ss♦❛s ❡♠ t♦r♥♦ ❞❡ ✉♠❛ ♠❡s❛

✷❊♠ ❝♦♠❜✐♥❛tór✐❛ ♦s ♥ú♠❡r♦s ❞❡ ❈❛t❛❧❛♥ ❢♦r♠❛♠ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s ♥❛t✉r❛✐s q✉❡ ♦❝♦rr❡ ❡♠
✈ár✐♦s ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥t❛❣❡♠✱ ❢r❡q✉❡♥t❡♠❡♥t❡ ❡♥✈♦❧✈❡♥❞♦ ♦❜❥❡t♦s ❞❡✜♥✐❞♦s r❡❝✉rs✐✈❛♠❡♥t❡✳ ❖ ♥♦♠❡ é
✉♠❛ r❡❢❡rê♥❝✐❛ ❛♦ ♠❛t❡♠át✐❝♦ ❜❡❧❣❛ ❊✉❣è♥❡ ❈❤❛r❧❡s ❈❛t❛❧❛♥ ✭✶✽✶✹ ✲ ✶✽✾✹✮✳

✸❆❧❣✉♠❛s ❞❡♠♦♥str❛çõ❡s ❞❡ ❝♦♠♦ ❝❤❡❣❛r ♥❡st❛ ✐❣✉❛❧❞❛❞❡ ❛ ♣❛rt✐r ❞❛ r❡❝♦rrê♥❝✐❛ ♠♦str❛❞❛ ♣♦❞❡♠ s❡r
❡♥❝♦♥tr❛❞❛s ♥♦ ❧✐✈r♦ ❈❛t❛❧❛♥ ◆✉♠❜❡rs ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥s✱ ❞❡ ❚❤♦♠❛s ❑♦s❤②✳
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r❡❞♦♥❞❛✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✷ ❡ ❛ ❋✐❣✉r❛ ✸✱ ♥♦t❛♠♦s q✉❡ três ❞♦s ❛rr❛♥❥♦s q✉❡ ❡r❛♠

❞✐❢❡r❡♥t❡s ❛❣♦r❛ sã♦ ✐❣✉❛✐s✳P♦r ❡①❡♠♣❧♦✱ s❡ ✈♦❝ê s❡ ♠♦✈❡r ♥♦ s❡♥t✐❞♦ ❤♦rár✐♦✱ ❝♦♠❡❝❡ ❝♦♠

A✱ ❛♦ r❡❞♦r ❞❛ ♠❡s❛ ♥❛ ❋✐❣✉r❛ ✷✱ ✈♦❝ê s❡♠♣r❡ ♦❜t❡rá ABC✳

A

BC

B

CA

C

AB

❋✐❣✉r❛ ✷✿ ❉✐s♣♦s✐çã♦ ABC

A

CB

C

BA

B

AC

❋✐❣✉r❛ ✸✿ ❉✐s♣♦s✐çã♦ ACB

❊♥tã♦✱ ✈❡r✐✜❝❛✲s❡ q✉❡ ✸ ♣❡r♠✉t❛çõ❡s ❧✐♥❡❛r❡s ❛❝❛❜❛♠ s❡ t♦r♥❛♥❞♦ ✉♠❛ ♠❡s♠❛

♣❡r♠✉t❛çã♦ ❝✐r❝✉❧❛r✳

❊♠ ❣❡r❛❧✱ s❡ t✐✈❡r♠♦s n ❡❧❡♠❡♥t♦s✱ ❡♥tã♦ ❛ ♣❡r♠✉t❛çã♦ ❧✐♥❡❛r t♦t❛❧ ❞❡ n ❡❧❡♠❡♥t♦s

t♦♠❛❞♦s t♦❞♦s ❞❡ ✉♠❛ ✈❡③ é n! ❊ ♦❜s❡r✈❛♠♦s q✉❡ ❝❛❞❛ n ♣❡r♠✉t❛çõ❡s ❧✐♥❡❛r❡s ❝♦rr❡s♣♦♥✲

❞❡♠ ❛ ✶ ♣❡r♠✉t❛çã♦ ❝✐r❝✉❧❛r✱ ❛ss✐♠ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✶✳✷✼ ✭P❡r♠✉t❛çõ❡s ❈✐r❝✉❧❛r❡s✮✳ ❆ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❡r♠✉t❛çõ❡s ❝✐r❝✉❧❛r❡s ❞❡ n

❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s é ❞❛❞❛ ♣♦r

PCn = (n− 1)!.

❉❡♠♦♥str❛çã♦✳ P♦❞❡♠♦s ✈❡r✐✜❝❛r ❛ ✐❣✉❛❧❞❛❞❡ ❞❡ ❞✉❛s ♠❛♥❡✐r❛s✿

Pr✐♠❡✐r❛✿ ❙❡ ♥ã♦ ❝♦♥s✐❞❡ráss❡♠♦s ❡q✉✐✈❛❧❡♥t❡s ❞✐s♣♦s✐çõ❡s q✉❡ ♣♦ss❛ ❝♦✐♥❝✐❞✐r ♣♦r r♦t❛çã♦✱

t❡rí❛♠♦s n! ❞✐s♣♦s✐çõ❡s✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ❡q✉✐✈❛❧ê♥❝✐❛✱ ❝❛❞❛ ♣❡r♠✉t❛çã♦ ❝✐r❝✉❧❛r é ❣❡r❛❞❛

♣♦r n ❞✐s♣♦s✐çõ❡s✳ ▲♦❣♦✱

PCn =
n!

n
= (n− 1)!.

❙❡❣✉♥❞❛✿ ❈♦♠♦ ♦ q✉❡ ✐♠♣♦rt❛ é ❛ ♣♦s✐çã♦ r❡❧❛t✐✈❛ ❞♦s ♦❜❥❡t♦s✱ ❤á ✉♠ ♠♦❞♦ ❞❡ ❝♦❧♦❝❛r

♦ ✶♦ ♦❜❥❡t♦ ♥♦ ❝ír❝✉❧♦ ✭♦♥❞❡ q✉❡r q✉❡ ♦ ❝♦❧♦q✉❡♠♦s✱ ❡❧❡ s❡rá ♦ ú♥✐❝♦ ♦❜❥❡t♦ ♥♦ ❝ír❝✉❧♦✮❀

❤á ✉♠ ♠♦❞♦ ❞❡ ❝♦❧♦❝❛r ♦ ✷♦ ♦❜❥❡t♦✭❡❧❡ s❡rá ♦ ♦❜❥❡t♦ ✐♠❡❞✐❛t❛♠❡♥t❡ ❛♣ós ♦ ♣r✐♠❡✐r♦✮❀

❤á ❞♦✐s ♠♦❞♦s ❞❡ ❝♦❧♦❝❛r ♦ ✸♦ ♦❜❥❡t♦✭✐♠❡❞✐❛t❛♠❡♥t❡ ❛♣ós ♦ ♣r✐♠❡✐r♦ ♦✉ ✐♠❡❞✐❛t❛♠❡♥t❡

❛♣ós ♦ s❡❣✉♥❞♦✮✱ ❤á três ♠♦❞♦s ❞❡ ❝♦❧♦❝❛r ♦ ✹♦ ♦❜❥❡t♦ ✭✐♠❡❞✐❛t❛♠❡♥t❡ ❛♣ós ♦ ♣r✐♠❡✐r♦

♦✉ ✐♠❡❞✐❛t❛♠❡♥t❡ ❛♣ós ♦ s❡❣✉♥❞♦ ♦✉ ✐♠❡❞✐❛t❛♠❡♥t❡ ❛♣ós ♦ t❡r❝❡✐r♦✮✳✳✳❀ ❤á n − 1 ♠♦❞♦s

❞❡ ❝♦❧♦❝❛r ♦ n✲és✐♠♦ ❡ ú❧t✐♠♦ ♦❜❥❡t♦✳ ▲♦❣♦✱

PCn = 1× 1× 2× 3× · · · × (n− 1) = (n− 1)!.
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D

E

F

G

H

❋✐❣✉r❛ ✹✿ P✉❧s❡✐r❛s

Pr♦❜❧❡♠❛ ✶✳✷✽ ✭P▲■◆■❖✮✳ ❉❡ q✉❛♥t❛s ♠❛♥❡✐r❛s ✽ ❝♦♥t❛s ✹ ❞✐st✐♥t❛s ♣♦❞❡♠ s❡r ❝♦❧♦❝❛❞❛s

❡♠ ✉♠ ❝♦r❞ã♦ ❡❧ást✐❝♦ ❞❡ ♠♦❞♦ ❛ ❢♦r♠❛r ✉♠❛ ♣✉❧s❡✐r❛❄

❙♦❧✉çã♦✳ P❛r❛ ✉♠❛ ❞❛❞❛ ♣✉❧s❡✐r❛✱ ❤á (8− 1)! = 7! = 5040 ♣♦ss✐❜✐❧✐❞❛❞❡s✳ ◆♦ ❡♥t❛♥t♦✱

❡st❡ ♥ú♠❡r♦ ❝♦♥t❛ ❞✉❛s ✈❡③❡s ❝❛❞❛ ♣✉❧s❡✐r❛✱ ♣♦✐s ❝❛❞❛ ✉♠❛ t❡♠ s✉❛ s✐♠étr✐❝❛ ♦❜t✐❞❛

❛tr❛✈és ❞❡ ✉♠ ❣✐r♦ ❡♠ t♦r♥♦ ❞❡ ✉♠ ❡✐①♦ ❞✐❛♠❡tr❛❧✳ P♦❞❡♠♦s ♦❜s❡r✈❛r ♥❛ ❋✐❣✉r❛ ✹ ✉♠❛

❡①❡♠♣❧✐✜❝❛çã♦ ❞❡ ❞✉❛s ♣✉❧s❡✐r❛ ✐❞ê♥t✐❝❛s q✉❡ ❡st❛r✐❛♠ s❡♥❞♦ ❝♦♥t❛❞❛s ❞✉❛s ✈❡③❡s ♥❡st❛

❝♦♥t❛❣❡♠ ❞❡ ✺✵✹✵ ♣♦ss✐❜✐❧✐❞❛❞❡s ✭❛s ❧❡tr❛s ❞❡ A ❛ H r❡♣r❡s❡♥t❛♠ ❛s ✽ ❝♦♥t❛s✮✿

❉❡st❛ ❢♦r♠❛✱ sã♦
5040

2
= 2520 ♣✉❧s❡✐r❛s ❞✐❢❡r❡♥t❡s✳

Pr♦❜❧❡♠❛ ✶✳✷✾ ✭▼❖❘●❆❉❖✮✳ ❉❡ q✉❛♥t♦s ♠♦❞♦s ✺ ♠✉❧❤❡r❡s ❡ ✻ ❤♦♠❡♥s ♣♦❞❡♠ ❢♦r♠❛r

✉♠❛ r♦❞❛ ❞❡ ❝✐r❛♥❞❛ ❞❡ ♠♦❞♦ q✉❡ ❛s ♠✉❧❤❡r❡s ♣❡r♠❛♥❡ç❛♠ ❥✉♥t❛s❄

❙♦❧✉çã♦✳ ◆♦ t♦t❛❧ sã♦ ✶✶ ♣❡ss♦❛s✱ ❞❡st❛s ✺ sã♦ ♠✉❧❤❡r❡s✳ P❛r❛ q✉❡ ❡❧❛s ♣❡r♠❛♥❡ç❛♠

❥✉♥t❛s ✈❛♠♦s t♦♠á✲❧❛s ❝♦♠♦ ✉♠❛ ú♥✐❝❛ ✏♣❡ss♦❛✑✱ ❡ ❡♥tã♦ t❡r❡♠♦s ✻ ❤♦♠❡♥s ♠❛✐s ✉♠❛

✏♣❡ss♦❛✑✱ ✉t✐❧✐③❛♥❞♦ ♣❡r♠✉t❛çã♦ ❝✐r❝✉❧❛r ♥❡st❡s s❡t❡ ✐♥❞✐✈í❞✉♦s✱

PC7 = (7− 1)! = 6! = 720.

P♦ré♠✱ sã♦ ✺ ♠✉❧❤❡r❡s q✉❡ ♣♦❞❡♠ ✜❝❛r ❞❡ ❞✐✈❡rs❛s ❢♦r♠❛s ♥❛ r♦❞❛ ♠❡s♠♦ ❡st❛♥❞♦ ❥✉♥t❛s✱

❞❡✈❡♠♦s ❡♥tã♦ ♣❡r♠✉tá✲❧❛s ❞❡ ♠♦❞♦ ❛ ❞❡s❝♦❜r✐r q✉❛♥t❛s ♠❛♥❡✐r❛s ❡❧❛s ♣♦❞❡♠ ✜❝❛r ❥✉♥t❛s✱

q✉❡ é ✐❣✉❛❧ ❛ 5! = 120✳

P♦rt❛♥t♦✱ ♦ t♦t❛❧ ❞❡ ♠♦❞♦s ❞❡ ♦r❣❛♥✐③❛r ❡st❛s ✶✶ ♣❡ss♦❛s ♥✉♠❛ ♠❡s❛ r❡❞♦♥❞❛ é

720× 120 = 84600✳

Pr♦❜❧❡♠❛ ✶✳✸✵ ✭❈▼❈ ✷✵✵✹✮✳ ◆♦✈❡ ❜♦❧❛s✱ ♥✉♠❡r❛❞❛s ❞❡ ✶ ❛ ✾✱ sã♦ ❝♦❧♦❝❛❞❛s ❛❧❡❛t♦✲

r✐❛♠❡♥t❡ ❡♠ ✾ ♣♦♥t♦s ❡s♣❛ç❛❞♦s ❡♠ ✉♠ ❝ír❝✉❧♦✱ ❝❛❞❛ ♣♦♥t♦ ❝♦♠ ✉♠❛ ❜♦❧❛✳ ❙❡❥❛ S ❛

✹❙❡❣✉♥❞♦ ❆✉ré❧✐♦✿ ❈♦♥t❛s sã♦ ♦r♥❛t♦s ❢❡✐t♦s ♣❛r❛ ❡♥❢❡✐t❛r ❜r❛❝❡❧❡t❡s ❡ ♣✉❧s❡✐r❛s
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s♦♠❛ ❞♦s ✈❛❧♦r❡s ❛❜s♦❧✉t♦s ❞❛s ❞✐❢❡r❡♥ç❛s ❞♦s ♥ú♠❡r♦s ❞❡ ❞✉❛s ❜♦❧❛s ✈✐③✐♥❤❛s✳ ❊♥❝♦♥tr❡

❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝❛s♦s q✉❡ ❢❛③ S t❡r ♦ ✈❛❧♦r ♠í♥✐♠♦✳ ✭❖❜s❡r✈❛çã♦✿ ❙❡ ✉♠ ❛rr❛♥❥♦ ❞❛s

❜♦❧❛s ❢♦r ❝♦♥❣r✉❡♥t❡ ❛ ♦✉tr♦ ❞❡♣♦✐s ❞❡ ✉♠❛ r♦t❛çã♦ ♦✉ ✉♠❛ r❡✢❡①ã♦✱ ♦s ❞♦✐s ❛rr❛♥❥♦s sã♦

❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ♦ ♠❡s♠♦✮✳

❙♦❧✉çã♦✳ ◆♦✈❡ ❜♦❧❛s ❝♦♠ ♥ú♠❡r♦s ❞✐❢❡r❡♥t❡s sã♦ ❝♦❧♦❝❛❞❛s ❡♠ ✾ ♣♦♥t♦s ❡s♣❛ç❛❞♦s ❡♠ ✉♠

❝ír❝✉❧♦✱ ✉♠ ♣♦♥t♦ ♣❛r❛ ❝❛❞❛ ❜♦❧❛✳ ■ss♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠ ❛rr❛♥❥♦ ❝✐r❝✉❧❛r ❞❡ ✾ ❡❧❡♠❡♥t♦s

❞✐st✐♥t♦s ❡♠ ✉♠ ❝ír❝✉❧♦✳ ❆ss✐♠✱ ❤á 8! ❛rr❛♥❥♦s✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛s r❡✢❡①õ❡s✱ ❡①✐st❡♠
8!

2
❛rr❛♥❥♦s ❞✐❢❡r❡♥t❡s✳

❊♠ s❡❣✉✐❞❛✱ ❝❛❧❝✉❧❛♠♦s ♦ ♥ú♠❡r♦ ❞❡ ❛rr❛♥❥♦s✱ q✉❡ ❢❛③❡♠ S s❡r ♠í♥✐♠♦✳ ❆♦ ❧♦♥❣♦

❞♦ ❝ír❝✉❧♦ ❡①✐st❡♠ ❞✉❛s r♦t❛s ❞❡ ✶ ❛ ✾✱ ♦ ❛r❝♦ ♠❛✐♦r ❡ ❛r❝♦ ♠❡♥♦r✳ P❛r❛ ❝❛❞❛ ✉♠ ❞❡❧❡s✱

s❡❥❛ x1, x2, . . . , xk ♦s ♥ú♠❡r♦s ❞❛s ❜♦❧❛s s✉❝❡ss✐✈❛s ♥♦ ❛r❝♦✱ ❡♥tã♦

|1− x1|+ |x1 − x2|+ · · ·+ |xk − 9|

≥ | (1− x1) + (x1 − x2) + · · ·+ (xk − 9) |

= |1− 9| = 8.

❆ ✐❣✉❛❧❞❛❞❡ ♦❝♦rr❡ s❡ ❡ s♦♠❡♥t❡ s❡ 1 < x1 < x2 < · · · < xk < 9✱ ✐✳❡✳ ♦s ♥ú♠❡r♦s

❞❛s ❜♦❧❛s ❡♠ ❝❛❞❛ ❛r❝♦ ❡stã♦ ❛✉♠❡♥t❛♥❞♦ ❞❡ ✶ ❛té ✾✳ ❆ss✐♠ s❡♥❞♦✱ Smin = 2× 8 = 16✳

❉❛ ❛♥á❧✐s❡ ❛❝✐♠❛✱ q✉❛♥❞♦ ♦s ♥ú♠❡r♦s ❞❛s ❜♦❧❛s {1, x1, x2, . . . , xk, 9} ❡♠ ❝❛❞❛ ❛r❝♦

sã♦ ✜①♦s✱ ♦ ❛rr❛♥❥♦ q✉❡ ❝♦♥té♠ ♦ ✈❛❧♦r ♠í♥✐♠♦ é ❞❡t❡r♠✐♥❛❞♦ ❡①❝❧✉s✐✈❛♠❡♥t❡✳ ❉✐✈✐❞❛ ♦

❝♦♥❥✉♥t♦ ❞❡ ✼ ❜♦❧❛s {2, 3, . . . , 8} ❡♠ ❞♦✐s s✉❜❝♦♥❥✉♥t♦s✱ ❡♥tã♦ ♦ s✉❜❝♦♥❥✉♥t♦ q✉❡ ❝♦♥té♠

♠❡♥♦s ❡❧❡♠❡♥t♦s t❡♠ C0
7 +C1

7 +C2
7 +C3

7 = 26 ❝❛s♦s✳ ❈❛❞❛ ❝❛s♦ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ❛rr❛♥❥♦

❡①❝❧✉s✐✈♦✱ q✉❡ ❛t✐♥❣❡ ♦ ✈❛❧♦r ♠í♥✐♠♦ ❞❡ S✳ ❆ss✐♠✱ ♦ ♥ú♠❡r♦ ❞❡ ❛rr❛♥❥♦s q✉❛♥❞♦ S ❧❡✈❛ ♦

✈❛❧♦r ♠í♥✐♠♦ é 26 = 64✳

✶✳✹ P❊❘▼❯❚❆➬Õ❊❙ ❈❖▼ ❘❊P❊❚■➬Õ❊❙

❯♠❛ ♣❡r♠✉t❛çã♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♦❜❥❡t♦s é ✉♠❛ ♦r❞❡♥❛çã♦ ❞❡ss❡s ♦❜❥❡t♦s✳

◗✉❛♥❞♦ ❛❧❣✉♥s ❞❡ss❡s ♦❜❥❡t♦s sã♦ ✐❞ê♥t✐❝♦s✱ ❛ s✐t✉❛çã♦ é tr❛♥s❢♦r♠❛❞❛ ❡♠ ✉♠ ♣r♦❜❧❡♠❛

❞❡ ♣❡r♠✉t❛çõ❡s ❝♦♠ r❡♣❡t✐çã♦✳

Pr♦❜❧❡♠❛s ❞❡st❛ ❢♦r♠❛ sã♦ ❜❛st❛♥t❡ ❝♦♠✉♥s ♥❛ ♣rát✐❝❛❀ ♣♦r ❡①❡♠♣❧♦✱ ♣♦❞❡ s❡r

❞❡s❡❥á✈❡❧ ❡♥❝♦♥tr❛r ♦r❞❡♥❛çõ❡s ❞❡ ♠❡♥✐♥♦s ❡ ♠❡♥✐♥❛s✱ ❡st✉❞❛♥t❡s ❞❡ ❞✐❢❡r❡♥t❡s ❣r❛✉s ♦✉

❝❛rr♦s ❞❡ ❝❡rt❛s ❝♦r❡s✱ s❡♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❞✐st✐♥❣✉✐r ❡♥tr❡ ❛❧✉♥♦s ❞❛ ♠❡s♠❛ sér✐❡✱ ♦✉

❝❛rr♦s ❞❛ ♠❡s♠❛ ❝♦r✱ ♦✉ ♣❡ss♦❛s ❞❛ ♠❡s♠❛ ❝❧❛ss❡ ♦✉ ❣ê♥❡r♦✳ ◆❡ss❡ ❝❛s♦✱ ♦ ♣r♦❜❧❡♠❛ é

✐♠♣❧✐❝✐t❛♠❡♥t❡ s♦❜r❡ ♣❡r♠✉t❛çõ❡s ❝♦♠ r❡♣❡t✐çã♦❀ ♦s ♦❜❥❡t♦s r❡♣❡t✐❞♦s sã♦ ❛q✉❡❧❡s q✉❡



✹✺

♥ã♦ ♣r❡❝✐s❛♠ s❡r ❞✐st✐♥❣✉✐❞♦s✳

❚❡♦r❡♠❛ ✶✳✸✶✳ ❖ ♥ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s ❞✐❢❡r❡♥t❡s ❞❡ n ♦❜❥❡t♦s✱ ♦♥❞❡ ❡①✐st❡♠ n1 ♦❜❥❡t♦s

✐❞ê♥t✐❝♦s ❞♦ t✐♣♦ ✶✱ n2 ♦❜❥❡t♦s ✐❞ê♥t✐❝♦s ❞♦ t✐♣♦ ✷✱ ❡✱ ❝♦♥t✐♥✉❛♠❡♥t❡✱ nk ♦❜❥❡t♦s ✐❞ê♥t✐❝♦s

❞♦ t✐♣♦ k✱ é ❞❛❞♦ ♣♦r

P n1,n2,...,nk
n =

n!

n1!n2! · · ·nk!
.

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❞❡t❡r♠✐♥❛r ♦ ♥ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s✱ ♣r✐♠❡✐r♦ ♦❜s❡r✈❡ q✉❡ ♦s n1

♦❜❥❡t♦s ❞♦ t✐♣♦ ✶ ♣♦❞❡♠ s❡r ❝♦❧♦❝❛❞♦s ❡♥tr❡ ❛s n ♣♦s✐çõ❡s ❡♠
(
n

n1

)

♠❛♥❡✐r❛s✱ ❞❡✐①❛♥❞♦

n − n1 ♣♦s✐çõ❡s ❧✐✈r❡s✳ ❊♥tã♦ ♦s ♦❜❥❡t♦s ❞♦ t✐♣♦ ❞♦✐s ♣♦❞❡♠ s❡r ❝♦❧♦❝❛❞♦s ❡♠
(
n− n1

n2

)

♠❛♥❡✐r❛s✱ ❞❡✐①❛♥❞♦ n−n1−n2 ♣♦s✐çõ❡s ❧✐✈r❡s✳ ❈♦♥t✐♥✉❛♥❞♦ ❝♦❧♦❝❛♥❞♦ ♦s ♦❜❥❡t♦s ❞♦ t✐♣♦

três✱ ❛té ♦s ♦❜❥❡t♦s ❞♦ t✐♣♦ k−1✱ ❛té q✉❡ ♥♦ ú❧t✐♠♦ ❡stá❣✐♦✱ ♦s ♦❜❥❡t♦s nk ❞♦ t✐♣♦ k ♣♦ss❛♠

s❡r ❝♦❧♦❝❛❞♦s ❡♠
(
n− n1 − n2 − · · · − nk−1

nk

)

♠❛♥❡✐r❛s✳ ❆ss✐♠✱ ♣❡❧❛ r❡❣r❛ ❞♦ ♣r♦❞✉t♦✱ ♦

♥ú♠❡r♦ t♦t❛❧ ❞❡ ❞✐❢❡r❡♥t❡s ♣❡r♠✉t❛çõ❡s é
(
n

n1

)(
n− n1

n2

)

· · ·
(
n− n1 − n2 − · · · − nk−1

nk

)

=

=
n!

n1! (n− n1)!

(n− n1)!

n2! (n− n1 − n2)!
· · · (n− n1 − n2 − · · · − nk−1)!

nk!0!

=
n!

n1!n2! · · ·nk!
.

Pr♦❜❧❡♠❛ ✶✳✸✷ ✭❆❉❆P❚❆❉❖ ▼❖❘●❆❉❖✮✳ ◗✉❛♥t♦s ❛♥❛❣r❛♠❛s ♣♦❞❡♠ s❡r ❢♦r♠❛❞♦s

❝♦♠ ❛ ♣❛❧❛✈r❛ ▼■❙❙■❙❙■PP■❙❄

❙♦❧✉çã♦✳ ❙ã♦ ✶✷ ❧❡tr❛s ❛♦ t♦t❛❧✱ s❡♥❞♦ q✉❡ s❡ r❡♣❡t❡♠ ❝✐♥❝♦ ❙✬s✱ q✉❛tr♦ ■✬s ❡ ❞♦✐s P✬s✳

▲♦❣♦✱ t♦t❛❧ ❞❡ ❛♥❛❣r❛♠❛s é✿

P 5,4,2
12 =

12!

5!× 4!× 2!
= 83160.

Pr♦❜❧❡♠❛ ✶✳✸✸ ✭❆■▼❊ ✷✵✵✼✮✳ ❯♠❛ ♠ã❡ ❝♦♠♣r❛ ✺ ♣r❛t♦s ❛③✉✐s✱ ✷ ♣r❛t♦s ✈❡r♠❡❧❤♦s✱ ✷

♣r❛t♦s ✈❡r❞❡s ❡ ✶ ♣r❛t♦ ❧❛r❛♥❥❛✳ ◗✉❛♥t❛s ♠❛♥❡✐r❛s ❡①✐st❡♠ ♣❛r❛ ❡❧❛ ❛rr✉♠❛r ❡ss❡s ♣r❛t♦s

♣❛r❛ ♦ ❥❛♥t❛r ❡♠ t♦r♥♦ ❞❡ s✉❛ ♠❡s❛ ❝✐r❝✉❧❛r✱ s❡ ❡❧❛ ♥ã♦ q✉❡r q✉❡ ♦s ❞♦✐s ♣r❛t♦s ✈❡r❞❡s

s❡❥❛♠ ❛❞❥❛❝❡♥t❡s❄

❙♦❧✉çã♦✳ ❱❛♠♦s ❡♥❝♦♥tr❛♠♦s ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❝❛s♦s ❡♠ q✉❡ ♦s ❞♦✐s ❧✉❣❛r❡s ✈❡r❞❡s sã♦

❛❞❥❛❝❡♥t❡s ❡ s✉❜tr❛✐r❡♠♦s ❞♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❝❛s♦s✳

❊①✐st❡♠ (10− 1)! = 9! ❞❡ ❛rr✉♠❛r ♦s ♣❛rt♦s ❡♠ ✈♦❧t❛ ❞❛ ♠❡s❛ s❡♠ s❡ ♣r❡♦❝✉♣❛r

❝♦♠ ❛s ❝♦r❡s✱ ♣♦ré♠✱ ❝♦♠♦ ❛❧❣✉♠❛s ❝♦r❡s r❡♣❡t❡♠ ♣r❡❝✐s❛♠♦s ❞✐✈✐❞✐r ♣♦r ❡st❛s ♣❡r♠✉t❛✲



✹✻

çõ❡s✱ t❡♠♦s ❧♦❣♦

9!

5!× 2!× 2!× 1!
=

362880

480
= 756 ♠❛♥❡✐r❛s ❞❡ ❛rr✉♠❛r ♦s ♣r❛t♦s✳

❙❡ ♦s ❞♦✐s ♣r❛t♦s ✈❡r❞❡s ❡stã♦ ❛❞❥❛❝❡♥t❡s✱ ♣♦❞❡♠♦s ♣❡♥s❛r ♥❡❧❡s ❝♦♠♦ ✉♠❛ ú♥✐❝❛

❡♥t✐❞❛❞❡✱ ❞❡ ♠♦❞♦ q✉❡ ❛❣♦r❛ ❤á ✾ ♦❜❥❡t♦s ❛ s❡r❡♠ ❝♦❧♦❝❛❞♦s ❛♦ r❡❞♦r ❞❛ ♠❡s❛ ❞❡ ♠❛♥❡✐r❛

❝✐r❝✉❧❛r✳ ❯s❛♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦✱ ❡①✐st❡♠

(9− 1)!

5!× 2!× 1!× 1!
=

40320

240
= 168 ♠❛♥❡✐r❛s ❞❡ ♦r❞❡♥❛r ♦s ♣r❛t♦s.

P♦rt❛♥t♦✱ ♦ ♥ú♠❡r♦ ❞❡ ♠❛♥❡✐r❛s q✉❡ ❡①✐st❡♠ é 756− 168 = 588✳

Pr♦❜❧❡♠❛ ✶✳✸✹ ✭❊❋❖▼▼ ✷✵✶✼ ✭❛❞❛♣t❛❞♦✮✮✳ ◗✉❛♥t♦s ❛♥❛❣r❛♠❛s é ♣♦ssí✈❡❧ ❢♦r♠❛r ❝♦♠

❛ ♣❛❧❛✈r❛ ❈❆❱❆▲❊■❘❖✱ ♥ã♦ ❤❛✈❡♥❞♦ ❞✉❛s ✈♦❣❛✐s ❝♦♥s❡❝✉t✐✈❛s ❡ ♥❡♠ ❞✉❛s ❝♦♥s♦❛♥t❡s

❝♦♥s❡❝✉t✐✈❛s❄

❙♦❧✉çã♦✳ ❆ ♣❛❧❛✈r❛ ❝❛✈❛❧❡✐r♦ t❡♠ ✺ ✈♦❣❛✐s ❡ ✹ ❝♦♥s♦❛♥t❡s✱ s❡♥❞♦ ♥❛s ✈♦❣❛✐s ✷ ❧❡tr❛s

❆✳ P❛r❛ q✉❡ ♥ã♦ ❤❛❥❛ ❞✉❛s ✈♦❣❛✐s ❝♦♥s❡❝✉t✐✈❛s ❡ ♥❡♠ ❞✉❛s ❝♦♥s♦❛♥t❡s ❝♦♥s❡❝✉t✐✈❛s✱ ♦

❛♥❛❣r❛♠❛ ❞❡✈❡ s❡r ❞❛ ❢♦r♠❛✿

✈♦❣❛❧ ✲ ❝♦♥s♦❛♥t❡ ✲ ✈♦❣❛❧ ✲ ❝♦♥s♦❛♥t❡ ✲ ✈♦❣❛❧ ✲ ❝♦♥s♦❛♥t❡ ✲ ✈♦❣❛❧ ✲ ❝♦♥s♦❛♥t❡ ✲ ✈♦❣❛❧

❉❡ss❛ ❢♦r♠❛✱ ❛s ♣♦s✐çõ❡s ❞❡ ✈♦❣❛✐s ❡ ❝♦♥s♦❛♥t❡s ♥♦ ❛♥❛❣r❛♠❛ ❡stã♦ ❜❡♠ ❞❡✜♥✐❞❛s✳

❇❛st❛✱ ❛❣♦r❛✱ ♣❡r♠✉t❛r ❛s ✹ ❝♦♥s♦❛♥t❡s ❞✐st✐♥t❛s ❡♥tr❡ s✐ ❡ ❛s ✺ ✈♦❣❛✐s ❡♥tr❡ s✐✱ ❧❡♠❜r❛♥❞♦

q✉❡✱ ♣♦r t❡r ✷ ❧❡tr❛s ❆✱ é ♥❡❝❡ssár✐♦ ✉t✐❧✐③❛r ♣❡r♠✉t❛çã♦ ❝♦♠ ❡❧❡♠❡♥t♦s r❡♣❡t✐❞♦s✳

P♦rt❛♥t♦✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❛♥❛❣r❛♠❛s q✉❡ s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❡♥✉♥❝✐❛❞♦ é

P4P
2
5 = 4!× 5!

2!
= 24× 60 = 1440.

Pr♦❜❧❡♠❛ ✶✳✸✺ ✭❖❇▼❊P ✷✵✶✾✮✳ ❆ rã ❩✐♥③❛ q✉❡r ✐r ❞❛ ♣❡❞r❛ ✶ ❛té ❛ ♣❡❞r❛ ✶✵ ❡♠ ❝✐♥❝♦

♣✉❧♦s✱ ♣✉❧❛♥❞♦ ❞❡ ✉♠❛ ♣❡❞r❛ ♣❛r❛ ❛ s❡❣✉✐♥t❡ ♦✉ ♣♦r ❝✐♠❛ ❞❡ ✉♠❛ ♦✉ ❞❡ ❞✉❛s ♣❡❞r❛s✳ ❉❡

q✉❛♥t❛s ♠❛♥❡✐r❛s ❞✐❢❡r❡♥t❡s ❩✐♥③❛ ♣♦❞❡ ❢❛③❡r ✐ss♦❄

❙♦❧✉çã♦✳ ◆❛ ✐❞❛ ❞❛ ♣❡❞r❛ ✶ ❛té ❛ ♣❡❞r❛ ✶✵✱ ❛ rã t❡♠ q✉❡ tr❛♥s♣♦r ✾ ❡s♣❛ç♦s ❡♥tr❡ ♣❡❞r❛s

❝♦♥s❡❝✉t✐✈❛s✳ ❊♠ ❝❛❞❛ s❛❧t♦✱ ❛ rã ♣♦❞❡ ♣❡r❝♦rr❡r ✶✱ ✷ ♦✉ ✸ ❡s♣❛ç♦s✳ ❙❡ ❝❤❛♠❛r♠♦s ❞❡

x, y ❡ z ♦ ♥ú♠❡r♦ ❞❡ s❛❧t♦s ❡♠ q✉❡ ❛ rã ♣❡r❝♦rr❡ ✶✱ ✷ ♦✉ ✸ ❡s♣❛ç♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡♠♦s

q✉❡✿

x+ y + z = 5, ❥á q✉❡ ❛ rã ♣✉❧❛ ✺ ✈❡③❡s

x+ 2y + 3z = 9, ❥á q✉❡ sã♦ ✾ ❡s♣❛ç♦s ❛ ♣❡r❝♦rr❡r

❙✉❜tr❛✐♥❞♦ ❛s ❞✉❛s ❡q✉❛çõ❡s✱ ❡♥❝♦♥tr❛♠♦s y + 2z = 4✳ ❆♥❛❧✐s❛♥❞♦ ❛ ❡q✉❛çã♦✱ ❛s

♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ ♦s s❛❧t♦s sã♦✿ {1, 2, 2, 2, 2}✱ {1, 1, 2, 2, 3} ♦✉ {1, 1, 1, 3, 3}✳ ▼❛s ❝♦♠♦
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❛ ♦r❞❡♠ q✉❡ ❛ rã ♣✉❧❛ ❡♠ ❝❛❞❛ ❝❛s♦ ♥ã♦ é ❡s♣❡❝✐✜❝❛ ✭♣♦r ❡①❡♠♣❧♦✱ ♥♦ t❡r❝❡✐r♦ ❝❛s♦ ❡❧❛

♣♦❞❡r✐❛ t❡r ♣✉❧❛❞♦ ♥❛ ♦r❞❡♠ {1, 3, 3, 1, 1✮✱ t❡♠♦s q✉❡ ❧❡✈❛r ❡♠ ❝♦♥t❛ ❡st❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✳

❆ss✐♠✱ ♣❛r❛ ❛ ♣r✐♠❡✐r❛ ♣♦ss✐❜✐❧✐❞❛❞❡ t❡♠♦s P 4
5 =

5!

4!
= 5✱ ♣❛r❛ ❛ s❡❣✉♥❞❛ ♣♦ss✐❜✐✲

❧✐❞❛❞❡ t❡♠♦s P 2,2
5 =

5!

2!× 2!
= 30 ❡ ♣❛r❛ ❛ t❡r❝❡✐r❛ ♣♦ss✐❜✐❧✐❞❛❞❡✱ P 2,3

5 =
5!

2!× 3!
= 10✳

❚♦t❛❧✐③❛♥❞♦ ✉♠❛ q✉❛♥t✐❞❛❞❡ ❞❡ 5 + 30 + 10 = 45 ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ❩✐♥③❛ ❝❤❡❣❛r

♥❛ ♣❡❞r❛ ✶✵✳

✶✳✺ ❈❖▼❇■◆❆➬Õ❊❙ ❈❖▼P▲❊❚❆❙

■♠❛❣✐♥❡ ❛ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠át✐❝❛✿ ❉❡ q✉❛♥t♦s ♠♦❞♦s ♣♦❞❡♠♦s ❝♦♠♣r❛r ✸ r❡❢r✐❣❡✲

r❛♥t❡s ❡♠ ✉♠ ❜❛r q✉❡ ✈❡♥❞❡ ✹ t✐♣♦s ❞❡ r❡❢r✐❣❡r❛♥t❡❄

❆ s♦❧✉çã♦ ♣❛r❛ ❡ss❡ ♣r♦❜❧❡♠❛ s❡r✐❛ C3
4 ✱ s❡ ❡❧❡ ❛✜r♠❛ss❡ q✉❡ ❞❡✈❡rí❛♠♦s ❡s❝♦❧❤❡r ✸

r❡❢r✐❣❡r❛♥t❡s✱ ❞❡♥tr❡ ✹ ❞✐❢❡r❡♥t❡s ❛ ♥♦ss❛ ❞✐s♣♦s✐çã♦✳ P♦ré♠ ♥❡ss❡ ♣r♦❜❧❡♠❛ t❡♠♦s ✹ t✐♣♦s

❞❡ r❡❢r✐❣❡r❛♥t❡s ❡ ♣♦❞❡♠♦s ❝♦♠♣r❛r ♠❛✐s ❞❡ ✉♠ ❞❡ ❝❛❞❛ t✐♣♦✳

P♦r ❡①❡♠♣❧♦✱ s❡ ♦s t✐♣♦s ❞❡ r❡❢r✐❣❡r❛♥t❡s sã♦ ❈♦❝❛✲❈♦❧❛ ✭❈✮✱ ❋❛♥t❛ ✭❋✮✱ ❙♦❞❛ ✭❙✮

❡ ●✉❛r❛♥❛ ✭●✮✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ♦s ✸ r❡❢r✐❣❡r❛♥t❡s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

❈❈❈ ❈❈❋ ❈❈❙ ❈❈●
❋❋❋ ❋❋❈ ❋❋❙ ❋❋●
❙❙❙ ❙❙❈ ❙❙❋ ❙❙●
●●● ●●❈ ●●❋ ●●❙
❈❋❙ ❈❋● ❈❙● ❋❙●

❚❛❜❡❧❛ ✶✿ ▼❛♥❡✐r❛s ❞❡ ❝♦♠♣r❛r ♦s r❡❢r✐❣❡r❛♥t❡s✳

❊ss❛s sã♦ ❛s 20 ❝♦♠❜✐♥❛çõ❡s ❝♦♠♣❧❡t❛s ♣♦ssí✈❡✐s ♣❛r❛ ❡ss❡ ❝❛s♦✳ P♦❞❡♠♦s ♣❡♥s❛r

♥❡ss❡ ♣r♦❜❧❡♠❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

❙❡❥❛ ❛ ❡q✉❛çã♦ C +F +S+G = 3✱ ❝♦♠ C, F, S ❡ G ♥❛t✉r❛✐s✳ P♦❞❡♠♦s ✐♥t❡r♣r❡t❛r

q✉❡ ❝❛❞❛ s♦❧✉çã♦ ♣❛r❛ ❡ss❛ ❡q✉❛çã♦ ❧✐♥❡❛r r❡♣r❡s❡♥t❛ ✉♠❛ ♣♦ssí✈❡❧ ❢♦r♠❛ ❞❡ ❡s❝♦❧❤❡r♠♦s

♦s ✸ r❡❢r✐❣❡r❛♥t❡s✳ P♦r ❡①❡♠♣❧♦✱ ❛ s♦❧✉çã♦ (1, 0, 0, 2) s✐❣♥✐✜❝❛ q✉❡ ❞❡ss❡s ✹ r❡❢r✐❣❡r❛♥t❡s

q✉❡ t❡♠♦s ❛ ❞✐s♣♦s✐çã♦ ❝♦♠♣r❛♠♦s ✶ r❡❢r✐❣❡r❛♥t❡ ❈ ❡ ✷ r❡❢r✐❣❡r❛♥t❡s ● ✭é ♦ ❝❛s♦ ●●❈

♠♦str❛❞♦ ❛❝✐♠❛✮✳

❆❣♦r❛✱ ✈❛♠♦s r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ C + F + S + G = 3 ♥♦s ✐♥t❡✐r♦s ♥ã♦ ♥❡❣❛t✐✈♦s✳

❖❜s❡r✈❡ ♦ ❡sq✉❡♠❛ ❛ s❡❣✉✐r✿

C + F+S+G = 3

|+ | + +| ✭r❡♣r❡s❡♥t❛ ❛ s♦❧✉çã♦ C = 1, F = 1, S = 0 ❡ G = 1✮

+ ||+||+ ✭r❡♣r❡s❡♥t❛ ❛ s♦❧✉çã♦ C = 0, F = 2, S = 2 ❡ G = 0✮.
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P❛r❛ ❝❛❞❛ ♠✉❞❛♥ç❛ ❞❡ ♣♦s✐çã♦ ❞❡ss❡s ✻ sí♠❜♦❧♦s✱ s❡♥❞♦ ✸ s✐♥❛✐s (|) ❡ ✸ s✐♥❛✐s

(+) t❡♠♦s ✉♠❛ ❡ s♦♠❡♥t❡ ✉♠❛ ú♥✐❝❛ ♥♦✈❛ s♦❧✉çã♦ ♣❛r❛ ❡ss❛ ❡q✉❛çã♦✳ ❇❛st❛ ❛❣♦r❛ ❞❡✲

t❡r♠✐♥❛r♠♦s ❞❡ q✉❛♥t♦s ♠♦❞♦s ♣♦❞❡♠♦s ♣❡r♠✉t❛r ❡ss❡ ✻ sí♠❜♦❧♦s✱ s❡♥❞♦ q✉❡ ✉♠ ❞❡❧❡s

❛♣❛r❡❝❡ r❡♣❡t✐❞♦ ✸ ✈❡③❡s ❡ ♦ ♦✉tr♦ t❛♠❜é♠ ✸ ✈❡③❡s✳ ▲♦❣♦✱ ♦ t♦t❛❧ ❞❡ ♣❡r♠✉t❛çõ❡s é

P 6
3,3 = C3

6 =
6!

3!3!
= 20✳ P♦rt❛♥t♦✱ ❡ss❛ ❡q✉❛çã♦ t❡♠ ✷✵ s♦❧✉çõ❡s ♥♦s ✐♥t❡✐r♦s ♥ã♦ ♥❡❣❛t✐✈♦s✱

q✉❡ é ❛ ♠❡s♠❛ q✉❛♥t✐❞❛❞❡ ❡♥❝♦♥tr❛❞❛ ❛♥t❡r✐♦r♠❡♥t❡✳

◆♦ ❝❛s♦ ❣❡r❛❧✱ ♣r♦❝✉r❛♠♦s ❞❡t❡r♠✐♥❛r ♦ t♦t❛❧ ❞❡ s♦❧✉çõ❡s ✐♥t❡✐r❛s ♥ã♦ ♥❡❣❛t✐✈❛s ❞❡

✉♠❛ ❡q✉❛çã♦ ❧✐♥❡❛r ❞❛ ❢♦r♠❛

x1 + x2 + x3 + x4 + · · ·+ xn = p.

❚❡♦r❡♠❛ ✶✳✸✻ ✭❈♦♠❜✐♥❛çõ❡s ❈♦♠♣❧❡t❛s✮✳ ❆ q✉❛♥t✐❞❛❞❡ ❞❡ ❝♦♠❜✐♥❛çõ❡s ❝♦♠♣❧❡t❛s ✭❝♦♠

r❡♣❡t✐çã♦✮ ❞❡ n ♦❜❥❡t♦s ❡s❝♦❧❤✐❞♦s ❞❡♥tr❡ p ❞✐s♣♦♥í✈❡✐s✱ s❡♥❞♦ ♣♦ssí✈❡❧ ❝♦♥s✐❞❡r❛r ♦ ♠❡s♠♦

♦❜❥❡t♦ r❡♣❡t✐❞❛s ✈❡③❡s✱ é ❞❛❞♦ ♣♦r

CRp
n = Cp

n+p−1.

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❞❡t❡r♠✐♥❛r ♦ ♥ú♠❡r♦ ❞❡ s♦❧✉çõ❡s ✐♥t❡✐r❛s ❡ ♥ã♦ ♥❡❣❛t✐✈❛s ❞❡ x1 +

x2 + x3 + x4 + · · ·+ xn = p t❡rí❛♠♦s p✲✈❡③❡s ♦ sí♠❜♦❧♦ | ❡ n− 1✲✈❡③❡s ♦ sí♠❜♦❧♦ +✳ ▲♦❣♦✱

CRp
n = P p,n−1

p+n−1 =
(n+ p− 1)!

p! (n− 1)!
= Cp

n+p−1.

P♦rt❛♥t♦✱ CRp
n = Cp

n+p−1✳

❱❡❥❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❡♥❝♦♥tr❛❞♦s ❡♠ ❖❧✐♠♣í❛❞❛s✳

Pr♦❜❧❡♠❛ ✶✳✸✼ ✭P▲■◆■❖✮✳ ❉✐s♣♦♥❞♦ ❞❡ ✉♠ ♥ú♠❡r♦ ✐❧✐♠✐t❛❞♦ ❞❡ ♠♦❡❞❛s ❞❡ ❝❛❞❛ ✉♠ ❞❡

✸ t✐♣♦s ❞✐st✐♥t♦s✱ ❞❡ q✉❛♥t❛s ♠❛♥❡✐r❛s ♣♦❞❡♠♦s s❡❧❡❝✐♦♥❛r ✷✵ ♠♦❡❞❛s❄

❙♦❧✉çã♦✳ ❖ q✉❡ ✐♠♣♦rt❛ ♥❛ s❡❧❡çã♦ q✉❡ ❞❡✈❡♠♦s ❡❢❡t✉❛r é ♦ ♥ú♠❡r♦ ❞❡ ♠♦❡❞❛s ❞❡ ❝❛❞❛

✉♠ ❞♦s três t✐♣♦s q✉❡ ❢♦r ❡s❝♦❧❤✐❞♦✳ P♦❞❡♠♦s✱ ❡♥tã♦✱ ♣❡♥s❛r ♥❛ ❡q✉❛çã♦ x1+x2+x3 = 20

♣❛r❛ r❡♣r❡s❡♥t❛r ♦ ♣r♦❜❧❡♠❛✳ ◆❡❧❛✱ x1, x2 ❡ x3 r❡♣r❡s❡♥t❛♠ ♦ ♥ú♠❡r♦ r❡s♣❡❝t✐✈♦ ❞❡ ♠♦❡❞❛s

❞❡ ❝❛❞❛ ✉♠ ❞♦s três t✐♣♦s ❞✐st✐♥t♦s q✉❡ ❢♦r❡♠ ❡s❝♦❧❤✐❞♦s✳ ❆tr✐❜✉✐♥❞♦ ♦ ✈❛❧♦r ✷✵ à s♦♠❛✱

❡st❛♠♦s ✐♠♣♦♥❞♦ q✉❡ q✉❡ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♠♦❡❞❛s s❡❥❛ s❡♠♣r❡ ✐❣✉❛❧ ❛ ❡st❡ ✈❛❧♦r✳

❆ss✐♠✱ ❛ r❡s♣♦st❛ ❛♦ ♥♦ss♦ ♣r♦❜❧❡♠❛ é ✐❣✉❛❧ ❛

CR20
3 = C20

3+20−1 = C20
22 = C2

22 = 231.



✹✾

Pr♦❜❧❡♠❛ ✶✳✸✽ ✭❊◆❊▼ ✷✵✶✼✮✳ ❯♠ ❜r✐♥q✉❡❞♦ ✐♥❢❛♥t✐❧ ❝❛♠✐♥❤ã♦✲❝❡❣♦♥❤❛ é ❢♦r♠❛❞♦ ♣♦r

✉♠❛ ❝❛rr❡t❛ ❡ ❞❡③ ❝❛rr✐♥❤♦s ♥❡❧❛ tr❛♥s♣♦rt❛❞♦s✳ ◆♦ s❡t♦r ❞❡ ♣r♦❞✉çã♦ ❞❛ ❡♠♣r❡s❛ q✉❡

❢❛❜r✐❝❛ ❡ss❡ ❜r✐♥q✉❡❞♦✱ é ❢❡✐t❛ ❛ ♣✐♥t✉r❛ ❞❡ t♦❞♦s ♦s ❝❛rr✐♥❤♦s ♣❛r❛ q✉❡ ♦ ❛s♣❡❝t♦ ❞♦ ❜r✐♥✲

q✉❡❞♦ ✜q✉❡ ♠❛✐s ❛tr❛❡♥t❡✳ ❙ã♦ ✉t✐❧✐③❛❞❛s ❛s ❝♦r❡s ❛♠❛r❡❧♦✱ ❜r❛♥❝♦✱ ❧❛r❛♥❥❛ ❡ ✈❡r❞❡✱ ❡ ❝❛❞❛

❝❛rr✐♥❤♦ é ♣✐♥t❛❞♦ ❛♣❡♥❛s ❝♦♠ ✉♠❛ ❝♦r✳ ❖ ❝❛♠✐♥❤ã♦✲❝❡❣♦♥❤❛ t❡♠ ✉♠❛ ❝♦r ✜①❛✳ ❆ ❡♠♣r❡s❛

❞❡t❡r♠✐♥♦✉ q✉❡ ❡♠ t♦❞♦ ❝❛♠✐♥❤ã♦✲❝❡❣♦♥❤❛ ❞❡✈❡ ❤❛✈❡r ♣❡❧♦ ♠❡♥♦s ✉♠ ❝❛rr✐♥❤♦ ❞❡ ❝❛❞❛

✉♠❛ ❞❛s q✉❛tr♦ ❝♦r❡s ❞✐s♣♦♥í✈❡✐s ✭♠✉❞❛♥ç❛ ❞❡ ♣♦s✐çã♦ ❞♦s ❝❛rr✐♥❤♦s ♥♦ ❝❛♠✐♥❤ã♦✲❝❡❣♦♥❤❛

♥ã♦ ❣❡r❛ ✉♠ ♥♦✈♦ ♠♦❞❡❧♦ ❞♦ ❜r✐♥q✉❡❞♦✮✳ ❈♦♠ ❜❛s❡ ♥❡ss❛s ✐♥❢♦r♠❛çõ❡s✱ q✉❛♥t♦s sã♦ ♦s

♠♦❞❡❧♦s ❞✐st✐♥t♦s ❞♦ ❜r✐♥q✉❡❞♦ ❝❛♠✐♥❤ã♦✲❝❡❣♦♥❤❛ q✉❡ ❡ss❛ ❡♠♣r❡s❛ ♣♦❞❡rá ♣r♦❞✉③✐r❄

❙♦❧✉çã♦✳ ❆s ❝♦r❡s ❞♦s ✶✵ ❝❛rr✐♥❤♦s ♣♦❞❡♠ s❡r ❛♠❛r❡❧♦ ✭❆✮✱ ❜r❛♥❝♦ ✭❇✮✱ ❧❛r❛♥❥❛ ✭▲✮ ❡

✈❡r❞❡ ✭❱✮✳ ❙❛❜❡♠♦s q✉❡ ❞❡✈❡ ❤❛✈❡r ♣❡❧♦ ♠❡♥♦s ✶ ❝❛rr✐♥❤♦ ❞❡ ❝❛❞❛ ❝♦r✱ ♦✉ s❡❥❛✿

A ≥ 1, B ≥ 1, C ≥ 1 ❡ D ≥ 1.

❆ss✐♠✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝❛rr✐♥❤♦s ♥♦ ❝❛♠✐♥❤ã♦✲❝❡❣♦♥❤❛ é ✐❣✉❛❧ ❛

A+1+B+1+C+1+D+1 = 10✳ ▼❡❧❤♦r❛♥❞♦ ❡st❛ ✐❣✉❛❧❞❛❞❡✱ ✜❝❛♠♦s ❝♦♠A+B+C+D = 6✳

❚❡♠♦s ❛ss✐♠ ✉♠❛ s✐t✉❛çã♦ ♣❛r❛ s❡♣❛r❛r ✹ ❝♦r❡s ❡♠ ✻ ❝❛rr✐♥❤♦s✱ ✉s❛♥❞♦ ❝♦♠❜✐♥❛çã♦

❝♦♠ r❡♣❡t✐çã♦ ✜❝❛♠♦s ❝♦♠✿

CR6
4 = C6

4+6−1 = C6
9 = 84 ♠♦❞❡❧♦s✳

Pr♦❜❧❡♠❛ ✶✳✸✾ ✭❆■▼❊ ✶✾✾✽✮✳ ❙❡❥❛ n ♦ ♥ú♠❡r♦ ❞❡ q✉❛❞r✉♣❧❛s ♦r❞❡♥❛❞❛s (x1, x2, x3, x4)

❞❡ ♥ú♠❡r♦s ✐♥t❡✐r♦s í♠♣❛r❡s ♣♦s✐t✐✈♦s q✉❡ s❛t✐s❢❛③❡♠ x1 + x2 + x3 + x4 = 98✳ ❉❡t❡r♠✐♥❡
n

100
✳

❙♦❧✉çã♦✳ ❙❡❥❛ x1 = 2a + 11✱ x2 = 2b + 1✱ x3 = 2c + 1 ❡ x4 = 2d + 1 ♦♥❞❡ a✱ b✱ c ❡ d

sã♦ ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✳ ■ss♦ ❢❛③ ❝♦♠ q✉❡ x1, x2, x3 ❡ x4 ♥ú♠❡r♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s í♠♣❛r❡s✳

❋❛③❡♥❞♦ ♥♦ss❛s s✉❜st✐t✉✐çõ❡s ❡ s✐♠♣❧✐✜❝❛♥❞♦✱ ✜❝❛♠♦s

2a+ 1 + 2b+ 1 + 2c+ 1 + 2d+ 1 = 98,

❛ss✐♠

2 (a+ b+ c+ d) + 4 = 98,

❧♦❣♦

a+ b+ c+ d = 47.

❚✉❞♦ ♦ q✉❡ ♣r❡❝✐s❛♠♦s ❢❛③❡r ❛❣♦r❛ é ❡♥❝♦♥tr❛r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ q✉❛❞r✉♣❧❛s (a, b, c, d)✳



✺✵

P♦❞❡♠♦s ♣❡♥s❛r ✉t✐❧✐③❛♥❞♦ ❛ r❡♣r❡s❡♥t❛çã♦ ❝♦♠ ♦s sí♠❜♦❧♦s | ❡ +✳ ❯t✐❧✐③❛♥❞♦ ❝♦♠❜✐♥❛çã♦

❝♦♠♣❧❡t❛ t❡♠♦s

CR47
4 = C47

4+47−1 = C47
50 = C3

50 = 19600.

❈♦♠♦ q✉❡r❡♠♦s
n

100
✱ ♦❜t❡♠♦s

19600

100
= 196✳

✶✳✻ P❘■◆❈❮P■❖ ❉❆ ■◆❈▲❯❙➹❖ ✲ ❊❳❈▲❯❙➹❖

❈♦♥s✐❞❡r❡ ✉♠❛ ♣❡sq✉✐s❛✱ ❝♦♠ ✶✵✵ ♣❡ss♦❛s✱ ♦♥❞❡ s❡❥❛ ♣❡r❣✉♥t❛❞♦ q✉❛❧ ❛♥✐♠❛❧ ❞❡ ❡s✲

t✐♠❛çã♦ ❛ ♣❡ss♦❛ t❡♠✿ ❣❛t♦ ♦✉ ❝❛❝❤♦rr♦✳ ❖s r❡s✉❧t❛❞♦s ❢♦r❛♠ ♦s s❡❣✉✐♥t❡s✿ 55 r❡s♣♦♥❞❡r❛♠

q✉❡ t❡♠ ❝♦♠♦ ❛♥✐♠❛❧ ❞❡ ❡st✐♠❛çã♦ ✉♠ ❣❛t♦✱ 58 r❡s♣♦♥❞❡r❛♠ q✉❡ t❡♠ ❝♦♠♦ ❛♥✐♠❛❧ ❞❡

❡st✐♠❛çã♦ ✉♠ ❝❛❝❤♦rr♦ ❡ 20 ♣❡ss♦❛s q✉❡ t❡♠ ❝♦♠♦ ❛♥✐♠❛❧ ❞❡ ❡st✐♠❛çã♦ ❛♠❜♦s✳ ◗✉❛♥t❛s

♣❡ss♦❛s tê♠ ❣❛t♦ ♦✉ ❝❛❝❤♦rr♦❄

P♦❞❡♠♦s ✐♥❣❡♥✉❛♠❡♥t❡ ♣❡♥s❛r ♥❛ s❡❣✉✐♥t❡ s♦❧✉çã♦ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✿ ✏❥á q✉❡

✺✺ ♣❡ss♦❛s tê♠ ❣❛t♦s ❡ ✺✽ tê♠ ❝❛❝❤♦rr♦s✱ ❧♦❣♦ 55 + 58 = 113 tê♠ ✉♠ ♦✉ ♦✉tr♦✑✳ ❊st❡

♣❡♥s❛♠❡♥t♦ ❡stá ❡rr❛❞♦✱ ♣♦✐s ✐❣♥♦r❛ q✉❡ ❛❧❣✉♠❛s ♣❡ss♦❛s ✕ ✷✵ ❞❡❧❛s ✕ tê♠ ❛♠❜♦s✱ ❡

❛❝❛❜❛♠♦s ❝♦♥t❛♥❞♦ ❡ss❛s ♣❡ss♦❛s ❞✉❛s ✈❡③❡s✱ q✉❛♥❞♦ s♦♠❛♠♦s ✺✺ ❡ ✺✽✳ P❛r❛ ❝♦rr✐❣✐r ❛

♥♦ss❛ r❡s♣♦st❛✱ ❞❡✈❡♠♦s s✉❜tr❛✐r ❞❡ss❛ s♦♠❛ ♦ ♥ú♠❡r♦ ✷✵✱ ❞❡st❡ ♠♦❞♦ 55 + 58− 20 = 93

♣❡ss♦❛s tê♠ ❣❛t♦s ♦✉ ❝❛❝❤♦rr♦s✳

❊st❡ é ✉♠ ❡①❡♠♣❧♦ s✐♠♣❧❡s ❞♦ ♣r✐♥❝í♣✐♦ ❞❛ ✐♥❝❧✉sã♦✲❡①❝❧✉sã♦✳

Pr♦♣♦s✐çã♦ ✶✳✹✵ ✭Pr✐♥❝í♣✐♦ ❞❛ ■♥❝❧✉sã♦ ✲ ❊①❝❧✉sã♦ ✭♣❛r❛ ✷ ❝♦♥❥✉♥t♦s✮✮✳ ❉❛❞♦s ❞♦✐s

❝♦♥❥✉♥t♦s ✭✜♥✐t♦s✮ A ❡ B✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s ❞❛ ✉♥✐ã♦ ❞❡ss❡s ❝♦♥❥✉♥t♦s é ❞❛❞♦

♣♦r

|A ∪ B| = |A|+ |B| − |A ∩ B|.

❉❡♠♦♥str❛çã♦✳ ❉❡♥♦t❛♥❞♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s ❝♦♠✉♥s ❛ A ❡ B ♣♦r x2✱ ❛ q✉❛♥t✐✲

❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s q✉❡ ♣❡rt❡♥ç❛♠ ❛ A ❡ ♥ã♦ ❛ B ♣♦r x1 ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s q✉❡

♣❡rt❡♥ç❛♠ ❛ B ♠❛s ♥ã♦ ❛ A ♣♦r x3✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✺

t❡♠♦s ❡♥tã♦ q✉❡

|A ∪ B| = x1 + x2 + x3

❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱

|A|+ |B| − |A ∩ B| = (x1 + x2) + (x2 + x3)− x2

= x1 + x2 + x3 = |A ∪ B|.



✺✶

x1 x2 x3

A B

❋✐❣✉r❛ ✺✿ ❋✐❣✉r❛

❊①❡♠♣❧♦ ✶✳✹✶✳ ◗✉❛♥t♦s ✐♥t❡✐r♦s ❡♥tr❡ ✶ ❡ ✶✵✵✵ sã♦ ❞✐✈✐sí✈❡✐s ♣♦r ✺ ♦✉ ✶✶❄

❙♦❧✉çã♦✳ ❱❛♠♦s ❞❡✜♥✐r ❝♦♠♦ A ♦ ❝♦♥❥✉♥t♦ ❞♦s ✐♥t❡✐r♦s ❡♥tr❡ ✶ ❡ ✶✵✵✵ q✉❡ sã♦ ❞✐✈✐sí✈❡✐s

♣♦r ✺✳ ❊ ♣♦r B ♦ ❝♦♥❥✉♥t♦ ❞♦s ✐♥t❡✐r♦s ❡♥tr❡ ✶ ❡ ✶✵✵✵ q✉❡ sã♦ ❞✐✈✐sí✈❡✐s ♣♦r ✶✶✳

◗✉❡r❡♠♦s ❝❛❧❝✉❧❛r |A ∪B|✳ ❚❡♠♦s q✉❡

|A| =
[
1000

5

]

= 200,

❡♠ q✉❡ [ ] r❡♣r❡s❡♥t❛ ❛ ♣❛rt❡ ✐♥t❡✐r❛ ❞❡ ✉♠ ♥ú♠❡r♦ r❡❛❧✳

|B| =
[
1000

11

]

= 90,

|A ∩ B| =
[
1000

55

]

= 18,

♣♦✐s (A ∩ B) é ♦ ❝♦♥❥✉♥t♦ ❞♦s ✐♥t❡✐r♦s ❡♥tr❡ ✶ ❡ ✶✵✵✵ q✉❡ sã♦ ❞✐✈✐sí✈❡✐s ♣♦r ✺ ❡ ✶✶✱ ✐st♦ é✱

q✉❡ sã♦ ❞✐✈✐sí✈❡✐s ♣♦r ✺✺✳

P❡❧♦ Pr✐♥❝í♣✐♦ ❞❛ ■♥❝❧✉sã♦✕❊①❝❧✉sã♦ ♣❛r❛ ❞♦✐s ❝♦♥❥✉♥t♦s ✭Pr♦♣♦s✐çã♦ ✶✳✹✵✮✱ t❡♠♦s✿

|A ∪B| = |A|+ |B| − |A ∩B| = 200 + 90− 18 = 272.

q✉❡ é ❛ q✉❛♥t✐❞❛❞❡ ♣r♦❝✉r❛❞❛✳

❆❣♦r❛✱ ♦ Pr✐♥❝í♣✐♦ ❞❛ ■♥❝❧✉sã♦ ✲ ❊①❝❧✉sã♦ ♣❛r❛ três ❝♦♥❥✉♥t♦s ✭✜♥✐t♦s✮✱ A,B,C✱

❛✜r♠❛ q✉❡✿

|A ∪ B ∪ C| = |A|+ |B|+ |C| − |A ∩B| − |A ∩ C| − |B ∩ C|+ |A ∩ B ∩ C|.

❉❡ ♠♦❞♦ ❣❡r❛❧✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s ❞❛ ✉♥✐ã♦ é ❡♥❝♦♥tr❛❞❛ ❛❞✐❝✐♦♥❛♥❞♦ ♦

♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ ❝❛❞❛ ❝♦♥❥✉♥t♦ s✉❜tr❛✐♥❞♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s ❞❛ ✐♥t❡rs❡❝✲

çã♦ ❞❡ ❞♦✐s ❝♦♥❥✉♥t♦s✱ ❛❞✐❝✐♦♥❛♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❛ ✐♥t❡rs❡çã♦ ❞❡ três ❝♦♥❥✉♥t♦s✱

s✉❜tr❛✐♥❞♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s ❞❛ ✐♥t❡rs❡çã♦ ❞❡ q✉❛tr♦ ❝♦♥❥✉♥t♦s✱ ❡ ❛ss✐♠ ♣♦r ❞✐✲
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❛♥t❡✳ ❊ss❛ s♦♠❛ ❛❧t❡r♥❛❞❛ t❡r♠✐♥❛ ❛❞✐❝✐♦♥❛♥❞♦ ♦✉ s✉❜tr❛✐♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❛

✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s ❝♦♥❥✉♥t♦s✳

❚❡♦r❡♠❛ ✶✳✹✷ ✭Pr✐♥❝í♣✐♦ ❞❛ ■♥❝❧✉sã♦ ✕ ❊①❝❧✉sã♦✮✳ ❙❡❥❛♠ A1, A2, . . . , Ak q✉❛✐sq✉❡r ❝♦♥✲

❥✉♥t♦s ✭✜♥✐t♦s✮✳ ❊♥tã♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s ❞❛ ✉♥✐ã♦ é ❞❛❞❛ ♣♦r

|A1 ∪ A2 ∪ · · · ∪ Ak| =
∑

1≤i≤k

|Ai| −
∑

1≤i1<i2≤k

|Ai1 ∩ Ai2 |+

+
∑

1≤i1<i2<i3≤k

|Ai1 ∩ Ai2 ∩ Ai3 | − · · ·+ (−1)k+1 |A1 ∩ A2 ∩ A3 ∩ · · · ∩ Ak|.

❯♠❛ ❢♦r♠❛ ♠✉✐t♦ ❡❧❡❣❛♥t❡ ❡ s✉❝✐♥t❛ ❞❡ s❡ ❡s❝r❡✈❡r ❛ ❢ór♠✉❧❛ ❞❡ ■♥❝❧✉sã♦✲❊①❝❧✉sã♦

é ❞❛❞❛ ♣♦r

∣
∣
∣
∣
∣

k⋃

i=1

Ai

∣
∣
∣
∣
∣
=

∑

I⊆{1,...,k}
I 6=∅

(−1)|I|+1

∣
∣
∣
∣
∣

⋂

i∈I

Ai

∣
∣
∣
∣
∣
.

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♣r♦❝❡❞❡r ❛ ❞❡♠♦♥str❛çã♦ ♣♦r ✐♥❞✉çã♦ ❡♠ k✳ P❛r❛ k = 1✱ ❛ ❢ór♠✉❧❛

r❡❞✉③✲s❡ à ✐❞❡♥t✐❞❛❞❡ tr✐✈✐❛❧ |A1| = |A1|✳ ❖ ♣❛ss♦ ❞❡ ✐♥❞✉çã♦ ❞❡ k ♣❛r❛ k + 1 ❢❛③ ✉s♦ ❞♦

❝❛s♦ ❡s♣❡❝✐❛❧ k = 2✱ q✉❡ ❢♦✐ ❞✐s❝✉t✐❞♦ ❛❝✐♠❛ ♥❛ Pr♦♣♦s✐çã♦ ✶✳✹✵✳
∣
∣
∣
∣
∣

k+1⋃

i=1

Ai

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣

(
k⋃

i=1

Ai

)

∪ Ak+1

∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣

k⋃

i=1

Ai

∣
∣
∣
∣
∣
+ |Ak+1| −

∣
∣
∣
∣
∣

(
k⋃

i=1

Ai

)

∩ Ak+1

∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣

k⋃

i=1

Ai

∣
∣
∣
∣
∣
+ |Ak+1| −

∣
∣
∣
∣
∣

k⋃

i=1

(Ai ∩ Ak+1)

∣
∣
∣
∣
∣

=
∑

I⊆{1,...,k}
I 6=∅

(−1)|I|+1

∣
∣
∣
∣
∣

⋂

i∈I

Ai

∣
∣
∣
∣
∣
+ |Ak+1| −

∑

I⊆{1,...,k}
I 6=∅

(−1)|I|+1

∣
∣
∣
∣
∣

⋂

i∈I

(Ai ∩ Ak+1)

∣
∣
∣
∣
∣

=
∑

I⊆{1,...,k}
I 6=∅

(−1)|I|+1

∣
∣
∣
∣
∣

⋂

i∈I

Ai

∣
∣
∣
∣
∣
+ |Ak+1| −

∑

I⊆{1,...,k}
I 6=∅

(−1)|I|+1

∣
∣
∣
∣
∣
∣

⋂

i∈I∪{k+1}

Ai

∣
∣
∣
∣
∣
∣

=
∑

I⊆{1,...,k+1}
k+1 6∈I,I 6=∅

(−1)|I|+1

∣
∣
∣
∣
∣

⋂

i∈I

Ai

∣
∣
∣
∣
∣
+

∑

I⊆{1,...,k+1}
k+1∈I

(−1)|I|+1

∣
∣
∣
∣
∣

⋂

i∈I

Ai

∣
∣
∣
∣
∣

=
∑

I⊆{1,...,k+1}
I 6=∅

(−1)|I|+1

∣
∣
∣
∣
∣

⋂

i∈I

Ai

∣
∣
∣
∣
∣
.

■st♦ ❝♦♠♣❧❡t❛ ❛ ✐♥❞✉çã♦✳
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Pr♦❜❧❡♠❛ ✶✳✹✸ ✭❖❇▼❊P ✷✵✶✹✮✳ ❊♠ ✉♠❛ ♦rq✉❡str❛ ❞❡ ❝♦r❞❛s✱ s♦♣r♦ ❡ ♣❡r❝✉ssã♦✱ ✷✸

♣❡ss♦❛s t♦❝❛♠ ✐♥str✉♠❡♥t♦s ❞❡ ❝♦r❞❛✱ ✶✽ t♦❝❛♠ ✐♥str✉♠❡♥t♦s ❞❡ s♦♣r♦ ❡ ✶✷ t♦❝❛♠ ✐♥str✉✲

♠❡♥t♦s ❞❡ ♣❡r❝✉ssã♦✳ ◆❡♥❤✉♠ ❞❡ s❡✉s ❝♦♠♣♦♥❡♥t❡s t♦❝❛ ♦s três t✐♣♦s ❞❡ ✐♥str✉♠❡♥t♦s✱

♠❛s ✶✵ t♦❝❛♠ ✐♥str✉♠❡♥t♦s ❞❡ ❝♦r❞❛ ❡ s♦♣r♦✱ ✻ t♦❝❛♠ ✐♥str✉♠❡♥t♦s ❞❡ ❝♦r❞❛ ❡ ♣❡r❝✉ssã♦

❡ ❛❧❣✉♥s t♦❝❛♠ ✐♥str✉♠❡♥t♦s ❞❡ s♦♣r♦ ❡ ♣❡r❝✉ssã♦✳ ◆♦ ♠í♥✐♠♦✱ q✉❛♥t♦s ❝♦♠♣♦♥❡♥t❡s ❤á

♥❡ss❛ ♦rq✉❡str❛❄

❙♦❧✉çã♦✳ ❉❡✜♥❛ ♦s ❝♦♥❥✉♥t♦s✿

A1 = ❈♦♥❥✉♥t♦ ❞❛s ♣❡ss♦❛s q✉❡ t♦❝❛♠ ✐♥str✉♠❡♥t♦s ❞❡ ❝♦r❞❛❀

A2 = ❈♦♥❥✉♥t♦ ❞❛s ♣❡ss♦❛s q✉❡ t♦❝❛♠ ✐♥str✉♠❡♥t♦s ❞❡ s♦♣r♦❀

A3 = ❈♦♥❥✉♥t♦ ❞❛s ♣❡ss♦❛s q✉❡ t♦❝❛♠ ✐♥str✉♠❡♥t♦s ❞❡ ♣❡r❝✉ssã♦✳

❈♦♠ ✐ss♦ t❡♠♦s✿

|A1| = 23, |A2| = 18 ❡ |A3| = 12✳ ❆❧é♠ ❞✐ss♦✱ |A1 ∩ A2 ∩ A3| = 0, |A1 ∩ A2| =
10, |A1 ∩ A3| = 6 ❡ |A2 ∩ A3| = y✱ ♣❛r❛ ❛❧❣✉♠ y ∈ N− {0}

▲♦❣♦ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❛ ♦rq✉❡str❛ é✿

|A1 ∪ A2 ∪ A3| = |A1|+ |A2|+ |A3| − |A1 ∩ A2| − |A1 ∩ A3| − |A2 ∩ A3|+ |A1 ∩ A2 ∩ A3| =

= 23 + 18 + 12− 10− 6− y + 0 = 37− y.

❖❜s❡r✈❡ q✉❡ |A1 ∩ A2| = 10 ❡ |A1 ∩ A3| = 6✱ ❝♦♠ ✐st♦ r❡st❛ ❛♣❡♥❛s ✽ ♣❡ss♦❛s ❡♠ A2 ❡ ✻

♣❡ss♦❛s ❡♠ A3✱ ❝❛s♦ ❝♦♥trár✐♦✱ t❡rí❛♠♦s |A1∩A2∩A3| 6= 0✳ ▲♦❣♦✱ |A1∪A2∪A3| é ♠í♥✐♠♦

q✉❛♥❞♦ y ❢♦r ♠á①✐♠♦✱ ♦✉ s❡❥❛✱ |A1 ∪ A2 ∪ A3| = 37− 6 = 31 ♣❡ss♦❛s✳

Pr♦❜❧❡♠❛ ✶✳✹✹ ✭P▲■◆■❖✮✳ ❈♦♥s✐❞❡r❛♥❞♦ ✻ ❧❛♥ç❛♠❡♥t♦s ❞❡ ✉♠ ❞❛❞♦ ❝♦♠✉♠ ✭✻ ❢❛❝❡s

❞✐st✐♥t❛s✮ ❡ ♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ❡♠ ❝❛❞❛ ✉♠ ❞❡❧❡s✱ r❡s♣♦♥❞❛✿

✭❛✮ ◗✉❛❧ ♦ ♥ú♠❡r♦ ❞❡ ❧❛♥ç❛♠❡♥t♦s ♣♦ssí✈❡✐s❄

✭❜✮ ❈❛❧❝✉❧❡ ♦ ♥ú♠❡r♦ ❞❡ ♠❛♥❡✐r❛s q✉❡ ♦s ❧❛♥ç❛♠❡♥t♦s r❡s✉❧t❡♠ ❡♠ ✻ ❢❛❝❡s ✐❣✉❛✐s✱

❡①❛t❛♠❡♥t❡ ✷ ❞✐st✐♥t❛s✱ ❡①❛t❛♠❡♥t❡ ✸ ❞✐st✐♥t❛s✱ ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✱ ❛té ♦ ♥ú✲

♠❡r♦ ❞❡ ♠❛♥❡✐r❛s q✉❡ r❡s✉❧t❡♠ ❡♠ ✻ ❢❛❝❡s ❞✐st✐♥t❛s✳ ❱❡r✐✜q✉❡✱ ❡♠ s❡❣✉✐❞❛✱ s❡

❛ s♦♠❛ ❞❛s ♣❛r❝❡❧❛s ♦❜t✐❞❛s ❝♦♥❞✐③ ❝♦♠ ♦ ♥ú♠❡r♦ ❡♥❝♦♥tr❛❞♦ ♥♦ ✐t❡♠ ✭❛✮✳

❙♦❧✉çã♦✳

✭❛✮ ❈❛❞❛ ❧❛♥ç❛♠❡♥t♦ ♣♦❞❡ r❡s✉❧t❛r ❡♠ ✻ ✈❛❧♦r❡s ❞✐st✐♥t♦s ❡✱ ❝♦♠♦ sã♦ ✻ ♦s ❧❛♥ç❛✲

♠❡♥t♦s✱ ♦ ♥ú♠❡r♦ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s é 66 = 46656✳

✭❜✮ P♦r r❛③õ❡s s✐♠♣❧❡s✱ ✈❛♠♦s ❞✐✈✐❞✐r ♦ ♣r♦❜❧❡♠❛ ❡♠ ❝❛s♦s✿

✭✐✮ ◆ú♠❡r♦ ❞❡ ♠❛♥❡✐r❛s ❞❡ r❡s✉❧t❛r❡♠ s❡✐s ❢❛❝❡s ✐❞ê♥t✐❝❛s✿ ➱ ❢á❝✐❧ ✈❡r q✉❡✱ ❝♦♠♦ só

t❡♠♦s s❡✐s ✈❛❧♦r❡s ♣♦ssí✈❡✐s✱ sã♦ ❛♣❡♥❛s ✻ ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♥❡ss❡ ❝❛s♦✳
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✭✐✐✮ ◆ú♠❡r♦ ❞❡ ♠❛♥❡✐r❛s ❞❡ r❡s✉❧t❛r❡♠ ❡①❛t❛♠❡♥t❡ ❞✉❛s ❢❛❝❡s ❞✐st✐♥t❛s✿ ❙❡❥❛♠✱ ♣♦r

❡①❡♠♣❧♦✱ t♦♠❛❞❛s ❛s ❢❛❝❡s ✶ ❡ ✷ ❞♦s ❞❛❞♦s✳ ❈❛❧❝✉❧❛r❡♠♦s ♦ ♥ú♠❡r♦ ❞❡ ♠❛♥❡✐r❛s

❞❡ q✉❡ ❡①❛t❛♠❡♥t❡ t❛✐s ❢❛❝❡s r❡s✉❧t❡♠ ♥♦ ❧❛♥ç❛♠❡♥t♦✳ ❈♦♠♦ t❡♠♦s ✻ ❞❛❞♦s ❡ ❝❛❞❛

✉♠ ❞❡✈❡rá r❡s✉❧t❛r ❡♠ ✶ ♦✉ ✷✱ sã♦ 26 ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✳ ◆❡ss❡ ♥ú♠❡r♦✱ ♣♦ré♠✱ ❡stã♦

❡♠❜✉t✐❞♦s ♦s ❞♦✐s ❝❛s♦s ❡♠ q✉❡ só ✉♠❛ ❞❛s ❢❛❝❡s ♦❝♦rr❡ ✭só ♦ ✈❛❧♦r ✶ ♦✉ só ♦ ✈❛❧♦r

✷✮✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ ♣❛r ❞❡ ❢❛❝❡s ❞✐st✐♥t❛s✱ t❡♠♦s 26− 2 ♦♣çõ❡s ❡♠ q✉❡ ❡①❛t❛♠❡♥t❡

❞✉❛s ❢❛❝❡s ♦❝♦rr❡♠✳ ❖❝♦rr❡✱ ❛✐♥❞❛✱ q✉❡ sã♦
(
6

2

)

❛s ❡s❝♦❧❤❛s ♣♦ssí✈❡✐s ❞❛s ❞✉❛s ❢❛❝❡s✳

❊♥tã♦✱ ♦ r❡s✉❧t❛❞♦ é
(
6

2

)

×
(
26 − 2

)
= 15× 62 = 930✳

✭✐✐✐✮ ◆ú♠❡r♦ ❞❡ ♠❛♥❡✐r❛s ❞❡ r❡s✉❧t❛r❡♠ ❡①❛t❛♠❡♥t❡ três ❢❛❝❡s ❞✐st✐♥t❛s✿ ❆♣❧✐❝❛♥❞♦ ✉♠

r❡s♦❧✉çã♦ ♣❛r❡❝✐❞❛ à ❞❛ ♣❛rt❡ ii✱ t♦♠❡♠♦s ❛s ❢❛❝❡s ✶✱ ✷ ❡ ✸ ❞♦s ❞❛❞♦s ❡ ✈❡❥❛♠♦s

q✉❛❧ ♦ ♥ú♠❡r♦ ❞❡ ♠❛♥❡✐r❛s ❞❛s três ♦❝♦rr❡♠ s❡♠ ❡①❝❡çã♦✳ ❙ã♦ 36 ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s

❞❡ q✉❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❞❛s três ♦❝♦rr❛✳ ◆❡st❡ ♥ú♠❡r♦✱ ♣♦ré♠✱ ❡stã♦ ✐♥❝❧✉í❞♦s ♦s

❝❛s♦s ❡♠ q✉❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❞❛s três ❢❛❝❡s ♥ã♦ ♦❝♦rr❡✳ ❉❡✜♥❛♠♦s ♦s ❝♦♥❥✉♥t♦s

Ai = {❧❛♥ç❛♠❡♥t♦s ❡♠ q✉❡ ❛ ❢❛❝❡ i ♥ã♦ ♦❝♦rr❡}✱ ♣❛r❛ i = 1, 2, 3✳ ❚❡♠♦s✱ ♣♦✐s✱ ♣❡❧♦

Pr✐♥❝í♣✐♦ ❞❡ ■♥❝❧✉sã♦✲❊①❝❧✉sã♦ ✶✳✹✷✱ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ♣❡❧♦ ♠❡♥♦s

✉♠❛ ❞❛s ❢❛❝❡s ♥ã♦ ♦❝♦rr❡r é ✐❣✉❛❧ ❛✿

|A1 ∪ A2 ∪ A3| = |A1|+ |A2|+ |A3| − |A1 ∩ A2| − |A1 ∩ A3| − |A2 ∩ A3|+ |A1 ∩ A2 ∩ A3|

= 3× 26 − 3× 16 + 0

= 189.

▲♦❣♦✱ ❝♦♠♦ ♦ t♦t❛❧ ❞❡ ❧❛♥ç❛♠❡♥t♦s é 36✱ ♣❛r❛ ❝❛❞❛ tr✐♦ ❞❡ ❢❛❝❡s ❞✐st✐♥t❛s✱ t❡♠♦s

36 − 189 = 540 ❧❛♥ç❛♠❡♥t♦s ❡♠ q✉❡ ❡①❛t❛♠❡♥t❡ três ❢❛❝❡s ❞✐st✐♥t❛s sã♦ ♦❜t✐❞❛s✳

❆ss✐♠✱ t❡♠♦s
(
6

3

)

× 540 = 10800 ♠❛♥❡✐r❛s ♣♦ssí✈❡✐s✱ s❡♥❞♦ q✉❡
(
6

3

)

❡s❝♦❧❤❡ q✉❛✐s

sã♦ ❛s três ❢❛❝❡s ❞✐st✐♥t❛s✳

✭✐✈✮ ◆ú♠❡r♦ ❞❡ ♠❛♥❡✐r❛s ❞❡ r❡s✉❧t❛r❡♠ ❡①❛t❛♠❡♥t❡ q✉❛tr♦ ❢❛❝❡s ❞✐st✐♥t❛s✿ ❘❡♣❡t✐♥❞♦ ♦

r❛❝✐♦❝í♥✐♦ ❞♦ ✐t❡♠ ❛♥t❡r✐♦r✱ ❝♦♥s✐❞❡r❡♠♦s ❛♣❡♥❛s ❛s ❢❛❝❡s ✶✱ ✷✱ ✸ ❡ ✹ ❡ Ai✬s ♦s ❝♦♥❥✉♥✲

t♦s ❢♦r♠❛❞♦s ♣❡❧♦s ❧❛♥ç❛♠❡♥t♦s ♥♦s q✉❛✐s ❛ ❢❛❝❡ i ♥ã♦ ♦❝♦rr❡✳ ❊♥tã♦✱ ♣r♦❝✉r❛♠♦s✿

|A1 ∪ A2 ∪ A3 ∪ A4| = |A1|+ |A2|+ |A3|+ |A4| − |A1 ∩ A2| − |A1 ∩ A3| − |A1 ∩ A4|−

− |A2 ∩ A3| − |A2 ∩ A4| − |A3 ∩ |A4|+ |A1 ∩ A2 ∩ A3|+ |A1 ∩ A2 ∩ A4|+

+ |A1 ∩ A3 ∩ A4|+ |A2 ∩ A3 ∩ A4| − |A1 ∩ A2 ∩ A3 ∩ A4|

= 4× 36 − 6× 26 + 4× 16 − 0 = 2536.

▲♦❣♦✱ sã♦ 46 − 2536 = 1560 ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ ❝❛❞❛ q✉❛tr♦ ❢❛❝❡s ❡s❝♦❧❤✐❞❛s✳



✺✺

P♦rt❛♥t♦✱ sã♦
(
6

4

)

× 1560 = 23400 ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ q✉❡ ❡①❛t❛♠❡♥t❡ q✉❛tr♦

❢❛❝❡s ❞✐st✐♥t❛s ❛♣❛r❡ç❛♠ ♥♦ ❧❛♥ç❛♠❡♥t♦✳

✭✈✮ ◆ú♠❡r♦ ❞❡ ♠❛♥❡✐r❛s ❞❡ r❡s✉❧t❛r❡♠ ❡①❛t❛♠❡♥t❡ ❝✐♥❝♦ ❢❛❝❡s ❞✐st✐♥t❛s✿ ❖ r❛❝✐♦❝í♥✐♦

❡♠♣r❡❣❛❞♦ é ♦ ♠❡s♠♦ q✉❡ ♦ ❞♦s ✐t❡♥s ❛♥t❡r✐♦r❡s✳ ❙❡♠ t❛♥t♦s ❞❡t❛❧❤❡s✱ ✈❡♠ ❝♦♠♦

r❡s♣♦st❛✿
(
6

5

)

×
{

56−
[(

5

1

)

× 46 −
(
5

2

)

× 36 +

(
5

3

)

× 26 −
(
5

4

)

× 16 + 0

]}

=

= 6× (15625− 20480 + 7290− 640 + 5) = 10800.

❖❜s❡r✈❡ q✉❡ ❛ r❡s♣♦st❛ ❞❡st❡ ❝❛s♦ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❞♦ ❝❛s♦ ✐✐✐✳

✭✈✐✮ ◆ú♠❡r♦ ❞❡ ♠❛♥❡✐r❛s ❞❡ r❡s✉❧t❛r❡♠ ❡①❛t❛♠❡♥t❡ s❡✐s ❢❛❝❡s ❞✐st✐♥t❛s✿ ❊st❡ ❝❛s♦ ♣♦❞❡

s❡r r❡s♦❧✈✐❞♦ ❞❡ ✉♠❛ ♠❛♥❡✐r❛ ♠❛✐s s✐♠♣❧❡s✳ ❈♦♠♦ sã♦ s❡✐s ❛s ❢❛❝❡s ❞✐st✐♥t❛s ❡ sã♦

t❛♠❜é♠ s❡✐s ♦s ❧❛♥ç❛♠❡♥t♦s ♣♦ssí✈❡✐s✱ é ❝❧❛r♦ q✉❡ t❡♠♦s à ♥♦ss❛ ❞✐s♣♦s✐çã♦ 6! = 720

♣♦ss✐❜✐❧✐❞❛❞❡s ♥❡ss❡ ❝❛s♦✳

❖❜s❡r✈❡ ❛❣♦r❛ q✉❡✱ s♦♠❛♥❞♦ ❛s ♣❛r❝❡❧❛s ♦❜t✐❞❛s ♥♦s ✐t❡♥s i ❛♦ vi✱ t❡♠♦s 6 + 930 +

10800 + 23400 + 10800 + 720 = 46656✱ ✈❛❧♦r ✐❞ê♥t✐❝♦ ❛♦ ❞♦ ✐t❡♠ ✭❛✮✳

Pr♦❜❧❡♠❛ ✶✳✹✺ ✭❆❍❙▼❊ ✶✾✾✽✮✳ ❈❤❛♠❡ ✉♠ ♥ú♠❡r♦ ❞❡ t❡❧❡❢♦♥❡ ❞❡ s❡t❡ ❞í❣✐t♦s d1d2d3−
d4d5d6d7 ❞❡ ♠❡♠♦rá✈❡❧ s❡ ❛ s❡q✉ê♥❝✐❛ ❞❡ ♣r❡✜①♦ d1d2d3 ❢♦r ❡①❛t❛♠❡♥t❡ ✐❣✉❛❧ ❛ q✉❛❧q✉❡r

✉♠❛ ❞❛s s❡q✉ê♥❝✐❛s d4d5d6 ♦✉ d5d6d7 ✭♣♦ss✐✈❡❧♠❡♥t❡ ❛♠❜❛s✮✳ ❆ss✉♠✐♥❞♦ q✉❡ ❝❛❞❛ di ♣♦❞❡

s❡r q✉❛❧q✉❡r ✉♠ ❞♦s ❞❡③ ❞í❣✐t♦s ❞❡❝✐♠❛✐s 0, 1, 2, . . . , 9✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♥ú♠❡r♦s ❞❡ t❡❧❡❢♦♥❡

♠❡♠♦rá✈❡✐s é❄

❙♦❧✉çã♦✳ ❙❡❥❛ A ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ❞❡ t❡❧❡❢♦♥❡ ❝✉❥♦s q✉❛✐s d1d2d3 sã♦ ♦s ♠❡s♠♦s

q✉❡ d4d5d6 ❡ s❡❥❛ B ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ❞❡ t❡❧❡❢♦♥❡ q✉❡ d1d2d3 ❝♦✐♥❝✐❞❡♠ ❝♦♠ d5d6d7

✳ ❯♠ ♥ú♠❡r♦ ❞❡ t❡❧❡❢♦♥❡ d1d2d3 − d4d5d6d7 ♣❡rt❡♥❝❡ ❛ A ∩ B s♦♠❡♥t❡ s❡ d1 = d2 =

d3 = d4 = d5 = d6 = d7✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ |A ∩ B| = 10✳ ❆ss✐♠✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞❡

■♥❝❧✉sã♦✲❊①❝❧✉sã♦✱

|A ∪ B| = |A|+ |B| − |A ∩ B|

= 103 × 1× 10 + 103 × 10× 1− 10 = 19990.



✺✻

✶✳✼ P❊❘▼❯❚❆➬Õ❊❙ ❈❆Ó❚■❈❆❙

P❡♥s❡♠♦s ♥♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿

✏❉❡ q✉❛♥t❛s ♠❛♥❡✐r❛s ❞✐st✐♥t❛s ♣♦❞❡✲s❡ ❝♦❧♦❝❛r n ❝❛rt❛s ❡♠ n ❡♥✈❡❧♦♣❡s✱ ❡♥❞❡r❡ç❛✲

❞♦s ❛ ❞❡st✐♥❛tár✐♦s ❞✐❢❡r❡♥t❡s✱ ❞❡ ♠♦❞♦ q✉❡ ♥❡♥❤✉♠❛ ❞❛s ❝❛rt❛s s❡❥❛ ❝♦❧♦❝❛❞❛ ♥♦ ❡♥✈❡❧♦♣❡

❝♦rr❡t♦❄✑

❊ss❡ ♣r♦❜❧❡♠❛ ❢♦✐ ♦r✐❣✐♥❛❧♠❡♥t❡ ♣r♦♣♦st♦ ♣♦r ◆✐❝♦❧❛✉s ❇❡r♥♦✉❧❧✐ ✭✶✻✽✼ ✕ ✶✼✺✾✮✱

s♦❜r✐♥❤♦ ❞♦s ❡♠✐♥❡♥t❡s ♠❛t❡♠át✐❝♦s ❏❛❝♦❜ ✭✶✻✺✹ ✕ ✶✼✵✺✮ ❡ ❏♦❤❛♥♥ ✭✶✻✻✼ ✕ ✶✼✹✽✮✱ ❞❛

♣r❡st✐❣✐♦s❛ ❢❛♠í❧✐❛ ❇❡r♥♦✉❧❧✐✱ q✉❡ ♠❛✐s ♣r♦❞✉③✐✉ ♠❛t❡♠át✐❝♦s ❡♠ t♦❞❛ ❤✐stór✐❛✳ ❆ ❝♦♥tr✐✲

❜✉✐çã♦ ❞❡ ❇❡r♥♦✉❧❧✐ ♣❛r❛ ♦ ❡st✉❞♦ ❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ♠❛t❡♠át✐❝❛ ♣♦❞❡ s❡r ❛❢❡r✐❞❛ ♥❛

♥✉♠❡r♦s❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ✭♠❛✐s ❞❡ ✺✻✵ ❝❛rt❛s✦✮ q✉❡ tr♦❝♦✉ ❝♦♠ ✈ár✐♦s ❝♦❧❡❣❛s✱ ❞❡♥tr❡ ♦s

q✉❛✐s ▲❡♦♥❛r❞ ❊✉❧❡r ✭✶✼✵✼ ✕ ✶✼✽✸✮✳

❆♦ ❧♦♥❣♦ ❞❡ s✉❛ ♣r♦❧✐❢❡r❛ ✈✐❞❛✱ ❊✉❧❡r ❢♦✐ ✉♠ ❣r❛♥❞❡ s♦❧✉❝✐♦♥❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s ♠❛✲

t❡♠át✐❝♦s✳ ❆❧❣✉♥s ❞❡ss❡s ♣r♦❜❧❡♠❛s ❛❜r✐r❛♠ ♥♦✈♦s ❝❛♠♣♦s ❞❡ ♣❡sq✉✐s❛ ♠❛t❡♠át✐❝❛✱ ❝♦♠♦

♦ ♣r♦❜❧❡♠❛ ❢♦r♠✉❧❛❞♦ ❛❝✐♠❛✳ ❚❛❧✈❡③ ❊✉❧❡r s❡ ✐♥t❡r❡ss♦✉ ♣❡❧♦ ♣r♦❜❧❡♠❛ ❞❛s ❝❛rt❛s ♠❛❧ ❡♥✲

❞❡r❡ç❛❞❛s ♣♦r s❡ tr❛t❛r ❞❡ ✉♠❛ q✉❡stã♦ ❝✉r✐♦s❛ ❡ ❞❡s❛✜❛❞♦r❛ ❞❛ t❡♦r✐❛ ❞❛s ♣❡r♠✉t❛çõ❡s✱

❤♦❥❡ ❝❤❛♠❛❞❛ ♣❡r♠✉t❛çã♦ ❝❛ót✐❝❛✳

❉❡✜♥✐çã♦ ✶✳✹✻ ✭P❡r♠✉t❛çõ❡s ❈❛ót✐❝❛s✮✳ ❯♠❛ ♣❡r♠✉t❛çã♦ ❞❡ a1, a2, . . . , an é ❝❤❛♠❛❞❛ ❞❡

❝❛ót✐❝❛ q✉❛♥❞♦ ♥❡♥❤✉♠ ❞♦s ai s❡ ❡♥❝♦♥tr❛ ♥❛ ♣♦s✐çã♦ ♦r✐❣✐♥❛❧✱ ✐st♦ é✱ ♥❛ i✲és✐♠❛ ♣♦s✐çã♦✳

❚❡♦r❡♠❛ ✶✳✹✼✳ ❆ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❡r♠✉t❛çõ❡s ❝❛ót✐❝❛s ❞❡ n ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s é

Dn = n!

(

1− 1

1!
+

1

2!
− 1

3!
+ · · ·+ (−1)n

1

n!

)

.

◗✉❛♥❞♦ n = 1✱ t❡♠♦s s♦♠❡♥t❡ ✉♠❛ ❧❡tr❛✳ ▲♦❣♦ ♥ã♦ ❡①✐st❡ ❢♦r♠❛ ❞❡ ❝♦❧♦❝❛r ❡st❛

❧❡tr❛ ❡♠ ✉♠❛ ♣♦s✐çã♦ q✉❡ ♥ã♦ s❡❥❛ ❛ ❞❡❧❛ ❡✱ ♣♦rt❛♥t♦✱ D1 = 0✳ ◗✉❛♥❞♦ n = 2✱ ♣♦❞❡♠♦s

♣❡r♠✉t❛r ❛s ❧❡tr❛s a ❡ b ❛♣❡♥❛s ❞❡ ✉♠❛ ❢♦r♠❛✿ ba✳ ❆ss✐♠✱ D2 = 1✳ ◗✉❛♥❞♦ n = 3✱

♣♦❞❡♠♦s ♣❡r♠✉t❛r ❛s ❧❡tr❛s a, b, c ❞❡ ✻ ♠❛♥❡✐r❛s✿ abc, acb, bac, bca, cab, cba✱ ♦♥❞❡ bca ❡

cab sã♦ ❛s ú♥✐❝❛s ♣❡r♠✉t❛çõ❡s ❝❛ót✐❝❛s ❡✱ ♣♦rt❛♥t♦✱ D3 = 2✳ ❈♦♥t✐♥✉❛♥❞♦ ❛ ❛♥á❧✐s❡ ❞❡

❝❛s♦s ♣❛rt✐❝✉❧❛r❡s✱ ✈❡r✐✜❝❛✲s❡ q✉❡ D4 = 9 ❡ D5 = 44✱ ♠❛s✱ ❛ ♣❛rt✐r ❞❛í✱ ❛s ❛❧t❡r♥❛t✐✈❛s

t♦r♥❛♠✲s❡ ♠✉✐t♦ ♥✉♠❡r♦s❛s ❞❡ t❛❧ ♠♦❞♦ q✉❡ é ♣r❡❝✐s♦ ❞❡❞✉③✐r ♠❛t❡♠❛t✐❝❛♠❡♥t❡ q✉❛❧ ❛

❧❡✐ ❞❡ ❢♦r♠❛çã♦ ❞❡ Dn✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ Dn ♦ ♥ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s ❝❛ót✐❝❛s✱ ✐st♦ é✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❡r✲

♠✉t❛çõ❡s ❞❛s n ❧❡tr❛s a, b, c, . . . ♥❛s q✉❛✐s ♥❡♥❤✉♠❛ ❞❡❧❛s ♦❝✉♣❛ s✉❛ ♣♦s✐çã♦ ♦r✐❣✐♥❛❧✳

❱❡❥❛♠♦s ❝♦♠♦ ❊✉❧❡r r❛❝✐♦❝✐♥♦✉ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ✈❛❧♦r ❞❡ Dn✳ ❙❡❥❛ a, b, c, d, e, . . .

✉♠ ❛rr❛♥❥♦ ✐♥✐❝✐❛❧ ❞❡ n ❧❡tr❛s✳ ❉❡s❛rr❛♥❥❛♥❞♦✲❛s ❞❡ ♠♦❞♦ q✉❡ ♥❡♥❤✉♠❛ r❡t♦r♥❡ à s✉❛



✺✼

♣♦s✐çã♦ ♦r✐❣✐♥❛❧✱ ❡①✐st❡♠ n − 1 ♦♣çõ❡s ♣❛r❛ ❛ ♣r✐♠❡✐r❛ ❧❡tr❛✱ ❥á q✉❡ ❡❧❛ ♥ã♦ ♣♦❞❡ s❡r ♦

a✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ♣r✐♠❡✐r❛ ❧❡tr❛ s❡❥❛ b✳ ❆ss✐♠✱ Dn s❡rá ❞❛❞♦ ♣❡❧♦ ♣r♦❞✉t♦ ❞♦ ♥ú♠❡r♦ ❞❡

✈❛r✐❛çõ❡s ❞❛s ❞❡♠❛✐s ❧❡tr❛s ♣♦r n− 1 ✭❥á q✉❡ ❡①✐st❡♠ n− 1 ♦♣çõ❡s ♣❛r❛ ❛ ♣r✐♠❡✐r❛ ❧❡tr❛✮✳

❙❡♥❞♦ b ❛ ♣r✐♠❡✐r❛ ❧❡tr❛ ❞❡ ✉♠❛ ❞❡st❛s ♣❡r♠✉t❛çõ❡s✱ t❡♠♦s ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✿

Pr✐♠❡✐r♦✿ ❆ s❡❣✉♥❞❛ ❧❡tr❛ é ♦ a✳ ◆❡ss❡ ❝❛s♦✱ ♣r❡❝✐s❛♠♦s r❡♦r❞❡♥❛r ❛s n − 2 ❧❡tr❛s

r❡st❛♥t❡s ❞❡ ♠♦❞♦ q✉❡ ♥❡♥❤✉♠❛ ✈♦❧t❡ à s✉❛ ♣♦s✐çã♦ ❞❡ ♦r✐❣❡♠✳ ▼❛s✱ ❡ss❡ é ♦ ♠❡s♠♦

♣r♦❜❧❡♠❛ ✐♥✐❝✐❛❧✱ r❡❞✉③✐❞♦ ❞❡ ✷ ❧❡tr❛s✱ ❤❛✈❡♥❞♦ ♣♦rt❛♥t♦✱ Dn−2 ❢♦r♠❛s ❞❡ ❢❛③ê✲❧♦✳

❙❡❣✉♥❞♦✿ ❆ s❡❣✉♥❞❛ ❧❡tr❛ ♥ã♦ é ♦ a✳ ❖ ♣r♦❜❧❡♠❛ ❛❣♦r❛ é r❡♦r❞❡♥❛r ❛s n− 1 ❧❡tr❛s

r❡st❛♥t❡s q✉❡ ✜❝❛rã♦ à ❞✐r❡✐t❛ ❞❡ b✱ ✐ss♦ ♣♦❞❡ s❡r ❢❡✐t♦ ❞❡ Dn−1 ♠❛♥❡✐r❛s✳

❈♦♠♦ ♦s r❡❛rr❛♥❥♦s ❞❛s ❞✉❛s ❛❧t❡r♥❛t✐✈❛s ♣❡rt❡♥❝❡♠ ❛ ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s✱ t❡♠♦s

q✉❡✱ q✉❛♥❞♦ b é ❛ ♣r✐♠❡✐r❛ ❧❡tr❛✱ ❡①✐st❡♠ Dn−1 +Dn−2 ♣❡r♠✉t❛çõ❡s ♣♦ssí✈❡✐s✳ ❈♦♠♦ ❤á

n− 1 ♦♣çõ❡s ♣❛r❛ ❛ ♣r✐♠❡✐r❛ ❧❡tr❛✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ▼✉❧t✐♣❧✐❝❛t✐✈♦ ❞❡ ❈♦♥t❛❣❡♠ t❡♠♦s✿

Dn = (n− 1) (Dn−1 +Dn−2) . ✭✶✳✷✮

❖❜t❡♠♦s ❛ss✐♠✱ ✉♠❛ ❢ór♠✉❧❛ ❞❡ r❡❝♦rrê♥❝✐❛ q✉❡ r❡s♦❧✈❡ ♦ ♣r♦❜❧❡♠❛✱ ♠❛s t❡♠ ♦

✐♥❝♦♥✈❡♥✐❡♥t❡ ❞❡ ♥ã♦ ❢♦r♥❡❝❡r Dn ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❡①♣❧í❝✐t❛ ❞♦ ♥ú♠❡r♦ n✳

❋❛③❡♥❞♦ n = 3 ❡♠ ✭✶✳✷✮✱ t❡♠♦s✿

D3 = 2(D2 +D1) = 2D2 + 2D1.

❘❡❡s❝r❡✈❡♥❞♦ ❛ ❡①♣r❡ssã♦✱ ♦❜t❡♠♦s✿

D3 = (−D2 + 3D2) + 2D1

D3 − 3D2 = −D2 + 2D1

D3 − 3D2 = − (D2 − 2D1) .

❆♥❛❧♦❣❛♠❡♥t❡✱ ♣❛r❛ n = 4 ❡ n = 5✱ t❡♠♦s✿

D4 − 4D3 = − (D3 − 3D2) ,

❡✱

D5 − 5D4 = − (D4 − 4D3)

▲♦❣♦✱ ♣❛r❛ q✉❛❧q✉❡r ✐♥t❡✐r♦ n, n ≥ 3✱ tê♠✲s❡✿

D3 − 3D2 = − (D2 − 2D1) ,

D4 − 4D3 = − (D3 − 3D2) ,

D5 − 5D4 = − (D4 − 4D3) ,



✺✽

✳✳✳

Dn − nDn−1 = − (Dn−1 − (n− 1)Dn−2) .

▼✉❧t✐♣❧✐❝❛♥❞♦ ❡ss❛s n− 2 ✐❣✉❛❧❞❛❞❡s✱ t❡♠♦s✿

(D3 − 3D2) (D4 − 4D3) (D5 − 5D4) . . . (Dn − nDn−1) = ✭✶✳✸✮

(−1)n−2 (D2 − 2D1) (D3 − 3D2) (D4 − 4D3) . . . (Dn−1 − (n− 1)Dn−2)

(Dn − nDn−1) = (−1)n−2 (D2 − 2D1) .

❈♦♠♦ (−1)n−2 = (−1)n , ∀n ∈ Z ❡ D2 − 2D1 = 1 − 2 × 0 = 1✱ ❧♦❣♦✱ s✉❜st✐t✉✐♥❞♦

❡♠ ✶✳✷

Dn − nDn−1 = (−1)n ⇒ Dn = nDn−1 + (−1)n , ∀n ≥ 3. ✭✶✳✹✮

◆♦t❡ q✉❡ ✶✳✸ é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ n = 2✳ ❉❡ ❢❛t♦✱ s❛❜❡♠♦s D2 = 1✳ P♦r ♦✉tr♦ ❧❛❞♦✱

D2 = 2D1 + (−1)2 = 2 × 0 + 1 = 1✳ ▲♦❣♦✱ ✶✳✸ é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ n = 2✳ ❖❜s❡r✈❡ ❛✐♥❞❛✱

q✉❡ ♦ ♠❡s♠♦ ♥ã♦ ♦❝♦rr❡ ♣❛r❛ n = 1✱ ❥á q✉❡ D1 = 1D0 + (−1)1 = 1× 0− 1 = −1 6= 0✳

❉❛ ✐❣✉❛❧❞❛❞❡ ✶✳✸✱ t❡♠♦s✿

D3 = 3D2 − 1,

D4 = 4D3 + 1 = 4 (3D2 − 1) + 1 = 4× 3D2 − 4 + 1 = 4× 3− 4 + 1,

D5 = 5D4 − 1 = 5 (4× 3− 4 + 1)− 1 = 5× 4× 3− 5× 4 + 5− 1.

❖❜s❡r✈❡ q✉❡

5× 4× 3− 5× 4 + 5− 1 = 5!

(
1

2!
− 1

3!
+

1

4!
− 1

5!

)

.

❉❛í✱

D5 = 5!

(
1

2!
− 1

3!
+

1

4!
− 1

5!

)

,

D6 = 6D5 + 1 = 6 (5× 4× 3− 5× 4 + 5− 1) + 1 =

= 6× 5× 4× 3− 6× 5× 4 + 6× 5− 6 + 1 = 6!

(
1

2!
− 1

3!
+

1

4!
− 1

5!
+

1

6!

)

.

❱❛♠♦s ♠♦str❛r q✉❡✿

Dn = n!

(
1

2!
− 1

3!
+

1

4!
− 1

5!
+ · · ·+ (−1)n

1

n!

)

, ∀n ≥ 2. ✭✶✳✺✮
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❉❡ ❢❛t♦✱ ♣❛r❛ n = 2✱ t❡♠✲s❡✿

D2 = 2!

(
1

2!

)

= 1, q✉❡ é ❝❧❛r❛♠❡♥t❡ ✈❡r❞❛❞❡✐r❛

❙✉♣♦♥❤❛ q✉❡ ❛ ❊q✉❛çã♦ ✭✶✳✺✮ s❡❥❛ ✈❡r❞❛❞❡✐r❛ ♣❛r❛ n− 1✱ ♦✉ s❡❥❛✱

Dn−1 = (n− 1)!

(
1

2!
− 1

3!
+

1

4!
− 1

5!
+ · · ·+ (−1)n−1 1

(n− 1)!

)

.

❉❛í✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❡st❛ ✐❣✉❛❧❞❛❞❡ ♣♦r n✿

nDn−1 = n (n− 1)!

(
1

2!
− 1

3!
+

1

4!
− 1

5!
+ · · ·+ (−1)n−1 1

(n− 1)!

)

.

❉❡ ✶✳✸✱ t❡♠♦s q✉❡✿

nDn−1 = Dn − (−1)n .

▲♦❣♦✱

Dn − (−1)n = n (n− 1)!

(
1

2!
− 1

3!
+

1

4!
− 1

5!
+ · · ·+ (−1)n−1 1

(n− 1)!

)

Dn = n!

(
1

2!
− 1

3!
+

1

4!
− 1

5!
+ · · ·+ (−1)n−1 1

(n− 1)!

)

+ (−1)n

Dn = n!

(
1

2!
− 1

3!
+

1

4!
− 1

5!
+ · · ·+ (−1)n

1

n!

)

, ❝♦♠♦ q✉❡rí❛♠♦s.

▲❡♠❜r❛♥❞♦ q✉❡ D1 = 0✱ ✜♥❛❧♠❡♥t❡ t❡♠♦s q✉❡ ♦ ♥ú♠❡r♦ ♣r♦❝✉r❛❞♦ é✿

Dn = n!

(

1− 1

1!
+

1

2!
− 1

3!
+ · · ·+ (−1)n

1

n!

)

, ∀n ≥ 1.

Pr♦❜❧❡♠❛ ✶✳✹✽ ✭P▼❲❈ ✷✵✵✺✮✳ ❊①✐st❡♠ ✹ ❤♦♠❡♥s✿ ❆✱ ❇✱ ❈ ❡ ❉✳ ❈❛❞❛ ✉♠ t❡♠ ✉♠ ✜❧❤♦✳

❖s q✉❛tr♦ ✜❧❤♦s sã♦ ❝♦♥✈✐❞❛❞♦s ❛ ❡♥tr❛r ❡♠ ✉♠ q✉❛rt♦ ❡s❝✉r♦✳ ❊♥tã♦ ❆✱ ❇✱ ❈ ❡ ❉ ❡♥tr❛♠

♥♦ q✉❛rt♦ ❡s❝✉r♦✱ ❡ ❝❛❞❛ ✉♠ ❞❡❧❡s s❛✐ ❝♦♠ ❛♣❡♥❛s ✉♠ ✜❧❤♦✳ ❙❡ ♥❡♥❤✉♠ ❞❡❧❡s s❛✐r ❝♦♠ ♦

♣ró♣r✐♦ ✜❧❤♦✱ ❞❡ q✉❛♥t❛s ♠❛♥❡✐r❛s ✐ss♦ ♣♦❞❡ ❛❝♦♥t❡❝❡r❄

❙♦❧✉çã♦✳ ❊st❡ é ❛♣❡♥❛s ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♣❡r♠✉t❛çã♦ ❝❛ót✐❝❛ ✭❡♥✈✐❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ {1, 2, 3, 4}
♣❛r❛ ♦✉tr♦ ❝♦♥❥✉♥t♦ ❞❡ ❢♦r♠❛ q✉❡ ♥❡♥❤✉♠ ❞♦s ❡❧❡♠❡♥t♦s ♦r✐❣✐♥❛✐s ❡st❡❥❛ ♥♦ ♠❡s♠♦ ❧✉❣❛r✮✳

❆ ❢ór♠✉❧❛ é✿

D4 =

(
1

1
− 1

1
+

1

2
− 1

6
+

1

24

)

= 9.

Pr♦❜❧❡♠❛ ✶✳✹✾✳ ❯♠❛ ♣r♦❢❡ss♦r❛ ❞✐str✐❜✉✐ ♥♦✈❡ ❧✐✈r♦s ❞✐❢❡r❡♥t❡s ♣❛r❛ ♥♦✈❡ ❝r✐❛♥ç❛s✳ ❯♠

♠ês ❞❡♣♦✐s r❡❝♦❧❤❡ ♦s ❧✐✈r♦s ❡✱ ♥♦✈❛♠❡♥t❡✱ ❞✐str✐❜✉✐ ✉♠ ❧✐✈r♦ ♣❛r❛ ❝❛❞❛ ❝r✐❛♥ç❛✳ ❉❡ q✉❛♥t❛s

♠❛♥❡✐r❛s ♦s ❧✐✈r♦s ♣♦❞❡♠ s❡r ❞✐str✐❜✉í❞♦s ❞❡ ♠♦❞♦ q✉❡ s♦♠❡♥t❡ três ❝r✐❛♥ç❛s r❡❝❡❜❛ ♦
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♠❡s♠♦ ❧✐✈r♦ ❞❡st❛ ✈❡③❄

❙♦❧✉çã♦✳ ❱❛♠♦s ❡s❝♦❧❤❡r ✸ ❝r✐❛♥ç❛s ❞❡♥tr❡ ❛s ✾ ♣❛r❛ r❡❝❡❜❡r ♦ ♠❡s♠♦ ❧✐✈r♦✱ q✉❡ ♣♦❞❡♠♦s

❢❛③❡r ❞❡
(
9

3

)

♠❛♥❡✐r❛s ❞✐st✐♥t❛s✳ ❉❛í r❡st❛♠ ✻ ❝r✐❛♥ç❛s q✉❡ ♥ã♦ ♣♦❞❡rã♦ r❡❝❡❜❡r ♦ ♠❡s♠♦

❧✐✈r♦ q✉❡ ♣♦❞❡♠ s❡r ❞✐str✐❜✉í❞♦s ❞❡ D6 ♠❛♥❡✐r❛s ❞✐❢❡r❡♥t❡s✳ P♦rt❛♥t♦ ❛ s♦❧✉çã♦ ♣❛r❛ ♦

♣r♦❜❧❡♠❛ é✿

(
9

3

)

×D6 =

(
9

3

)

× 6!×
(

1− 1

1!
+

1

2!
− 1

3!
+

1

4!
− 1

5!
+

1

6!

)

=

(
9

3

)

× 265 = 22260.

Pr♦❜❧❡♠❛ ✶✳✺✵ ✭■▼❖ ✶✾✽✼✮✳ ❙❡❥❛ pn (k) ♦ ♥ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s ❞♦ ❝♦♥❥✉♥t♦ {1, . . . , n}✱
n ≥ 1✱ q✉❡ t❡♠ ❡①❛t❛♠❡♥t❡ k ♣♦♥t♦s ✜①♦s✳ Pr♦✈❡ q✉❡

n∑

k=0

k · pn (k) = n!.

❙♦❧✉çã♦✳ ▼♦str❛♠♦s ♣r✐♠❡✐r♦ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s ❞❡ n ♦❜❥❡t♦s s❡♠ ♣♦♥t♦s

✜①♦s é

n!

(

1− 1

1!
+

1

2!
− 1

3!
+ · · ·+ (−1)n

1

n!

)

,

q✉❡ é ❛ ❞❡✜♥✐çã♦ ♠♦str❛❞❛ ♣♦r ♥ós ♣❡❧♦ t❡♦r❡♠❛ ✶✳✹✻✳ ❉❛í ♦ ♥ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s ❞❡

n ♦❜❥❡t♦s ❝♦♠ ❡①❛t❛♠❡♥t❡ r ♣♦♥t♦s ✜①♦s é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❞❡ ♠❛♥❡✐r❛s ❞❡ ❡s❝♦❧❤❡r ♦s

r ♣♦♥t♦s ✜①♦s ✈❡③❡s ♦ ♥ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s ❞♦s ❞❡♠❛✐s n − r ♦❜❥❡t♦s s❡♠ ♣♦♥t♦ ✜①♦✱

q✉❡ é✿
n!

r! (n− r)!
× (n− r)!

(

1− 1

1!
+

1

2!
− 1

3!
+ · · ·+ (−1)n−r 1

(n− r)!

)

.

❆ss✐♠✱ q✉❡r❡♠♦s ♣r♦✈❛r ❛ ✐❣✉❛❧❞❛❞❡✿

n∑

r=1

1

(r − 1)!

(

1− 1

1!
+

1

2!
− 1

3!
+ · · ·+ (−1)n−r 1

(n− r)!

)

= 1.

❯s❛r❡♠♦s ✐♥❞✉çã♦ s♦❜r❡ n✳ ➱ ✈❡r❞❛❞❡ ♣❛r❛ n = 1✳ ❙✉♣♦♥❤❛ q✉❡ s❡❥❛ ✈❡r❞❛❞❡ ♣❛r❛ n✳

❊♥tã♦ ❛ s♦♠❛ ♣❛r❛ n+ 1 ♠❡♥♦s ❛ s♦♠❛ ♣❛r❛ n é✿

1× (−1)n

n!
+

1!

1!
× (−1)n−1

(n− 1)!
+ · · ·+ 1

n!
× 1

0!
=

1

n!
(1− 1)n = 0.

P♦r ✐ss♦ é ✈❡r❞❛❞❡ ♣❛r❛ n+ 1✱ ❡ ❞❛í ♣❛r❛ t♦❞♦ n✳
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✷ P❘■◆❈❮P■❖ ❉❆ ❈❆❙❆ ❉❖❙ P❖▼❇❖❙ ❊ ❆P▲■❈❆➬Õ❊❙

❍á ❝❡♥t❡♥❛s ❞❡ ❛♥♦s✱ ♠❛t❡♠át✐❝♦s ❡st✉❞❛♠ ♦ ♣r✐♥❝í♣✐♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s ❡

❛♣❧✐❝❛♠ ❡ss❛ ❧❡✐ ❡♠ s✐t✉❛çõ❡s ❞❛ ✈✐❞❛ r❡❛❧✳ ❊st❡ ♣r✐♥❝í♣✐♦ ❛♣r❡s❡♥t❛ ❛ ♣❛rt❡ ♠❛✐s ❡ss❡♥❝✐❛❧

❡ ❜ás✐❝❛ ♥❛ ♠❛t❡♠át✐❝❛ ❞❛ ❝♦♥t❛❣❡♠ ❡ ❝❧❛ss✐✜❝❛çã♦✳ ◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦

tó♣✐❝♦ ❞♦ Pr✐♥❝í♣✐♦ ❞♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s✱ ✐♥❝❧✉✐♥❞♦ t❡♦r❡♠❛s q✉❡ ♣♦❞❡♠ s❡r ♠♦str❛❞♦s

❛ ♣❛rt✐r ❞❡st❛✳ ❱❡r❡♠♦s t❛♠❜é♠ ✈ár✐♦s ❡①❡r❝í❝✐♦s r❡❧❛❝✐♦♥❛❞♦s t❛♥t♦ ❛♦ ♣r✐♥❝í♣✐♦ q✉❛♥t♦

à ❡st❡s t❡♦r❡♠❛s✳ ❙❡rã♦ ❛♣r❡s❡♥t❛❞❛s q✉❡stõ❡s ❡♠ ♠❛t❡♠át✐❝❛ r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛ t❡♦r✐❛

❞❡ ❝♦♥❥✉♥t♦s ❡ ❣r❛❢♦s

❆ ♣r✐♠❡✐r❛ ❞❡❝❧❛r❛çã♦ ❞♦ ♣r✐♥❝í♣✐♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s ❢♦✐ ❢❡✐t❛ ♣♦r ❏♦❤❛♥♥ P❡t❡r

●✉st❛✈ ▲❡❥❡✉♥❡ ❉✐r✐❝❤❧❡t ✭✶✽✵✺ ✕ ✶✽✺✾✮ ❡♠ ✶✽✸✹ s♦❜ ♦ ♥♦♠❡ ❞❡ ✏❙❝❤✉❜❢❛❝❤♣r✐♥③✐♣✑ ✭♣r✐♥✲

❝í♣✐♦ ❞❛ ✏❣❛✈❡t❛✑ ♦✉ ✏♣r✐♥❝í♣✐♦ ❞❡ ♣r❛t❡❧❡✐r❛✑✮✳ P♦r ❡ss❛ r❛③ã♦✱ t❛♠❜é♠ é ❝♦♠✉♠❡♥t❡ ❝❤❛✲

♠❛❞♦ ❞❡ ♣r✐♥❝í♣✐♦ ❞❛ ❝❛✐①❛ ❞❡ ❉✐r✐❝❤❧❡t✱ ♣r✐♥❝í♣✐♦ ❞❛ ❣❛✈❡t❛ ❞❡ ❉✐r✐❝❤❧❡t ♦✉ s✐♠♣❧❡s♠❡♥t❡

✏♣r✐♥❝í♣✐♦ ❞❡ ❉✐r✐❝❤❧❡t✑✳ ❆ ❢r❛s❡ ✏♣r✐♥❝í♣✐♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s✑ ❢♦✐ ✉s❛❞♦ ♣r✐♠❡✐r❛♠❡♥t❡

❡♠ ✉♠ ❥♦r♥❛❧ ❞❡ ♠❛t❡♠át✐❝❛ sér✐♦ ♣❡❧♦ ♠❛t❡♠át✐❝♦ ❘❛♣❤❛❡❧ ▼✳ ❘♦❜✐♥s♦♥ ✭✶✾✶✶ ✕ ✶✾✾✺✮

♥♦ ❛♥♦ ❞❡ ✶✾✹✵✳

❚❡♦r❡♠❛ ✷✳✶✳ ❉❛❞♦s n + 1 ♦❜❥❡t♦s ❞❡♥tr♦ ❞❡ n ❣❛✈❡t❛s ❡♥tã♦✱ ♣❡❧♦ ♠❡♥♦s✱ ✉♠❛ ❞❛s

❣❛✈❡t❛s ❝♦♥té♠ ♠❛✐s ❞❡ ✉♠ ♦❜❥❡t♦✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ ♣♦ss❛♠♦s ❝♦❧♦❝❛r n + 1 ♦❜❥❡t♦s ♥❛s n ❣❛✈❡t❛s ❡ q✉❡ t♦❞❛s

❡❧❛s t❡♥❤❛♠ ♥♦ ♠á①✐♠♦ ✉♠ ♦❜❥❡t♦✳ ❉❡st❛ ❢♦r♠❛✱ t❡rí❛♠♦s ♥♦ ♠á①✐♠♦ n ♦❜❥❡t♦s ❣✉❛r❞❛❞♦s

✭✉♠ ❡♠ ❝❛❞❛ ❣❛✈❡t❛✮✱ ♣♦rt❛♥t♦ t❡♠♦s ✉♠ ❛❜s✉r❞♦✱ ♣♦✐s ❤❛✈í❛♠♦s s✉♣♦st♦ q✉❡ ✐rí❛♠♦s

❝♦❧♦❝❛r n+ 1 ♦❜❥❡t♦s ♥❡st❛s n ❣❛✈❡t❛s✳ ▲♦❣♦ ♦ ♣r✐♥❝í♣✐♦ é ✈á❧✐❞♦✳

❱❡❥❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s s✐♠♣❧❡s ❞❡st❡ ♣r✐♥❝í♣✐♦✳

❊①❡♠♣❧♦ ✷✳✷ ✭P❛r❛❞♦①♦ ❞♦ ❆♥✐✈❡rsár✐♦✮✳ ❊♠ ✉♠ ❞✐❛ q✉❡♥t❡ ❞❡ ✈❡rã♦✱ ✉♠❛ ❡s❝♦❧❛ ♣r✐♠á✲

r✐❛ ❡stá ❝♦♠❡♠♦r❛♥❞♦ ✉♠❛ ❣r❛♥❞❡ ❢❡st❛ ❞❡ ❛♥✐✈❡rsár✐♦ ♣❛r❛ ♦ ❛♥t✐❣♦ ❞✐r❡t♦r✱ ♦ ♣r♦❢❡ss♦r

❆♥❞❡rs♦♥✳ ◆❛ ❢❡st❛✱ ▼❛r❦✱ ✉♠ ❛❧✉♥♦ ❞❛ s❡❣✉♥❞❛ sér✐❡✱ ♣❡r❣✉♥t♦✉ ❛ s✉❛ ♠ã❡✿ ✏▼ã❡✱ q✉❛♥t❛s

♣❡ss♦❛s ❡stã♦ ♥❛ ❢❡st❛ ❞♦ ♣r♦❢❡ss♦r ❆♥❞❡rs♦♥❄✑

✏✸✻✼✳✑ ❙✉❛ ♠ã❡ r❡s♣♦♥❞❡✉✳

✏❊①✐st❡ ❛❧❣✉é♠ ♥❛ ❢❡st❛ ❝♦♠♣❛rt✐❧❤❛♥❞♦ ♦ ❛♥✐✈❡rsár✐♦ ❝♦♠ ♦ ♣r♦❢❡ss♦r❄✑

✏◆ã♦✱ ❛❝❤♦ q✉❡ ♥ã♦✱ ♦ ❛♥✐✈❡rsár✐♦ ❞❡ t♦❞♦ ♠✉♥❞♦ é ❞✐❢❡r❡♥t❡✳✑

✏❱♦❝ê ❞❡✈❡ t❡r ❝♦♥t❛❞♦ ❞❡ ❢♦r♠❛ ❡rr❛❞❛✳✑ ▼❛r❦ s♦rr✐✉✳

✏◆ã♦✱ ♥ã♦ ♣♦❞❡r✐❛ s❡r✳ ❊✉ ❝♦♥t❡✐ ❞✉❛s ✈❡③❡s✳✑ ❆ ♠ã❡ ❞❡ ▼❛r❦ ❛r❣✉♠❡♥t♦✉✳
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❊①❡♠♣❧♦ ✷✳✸✳ ❊♠ ✉♠ ❡①♣❡r✐♠❡♥t♦✱ ♦s ❝✐❡♥t✐st❛s q✉❡r❡♠ ❡♥❝♦♥tr❛r ❞✉❛s ♣❡ss♦❛s ❝♦♠

♦ ♠❡s♠♦ ❛❣r✉♣❛♠❡♥t♦ ❞❡ s❛♥❣✉❡ ❆❇❖✳ P❛r❛ ❡❝♦♥♦♠✐③❛r t❡♠♣♦✱ ❛s ❛♠♦str❛s ❞❡ s❛♥❣✉❡

s❡rã♦ ❝♦❧❡t❛❞❛s ❡ ♣r♦❝❡ss❛❞❛s s✐♠✉❧t❛♥❡❛♠❡♥t❡✳ ◗✉❛❧ é ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❛♠♦str❛s ❞❡✈❡

s❡r ❝♦❧❡t❛❞♦❄

❙♦❧✉çã♦✳ ❙❛❜❡✲s❡ q✉❡ ❡①✐st❡♠ ✹ t✐♣♦s ❞❡ s❛♥❣✉❡ ♥♦ ❣r✉♣♦ s❛♥❣✉í♥❡♦ ❆❇❖✱ ♦✉ s❡❥❛✱ ❆✱

❇✱ ❆❇ ❡ ❖✳ ❙❡ ♦s tr❛t❛r♠♦s ❝♦♠♦ ✹ ❝♦♠♣❛rt✐♠❡♥t♦s✱ ❡ ❝♦♥s✐❞❡r❛r♠♦s ♦s ♣❛❝✐❡♥t❡s ❝♦♠♦

♣♦♠❜♦s ✭♣❛r❛ s❡r❡♠ ❝♦❧♦❝❛❞♦s ♥♦s ❡s♣❛ç♦s✮✳ P❛r❛ ❣❛r❛♥t✐r q✉❡ ❤á ♣❡❧♦ ♠❡♥♦s ❞♦✐s ♣♦♠❜♦s

❡♠ ✉♠ ♠❡s♠♦ ❡s♣❛ç♦✱ ♦s ❝✐❡♥t✐st❛s ❞❡✈❡♠ ❝♦❧❡t❛r ♣❡❧♦ ♠❡♥♦s ✺ ❛♠♦str❛s✳

❊①❡♠♣❧♦ ✷✳✹✳ ❊s❝♦❧❤❡♠✲s❡ ✺ ♣♦♥t♦s ❛♦ ❛❝❛s♦ s♦❜r❡ ❛ s✉♣❡r❢í❝✐❡ ❞❡ ✉♠ q✉❛❞r❛❞♦ ❞❡ ❧❛❞♦

✷✳ ▼♦str❡♠♦s q✉❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ❞♦s s❡❣♠❡♥t♦s q✉❡ ❡❧❡s ❞❡t❡r♠✐♥❛♠ t❡♠ ❝♦♠♣r✐♠❡♥t♦

♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛
√
2✳

❙♦❧✉çã♦✳ ❚♦♠❛✲s❡ ♦ q✉❛❞r❛❞♦ ♣r♦♣♦st♦ ❡ ❞✐✈✐❞✐♠♦s ❡❧❡ ❡♠ q✉❛tr♦ q✉❛❞r❛❞♦s ❞❡ ❧❛❞♦ 1✳

❈♦♠♦ ♣r❡❝✐s❛♠♦s ❡s❝♦❧❤❡r ✺ ♣♦♥t♦s ❞❡♥tr♦ ❞❡st❡ q✉❛❞r❛❞♦ ♠❛✐♦r✱ ❛ss✐♠✱ ♣❡❧♦ ♣r✐♥❝✐♣✐♦

❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s✱ t❡♠♦s q✉❡ ♣❡❧♦ ♠❡♥♦s ❞♦✐s ❞♦s ❝✐♥❝♦ ♣♦♥t♦s ❡st❛rã♦ ❞❡♥tr♦ ❞❡ ✉♠

❞❡st❡s q✉❛❞r❛❞♦s ♠❡♥♦r❡s ❢♦r♠❛❞♦ ♣❡❧❛ ❞✐✈✐sã♦✳

❙❛❜❡♠♦s q✉❡ ❛ ❞✐❛❣♦♥❛❧ ❞❡ ✉♠ q✉❛❞r❛❞♦ q✉❛❧q✉❡r ❞❡ ❧❛❞♦ l ♠❡❞❡ l
√
2 ❡ ♣♦rt❛♥t♦

❛ ❞✐❛❣♦♥❛❧ ❞❡st❡ q✉❛❞r❛❞♦s ♠❡♥♦r❡s ♠❡❞❡♠
√
2✱ ❡ q✉❡ é ❛ ♠❛✐♦r ❞✐stâ♥❝✐❛ q✉❡ ♣♦❞❡♠♦s

♦❜t❡r✳ P♦rt❛♥t♦✱ ❞❡♥tr♦ ❞❡ ✉♠ ❞❡st❡s q✉❛❞r❛❞✐♥❤♦s ❢♦r♠❛❞♦s✱ ♥❛ ♣✐♦r ❞❛s ❤✐♣ót❡s❡s✱ ❛

♠❛✐♦r ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ❞♦✐s ♣♦♥t♦s s❡rá
√
2✳

P♦❞❡♠♦s ❣❡♥❡r❛❧✐③❛r ♦ Pr✐♥❝í♣✐♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

❚❡♦r❡♠❛ ✷✳✺✳ ❙❡ ♠ ♦❜❥❡t♦s sã♦ ❝♦❧♦❝❛❞♦s ❡♠ ♥ ❣❛✈❡t❛s✱ ❡♥tã♦ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❣❛✈❡t❛

❝♦♥té♠

⌊
m− 1

n
+ 1

⌋

♦❜❥❡t♦s✳

❉❡♠♦♥str❛çã♦✳ ❙❡ ❝❛❞❛ ❣❛✈❡t❛ ❝♦♥t✐✈❡r ♥♦ ♠á①✐♠♦
⌊
m− 1

n

⌋

♦❜❥❡t♦s✱ ❡♥tã♦ ♦ ♥ú♠❡r♦ ❞❡

♦❜❥❡t♦s s❡rá ♥♦ ♠á①✐♠♦

n

⌊
m− 1

n

⌋

≤ n.
m− 1

n
= m− 1 < m

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❊①❡♠♣❧♦ ✷✳✻✳ ❖ ♣r♦❢❡ss♦r ❆♥❞❡r ❞❡ ❙♦♥✱ q✉❡ ❡stá ❧❡❝✐♦♥❛♥❞♦ ❡♠ ✉♠❛ ❡s❝♦❧❛ ♣r✐♠ár✐❛✱

q✉❡r ❡♥s✐♥❛r ❡♠ ❛✉❧❛ ✉♠ ❝á❧❝✉❧♦ s✐♠♣❧❡s ♥❡st❛ ♠❛♥❤ã✳ ❊❧❡ ♣r❡t❡♥❞❡ ✉s❛r ♠❛çãs ❝♦♠♦

❜ô♥✉s q✉❛♥❞♦ ❛s ❝r✐❛♥ç❛s r❡s♣♦♥❞❡r❡♠ ❝♦rr❡t❛♠❡♥t❡✳ ◗✉❛♥❞♦ ❡❧❡ ❡stá s❡❣✉r❛♥❞♦ ❛q✉❡❧❛s

♠❛çãs ❢r❡s❝❛s ❡♠ s✉❛s ♠ã♦s✱ ✉♠❛ ✐❞❡✐❛ ✈❡♠ à ♠❡♥t❡ ❞❡❧❡✿ s❡rá q✉❡ ❡❧❡ ♣♦❞❡ ❞✐str✐❜✉✐r

❡ss❛s ✶✾ ♠❛çãs ♣❛r❛ ✾ ❝r✐❛♥ç❛s ❝♦♠ t♦❞♦ ♠✉♥❞♦ ❣❛♥❤❛♥❞♦ ❞✉❛s ♠❛çãs ❡ ♥❡♥❤✉♠❛ ♠❛çã



✻✸

s♦❜r❛♥❞♦❄ ❙❡ ❡❧❡ ♥ã♦ ❝♦♠❡r ♥❡♥❤✉♠❛ ♠❛çã✳ ❆ r❡s♣♦st❛ ❞❡✈❡ s❡r ✐♠♣♦ssí✈❡❧✱ ♠❛s q✉❛❧ é

❛ r❛③ã♦ ♣♦r trás ❞✐ss♦❄ ❈♦♠♦ sã♦ ✶✾ ♦❜❥❡t♦s ✭♠❛ç❛s✮ ❡ ✾ ❣❛✈❡t❛s ✭❝r✐❛♥ç❛s✮✱ ♣❡❧♦ ♠❡♥♦s

✉♠❛ ❞❡❧❛s ✐rá r❡❝❡❜❡r ⌊
19− 1

9
+ 1

⌋

= 3 ♠❛ç❛s.

❱❡❥❛♠♦s ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s q✉❡ ✉t✐❧✐③❛♠ ♦ Pr✐♥❝í♣✐♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s

❡♠ s✉❛s r❡s♦❧✉çõ❡s✳

Pr♦❜❧❡♠❛ ✷✳✼ ✭❖❇▼❊P ✷✵✶✼✮✳ ❯♠❛ ❝❛✐①❛ ❝♦♥té♠ ✶✵ ❜♦❧❛s ✈❡r❞❡s✱ ✶✵ ❜♦❧❛s ❛♠❛r❡❧❛s✱

✶✵ ❜♦❧❛s ❛③✉✐s ❡ ✶✵ ❜♦❧❛s ✈❡r♠❡❧❤❛s✳ ❏♦ã♦③✐♥❤♦ q✉❡r r❡t✐r❛r ✉♠❛ ❝❡rt❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❜♦❧❛s

❞❡ss❛ ❝❛✐①❛✱ s❡♠ ♦❧❤❛r✱ ♣❛r❛ t❡r ❛ ❝❡rt❡③❛ ❞❡ q✉❡✱ ❡♥tr❡ ❡❧❛s✱ ❤❛❥❛ ✉♠ ❣r✉♣♦ ❞❡ ✼ ❜♦❧❛s

❝♦♠ ✸ ❝♦r❡s ❞✐❢❡r❡♥t❡s✱ s❡♥❞♦ três ❜♦❧❛s ❞❡ ✉♠❛ ❝♦r✱ ❞✉❛s ❜♦❧❛s ❞❡ ✉♠❛ s❡❣✉♥❞❛ ❝♦r ❡ ❞✉❛s

❜♦❧❛s ❞❡ ✉♠❛ t❡r❝❡✐r❛✳ ◗✉❛❧ é ♦ ♥ú♠❡r♦ ♠í♥✐♠♦ ❞❡ ❜♦❧❛s q✉❡ ❏♦ã♦③✐♥❤♦ ❞❡✈❡ r❡t✐r❛r ❞❛

❝❛✐①❛❄

❙♦❧✉çã♦✳ ❏♦ã♦③✐♥❤♦ q✉❡r r❡t✐r❛r ✉♠ ❣r✉♣♦ ❞❡ ✼ ❜♦❧❛s ❝♦♠ ❛s ❡s♣❡❝✐✜❝❛çõ❡s ❞♦ ❡♥✉♥❝✐❛❞♦✱

❡♥tã♦✿

P❛r❛ t❡r♠♦s ❝❡rt❡③❛ q✉❡ ❤❛✈❡rá ❞✉❛s ❝♦r❡s ♥❛s ❜♦❧❛s r❡t✐r❛❞❛s ❞❡✈❡♠♦s r❡t✐r❛r ♣❡❧♦

♠❡♥♦s ✶✶ ❜♦❧❛s ✭✶✵ q✉❡ ♣♦❞❡r✐❛♠ s❡r ❞❡ ✉♠❛ ú♥✐❝❛ ❝♦r ❡ ♠❛✐s ♦✉tr❛ q✉❡ s❡rá ❞❡ ✉♠❛

s❡❣✉♥❞❛ ❝♦r✱ ✐♠❛❣✐♥❛♥❞♦ ❛ ♣✐♦r ❞❛s ❤✐♣ót❡s❡s✮✳

P❛r❛ t❡r♠♦s ❝❡rt❡③❛ q✉❡ t❡r❡♠♦s três ❝♦r❡s✱ ❞❡✈❡♠ s❡r r❡t✐r❛❞❛s ✷✶ ❜♦❧❛s ✭t❡♥❞♦ ❛

♠❡s♠❛ ✐❞❡✐❛✮✳

◆❡st❛ ❧✐♥❤❛ ❞❡ ♣❡♥s❛♠❡♥t♦✱ t❡rí❛♠♦s três ❜♦❧❛s ❞❡ ✉♠❛ ❝♦r✱ ❞✉❛s ❞❡ ✉♠❛ s❡❣✉♥❞❛

❝♦r ❡ ✉♠❛ ❜♦❧❛ ❝♦♠ ❛ t❡r❝❡✐r❛ ❝♦r✳ ❙❡ r❡t✐r❛r ✉♠❛ ❜♦❧❛ ❛ ♠❛✐s✱ ❡st❛ ♣♦❞❡r✐❛ s❡r ❞❛ q✉❛rt❛

❝♦r✳ ❊ s❡ r❡t✐r❛r ♠❛✐s ✉♠❛ ❜♦❧❛ ❡st❛ s❡rá ❞❛ t❡r❝❡✐r❛ ❝♦r ♦✉ ❞❛ q✉❛rt❛✳ ❆ss✐♠ t❡♥❞♦✱ três

❜♦❧❛s ❞❡ ✉♠❛ ❝♦r✱ ❞✉❛s ❞❡ ✉♠❛ s❡❣✉♥❞❛ ❝♦r ❡ ❞✉❛s ❞❡ ✉♠❛ t❡r❝❡✐r❛ ❝♦r✳

❆♦ t♦t❛❧✱ ❏♦ã♦③✐♥❤♦ ❞❡✈❡rá r❡t✐r❛r ✷✸ ❜♦❧❛s ♣❛r❛ ♣♦❞❡r ❣❛r❛♥t✐r ❛ s✐t✉❛çã♦ q✉❡ ❡❧❡

q✉❡r✳

Pr♦❜❧❡♠❛ ✷✳✽ ✭■❙❖▼❇ ✷✵✵✼✮✳ ❚♦❞♦ ♣♦♥t♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ✐♥t❡✐r❛s ♥♦ ♣❧❛♥♦ é ♣✐♥t❛❞♦

❞❡ ✈❡r♠❡❧❤♦✱ ❛③✉❧ ♦✉ ✈❡r❞❡✳ Pr♦✈❡ q✉❡ ❡①✐st❡ ✉♠ r❡tâ♥❣✉❧♦ ♥♦ ♣❧❛♥♦ q✉❡ ♣♦ss✉✐ ♦s q✉❛tr♦

✈ért✐❝❡s ❝♦♠ ❛ ♠❡s♠❛ ❝♦r✳

❙♦❧✉çã♦✳ ❈♦♥s✐❞❡r❡♠♦s ✉♠ ❡s♣❛ç♦ 4× 19 ♥♦ ♣❧❛♥♦✳ P❛r❛ ❝❛❞❛ ❧✐♥❤❛ ❝♦♠ ✹ ♣♦♥t♦s✱ ♣❡❧♦

Pr✐♥❝í♣✐♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s✱ ❞♦✐s ❞❡✈❡♠ s❡r ❞❛ ♠❡s♠❛ ❝♦r✱ ♣♦r ❡①❡♠♣❧♦ ✈❡r❞❡✳ ❉❡♥♦✲

t❛♠♦s ❡st❛ ❧✐♥❤❛ ❝♦♠♦ ✏❧✐♥❤❛ ✈❡r❞❡✑ ✭✉♠❛ ❧✐♥❤❛ ♣♦❞❡ s❡r ❞✉❛s ❝♦r❡s s✐♠✉❧t❛♥❡❛♠❡♥t❡✮

❡ ❝♦♥s✐❞❡r❡♠♦s ❛s ❝♦r❡s ❞❛s ✶✾ ❧✐♥❤❛s✳ ◆♦✈❛♠❡♥t❡ ♣❡❧♦ ♣r✐♥❝í♣✐♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s✱ ✼

❞❡st❛s ❧✐♥❤❛s ❞❡✈❡♠ s❡r ❞❛ ♠❡s♠❛ ❝♦r✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ❛ss✉♠❛♠♦s ❡st❛ ❝♦r

✈❡r❞❡✳
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❆❣♦r❛ ❝♦♥s✐❞❡r❡ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❞♦✐s ♣♦♥t♦s ✈❡r❞❡s ❡♠ ✉♠❛ ❧✐♥❤❛ ❝♦♠ q✉❛tr♦

♣♦♥t♦s✳ ❊①✐st❡♠
(
4

2

)

= 6♠❛♥❡✐r❛s ❞❡ ❝♦❧♦❝❛r ❞♦✐s ♣♦♥t♦s ✈❡r❞❡s ❞❡♥tr❡ q✉❛tr♦ ❡s❝♦❧❤✐❞♦s✱

♣❡❧♦ Pr✐♥❝í♣✐♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s✱ ❞✉❛s ❞❛s ✼ ❧✐♥❤❛s ❞❡✈❡♠ t❡r ❛ ♠❡s♠❛ ❞✐str✐❜✉✐çã♦✳

❊s❝♦❧❤❡♥❞♦ ♦s q✉❛tr♦ ♣♦♥t♦s ✈❡r❞❡s ♥❡st❛s ❞✉❛s ❧✐♥❤❛s✱ ❢♦r♠❛♠♦s ✉♠ r❡tâ♥❣✉❧♦

♠♦♥♦❝r♦♠át✐❝♦✳

Pr♦❜❧❡♠❛ ✷✳✾ ✭■▼❖ ✶✾✼✷✮✳ Pr♦✈❡ q✉❡✱ ❞❡ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❞❡ ❞❡③ ♥ú♠❡r♦s ❞✐st✐♥t♦s

❞❡ ❞♦✐s ❞í❣✐t♦s✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ❞♦✐s s✉❜❝♦♥❥✉♥t♦s ❆ ❡ ❇ ❞✐s❥✉♥t♦s ❝✉❥❛ ❛ s♦♠❛ ❞♦s

❡❧❡♠❡♥t♦s é ❛ ♠❡s♠❛ ❡♠ ❛♠❜♦s✳

❙♦❧✉çã♦✳ P❛r❛ ❝♦♠❡ç❛r✱ ♦ ♥ú♠❡r♦ ❞❡ s✉❜❝♦♥❥✉♥t♦s ♥ã♦ ✈❛③✐♦s é

210 − 1 = 1023

❖s ✈❛❧♦r❡s ❞❛s s♦♠❛s q✉❡ ♣♦❞❡♠♦s t❡r ❝♦♠ ❡st❡s s✉❜❝♦♥❥✉♥t♦s ✈❛r✐❛ ❡♥tr❡ ✶✵ ❡

90 + 91 + 92 + 93 + 94 + 95 + 96 + 97 + 98 + 99 = 945

♦✉ s❡❥❛✱t❡♠♦s ✾✸✺ s♦♠❛s ❞✐❢❡r❡♥t❡s ♣♦ssí✈❡✐s✳

❈♦♠♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ s✉❜❝♦♥❥✉♥t♦s é ♠❛✐♦r q✉❡ ❛ ❞❡ s♦♠❛s ♣♦ssí✈❡✐s✱ ❧♦❣♦ ♣❡❧♦

♣r✐♥❝í♣✐♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s✱ ♣❡❧♦ ♠❡♥♦s ❞♦✐s s✉❜❝♦♥❥✉♥t♦s S1 ❡ S2 ❝♦♠♣❛rt✐❧❤❛♠ ❞❛

♠❡s♠❛ s♦♠❛✳

❙❡ S1 ❡ S2 sã♦ ❞✐s❥✉♥t♦s✱ ♦ ♣r♦❜❧❡♠❛ ❡stá r❡s♦❧✈✐❞♦✳ ❙❡ ♥ã♦ ❢♦r❡♠✱ r❡♠♦✈❡♠♦s ❞❡

❛♠❜♦s ♦s ❡❧❡♠❡♥t♦s ❡♠ ❝♦♠✉♠✳ ❈♦♠♦ ❡st❛♠♦s r❡t✐r❛♥❞♦ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ❛♠❜♦s ♦s

❝♦♥❥✉♥t♦s ❧♦❣♦ ❛ s♦♠❛ ❞♦s ❡❧❡♠❡♥t♦s q✉❡ r❡st❛r❛♠ s❡rá ✐❣✉❛❧✳ ❚❡♥❞♦✱ ❛✐♥❞❛✱ ❞♦✐s s✉❜❝♦♥✲

❥✉♥t♦s ❞✐s❥✉♥t♦s ❝♦♠ ❛ ♠❡s♠❛ s♦♠❛✳

Pr♦❜❧❡♠❛ ✷✳✶✵ ✭❊◆●❊▲✮✳ ❯♠ ❡♥①❛❞r✐st❛ ✭❥♦❣❛❞♦r ❞❡ ①❛❞r❡③✮ t❡♠ ✼✼ ❞✐❛s ♣❛r❛ s❡ ♣r❡✲

♣❛r❛r ♣❛r❛ ✉♠ t♦r♥❡✐♦✳ ❊❧❡ q✉❡r ❥♦❣❛r ♣❡❧♦ ♠❡♥♦s ✉♠ ❥♦❣♦ ♣♦r ❞✐❛✱ ♠❛s ♥ã♦ ♠❛✐s ❞❡

✶✸✷ ❥♦❣♦s ♥♦ t♦t❛❧✳ Pr♦✈❡ q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❞✐❛s s✉❝❡ss✐✈♦s ❡♠ q✉❡ ❡❧❡ ❥♦❣❛

❡①❛t❛♠❡♥t❡ ✷✶ ❥♦❣♦s ❛♦ t♦❞♦ ♥❡ss❡s ❞✐❛s✳

❙♦❧✉çã♦✳ ❙❡❥❛ ai ♦ ♥ú♠❡r♦ ❞❡ ❥♦❣♦s ❞✐s♣✉t❛❞♦s ❛té ♦ i✲és✐♠♦ ❞✐❛✳ ❊♠ ❝❛❞❛ ❞✐❛ ♦ ❥♦❣❛❞♦r

t❡♠ q✉❡ ❥♦❣❛r ♣❡❧♦ ♠❡♥♦s ✉♠ ❥♦❣♦

a1 ≥ 1, a2 ≥ a1 + 1, a3 ≥ a2 + 1, . . . , a77 ≥ a76 + 1

❛ss✐♠

a1 ≥ 1, a2 > a1, a3 > a2, . . . , a77 > a76

❈♦♠♦ ♦ t♦t❛❧ ❞❡ ❥♦❣♦s ♥ã♦ ♣♦❞❡ s❡r ♠❛✐♦r q✉❡ ✶✸✷✱ ❧♦❣♦ a77 ≤ 132✳
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❚❡♠♦s ❡♥tã♦

1 ≤ a1 < a2 < · · · < a77 ≤ 132

♦✉ ❛✐♥❞❛

a1 + 21 < a2 + 21 < · · · < a77 + 21 ≤ 153

❉❡st❡ ♠♦❞♦✱ a1, a2, . . . , a77, a1+21, a2+21, . . . , a77+21 sã♦ ✶✺✹ ♥ú♠❡r♦s ♣♦s✐t✐✈♦s✳

❊ ❛❧é♠ ❞✐st♦✱ ♦s ✈❛❧♦r❡s ❞❡st❡s ✶✺✹ ♥ú♠❡r♦s ✭♣♦♠❜♦s✮ ✈❛r✐❛♠ ❡♥tr❡ ✶ ❡ ✶✺✸✳ ❖✉ s❡❥❛✱ só

♣♦❞❡♠ ❤❛✈❡r ✶✺✸ ✈❛❧♦r❡s ❞✐st✐♥t♦s ✭❝❛s❛s ❞❡ ♣♦♠❜♦s✮ ♣❛r❛ ❡st❡s ♥ú♠❡r♦s✳

❈♦♠♦ 154 > 153✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s✱ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❝❛s❛ é

♦❝✉♣❛❞❛ ♣♦r ♠❛✐s ❞❡ ✉♠ ♣♦♠❜♦✱ ✐st♦ é✱ ❡①✐st❡♠ ❞♦✐s ♥ú♠❡r♦s t❡♥❞♦ ♦ ♠❡s♠♦ ✈❛❧♦r✳

❈♦♠♦ a1 < a2 < · · · < a77✱ ♥❡♥❤✉♠ ❞♦s ai sã♦ ✐❣✉❛✐s✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡ a1 + 21 <

a2 + 21 < · · · < a77 + 21 t❡♠♦s q✉❡ ♥❡♥❤✉♠ ❞♦s aj + 21 sã♦ ✐❣✉❛✐s✳ ▲♦❣♦✱

ai = aj + 21,

♣❛r❛ ❛❧❣✉♠ i, j✱ ♦ q✉❡ ✐♠♣❧✐❝❛

ai − aj = 21.

❖✉ s❡❥❛ ❞♦ (j + 1)✲és✐♠♦ ❞✐❛ ❛té ♦ i✲és✐♠♦ ❞✐❛ ♦ ❡♥①❛❞r✐st❛ ❥♦❣♦✉ ✷✶ ♣❛rt✐❞❛s✳

Pr♦❜❧❡♠❛ ✷✳✶✶ ✭❈▼❈ ✶✾✾✹✮✳ ❉♦③❡ ♠ús✐❝♦s M1,M2, . . . ,M12 r❡ú♥❡♠✲s❡ ♣❛r❛ t♦❝❛r ❡♠

✉♠ ❢❡st✐✈❛❧ q✉❡ ❞✉r❛ ✉♠❛ s❡♠❛♥❛✳ ❈❛❞❛ ❞✐❛✱ ❡①✐st❡ ✉♠ ❝♦♥❝❡rt♦ ❛❣❡♥❞❛❞♦ ❡ ❛❧❣✉♥s ❞♦s ♠ú✲

s✐❝♦s t♦❝❛♠ ❡♥q✉❛♥t♦ ♦s ♦✉tr♦s ♦✉✈❡♠ ❝♦♠♦ ♠❡♠❜r♦s ❞❛ ❛✉❞✐ê♥❝✐❛✳ P❛r❛ i = 1, 2, . . . , 12✱

s❡❥❛ ti ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❝❡rt♦s q✉❡ ♦ ♠✉s✐❝♦ Mi t♦❝❛✱ ❡ s❡❥❛ t = t1 + t2 + · · ·+ t12✳ ❉❡t❡r✲

♠✐♥❡ ♦ ♠❡♥♦r ✈❛❧♦r ❞❡ t t❛❧ q✉❡ s❡❥❛ ♣♦ssí✈❡❧ ♣❛r❛ ❝❛❞❛ ♠✉s✐❝♦ ♦✉✈✐r✱ ❝♦♠♦ ♠❡♠❜r♦ ❞❛

❛✉❞✐ê♥❝✐❛✱ ❛ t♦❞♦s ♦s ♦✉tr♦s ♠ús✐❝♦s✳

❙♦❧✉çã♦✳ ❖❜s❡r✈❛çã♦ ✶✳ P❛r❛ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✷✳✶✶ s❡❥❛ ♣♦ssí✈❡❧✱ q✉❛✐sq✉❡r ✸ ♠ús✐❝♦s

❞❡✈❡♠ s❡ ❛♣r❡s❡♥t❛r ❡♠ ♣❡❧♦ ♠❡♥♦s ✸ ❝♦♥❝❡rt♦s✳ ❉❡ ❢❛t♦✱ s❡ ❡❧❡s s❡ ❛♣r❡s❡♥t❛r❡♠ ❡♠ ❞♦✐s

❝♦♥❝❡rt♦s✱ ♣❡❧♦ ♣r✐♥❝✐♣✐♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s ✷✳✶✱ ❞♦✐s ❞❡❧❡s ❞❡✈❡♠ s❡ ❛♣r❡s❡♥t❛r ❡♠ ✉♠

❞♦s ❝♦♥❝❡rt♦s✳ ❊♥tã♦ ❡❧❡s ♥ã♦ ❝♦♥s❡❣✉❡♠ s❡ ♦❜s❡r✈❛r ♥❛q✉❡❧❡ ❞✐❛✳ ❖✉ s❡❥❛ ❡❧❡s ♣r❡❝✐s❛♠

s❡ ♦❜s❡r✈❛r ❡♠ ♦✉tr♦ ❝♦♥❝❡rt♦✱ ♦ q✉❡ é ✐♠♣♦ssí✈❡❧✳

❉✐❛ ✶ ❉✐❛ ✷ ❉✐❛ ✸
❆♣r❡s❡♥t❛♥❞♦ M1M2 M2M3 M2M3

❖❜s❡r✈❛♥❞♦ M3 M1 M2

❚❛❜❡❧❛ ✷✿ P♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ três ♠ús✐❝♦s✳

❖❜s❡r✈❛çã♦ ✷✳ P❛r❛ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✷✳✶✶ s❡❥❛ ♣♦ssí✈❡❧✱ q✉❛✐sq✉❡r ✼ ♠ús✐❝♦s ♦✉

♠❛✐s ❞❡✈❡♠ s❡ ❛♣r❡s❡♥t❛r ❡♠ ♣❡❧♦ ♠❡♥♦s ✹ ❝♦♥❝❡rt♦s✳ ❉❡ ❢❛t♦✱ s❡ ❡❧❡s s❡ ❛♣r❡s❡♥t❛r❡♠
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❡♠ ✸ ❝♦♥❝❡rt♦s✱ ♣❡❧♦ ♣r✐♥❝✐♣✐♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s ✷✳✶✱ ❡①✐st❡♠ ♣❡❧♦ ♠❡♥♦s ✸ ♠ús✐❝♦s s❡

❛♣r❡s❡♥t❛♥❞♦ ❡♠ ✉♠ ❝♦♥❝❡rt♦✱ ❛ss✐♠ ❡❧❡s ♥ã♦ ♣♦❞❡♠ s❡ ♦❜s❡r✈❛r ♥❡st❡ ❞✐❛✳ ❊❧❡s ♣r❡❝✐s❛♠

s❡ ♦❜s❡r✈❛r ❡♠ ♦✉tr♦s ❞♦✐s ❝♦♥❝❡rt♦s✱ q✉❡ é ✐♠♣♦ssí✈❡❧ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✶✳

❖❜s❡r✈❛çã♦ ✸✳ P❛r❛ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✷✳✶✶ s❡❥❛ ♣♦ssí✈❡❧✱ q✉❛✐sq✉❡r ✾ ♠ús✐❝♦s ❞❡✈❡♠

s❡ ❛♣r❡s❡♥t❛r ❡♠ ♣❡❧♦ ♠❡♥♦s ✺ ❝♦♥❝❡rt♦s✳ ❙❡ ❡❧❡s s❡ ❛♣r❡s❡♥t❛r❡♠ ❡♠ ✹ ❝♦♥❝❡rt♦s✱ ❡♥tã♦

❝❛❞❛ ✉♠ ❞❡❧❡s ♣♦❞❡ s❡ ❛♣r❡s❡♥t❛r ♥♦ ♠á①✐♠♦ ❡♠ ✸ ❝♦♥❝❡rt♦s✱ s❡ ♥ã♦ ❡❧❡s ♥ã♦ ❝♦♥s❡❣✉✐r❛♠

♦✉✈✐r ♦s ♦✉tr♦s ✽ ♠ús✐❝♦s✳ ◆♦t❡ q✉❡ s❡ ❛♣❡♥❛s ✉♠ ❞❡❧❡s s❡ ❛♣r❡s❡♥t❛r ❡♠ ✶ ❝♦♥❝❡rt♦✱ ❡♥tã♦

t♦❞♦s ♦s ❞❡♠❛✐s ✽ ✐rã♦ ♦❜s❡r✈á✲❧♦✳ ❊♥tã♦ ❡st❡s ✽ ♠ús✐❝♦s t❡♠ ❛♣❡♥❛s ✸ ❝♦♥❝❡rt♦s ♣❛r❛ s❡

♦❜s❡r✈❛r❡♠ ❡♥tr❡ s✐✱ ♦ q✉❡ é ✐♠♣♦ssí✈❡❧ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✷✳ ◆♦t❡ t❛♠❜é♠ q✉❡ s❡ ✉♠ ❞❡❧❡s

s❡ ❛♣r❡s❡♥t❛r ❡♠ ✸ ❝♦♥❝❡rt♦s✱ ❡♥tã♦ ❡❧❡ só ♣♦❞❡rá ♦✉✈✐r ♥♦ q✉❛rt♦ ❝♦♥❝❡rt♦✳ ■st♦ ❧❡✈❛✱

♥♦✈❛♠❡♥t❡✱ ❛ s✐t✉❛çã♦ q✉❡ ♦s ❞❡♠❛✐s ✽ ♠ús✐❝♦s ❞❡✈❡♠ s❡ ♦❜s❡r✈❛r ❡♠ ✸ ❝♦♥❝❡rt♦s✱ ♦ q✉❡

é ✐♠♣♦ssí✈❡❧ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✷✳ ❆ss✐♠ s❡♥❞♦✱ ❝❛❞❛ ✉♠ ❞♦s ✾ ♠ús✐❝♦s s❡ ❛♣r❡s❡♥t❛♠ ❡♠

❞♦✐s ❝♦♥❝❡rt♦s✳ ❊①✐st❡♠
(
4

2

)

= 6 ♠❛♥❡✐r❛s ❞❡ ❡s❝♦❧❤❡r ❞♦✐s ❝♦♥❝❡rt♦s ♣❛r❛ s❡ ❛♣r❡s❡♥t❛r✳

P♦r ♣r✐♥❝✐♣✐♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s ✷✳✶✱ ❡①✐st❡♠ ❞♦✐s ♠ús✐❝♦s q✉❡ ♣♦ss✉❡♠ ♦ ♠❡s♠♦ ❞✐❛ ❞❡

❛♣r❡s❡♥t❛çã♦✱ ❡♥tã♦ ❡❧❡s ♥ã♦ ♣♦❞❡♠ s❡ ❛♣r❡s❡♥t❛r✱ ✐♠♣♦ss✐❜✐❧✐t❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ✷✳✶✶✳

❆ss✉♠✐r❡♠♦s q✉❡ ❡①✐st❡♠ k ♠ús✐❝♦s q✉❡ s❡ ❛♣r❡s❡♥t❛♠ ❡♠ ❛♣❡♥❛s ✉♠ ❝♦♥❝❡rt♦✳

❊st❡s k ♠ús✐❝♦s ❞❡✈❡♠ s❡ ❛♣r❡s❡♥t❛r ❡♠ ❝♦♥❝❡rt♦s ❞✐❢❡r❡♥t❡s ❝❛s♦ ❝♦♥trár✐♦ ❡❧❡s ♥ã♦

❝♦♥s❡❣✉✐r❛♠ s❡ ♦❜s❡r✈❛r✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡ 0 ≤ k ≤ 7✳ ◆♦t❡ q✉❡ ❝❛❞❛ ✉♠ ❞❡ss❡s k

❝♦♥❝❡rt♦s ❞❡✈❡♠ s❡r s♦❧♦✳ ❖s ❞❡♠❛✐s 12 − k ♠ús✐❝♦s ❞❡✈❡♠ s❡ ❛♣r❡s❡♥t❛r ❡♠ ♥♦ ♠í♥✐♠♦

✷ ❝♦♥❝❡rt♦s✱ ❡ ❞❡✈❡♠ ♦❜s❡r✈❛r ❝❛❞❛ ✉♠ ❞♦s ♦✉tr♦s ♥♦s 7 − k ❝♦♥❝❡rt♦s q✉❡ s♦❜r❛r❡♠✳

➱ ❢á❝✐❧ ✈❡r q✉❡ é ✐♠♣♦ssí✈❡❧ ♣❛r❛ k = 7 ♦✉ ✻✳ ❙❡ k = 5✱ ✼ ♠ús✐❝♦s ❞❡✈❡♠ s❡ ♦❜s❡r✈❛r

❡♠ ❞♦✐s ❝♦♥❝❡rt♦s✱ ♦ q✉❡ é ✐♠♣♦ssí✈❡❧ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✷❀ s❡ k = 4✱ ✽ ♠ús✐❝♦s ♣r❡❝✐s❛♠

s❡ ♦❜s❡r✈❛r ❡♠ ♦✉tr♦s ✸ ❝♦♥❝❡rt♦s✱ ✐♠♣♦ssí✈❡❧ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✷❀ ❡ s❡ k = 3✱ ✾ ♠ús✐❝♦s

❞❡✈❡♠ s❡ ♦❜s❡r✈❛♠ ❡♠ ✹ ❝♦♥❝❡rt♦s✱ ✐♠♣♦ssí✈❡❧ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✸✳ ▲♦❣♦✱ k ≤ 2✱ ❡♥tã♦

t ≥ k + 2 (12− k) ≥ 22✳

❋✐♥❛❧♠❡♥t❡✱ ❞❛♠♦s ✉♠ ❡①❡♠♣❧♦ q✉❡ ♠♦str❛ q✉❡ t = 22 é ❞❡ ❢❛t♦ ♣♦ssí✈❡❧✳ ❙❡❥❛♠ ♦s

♠ús✐❝♦s M1 ❡ M2 q✉❡ s❡ ❛♣r❡s❡♥t❡♠ s♦❧♦ ♥♦s ❞✐❛s ✶ ❡ ✷✳ ❈❛❞❛ ✉♠ ❞♦s ♦✉tr♦s ✶✵ ♠ús✐❝♦s ✐rá

s❡ ❛♣r❡s❡♥t❛r ❞✉❛s ✈❡③❡s✳ ❊①✐st❡♠ ✺ ❞✐❛s s♦❜r❛♥❞♦ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡
(
5

2

)

= 10♠❛♥❡✐r❛s

❞❡ ❡s❝♦❧❤❡r q✉❛✐s ❞✐❛s s❡ ❛♣r❡s❡♥t❛r❡♠✳ P♦rt❛♥t♦ ❞❡✐①❛♥❞♦ ❝❛❞❛ ♠ús✐❝♦ s❡ ❛♣r❡s❡♥t❛r ❡♠

♣❛r❡s ❞❡ ❞✐❛s ❞✐❢❡r❡♥t❡s ❝♦♠♣❧❡t❛ ♦ ❡①❡♠♣❧♦✳

Pr♦❜❧❡♠❛ ✷✳✶✷ ✭■▼❖ ❙❤♦rt❧✐st ✶✾✾✶✮✳ ▼♦str❡ q✉❡ ❡①✐st❡♠ ✐♥✜♥✐t♦s ♠ú❧t✐♣❧♦s ❞❡ ✶✾✾✶ ❞❛

❢♦r♠❛ ✶✾✾✾✾✳ ✳ ✳ ✾✾✾✾✶✳

❙♦❧✉çã♦✳ ✶✾✾✶ é ❝❧❛r❛♠❡♥t❡ ✉♠ ❞❡ss❡s ♥ú♠❡r♦s✳ ❈♦♠♦ ❤á ✐♥✜♥✐t♦s ♥ú♠❡r♦s ❞❛ ❢♦r♠❛

199 . . . 91✱ ❝♦♠ ♠❛✐s ❞❡ ❞♦✐s ♥♦✈❡s✭❡ss❡s sã♦ ♦s ♦❜❥❡t♦s✮ ❡ ♦ r❡st♦ ❞❛ ❞✐✈✐sã♦ ❞❡ q✉❛❧q✉❡r

♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦r ✶✾✾✶ é ✉♠ ❞♦s ♥ú♠❡r♦s 0, 1, 2, . . . , 1990 ✭❡ss❛s sã♦ ❛s ❣❛✈❡t❛s✮✱ ❡♥tã♦



✻✼

❞♦✐s ♥ú♠❡r♦s ❞❡✐①❛♠ ♦ ♠❡s♠♦ r❡st♦✳ ❙❡ s✉❜tr❛✐r♠♦s ❡ss❡s ❞♦✐s ♥ú♠❡r♦s ♦❜t❡♠♦s ✉♠

♥ú♠❡r♦ ♠ú❧t✐♣❧♦ ❞❡ ✶✾✾✶ ✭♦s r❡st♦s s❡ ❝❛♥❝❡❧❛♠✮✳ ❆ss✐♠✱ ❡①✐st❡♠ k ❡ l t❛✐s q✉❡ 1 99 . . . 9
︸ ︷︷ ︸

k

1−

1 99 . . . 9
︸ ︷︷ ︸

l

1 = 199 . . . 9800 . . . 0 é ♠ú❧t✐♣❧♦ ❞❡ ✶✾✾✶✳

P♦❞❡♠♦s ❝♦rt❛r ♦s ③❡r♦s à ❞✐r❡✐t❛ ❡ ♦ ♥ú♠❡r♦ ❝♦♥t✐♥✉❛ ♠ú❧t✐♣❧♦ ❞❡ ✶✾✾✶✱ ♠❛s ♠❛♥✲

t❡♠♦s três ❞❡❧❡s✿ 199 . . . 98000 é ♠ú❧t✐♣❧♦ ❞❡ ✶✾✾✶✳ ❙♦♠❛♥❞♦ ✶✾✾✶ ♦❜t❡♠♦s 199 . . . 98000+

1991 = 199 . . . 99991 q✉❡ é ♠ú❧t✐♣❧♦ ❞❡ ✶✾✾✶✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ ❡ss❡ ♥ú♠❡r♦ t❡♠ ♣❡❧♦ ♠❡♥♦s

três ♥♦✈❡s✳ ❙✉♣õ❡ q✉❡ ❡ss❡ ♥ú♠❡r♦ t❡♠ m ♥♦✈❡s✳

❆❣♦r❛ ❝♦♥s✐❞❡r❡ ♦s ✐♥✜♥✐t♦s ♥ú♠❡r♦s ❞❛ ❢♦r♠❛ 199 . . . 91✱ ❝♦♠ ♠❛✐s ❞❡ t+1 ♥♦✈❡s✳

❙❡❣✉✐♥❞♦ ❛ ♠❡s♠❛ ❡str❛té❣✐❛ ❛❝✐♠❛ ❡♥❝♦♥tr❛♠♦s ✉♠ ♠ú❧t✐♣❧♦ ❞❡ ✶✾✾✶ ❝♦♠ ♣❡❧♦ ♠❡♥♦s

t+ 1 ♥♦✈❡s✳ ❊ss❡ r❛❝✐♦❝í♥✐♦ ♣♦❞❡ s❡r ❝♦♥t✐♥✉❛❞♦ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞♦ r❡s✉❧t❛❞♦✳

Pr♦❜❧❡♠❛ ✷✳✶✸ ✭P❯❚◆❆▼ ✷✵✵✷✮✳ ❉❛❞♦s q✉❛✐sq✉❡r ❝✐♥❝♦ ♣♦♥t♦s ❡♠ ✉♠❛ ❡s❢❡r❛✱ ♠♦str❡

q✉❡ q✉❛tr♦ ❞❡❧❡s ❞❡✈❡♠ ❡st❛r ❡♠ ✉♠ ♠❡s♠♦ ❤❡♠✐s❢ér✐♦ ❢❡❝❤❛❞♦✳

❙♦❧✉çã♦✳ ❉❡♥♦t❡♠♦s ♦s ♣♦♥t♦s ♣♦r x1, . . . , x5 ❡ ❞❡♥♦t❡ ❛ ❡s❢❡r❛ ♣♦r S✳ ❙❡❥❛ P ♦ ♣❧❛♥♦

❝♦♥t❡♥❞♦ x4, x5 ❡ ❛ ♦r✐❣❡♠✳ ❙❡❥❛ H1 ❡ H2 ♦s s❡♠✐✲❡s♣❛ç♦s ❢❡❝❤❛❞♦s ❝♦♠ ❧✐♠✐t❡ P ✳ ❙❡ ♣❡❧♦

♠❡♥♦s ❞♦✐s ❞❡ x1, x2 ❡ x3 ✭❞✐❣❛♠♦s x1 ❡ x2✮ ❡stã♦ ❡♠ H1✱ ❡♥tã♦ x1, x2, x4 ❡ x5 sã♦ q✉❛tr♦

♣♦♥t♦s ♥♦ ❤❡♠✐s❢ér✐♦ ❢❡❝❤❛❞♦ H1 ∩ S✳ ❙❡ ❛♣❡♥❛s ✉♠ ✭❞✐❣❛♠♦s x1✮ ❞❡ x1, x2 ❡ x3 ❡stã♦ ❡♠

H1✱ ❡♥tã♦ x2, x3, x4, x5 ❡stã♦ ❡♠ H1 ∩ S✳ ❙❡ ♥❡♥❤✉♠ ❞❡ x1, x2 ❡ x3 ❡stã♦ ❡♠ H1✱ ❡♥tã♦

t♦❞♦s ♦s ❝✐♥❝♦ ❞❡ x1, . . . , x5 ❡stã♦ ❡♠ H2 ∩ S✳ ❉❡ q✉❛❧q✉❡r ❢♦r♠❛✱ ♣❡❧♦ ♠❡♥♦s q✉❛tr♦

♣♦♥t♦s ❡stã♦ ❡♠ ✉♠ ❤❡♠✐s❢ér✐♦ ❢❡❝❤❛❞♦✳

❆♣❡s❛r ❞♦ ♣r✐♥❝í♣✐♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s s❡r ✉♠ t❛♥t♦ q✉❛♥t♦ s✐♠♣❧❡s✱ ♣♦❞❡♠♦s

✉t✐❧✐③❛✲❧♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❡ t❡♦r❡♠❛s ❝♦♥❤❡❝✐❞♦s✱ ♦s q✉❛✐s ❛❧❣✉♥s ♣♦❞❡r✐❛♠ ♥✉♥❝❛ ✐♠❛✲

❣✐♥❛r q✉❡ ♣♦❞❡r✐❛♠ s❡r ❞❡♠♦♥str❛❞♦s ✉t✐❧✐③❛♥❞♦ ❡st❡ ♣r✐♥❝í♣✐♦✳

✷✳✶ ❚❊❖❘❊▼❆ ❈❍■◆✃❙ ❉❖ ❘❊❙❚❖

❖ ♣r♦❜❧❡♠❛ ❞❡ r❡st♦s ♠❛✐s ❛♥t✐❣♦ ❞♦ ♠✉♥❞♦ ❢♦✐ ❞❡s❝♦❜❡rt♦ ❡♠ ✉♠ tr❛t❛❞♦ ♠❛t❡✲

♠át✐❝♦ ❝❤✐♥ês ❞♦ sé❝✉❧♦ ■■■✱ ❞❡ ♥♦♠❡ ❙✉♥ ❩✐ ❙✉❛♥❥✐♥❣ ✭❈❧áss✐❝♦ ▼❛t❡♠át✐❝♦ ❞❡ ❙✉♥ ❩✐✮✱

❝✉❥♦ ♦ ❛✉t♦r ❡r❛ ❞❡s❝♦♥❤❡❝✐❞♦✳ ❆t✉❛❧♠❡♥t❡✱ ♦ ♣r♦❜❧❡♠❛ ❞♦s r❡st♦s ❞❡ ❙✉♥ ❩✐ ❙✉❛♥❥✐♥❣ é

❝♦♥❤❡❝✐❞♦ ♣♦♣✉❧❛r♠❡♥t❡ ❝♦♠♦ ♦ ❚❡♦r❡♠❛ ❈❤✐♥ês ❞♦ ❘❡st♦✱ ❥á q✉❡ ❛♣❛r❡❝❡✉ ♣❡❧❛ ♣r✐♠❡✐r❛

✈❡③ ❡♠ ✉♠ tr❛t❛❞♦ ♠❛t❡♠át✐❝♦ ❝❤✐♥ês✳

❖ ❚❡♦r❡♠❛ ❈❤✐♥ês ❞♦ r❡st♦ ❞❡ ❙✉♥ ❩✐ ❙✉❛♥❥✐♥❣ ❞✐③✿

❆❣♦r❛✱ ❤á ✉♠ ♥ú♠❡r♦ ❞❡s❝♦♥❤❡❝✐❞♦ ❞❡ ❝♦✐s❛s✳ ❙❡ ❝♦♥t❛r♠♦s ♣♦r três✱ ❤á
❝♦♠♦ r❡st♦ ✷✱ s❡ ❝♦♥t❛r♠♦s ♣♦r ❝✐♥❝♦✱ ❤á ✉♠ r❡st♦ ❞❡ ✸✱ s❡ ❝♦♥t❛r♠♦s
♣♦r s❡t❡✱ ❤á r❡st♦ ✷✳ ❊♥❝♦♥tr❡ ♦ ♥ú♠❡r♦ ❞❡ ❝♦✐s❛s✳
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❆❧é♠ ❞♦ ♣r♦❜❧❡♠❛✱ ♦ ❛✉t♦r ❞❡ ❙✉♥ ❩✐ ❙✉❛♥❥✐♥❣ t❛♠❜é♠ ❢♦r♥❡❝❡ ❛ r❡s♣♦st❛ ❡ ♦s

♠ét♦❞♦s ❞❡ s♦❧✉çã♦ ♣❛r❛ t❛❧ ♣r♦❜❧❡♠❛✿

❘❡s♣♦st❛✿ ✷✸✳
▼ét♦❞♦✿ ❙❡ ❝♦♥t❛r♠♦s ♣♦r três ❡ ❤♦✉✈❡r r❡st♦ ✷✱ ❝♦❧♦q✉❡ ✶✹✵✳ ❙❡ ❝♦♥✲
t❛r♠♦s ♣♦r ❝✐♥❝♦ ❡ ❤á r❡st♦ ✸✱ ❝♦❧♦q✉❡ ✻✸✳ ❙❡ ❝♦♥t❛r♠♦s ♣♦r s❡t❡ ❡ ❤á
r❡st♦ ✷✱ ❝♦❧♦q✉❡ ✸✵✳ ❙♦♠❡✲♦s ♣❛r❛ ♦❜t❡r ✷✸✸ ❡ s✉❜tr❛✐r ✷✶✵ ♣❛r❛ ♦❜t❡r ❛
r❡s♣♦st❛✳
❙❡ ❝♦♥t❛r♠♦s ♣♦r três ❡ ❡①✐st❡ r❡st♦ ✶✱ ❝♦❧♦q✉❡ ✼✵✳ ❙❡ ❝♦♥t❛r♠♦s ♣♦r
❝✐♥❝♦ ❡ ❤á r❡st♦ ✶✱ ❝♦❧♦q✉❡ ✷✶✳ ❙❡ ❝♦♥t❛r♠♦s ♣♦r s❡t❡ ❡ ❤♦✉✈❡r r❡st♦ ✶✱
✶✺✳ ◗✉❛♥❞♦ ✭♦ ♥ú♠❡r♦✮ ❡①❝❡❞❡ ✶✵✻✱ ♦ r❡s✉❧t❛❞♦ é ♦❜t✐❞♦ s✉❜tr❛✐♥❞♦ ✶✵✺✳

❉❡s❞❡ ❛♥t✐❣❛♠❡♥t❡✱ ♠✉✐t❛s ♣❡sq✉✐s❛s ✉t✐❧✐③❛♥❞♦ ♦ t❡♦r❡♠❛ ❝❤✐♥ês ❞♦ r❡st♦ ❢♦r♠❛

❞❡s❡♥✈♦❧✈✐❞❛s✱ ❡ ❤♦❥❡ ❡ss❡ t❡♦r❡♠❛ ❡✈♦❧✉✐✉ ♣❛r❛ ✉♠ t❡♦r❡♠❛ s✐st❡♠át✐❝♦ q✉❡ ♣♦❞❡ s❡r

❢❛❝✐❧♠❡♥t❡ ❡♥❝♦♥tr❛❞♦ ❡♠ ♠✉✐t♦s t❡①t♦s ♠❛t❡♠át✐❝♦s ❡❧❡♠❡♥t❛r❡s✳

■♥✐❝✐❡♠♦s ❝♦♠ ✉♠ ❡①❡r❝í❝✐♦ s✐♠♣❧❡s✿

Pr♦❜❧❡♠❛ ✷✳✶✹✳ ❙❡❥❛♠ a1, a2, . . . , an ♥ú♠❡r♦s ✐♥t❡✐r♦s✳ ▼♦str❡ q✉❡ ❡①✐st❡ ✉♠❛ s♦♠❛

❝♦♥s❡❝✉t✐✈❛ ak + ak+1 + ak+2 + · · ·+ ak+m ❞✐✈✐sí✈❡❧ ♣♦r n✳

❙♦❧✉çã♦✳ ❈♦♥s✐❞❡r❡ ❛s s♦♠❛s ♣❛r❝✐❛✐s ❞❡ss❡s ♥ú♠❡r♦s✿

s1 = a1

s2 = a1 + a2

s3 = a1 + a2 + a3

✳✳✳

sn = a1 + a2 + · · ·+ an

❚♦❞❛s ❡st❛s s♦♠❛s sã♦ s♦♠❛s ❞❡ t❡r♠♦s ❝♦♥s❡❝✉t✐✈❛s✱ ❡♥tã♦ s❡ ✉♠❛ ❞❡❧❛s é ❞✐✈✐sí✈❡❧

♣♦r n✱ ♦ ♣r♦❜❧❡♠❛ ❛❝❛❜♦✉✳ ❙❡ ♥ã♦✱ ❞✐✈✐❞✐♥❞♦ ❝❛❞❛ ✉♠❛ ❞❡❧❛s ♣♦r n✱ ♦ r❡st♦ ❞❛ ❞✐✈✐sã♦

♦❜t✐❞♦ é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✱ ❛ss✐♠ t❡♠♦s ♦s r❡st♦s r1r2, . . . , rn ❝♦♠ r1 ≡ s1 (mod n), r2 ≡ s2

(mod n)✱ ❡ ❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡✱ ❛té rn ≡ sn (mod n)✳ ❊st❡s r❡st♦s t❡♠ ✈❛❧♦r❡s ❞❡♥tr♦

❞♦ ❝♦♥❥✉♥t♦ {1, 2, 3, . . . , n− 1}✳ ❈❤❛♠❛♥❞♦ ❡st❡s n − 1 r❡st♦s ❞❡ ❝❛s❛s✱ ❝♦❧♦❝❛♠♦s ❝❛❞❛

✉♠❛ ❞❛s n s♦♠❛s ❞❡♥tr♦ ❞❡❧❛s ❝♦♠ s❡✉ r❡s♣❡❝t✐✈♦ r❡st♦✳ ❉✉❛s ❞❡st❛s s♦♠❛s ✐rã♦ ❝❛✐r ♥❛

♠❡s♠❛ ❝❛s❛✱ ♦✉ s❡❥❛ si ≡ sj (mod n)✱ ♣❛r❛ ❛❧❣✉♠ j > i✱ ✐✳❡✳✱ sj − si é ❞✐✈✐sí✈❡❧ ♣♦r n✱ ❡

❧♦❣♦ sj − si = ai+1 + ai+2 + · · ·+ aj✱ ❝♦♠♦ q✉❡rí❛♠♦s ♠♦str❛r✳

❈♦♠ ❡st❡ ❡①❡r❝í❝✐♦✱ ✉♠ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ♣❛r❛ ♣r♦✈❛r ♦ ❚❡♦✲

r❡♠❛ ❈❤✐♥ês ❞♦ ❘❡st♦✳

❚❡♦r❡♠❛ ✷✳✶✺ ✭❚❡♦r❡♠❛ ❈❤✐♥ês ❞♦ ❘❡st♦✮✳ ❙❡❥❛♠ a, b,m ❡ n ♥ú♠❡r♦s ✐♥t❡✐r♦s t❛✐s q✉❡

0 ≤ a < m ❡ 0 ≤ b < n✳ ❙❡ m ❡ n sã♦ r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ x t❛❧

q✉❡ a ≡ x (mod m) ❡ b ≡ x (mod n)✳
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❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ♦s ✐♥t❡✐r♦s a, a + m, a + 2m, . . . , a + (n − 1)m✱ ❝❛❞❛ ✉♠ ❝♦♠

r❡st♦ a q✉❛♥❞♦ ❞✐✈✐❞✐❞♦ ♣♦r m✳ ◗✉❡r❡♠♦s ♠♦str❛r q✉❡ ✉♠ ❞❡st❡s ✐♥t❡✐r♦s t❡♠ r❡st♦ ❜

q✉❛♥❞♦ ❞✐✈✐❞✐❞♦ ♣♦r n✱ ♣❛r❛ q✉❡ ♥❡st❡ ❝❛s♦ t❛❧ ♥ú♠❡r♦ s❛t✐s❢❛ç❛ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡s❡❥❛❞❛✳

P♦r ❝♦♥tr❛❞✐çã♦✱ s✉♣♦♥❤❛ q✉❡ ♥ã♦ ❤❛❥❛✳ ❙❡❥❛♠ ♦s r❡st♦s

r0 ≡ a (mod n), r1 ≡ a+m (mod n), . . . , rn−1 ≡ a+ (n− 1)m (mod n)

◆♦♠❡✐❡ n− 1 ❝❛✐①❛s ❝♦♠ ♦s ♥ú♠❡r♦s 0, 1, 2, 3, . . . , b− 1, b+ 1, . . . , n− 1✳ ❈♦❧♦q✉❡

❝❛❞❛ ri ❞❡♥tr♦ ❞❛ ❝❛✐①❛ ♥♦♠❡❛❞♦ ❝♦♠ s❡✉ ✈❛❧♦r✳ ❉♦✐s r❡st♦s ❛❝❛❜❛♠ ❞❡♥tr♦ ❞❛ ♠❡s♠❛

❝❛✐①❛✱ ❞✐❣❛♠♦s ri ❡ rj✱ ❝♦♠ j > i✱ ❛ss✐♠ ri = rj = r✳ ■st♦ q✉❡r ❞✐③❡r

a+ im = q1n+ r ❡ a+ jm = q2n+ r

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

a+ jm− (a+ im) = q2n+ r − (q1n+ r)

(j − i)m = (q2 − q1)n

❏á q✉❡ n é r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦ ❝♦♠ m✱ s✐❣♥✐✜❝❛ q✉❡ n | (j − i)✳ ▼❛s ❝♦♠♦ i ❡ j

sã♦ ❞✐st✐♥t♦s ❡ ♣❡rt❡♥❝❡♠ à {0, 1, 2, . . . , n− 1}✱ 0 < j − 1 < n✱ ❡♥tã♦ n ∤ (j − i)✳ ❈♦♠ ❡ss❛

❝♦♥tr❛❞✐çã♦ t❡r♠✐♥❛♠♦s ❛ ♣r♦✈❛✳

Pr♦❜❧❡♠❛ ✷✳✶✻ ✭❯❙❆▼❖ ✶✾✽✻✮✳ ✭❛✮ ❊①✐st❡♠ ✶✹ ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s ❝♦♥s❡❝✉t✐✈♦s t❛✐s q✉❡✱

❝❛❞❛ ✉♠ é ❞✐✈✐sí✈❡❧ ♣♦r ✉♠ ♦✉ ♠❛✐s ♣r✐♠♦s p ❞♦ ✐♥t❡r✈❛❧♦ 2 ≤ p ≤ 11❄ ✭❜✮ ❊①✐st❡♠ ✷✶

✐♥t❡✐r♦s ♣♦s✐t✐✈♦s ❝♦♥s❡❝✉t✐✈♦s t❛✐s q✉❡✱ ❝❛❞❛ ✉♠ é ❞✐✈✐sí✈❡❧ ♣♦r ✉♠ ♦✉ ♠❛✐s ♣r✐♠♦s p ❞♦

✐♥t❡r✈❛❧♦ 2 ≤ p ≤ 13❄

❙♦❧✉çã♦✳ ✭❛✮ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛♠ t❛✐s ✐♥t❡✐r♦s✳ ❉❡ss❡s ✶✹ ✐♥t❡✐r♦s ❝♦♥s❡❝✉t✐✈♦s✱ ✼ sã♦

♥ú♠❡r♦s ♣❛r❡s✳ ❱❛♠♦s ♦❜s❡r✈❛r ♦s í♠♣❛r❡s✿ a, a + 2, a + 4, a + 6, a + 8, a + 10 ❡ a + 12✳

P♦❞❡♠♦s t❡r ♥♦ ♠á①✐♠♦ três ❞❡❧❡s ❞✐✈✐sí✈❡✐s ♣♦r ✸✱ ❞♦✐s ♣♦r ✺✱ ✉♠ ♣♦r ✼ ❡ ✉♠ ♣♦r ✶✶✳

❱❡❥❛ q✉❡ 3 + 2 + 1 + 1 = 7✳ P❡❧♦ Pr✐♥❝í♣✐♦ ❞❛ ❈❛s❛ ❞♦s P♦♠❜♦s✱ ❝❛❞❛ ✉♠ ❞❡ss❡s í♠♣❛r❡s

é ❞✐✈✐sí✈❡❧ ♣♦r ❡①❛t❛♠❡♥t❡ ✉♠ ♣r✐♠♦ ❞♦ ❝♦♥❥✉♥t♦ {3, 5, 7, 11}✳ ❱❡❥❛ q✉❡ ♦s ♠ú❧t✐♣❧♦s ❞❡ ✸

só ♣♦❞❡♠ s❡r {a, a+ 6, a+ 12}✳ ❉♦✐s ❞♦s ♥ú♠❡r♦s r❡st❛♥t❡s (a+ 2, a+ 4, a+ 8 ❡ a+ 10)

sã♦ ❞✐✈✐sí✈❡✐s ♣♦r ✺✳ ▼❛s ✐st♦ é ✐♠♣♦ssí✈❡❧✳

✭❜✮ ❙✐♠✳ ❈♦♠♦ ♦s ♥ú♠❡r♦s {210, 11, 13} sã♦ ♣r✐♠♦s ❡♥tr❡ s✐✱ ❞♦✐s ❛ ❞♦✐s✱ ♣❡❧♦

❚❡♦r❡♠❛ ❈❤✐♥ês ❞♦ ❘❡st♦ ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n > 10 t❛❧ q✉❡✿

n ≡ 0 (mod 210)

n ≡ 1 (mod 11)
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n ≡ −1 (mod 13)

❱❡❥❛ q✉❡ ♦ ❝♦♥❥✉♥t♦ {n− 10, n− 9, . . . , n+9, n+10} s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞♦ ✐t❡♠

✭❜✮✳

Pr♦❜❧❡♠❛ ✷✳✶✼ ✭■▼❖ ✷✵✵✾✮✳ ❙❡❥❛♠ n ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ❡ a1, . . . , ak, (k ≥ 2)✱ ✐♥t❡✐r♦s

❞✐st✐♥t♦s ♥♦ ❝♦♥❥✉♥t♦ {1, . . . , n} t❛❧ q✉❡ n ❞✐✈✐❞❡ ai (ai+1 − 1) ♣❛r❛ i = 1, . . . , k− 1. Pr♦✈❡

q✉❡ n ♥ã♦ ❞✐✈✐❞❡ ak (a1 − 1)✳

❙♦❧✉çã♦✳ ❉❡♥♦t❡ ♣❛r❛ s✐♠♣❧✐✜❝❛r a = a1 ❡ b = a2✱ ❧♦❣♦ a 6= b ❡ ❛♠❜♦s sã♦ ♠❡♥♦r❡s q✉❡

n✳

❆ss✐♠✱ n | a (b− 1) s❡ ❡①✐st❡♠ s ❡ t✱ st = n✱ t❛❧ q✉❡ s | a ❡ t | (b− 1)✳ ❈♦♠♦ t❛♥t♦

a q✉❛♥t♦ b sã♦ ♠❡♥♦r❡s ❞♦ q✉❡ n✱ ♥❡♠ s ♦✉ t ♣♦❞❡ s❡r ✐❣✉❛❧ ❛ ✶✱ s✐❣♥✐✜❝❛♥❞♦ q✉❡ ❛♠❜♦s

sã♦ ❢❛t♦r❡s ♥ã♦✲tr✐✈✐❛✐s ❞❡ n✳

❙❡❥❛ k = 2✱ ❡ s✉♣♦♥❤❛ q✉❡ n | b (a− 1)✳ ◆❡♥❤✉♠ ❢❛t♦r ♥ã♦✲tr✐✈✐❛❧ ❞❡ t ♣♦❞❡ ❞✐✈✐❞✐r

b✱ ❡ ♥❡♥❤✉♠ ❢❛t♦r ♥ã♦✲tr✐✈✐❛❧ ❞❡ s ♣♦❞❡ ❞✐✈✐❞✐r a − 1✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ s | b✳ ❊st❛♠♦s✱

♣♦rt❛♥t♦✱ ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❛♣❧✐❝❛r ♦ ❚❡♦r❡♠❛ ❈❤✐♥ês ❞♦ ❘❡st♦✿

b ≡ 1 (mod t)

b ≡ 0 (mod s)

❖ t❡♦r❡♠❛ ♥♦s ❞✐③ q✉❡ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ ú♥✐❝❛ ♥♦ ♠ó❞✉❧♦ mmc (s, t) = n✳ ◆♦

❡♥t❛♥t♦✱ ❞❡✈✐❞♦ à s✐♠❡tr✐❛ ♥❛s ❝♦♥❞✐çõ❡s ♣❛r❛ a ❡ b✱ t❛♠❜é♠ t❡♠♦s

a ≡ 1 (mod t)

a ≡ 0 (mod s)

❖ q✉❡ ❝♦♥tr❛❞✐③ ❛ s✉♣♦s✐çã♦ ❞❡ q✉❡ a ❡ b sã♦ ❞✐st✐♥t♦s✳

P❛r❛ k = 3✱ ♥♦s é ❞❛❞♦ q✉❡ n | b (c− 1) ♦♥❞❡ c = a3✳ ❙✉♣♦♥❤❛✱ ❝♦♠♦ ❛♥t❡s✱

n | c (a− 1)✳

❊①✐st❡♠ s ❡ t ❞✐❢❡r❡♥t❡s ❞❡ ✶ ❡ n t❛✐s q✉❡ s | a ❡ t | (b− 1)✳ ◆❡♥❤✉♠ ❢❛t♦r ♥ã♦✲tr✐✈✐❛❧

❞❡ t ♣♦❞❡ ❞✐✈✐❞✐r b✳ ❉❡ n | b (c− 1) s❡❣✉❡✲s❡ ❡♥tã♦ q✉❡ t | (c− 1)✳ ❙❡ ♥ã♦ é s✱ ❡♥tã♦ ✉♠

❞♦s s❡✉s ❢❛t♦r❡s✱ ❞✐❣❛♠♦s✱ s0 ❞✐✈✐❞❡ b✿ s0 | b✱ s1t | (c− 1)✱ ♦♥❞❡ s = s0s1✳

❙✐♠✐❧❛r♠❡♥t❡✱ n | c (a− 1) ✐♠♣❧✐❝❛ q✉❡ σ0 | c ❡ σ1s1t | (a− 1)✱ ♦♥❞❡ σ0σ1 = s0✳

❆❣♦r❛ é ✉♠ ❞♦s ❞♦✐s✿ ♦✉ σ1s1 = 1 ♦✉ ♥ã♦✳ ◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ♦ ❚❡♦r❡♠❛ ✷✳✶✺ ❧❡✈❛ ❛ ✉♠❛

❝♦♥tr❛❞✐çã♦✳ ◆♦ ú❧t✐♠♦ ❝❛s♦✱ ❛♣❛r❡❝❡ ✉♠ ❢❛t♦r ♥ã♦ tr✐✈✐❛❧ ❝♦♠✉♠ ❛ a ❡ a− 1✳ ◆♦✈❛♠❡♥t❡

✉♠❛ ❝♦♥tr❛❞✐çã♦✳

P❛r❛ k ♠❛✐♦r✱ s❡♠♣r❡ t❡♠♦s t | ai+1 − 1✳ ➚ ♠❡❞✐❞❛ q✉❡ ♣r♦❣r❡❞✐♠♦s ❞❡ ✶ ♣❛r❛ ✉♠

i ♠❛✐♦r✱ ❢❛t♦r❡s ❛❞✐❝✐♦♥❛✐s ♣♦❞❡♠ s❡r ❡♠♣r❡st❛❞♦s ❞❡ s✳ ❙❡ ✐ss♦ ❛❝♦♥t❡❝❡r✱ ❡♥tã♦ a ❡ a− 1
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t❡rã♦ ♠♦str❛❞♦ ❢❛t♦r❡s ❝♦♠✉♥s✳ ❈❛s♦ ❝♦♥trár✐♦✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦ é ❛❧❝❛♥ç❛❞❛ ❛tr❛✈és ❞♦

t❡♦r❡♠❛ ❝❤✐♥ês ❞♦ r❡st♦✳

Pr♦❜❧❡♠❛ ✷✳✶✽ ✭■▼❖ ✶✾✽✾✮✳ Pr♦✈❡ q✉❡ ♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n✱ ❡①✐st❡♠ n ✐♥t❡✐r♦s

♣♦s✐t✐✈♦s ❝♦♥s❡❝✉t✐✈♦s t❛✐s q✉❡ ♥❡♥❤✉♠ ❞❡❧❡s é ✉♠❛ ♣♦tê♥❝✐❛ ❞❡ ♣r✐♠♦✳

❙♦❧✉çã♦✳ ❈♦♥s✐❞❡r❡ ♦s s❡❣✉✐♥t❡s ♥ú♠❡r♦s✿

2 + (2(n+ 1))!,

3 + (2(n+ 1))!,

4 + (2(n+ 1))!,

✳✳✳

(n+ 1) + (2(n+ 1))!

◆♦t❡ q✉❡ ❡①✐st❡♠ n ❞❡st❡s ♥ú♠❡r♦s✳ ❖ ♦❜❥❡t✐✈♦ é ♠♦str❛r q✉❡ ❡ss❡s ♥ú♠❡r♦s ♥ã♦

sã♦ ♣♦tê♥❝✐❛ ❞❡ ♣r✐♠♦✳

P♦r ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡♠♦s ♦s ❝❛s♦s ✐♥✐❝✐❛✐s✿

n = 1) ◆❡st❡ ❝❛s♦✱ t❡♠♦s 2 + (2(n+ 1))! = 2 + 4! = 26 = 2× 13✳

n = 2) ◆❡st❡ ❝❛s♦✱

2 + (2(n+ 1))! = 2 + 6! = 722 = 2× 361

3 + (2(n+ 1))! = 3 + 6! = 723 = 3× 241

❈♦♠♦ ✸✻✶ ♥ã♦ é ♣♦tê♥❝✐❛ ❞❡ ✷✱ ♥❡♠ ✷✹✶ é ♣♦tê♥❝✐❛ ❞❡ ✸✱ ❧♦❣♦ ❡ss❡s ❞♦✐s ♥ú♠❡r♦s

♥ã♦ sã♦ ♣♦tê♥❝✐❛ ❞❡ ♣r✐♠♦s✳

n = 3) ◆❡st❡ ❝❛s♦✱

2 + (2(n+ 1))! = 2 + 8! = 40322 = 2× 20161

3 + (2(n+ 1))! = 3 + 8! = 40323 = 3× 13441

4 + (2(n+ 1))! = 4 + 8! = 40324 = 4× 10081

❈♦♠♦ ✷✵✶✻✶ ♥ã♦ é ♣♦tê♥❝✐❛ ❞❡ ✷✱ ✶✸✹✹✶ ♥ã♦ é ♣♦tê♥❝✐❛ ❞❡ ✸ ❡ ✶✵✵✽✶ ♥ã♦ é

♣♦tê♥❝✐❛ ❞❡ ✹✱ ❧♦❣♦ ❡ss❡s três ♥ú♠❡r♦s ✭✹✵✸✷✷✱ ✹✵✸✷✸ ❡ ✹✵✸✷✹✮ ♥ã♦ sã♦ ♣♦tê♥❝✐❛

❞❡ ♣r✐♠♦✳
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❉❛❞♦ q✉❛❧q✉❡r ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ k t❛❧ q✉❡ 2 ≤ k ≤ (n + 1)✱ t❡♠♦s q✉❡

4 ≤ 2k ≤ 2(n+ 1) ❡✱ ❛ss✐♠✱ k2 | (2(n+ 1))!✳ ❉❡st❡ ♠♦❞♦✱ t❡♠♦s q✉❡

2 + (2(n+ 1))! ≡ 0 (mod 2)

3 + (2(n+ 1))! ≡ 0 (mod 3)

✳✳✳

(n+ 1) + (2(n+ 1))! ≡ 0 (mod (n+ 1))

P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

2 + (2(n+ 1))! = 2 + 22 ·m2 = 2(1 + 2m2),

3 + (2(n+ 1))! = 3 + 32 ·m3 = 3(1 + 3m3),

✳✳✳

(n+ 1) + (2(n+ 1))! = (n+ 1) + (n+ 1)2 ·mn+1 = (n+ 1)(1 + (n+ 1)mn+1),

❝♦♠ m2,m3, . . . ,mn+1 ♥ú♠❡r♦s ✐♥t❡✐r♦s✳

❆♥❛❧✐s❛♥❞♦ ♦ ♣r✐♠❡✐r♦ ♥ú♠❡r♦✱ t❡♠♦s q✉❡ 2 | 2+(2(n+ 1))!✱ ❧♦❣♦ s❡ 2+(2(n+ 1))!

❢♦ss❡ ♣♦tê♥❝✐❛ ❞❡ ♣r✐♠♦✱ s❡r✐❛ ✉♠❛ ♣♦tê♥❝✐❛ ❞❡ ✷✳ P♦ré♠ 2 + (2(n+ 1))! = 2(1 + 2m2)

❡ (1 + 2m2) ♥ã♦ é ♠ú❧t✐♣❧♦ ❞❡ ✷✱ ♣♦rt❛♥t♦ 2 + (2(n+ 1))! ♥ã♦ é ✉♠❛ ♣♦tê♥❝✐❛ ❞❡ ♣r✐♠♦✳

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♣♦❞❡♠♦s ♠♦str❛r q✉❡ k + (2(n+ 1))! ♥ã♦ é ♣♦tê♥❝✐❛ ❞❡ ♣r✐♠♦✱ ♣❛r❛

q✉❛❧q✉❡r 2 < k ≤ (n+ 1)✳

✷✳✷ ❚❊❖❘❊▼❆ ❉❊ ❇❖▲❩❆◆❖✲❲❊■❊❘❙❚❘❆❙❙

❇❡r♥❤❛r❞ ❇♦❧③❛♥♦ ✭✶✼✽✶ ✕ ✶✽✹✽✮ ♥❛s❝❡✉ ❡♠ Pr❛❣❛✱ ❚❝❤❡❝♦s❧♦✈áq✉✐❛✳ ❊❧❡ t✐♥❤❛

✐♥❝❧✐♥❛çã♦ ♣❛r❛ ❧ó❣✐❝❛ ❡ ❛ ♠❛t❡♠át✐❝❛✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ❛ ❛♥á❧✐s❡✱ ❡ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦

❝♦♠♦ ✏P❛✐ ❞❛ ❆r✐t♠❡t✐③❛çã♦ ❞❛ ❆♥á❧✐s❡✑✳ ■♥❢❡❧✐③♠❡♥t❡ ♦ tr❛❜❛❧❤♦ ♠❛t❡♠át✐❝♦ ❞❡ ❇♦❧③❛♥♦

❢♦✐ ❣r❛♥❞❡♠❡♥t❡ ✐❣♥♦r❛❞♦ ♣♦r s❡✉s ❝♦♥t❡♠♣♦râ♥❡♦s✱ ❡ ♠✉✐t♦s ❞❡ss❡s ❛❣✉❛r❞❛r❛♠ ✉♠❛

r❡❞❡s❝♦❜❡rt❛ ♣♦st❡r✐♦r ❛♦ s❡✉ t❡♠♣♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❡♠ ✶✽✹✸✱ ❡❧❡ ❝♦♥str✉✐✉ ✉♠❛ ❢✉♥çã♦

❝♦♥tí♥✉❛ ♥✉♠ ✐♥t❡r✈❛❧♦ q✉❡✱ s✉r♣r❡❡♥❞❡♥t❡♠❡♥t❡✱ ♥ã♦ t✐♥❤❛ ❞❡r✐✈❛❞❛ ❡♠ ♥❡♥❤✉♠ ♣♦♥t♦

❞♦ ✐♥t❡r✈❛❧♦✳ ❊ss❛ ❢✉♥çã♦ ♥ã♦ s❡ t♦r♥♦✉ ❝♦♥❤❡❝✐❞❛ ❡ ❝r❡❞✐t❛✲s❡ ❛ ❲❡✐❡rstr❛ss✱ ❝❡r❝❛ ❞❡ ✹✵

❛♥♦s ♠❛✐s t❛r❞❡✱ ♦ ♣r✐♠❡✐r♦ ❡①❡♠♣❧♦ ❞❡ss❛ ❡s♣é❝✐❡✳

❑❛r❧ ❚❤❡♦❞♦r ❲✐❧❤❡❧♠ ❲❡✐❡rstr❛ss ✭✶✽✶✺ ✕ ✶✽✾✼✮ é ✉♠❛ ❡①❝❡çã♦ ❛ r❡❣r❛ q✉❡ ❞✐③

q✉❡ ✉♠ ♠❛t❡♠át✐❝♦ ❝♦♠ ♣♦t❡♥❝✐❛❧ ❞❡ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❞❡✈❡ ❝♦♠❡ç❛r ♦s ❡st✉❞♦s ♥❡ss❛ ár❡❛

❝❡❞♦✱ ❲❡✐❡rstr❛ss t❡✈❡ s✉❛ ✐♥✐❝✐❛çã♦ ♠❛t❡♠át✐❝❛ ❜❡♠ ♠❛✐s t❛r❞❡✱ ❛♦s q✉❛r❡♥t❛ ❛♥♦s ❞❡

✐❞❛❞❡ ❝♦♥s❡❣✉✐✉ ✉♠ ❧✉❣❛r ❝♦♠♦ ✐♥str✉t♦r ♥❛ ❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❇❡r❧✐♠ ❡ s♦♠❡♥t❡ ♦✐t♦ ❛♥♦s
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♠❛✐s t❛r❞❡ t♦r♥♦✉✲s❡ ♣r♦❢❡ss♦r t✐t✉❧❛r✱ q✉❛♥❞♦ ♣♦❞❡ ❡♥✜♠ ❞❡❞✐❝❛r✲s❡ ✐♥t❡❣r❛❧♠❡♥t❡ à ♠❛✲

t❡♠át✐❝❛ ❛✈❛♥ç❛❞❛ ❡ t♦r♥♦✉✲s❡ ♣r♦✈❛✈❡❧♠❡♥t❡ ♦ ♠❛✐♦r ♣r♦❢❡ss♦r ❞❡ ♠❛t❡♠át✐❝❛ ❛✈❛♥ç❛❞❛

q✉❡ ♦ ♠✉♥❞♦ ❥á t❡✈❡✳

❍á ✉♠ t❡♦r❡♠❛ ❢❛♠♦s♦✱ ❝♦♥❤❡❝✐❞♦ ♣❡❧♦ ♥♦♠❡ ❞❡ss❡s ❞♦✐s ♠❛t❡♠át✐❝♦s✱ ♦ ❚❡♦r❡♠❛

❞❡ ❇♦❧③❛♥♦✲❲❡✐❡rstr❛ss✱ ❝✉❥♦ ❡♥✉♥❝✐❛❞♦ ❛✜r♠❛ q✉❡ t♦❞♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s✱ ✐♥✜♥✐t♦ ❡

❧✐♠✐t❛❞♦✱ t❡♠ ✉♠ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦✳ ❈♦✉❜❡ ❛ ❲❡✐❡rstr❛ss ♦ ♠ér✐t♦ ❞❛ ❞❡♠♦♥str❛çã♦

❞❡ss❡ t❡♦r❡♠❛ tã♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦s ❢✉♥❞❛♠❡♥t♦s ❞❛ t❡♦r✐❛ ❞♦s ❝♦♥❥✉♥t♦s✳

❱❛♠♦s ♠♦str❛r ❛ s❡❣✉✐r ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡ t❡♦r❡♠❛ ✉t✐❧✐③❛♥❞♦ ✉♠❛ ✐❞❡✐❛ s❡✲

♠❡❧❤❛♥t❡ ❛♦ Pr✐♥❝í♣✐♦ ❞❛ ❈❛s❛ ❞♦s P♦♠❜♦s✳ ❖ q✉❡ ❛❝♦♥t❡❝❡r✐❛ s❡ ✉♠ ✐♥✜♥✐t♦ ❜❛♥❞♦ ❞❡

♣♦♠❜♦s ♣♦✉s❛ss❡ ❡♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❝❛s❛s❄ ❆ r❡s♣♦st❛ é ❝❧❛r❛✿ ♣❡❧♦ ♠❡♥♦s ✉♠ ❞♦s ❜✉✲

r❛❝♦s ❝♦♥t❡r✐❛ ✉♠ s✉❜✲❜❛♥❞♦ ✐♥✜♥✐t♦✦ ❈❤❛♠❛r❡♠♦s ❡ss❡ ❛r❣✉♠❡♥t♦ s✐♠♣❧❡s ❞❡ ✏Pr✐♥❝í♣✐♦

■♥✜♥✐t♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s✑✳ ■ss♦ ♥♦s ♣❡r♠✐t✐rá r❡s♦❧✈❡r ✈ár✐♦s ♣r♦❜❧❡♠❛s ✐♠♣♦rt❛♥t❡s✳

❙❡❥❛M ✉♠ s✉❜❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ✜♥✐t♦ ❞❛ r❡t❛ r❡❛❧ R✳ ❆ ♣❛❧❛✈r❛ ✏❧✐♠✐t❛❞♦✑ s✐❣♥✐✜❝❛

q✉❡ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ♣♦s✐t✐✈♦ m t❛❧ q✉❡ | x |< m ♣❛r❛ t♦❞♦ x ❡♠ M ✳ ❯♠ ♣♦♥t♦ p ❞❡

R é ❞✐t♦ s❡r ✉♠ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ ❞♦ ❝♦♥❥✉♥t♦ M s❡ ♣❛r❛ ❝❛❞❛ ǫ > 0 ♦ s❡❣♠❡♥t♦

[p− ǫ, p+ ǫ] ❝♦♥t✐✈❡r ✐♥✜♥✐t♦s ♣♦♥t♦s ❞❡ ▼✳

❆❣♦r❛ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ✉♠ r❡s✉❧t❛❞♦ ❝❧áss✐❝♦ ❞❛ ♠❛t❡♠át✐❝❛✳

❚❡♦r❡♠❛ ✷✳✶✾ ✭❚❡♦r❡♠❛ ❞❡ ❇♦❧③❛♥♦✲❲❡✐❡rstr❛ss✮✳ ❚♦❞♦ s✉❜❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ✐♥✜♥✐t♦ M

❞❛ r❡t❛ r❡❛❧ R t❡♠ ✭♣❡❧♦ ♠❡♥♦s✮ ✉♠ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ♦s ♣♦♥t♦s ❞❡ M ❝♦♠♦ ♣♦♠❜♦s✳ ❆ss✐♠✱ M é ✉♠ ❜❛♥❞♦ ✐♥✜♥✐t♦

❞❡ ♣♦♠❜♦s✳ ❈♦♠♦ M é ❧✐♠✐t❛❞♦✱ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ m t❛❧ q✉❡ | x |< m

♣❛r❛ t♦❞♦ x ❡♠ M ✳ ❆❣♦r❛ ❝♦♥s✐❞❡r❛♠♦s ♦s s❡❣✉✐♥t❡s ✐♥t❡r✈❛❧♦s ❢❡❝❤❛❞♦s ❞❛ r❡t❛ r❡❛❧

[−m,−m+ 1] , [−m+ 1,−m+ 2] , . . . , [−1, 0], [0, 1], . . . , [m− 1,m] ✭✷✳✶✮

❝♦♠♦ ❛s ❝❛s❛s ❞♦s ♣♦♠❜♦s✳ ❊♥tã♦✱ ❞❡✈✐❞♦ ❛♦ Pr✐♥❝í♣✐♦ ■♥✜♥✐t♦ ❞❛s ❈❛s❛s ❞♦s P♦♠❜♦s✱

♣❡❧♦ ♠❡♥♦s ✉♠ ❞❡❧❡s✱ ❞✐❣❛♠♦s✱ [1, 2]✱ ❝♦♥té♠ ✐♥✜♥✐t♦s ♣♦♠❜♦s✳ ❆ss✐♠✱ t❡♠♦s ✐♥✜♥✐t♦s

♣♦♠❜♦s q✉❡ ❡stã♦ ♥♦ ❢♦r♠❛t♦ ❞❡❝✐♠❛❧ 1, a1a2a3 . . . ✱ ♦♥❞❡ a1, a2, a3, . . . sã♦ ❞í❣✐t♦s✳

❖ ♣ró①✐♠♦ ♣❛ss♦ é ❝♦♥s✐❞❡r❛r ♦s s❡❣✉✐♥t❡s ✐♥t❡r✈❛❧♦s ❡♠ [1, 2]✱

[1, 0; 1, 1], [1, 1; 1, 2], . . . , [1, 8; 1, 9], [1, 9; 2, 0] ✭✷✳✷✮

❝♦♠♦ ♥♦ss❛s ♥♦✈❛s ❝❛s❛s ❞❡ ♣♦♠❜♦s✳ ▼❛✐s ✉♠❛ ✈❡③ ❝♦♥❝❧✉í♠♦s q✉❡ ✉♠ ❞❡❧❡s✱

❞✐❣❛♠♦s✱ [1, 4; 1, 5]✱ ❝♦♥té♠ ✐♥✜♥✐t♦s ♣♦♠❜♦s✳ ❆ss✐♠✱ t❡♠♦s ✐♥✜♥✐t♦s ♣♦♥t♦s ❞❛ ❢♦r♠❛

1, 4a2a3 . . . ✳
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❆❣♦r❛ ❞♦s s❡❣✉✐♥t❡s ✐♥t❡r✈❛❧♦s

[1, 40; 1, 41], [1, 41; 1, 42], . . . , [1, 49; 1, 50] ✭✷✳✸✮

❡①✐st❡ ✉♠✱ ❞✐❣❛♠♦s [1, 43; 1, 44]✱ q✉❡ ❝♦♥té♠ ✐♥✜♥✐t♦s ♣♦♠❜♦s✳

❘❡♣❡t✐♥❞♦ ❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦✱ ♣❡r❝❡❜❡♠♦s x é ✉♠ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ ❞♦ ❝♦♥❥✉♥t♦

M ✳ ❉❡ ❢❛t♦✱ ❞❛❞♦ ✉♠ ♥ú♠❡r♦ ♣♦s✐t✐✈♦ ǫ✱ ❡s❝♦❧❤❡♠♦s ✉♠ ✐♥t❡✐r♦ m✱ t❛❧ q✉❡
1

10m
< ǫ✳

❆❧é♠ ❞✐ss♦✱ s❡❥❛ xm ❢r❛çã♦ ❞❡❝✐♠❛❧ ✜♥✐t❛ q✉❡ ♦❜t❡♠♦s ❞❡ x r❡♠♦✈❡♥❞♦ t♦❞♦s ♦s ❞í❣✐t♦s

❞❡❝✐♠❛✐s ❞❡ x ❡①❝❡t♦ ♦s ♣r✐♠❡✐r♦s m ❞í❣✐t♦s ❛♣ós ♦ ♣♦♥t♦ ❞❡❝✐♠❛❧✳ ❊♥tã♦ ♦ ✐♥t❡r✈❛❧♦[

xm, xm +
1

10m

]

❝♦♥té♠ ✐♥✜♥✐t♦s ♣♦♥t♦s ❞❡ M ❡ ❡stá ❝♦♥t✐❞♦ ♥♦ s❡❣♠❡♥t♦ [x− ǫ, x + ǫ]✳

P♦rt❛♥t♦✱ [x− ǫ, x+ ǫ] ❝♦♥té♠ ✐♥✜♥✐t♦s ♣♦♥t♦s ❞❡ M ✳ ■ss♦ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛✳

Pr♦❜❧❡♠❛ ✷✳✷✵✳ Pr♦✈❡ q✉❡ ♣❛r❛ n ≥ 1 ❛ ❡q✉❛çã♦ xn + x− 1 = 0 t❡♠ ✉♠❛ ú♥✐❝❛ r❛í③ ♥♦

✐♥t❡r✈❛❧♦ (0, 1]✳ ❙❡ xn ❞❡♥♦t❛ ❡st❛ r❛í③✱ ♣r♦✈❡ q✉❡ ❛ s❡q✉ê♥❝✐❛ (xn) é ❝♦♥✈❡r❣❡♥t❡

❙♦❧✉çã♦✳ ➱ ❝❧❛r♦ q✉❡ xn é ❧✐♠✐t❛❞♦ ♣♦✐s xn ∈ (0, 1], ∀n ≥ 1✱ ✐st♦ é s✉✜❝✐❡♥t❡ ♣❛r❛ ♣r♦✈❛r

❛ ♠♦♥♦t♦♥✐❝✐❞❛❞❡✶ ✭❧✐♠✐t❛❞♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✾✮✳

P❛r❛ n = 1✱ ♥♦ss❛ r❛í③ é s✐♠♣❧❡s♠❡♥t❡ 2x − 1 = 0✱ ❧♦❣♦ x =
1

2
✳ P❛r❛ n = 2 ♥♦ss❛

r❛í③ x2 + x− 1 = 0✱ ❛ss✐♠ ♦❜t❡♠♦s x =

√
5− 1

2
≅ 0, 618✳

❱❡❥❛♠♦s q✉❡ ♣❛r❛ t♦❞♦ n ≥ 1✱ ❛ r❛✐③ ❞❡ xn + x − 1 é ♠❡♥♦r ♦✉ ✐❣✉❛❧ à r❛✐③ ❞❡

xn+1 + x − 1 ❡♠ (0, 1]✳ Pr♦✈❛♠♦s ✐st♦ ♣♦r ❝♦♥tr❛❞✐çã♦✳ ❙✉♣♦♥❤❛ q✉❡ t❡♠♦s xn > xn+1✱

♣❛r❛ ❛❧❣✉♠ n✱ ❡♥tã♦

xn
n + xn − 1 = xn+1

n+1 + xn+1 − 1 = 1

❈♦♠♦ xn > xn+1 ❡ n ≥ 2✱ ❧♦❣♦ xn
n ≥ xn

n+1 > xn+1
n+1✱ ❞❡st❡ ♠♦❞♦ ✭✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧✲

❞❛❞❡ ❛❝✐♠❛✮ xn
n+xn > xn+1

n+1+xn+1✱ q✉❡ ❝♦♥tr❛❞✐③ xn
n+xn−1 = xn+1

n+1+xn+1−1✳ P♦rt❛♥t♦✱

(xn) é ✉♠❛ s❡q✉❡♥❝✐❛ ♠♦♥ót♦♥❛✱ ❧✐♠✐t❛❞❛ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ (xn) é ✉♠❛ s❡q✉ê♥❝✐❛

❝♦♥✈❡r❣❡♥t❡✳

Pr♦❜❧❡♠❛ ✷✳✷✶ ✭P♦❧❛♥❞ ❚❙❚✮✳ ❙❡❥❛♠ a, b ∈ Z t❛✐s q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r ♥ú♠❡r♦ ♥❛t✉r❛❧

n✱ ♦ ♥ú♠❡r♦ a · 2n + b é ✉♠ q✉❛❞r❛❞♦ ♣❡r❢❡✐t♦✳ Pr♦✈❡ q✉❡ a = 0✳

❙♦❧✉çã♦✳ ❯s❛r❡♠♦s ❝♦♥tr❛❞✐çã♦✳ ❙✉♣♦♥❤❛ q✉❡ a 6= 0✳ ❊♥tã♦✱ ♥❛t✉r❛❧♠❡♥t❡ a > 0✱ ❞♦

❝♦♥trár✐♦ ♦ ♥ú♠❡r♦ a·2n+b s❡r✐❛ ♥❡❣❛t✐✈♦✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❤✐♣ót❡s❡✱ ❡①✐st❡ ✉♠❛ s❡q✉❡♥❝✐❛

❞❡ ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s (xn)n≥1 ❞❛❞❛ ♣♦r✱

xn =
√
a · 2n + b.

✶❯♠❛ s❡q✉ê♥❝✐❛ é ❞✐t❛ s❡r ♠♦♥♦tô♥✐❝❛ s❡ ❢♦r ✉♠❛ s❡q✉ê♥❝✐❛ ♥ã♦✲❝r❡s❝❡♥t❡ ✭♣❛r❛ t♦❞♦ n ♥❛t✉r❛❧✱
an ≥ an+1✮ ♦✉ ✉♠❛ s❡q✉ê♥❝✐❛ ♥ã♦✲❞❡❝r❡s❝❡♥t❡ ✭♣❛r❛ t♦❞♦ n ♥❛t✉r❛❧✱ an ≤ an+1✮



✼✺

❉❡st❡ ♠♦❞♦✱ ❝❛❧❝✉❧❛♠♦s ♦ s❡❣✉✐♥t❡ ❧✐♠✐t❡

lim
n→∞

2xn − xn+2 = lim
n→∞

√
a · 2n+2 + 4b−

√
a · 2n+2 + b

= lim
n→∞

(√
a · 2n+2 + 4b−

√
a · 2n+2 + b

)

·
√
a · 2n+2 + 4b+

√
a · 2n+2 + b√

a · 2n+2 + 4b+
√
a · 2n+2 + b

= lim
n→∞

a · 2n+2 + 4b− (a · 2n+2 + b)√
a · 2n+2 + 4b+

√
a · 2n+2 + b

= lim
n→∞

3b√
a · 2n+2 + 4b+

√
a · 2n+2 + b

= 0

❊♥tã♦✱ t❡♠♦s q✉❡ lim
n→∞

(2xn − xn+2) = 0 ❡ ✐ss♦ ✐♠♣❧✐❝❛ q✉❡ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ N ✱

t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ n ≥ N ✱ t❡♠♦s 2xn−xn+2 < 1 ❡✱ ❝♦♠♦ (xn) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s

✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✱ t❡♠♦s ♦❜r✐❣❛t♦r✐❛♠❡♥t❡ q✉❡ 2xn = xn+2✳

▼❛s 2xn = xn+2 é ❡q✉✐✈❛❧❡♥t❡ ❛
√
a · 2n+2 + 4b =

√
a · 2n+2 + b✱ ♦✉ s❡❥❛✱ a · 2n+2 +

4b = a · 2n+2 + b✱ ✐✳❡✳✱ 4b = b ❡✱ ♣♦rt❛♥t♦✱ b = 0✳ ❉❡st❡ ♠♦❞♦✱ a ❡ 2a sã♦ ❛♠❜♦s q✉❛❞r❛❞♦s

♣❡r❢❡✐t♦s✱ ♦ q✉❡ é ✐♠♣♦ssí✈❡❧ ♣❛r❛ q✉❛❧q✉❡r ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ a✳ ■st♦ ♠♦str❛✱ q✉❡

♥♦ss❛ s✉♣♦s✐çã♦ ❡st❛✈❛ ❡rr❛❞❛ ❡✱ ♣♦rt❛♥t♦✱ a = 0✳

Pr♦❜❧❡♠❛ ✷✳✷✷ ✭■▼❖ ✷✵✶✷ ❙❤♦rt❧✐st✮✳ ❙❡❥❛♠ f ❡ g ❞♦✐s ♣♦❧✐♥ô♠✐♦s ❞✐❢❡r❡♥t❡s ❞❡ ③❡r♦

❝♦♠ ❝♦❡✜❝✐❡♥t❡s ✐♥t❡✐r♦s t❛✐s q✉❡ ∂f > ∂g✭✷✮✳ ❙✉♣♦♥❤❛ q✉❡✱ ♣❛r❛ ✐♥✜♥✐t♦s ♣r✐♠♦s p✱ ♦

♣♦❧✐♥ô♠✐♦ pf + g t❡♥❤❛ ✉♠❛ r❛✐③ r❛❝✐♦♥❛❧✳ Pr♦✈❡ q✉❡ f t❡♠ ✉♠❛ r❛✐③ r❛❝✐♦♥❛❧✳

❙♦❧✉çã♦✳ ❙✉♣♦♥❤❛✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ f s❡❥❛ ♠ô♥✐❝♦ ❡ ❝♦♥s✐❞❡r❡ (xn) ✉♠❛

s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s r❛❝✐♦♥❛✐s ❡ (pn) ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ❞❡ ♥ú♠❡r♦s ♣r✐♠♦s ❞❡ t❛❧

❢♦r♠❛ q✉❡

pnf (xn) + g (xn) = 0, ♦✉ s❡❥❛✱ f (xn) +
1

pn
g (xn) = 0 ✭✷✳✹✮

❱❛♠♦s ✈❡r✐✜❝❛r q✉❡ xn é ❧✐♠✐t❛❞♦ ♣♦r ❛❧❣✉♠ M ✳ ❈♦♠♦ f ❡ g sã♦ ♣♦❧✐♥ô♠✐♦s t❛✐s

q✉❡ ∂f > ∂g✱ ❧♦❣♦ lim
x→±∞

∣
∣
∣
∣

g(x)

f(x)

∣
∣
∣
∣
= 0✳ ❉❡st❡ ♠♦❞♦ ❡①✐st❡ M > 0 t❛❧ q✉❡

∣
∣
∣
∣

g(x)

f(x)

∣
∣
∣
∣
< 1 ❡

f(x) 6= 0✱ ♣❛r❛ t♦❞♦ x ❝♦♠ |x| > M ✳ ❆ss✐♠✱ t❡♠♦s q✉❡

|pf(x) + g(x)| =
∣
∣
∣
∣
f(x)

(

p+
g(x)

f(x)

)∣
∣
∣
∣
= |f(x)|

∣
∣
∣
∣

(

p+
g(x)

f(x)

)∣
∣
∣
∣
≥ |f(x)|

(

p−
∣
∣
∣
∣

g(x)

f(x)

∣
∣
∣
∣

)

> 0,

♣❛r❛ |x| > M ❡ ♣❛r❛ q✉❛❧q✉❡r ♥ú♠❡r♦ ♣r✐♠♦ p✳ P♦rt❛♥t♦✱ xn ∈ [−M,M ]✳

❈♦♠♦ ♦ ✐♥t❡r✈❛❧♦ [−M,M ] é ❢❡❝❤❛❞♦✱ ❧♦❣♦ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ xn q✉❡

❝♦♥✈❡r❣❡ ♣❛r❛ ❛❧❣✉♠ x ❡♠ [−M,M ]✳ ❊♥tã♦ ✈❛♠♦s ❛♣❡♥❛s s✉♣♦r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡

✭❞❡s❝❛rt❛♥❞♦ t♦❞♦s ♦s ♦✉tr♦s xn✮ q✉❡ lim
n→∞

xn = x✳

✷∂h ❞❡♥♦t❛ ♦ ❣r❛✉ ❞♦ ♣♦❧✐♥ô♠✐♦ h✳



✼✻

◆♦t❡ q✉❡✱ x é ✉♠❛ r❛✐③ ❞❡ f ✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ f (xn) +
1

pn
g (xn) = 0✱ ♣❛r❛ t♦❞♦ n✱

❛ss✐♠

0 = lim
n→∞

f (xn) +
1

pn
g (xn)

(∗)
= f

(

lim
n→∞

xn

)

+
1

lim
n→∞

pn
· g
(

lim
n→∞

xn

)

= f (x) + 0 · g (x)

= f (x) ,

♦♥❞❡ ❡♠ (∗) ✉s❛♠♦s ♦ ❢❛t♦ q✉❡ f ❡ g sã♦ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s✳

❇❛st❛ ♠♦str❛r q✉❡ x é r❛❝✐♦♥❛❧✳ ❉❡ ❢❛t♦✱ ✈❛♠♦s ♠♦str❛r q✉❡ x é ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦✳

❚❡♠♦s ❞♦✐s ❝❛s♦s✿ xn é r❛❝✐♦♥❛❧ ❡ ♥ã♦ ✐♥t❡✐r♦ ❛♣❡♥❛s ♣❛r❛ ✜♥✐t♦s n✬s❀ xn é r❛❝✐♦♥❛❧

❡ ♥ã♦ ✐♥t❡✐r♦ ♣❛r❛ ✐♥✜♥✐t♦s n✬s✳

◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ♣♦❞❡♠♦s ❞❡s❝♦♥s✐❞❡r❛r ❛q✉❡❧❡s ✈❛❧♦r❡s q✉❡ ♥ã♦ sã♦ ✐♥t❡✐r♦s✱ ❡

❛ss✐♠ x s❡rá ✐♥t❡✐r♦✳ ◆♦ s❡❣✉♥❞♦ ❝❛s♦✱ ❞❡s❝❛rt❡ t♦❞♦s ♦s ✈❛❧♦r❡s ❞❡ xn ✐♥t❡✐r♦s ❡ ❝♦♥s✐❞❡r❡

❛ s❡q✉ê♥❝✐❛ r❡st❛♥t❡ ✭q✉❡ s❡rá ❝♦♠♣♦st❛ ✐♥t❡✐r❛♠❡♥t❡ ♣♦r ♥ú♠❡r♦s r❛❝✐♦♥❛✐s ♥ã♦ ✐♥t❡✐r♦s✮✳

❆ss✐♠✱ t❡♠♦s q✉❡ xn =
kn
qn

✱ ♣❛r❛ kn, qn ✐♥t❡✐r♦s ❝♦♠ ♠❞❝(kn, qn) = 1 ❡ qn > 1✳ ❈♦♠♦ ∂f >

∂g✱ ❧♦❣♦ ♦ ❝♦❡✜❝✐❡♥t❡ ❧í❞❡r ❞❡ pnf(x)+g(x) é pn ❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❘❛✐③ ❘❛❝✐♦♥❛❧✸✱t❡♠♦s

q✉❡ qn | pn ❈♦♠♦ qn > 1✱ ❧♦❣♦ qn = pn✱ ♣❛r❛ t♦❞♦s n✳ ❆ss✐♠✱ ❝♦♠♦ xn =
kn
pn

é r❛✐③ ❞❡

pnf(x) + g(x)✱ t❡♠♦s

0 = pnf

(
kn
pn

)

+ g

(
kn
pn

)

.

▼❛✐s ❛✐♥❞❛✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r pnd✱ s❡❣✉❡ q✉❡

0 = pn
d+1f

(
kn
pn

)

+ pn
dg

(
kn
pn

)

, ✭✷✳✺✮

♦♥❞❡ d = ∂g✳ ❉❡♥♦t❛♥❞♦ f(x) = xD+aD−1x
D−1+ · · ·+a1x+a0, ❝♦♠ a0, a1, . . . , aD−1 ∈ Z✱

♦♥❞❡ D ❞❡♥♦t❛ ♦ ❣r❛✉ ❞❡ f(X)✱ t❡♠♦s ❞❛ ❊q✉❛çã♦ ✭✷✳✺✮ q✉❡ ♦ s❡❣✉✐♥t❡ ♥ú♠❡r♦ é ✐♥t❡✐r♦

pn
d+1

((
qn
pn

)D

+ aD−1

(
qn
pn

)D−1

+ · · ·+ ad+1

(
qn
pn

)d+1
)

= pn
d+1

(
qn

D + aD−1qn
D−1pn + · · ·+ ad+1qn

d+1pn
D−(d+1)

pnD

)

=
qn

D + aD−1qn
D−1pn + · · ·+ ad+1qn

d+1pn
D−(d+1)

pnD−(d+1)
.

✸❖ ❚❡♦r❡♠❛ ❞❛ ❘❛✐③ ❘❛❝✐♦♥❛❧ ♥♦s ♣❡r♠✐t❡ ❞❡t❡r♠✐♥❛r t♦❞❛s ❛s r❛í③❡s r❛❝✐♦♥❛✐s ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❝♦♠

❝♦❡✜❝✐❡♥t❡s ✐♥t❡✐r♦s✱ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿❙❡ f(x) é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ✐♥t❡✐r♦s ❡ x =
a

b
é ✉♠❛

r❛✐③ ❞❡ f ✱ ❝♦♠ ♠❞❝(a, b) = 1✱ ❡♥tã♦ a | a0 ❡ b | an✱ ♦♥❞❡ a0 ❡ an ❞❡♥♦t❛♠ ♦s ❝♦❡✜❝✐❡♥t❡s ✐♥❞❡♣❡♥❞❡♥t❡ ❡

❧í❞❡r ❞❡ f(x)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
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❈♦♠♦ D > d✱ ❧♦❣♦ D−(d+1) ≥ 0✳ ❙✉♣♦♥❤❛♠♦s q✉❡ D−(d+1) > 0✱ ❛ss✐♠ t❡♠♦s q✉❡ pn |
(
qn

D + aD−1qn
D−1pn + · · ·+ ad+1qn

d+1pn
D−(d+1)

)
✳ ❈♦♠♦ pn |

(
aD−1qn

D−1pn + · · ·+ ad+1qn
d+1pn

D−(d+1) ✱

❧♦❣♦ pn | qnD✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ q✉❡ ♠❞❝(pn, qn) = 1✳ P♦rt❛♥t♦ D − (d + 1) = 0✱ ♦✉

s❡❥❛✱ D = d+ 1✳

❉❡st❛ ❢♦r♠❛✱ t❡♠♦s ♥❛ ❊q✉❛çã♦ ✭✷✳✺✮ q✉❡ qnd+1+c ·qnd é ♠ú❧t✐♣❧♦ ❞❡ pn✱ ♦♥❞❡ c é ♦

❝♦❡✜❝✐❡♥t❡ ❧í❞❡r ❞❡ g(x)✱ ♦✉ s❡❥❛✱ pn | qdn(qn + c)✳ ❈♦♠♦ pn é ♣r✐♠♦ ❡ ♠❞❝(pn, qn) = 1✱ ❧♦❣♦

pn | (qn+c)✳ P♦rt❛♥t♦✱ t❡♠♦s q✉❡
qn + c

pn
∈ Z✱ ♣❛r❛ t♦❞♦ n✱ ♦✉ s❡❥❛✱ xn+

c

pn
∈ Z✱ ♣❛r❛ t♦❞♦

n✳ ❉❡st❡ ♠♦❞♦ lim
n→∞

(

xn +
c

pn

)

∈ Z✱ ♠❛s ♣♦r ♦✉tr♦ ❧❛❞♦ lim
n→∞

(

xn +
c

pn

)

= x+0 = x✱ ❥á

q✉❡ pn ❝r❡s❝❡ ✐♥✜♥✐t❛♠❡♥t❡✳ P♦rt❛♥t♦✱ x ∈ Z✳

✷✳✸ ❚❊❖❘❊▼❆ ❉❊ ❊❘❉Ö❙✲❙❩❊❑❊❘❊❙

P❛✉❧ ❊r❞ös ✭✶✾✶✸ ✕ ✶✾✾✻✮ ❡r❛ ❝♦♥❤❡❝✐❞♦ ♣♦r ♠✉✐t❛s ❝♦✐s❛s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣♦r s✉❛s

❡①❝❡♥tr✐❝✐❞❛❞❡s ♣❡ss♦❛✐s✱ ❤❛❜✐❧✐❞❛❞❡s ❝♦❣♥✐t✐✈❛s ✐♥✐♠❛❣✐♥á✈❡✐s ❡ ♣✉r❡③❛ ♥❛ s✉❛ ❝r❡♥ç❛ ❞❛

✈❡r❞❛❞❡✐r❛ ♠❛t❡♠át✐❝❛✳ ◆❛s❝✐❞♦ ♥♦ ■♠♣ér✐♦ ❆✉str♦✲❍ú♥❣❛r♦ ❞♦✐s ❛♥♦s ❛♥t❡s ❞♦ ✐♥í❝✐♦ ❞❛

Pr✐♠❡✐r❛ ●✉❡rr❛ ▼✉♥❞✐❛❧✱ ❡❧❡ ❡♥s✐♥♦✉ ❛ s✐ ♠❡s♠♦ ♠❛t❡♠át✐❝❛ ❛tr❛✈és ❞❡ ❧✐✈r♦s ❡ ♣♦❞✐❛

♠✉❧t✐♣❧✐❝❛r ♥ú♠❡r♦s ❝♦♠ três ❞í❣✐t♦s ❡♠ s✉❛ ❝❛❜❡ç❛ ❛♥t❡s ❞♦s q✉❛tr♦ ❛♥♦s ❞❡ ✐❞❛❞❡✳

❱✐✈❡♥❞♦ ❝♦♠ ✉♠❛ ♠❛❧❛✱ ✈✐❛❥❛♥❞♦ ❞❡ ✉♥✐✈❡rs✐❞❛❞❡ ❡♠ ✉♥✐✈❡rs✐❞❛❞❡ ✭ ♦ q✉❛❧ ❧❤❡ r❡♥❞❡✉

♦ ❛♣❡❧✐❞♦ ❞❡ ♥ô♠❛❞❡✮✱ ❛♦ ❧♦♥❣♦ ❞❡ s✉❛ ✈✐❞❛✱ ❡❧❡ s♦❜r❡✈✐✈❡✉ ♣❛❧❡str❛s ❡ ❞♦❛çõ❡s ❞❡ ✈ár✐❛s

✉♥✐✈❡rs✐❞❛❞❡s✳ ◆❛ ❛❞♦❧❡s❝ê♥❝✐❛✱ ❡❧❡ ❞❡s❝♦❜r✐✉ ✉♠❛ ♣r♦✈❛ ♠❛✐s s✐♠♣❧❡s ♣❛r❛ ♦ t❡♦r❡♠❛ ❞❡

❈❤❡❜②s❤❡✈✹ ❛♥t❡s ❞♦s ✷✵ ❛♥♦s✳ ❊❧❡ r❡❝❡❜❡✉ ✉♠ ❞♦✉t♦r❛❞♦ ❡♠ ♠❛t❡♠át✐❝❛✱ ❛❧é♠ ❞❡ s✉❛

❣r❛❞✉❛çã♦ ❛♦s ✷✶ ❛♥♦s✳ ❊♠ s❡✉s ✽✸ ❛♥♦s ❞❡ ✈✐❞❛✱ ❡❧❡ ♣✉❜❧✐❝♦✉ ♠❛✐s ❞❡ ✶✺✵✵ tr❛❜❛❧❤♦s

❛❝❛❞ê♠✐❝♦s ❝♦♠ ♠❛✐s ❞❡ ✺✵✵ ❝♦❧❛❜♦r❛❞♦r❡s✱ ❢❛③❡♥❞♦ ❞❡❧❡ ♦ ♠❛t❡♠át✐❝♦ ♠❛✐s ♣r♦❧í✜❝♦ ❞❛

❤✐stór✐❛✱ ❝♦♠♣❛rá✈❡❧ ❛♣❡♥❛s ❝♦♠ ▲❡♦♥❛r❞ ❊✉❧❡r✳

●❡♦r❣❡ ❙③❡❦❡r❡s ✭✶✾✶✶ ✕ ✷✵✵✺✮ ❞❡♠♦♥str♦✉ ❣r❛♥❞❡ ✐♥t❡r❡ss❡ ❡ t❛❧❡♥t♦ ❡♠ ♠❛t❡✲

♠át✐❝❛ ❧♦❣♦ ♥♦ ✐♥í❝✐♦ ❞❡ s✉❛ ✈✐❞❛✱ ♣♦ré♠✱ ❡❧❡ ❛❝❛❜♦✉ ❡st✉❞❛♥❞♦ ❡♥❣❡♥❤❛r✐❛ q✉í♠✐❝❛ ♥❛

❯♥✐✈❡rs✐❞❛❞❡ ❚❡❝♥♦❧ó❣✐❝❛ ❞❡ ❇✉❞❛♣❡st❡ ❡ ❞❡♣♦✐s tr❛❜❛❧❤♦✉ ❡♠ ✉♠❛ ❢á❜r✐❝❛ ❞❡ ❝♦✉r♦ ❞❛

❢❛♠í❧✐❛✳ ▼❛s ❡❧❡ ♥ã♦ ❞❡s✐st✐✉ ❞❡ s❡✉ ✐♥t❡r❡ss❡ ❡♠ ♠❛t❡♠át✐❝❛ ❡ ❝♦♥t✐♥✉❛✈❛ s❡ ❡♥❝♦♥tr❛♥❞♦

❝♦♠ ♦✉tr♦s ♠❛t❡♠át✐❝♦s ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s✳ ❆❧❣✉♥s ❞❡st❡s ♠❛t❡♠át✐❝♦s ❡r❛♠ P❛✉❧

❊r❞ös ❡ ❊st❤❡r ❑❧❡✐♥ ✭✶✾✶✵ ✕ ✷✵✵✺✮✳ ❋♦✐ ♥✉♠ ❞❡st❡s ❡♥❝♦♥tr♦s q✉❡ ❊st❤❡r ❛♣r❡s❡♥t♦✉ ✉♠

♣r♦❜❧❡♠❛✿ ✏❉❛❞♦s ❝✐♥❝♦ ♣♦♥t♦s ♥♦ ♣❧❛♥♦✱ ♥ã♦ ❤❛✈❡♥❞♦ três ❝♦❧✐♥❡❛r❡s✱ ♣r♦✈❡ q✉❡ q✉❛tr♦

❞❡❧❡s ❢♦r♠❛♠ ✉♠ q✉❛❞r✐❧át❡r♦ ❝♦♥✈❡①♦✳✑ ❙③❡❦❡r❡s ❡ ❊r❞ös ❡s❝r❡✈❡r❛♠ ✉♠ ❛rt✐❣♦ ❡♠ ✶✾✸✺

❣❡♥❡r❛❧✐③❛♥❞♦ ♦ r❡s✉❧t❛❞♦ ❞♦ ♣r♦❜❧❡♠❛ ♣❛r❛ ♣♦❧í❣♦♥♦s ❝♦♠ n ❧❛❞♦s✳ ❊ ❢♦✐ ❊r❞ös q✉❡♠ ❡s✲

❝♦❧❤❡✉ ♦ ♥♦♠❡✿ ✏Pr♦❜❧❡♠❛ ❞♦ ❋✐♥❛❧ ❋❡❧✐③✑✱ ❥á q✉❡ ❞♦✐s ❛♥♦s ❛♣ós ❡ss❛ ❞✐✈✉❧❣❛çã♦ ❙③❡❦❡r❡s

✹P❛r❛ q✉❛❧q✉❡r n✱ s❡♠♣r❡ ❤á ✉♠ ♣r✐♠♦ ❡♥tr❡ n ❡ 2n✳
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❡ ❊st❤❡r ❝❛s❛r❛♠✲s❡✳

❯♠❛ ♦✉tr❛ ✉t✐❧✐③❛çã♦ ❞♦ ♣r✐♥❝í♣✐♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s é ❚❡♦r❡♠❛ ❞❡ ❊r❞ös✲❙③❡❦❡r❡s

q✉❡ t❡✈❡ s✉❛ ❞❡♠♦♥str❛çã♦ ❞✐✈✉❧❣❛❞❛ ♥♦ ♠❡s♠♦ ❥♦r♥❛❧ q✉❡ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ♦ ♣r♦❜❧❡♠❛

❞♦ ✜♥❛❧ ❢❡❧✐③✳ ❙❡❣✉❡ q✉❡✿

❚❡♦r❡♠❛ ✷✳✷✸ ✭❚❡♦r❡♠❛ ❞❡ ❊r❞ös✲❙③❡❦❡r❡s✮✳ ❙❡❥❛ (ai) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s

❞✐st✐♥t♦s ❝♦♠ n2 + 1 t❡r♠♦s✱ ❝♦♠ n ∈ N✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ♦✉

❞❡❝r❡s❝❡♥t❡ ❞❡ ❝♦♠♣r✐♠❡♥t♦ n+ 1✳

P♦r ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡♠♦s ❛ s❡q✉ê♥❝✐❛ ✭❝♦♠ n = 4✮

(ai) = (4, 3, 2, 1, 8, 7, 6, 5, 12, 11, 10, 9, 16, 15, 14, 13, 17) .

◆♦t❡ q✉❡ ❡①✐st❡♠ s✉❜s❡q✉ê♥❝✐❛s ❞❡❝r❡s❝❡♥t❡s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ✹ ♠❛s ♥ã♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦

✺✱ ♠❛s ❡①✐st❡♠ s✉❜s❡q✉ê♥❝✐❛s ❝r❡s❝❡♥t❡s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ✺✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ t❡♠♦s ❛

s✉❜s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ (1, 7, 11, 15, 17)✳

➱ ♣♦ssí✈❡❧ ♣r♦✈❛r ♦ ❝❛s♦ n = 4 ❞♦ t❡♦r❡♠❛ ❧✐st❛♥❞♦ t♦❞❛s ❛s 17! s✉❜s❡q✉ê♥❝✐❛s

♣♦ssí✈❡✐s ❡ ❝❤❡❝❛♥❞♦ ❝❛❞❛ ✉♠❛✳ ▼❛s ♣❛r❛ n = 10 ❡①✐st❡♠ 101! s✉❜s❡q✉ê♥❝✐❛s ❞❛ s❡q✉ê♥❝✐❛

♦r✐❣✐♥❛❧ ❡ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣♦r ❢♦rç❛ ❜r✉t❛ ♥ã♦ ♣♦❞❡ s❡r ❢❡✐t❛ ❛♥t❡s ❞♦ s♦❧ s❡ ❛♣❛❣❛r✳

❆ss✐♠✱ ❢❛r❡♠♦s ♦✉tr❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ t❡♦r❡♠❛✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❝❛❞❛ i✱ ❞❡♥♦t❡♠♦s ♣♦r c (i) ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ♠❛✐♦r s✉❜s❡q✉ê♥❝✐❛

❝r❡s❝❡♥t❡ ❝♦♠❡ç❛♥❞♦ ❝♦♠ ai✱ ❡ ♣♦r d (i) ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ♠❛✐♦r s✉❜s❡q✉ê♥❝✐❛ ❞❡❝r❡s❝❡♥t❡

❝♦♠❡ç❛♥❞♦ ❝♦♠ ai✳

❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ ❛ ❛❧❡❣❛çã♦ ❞♦ t❡♦r❡♠❛ ♥ã♦ é ✈á❧✐❞❛✱ ♦✉ s❡❥❛✱ q✉❡

♥ã♦ ❡①✐st❡♠ s✉❜s❡q✉ê♥❝✐❛s ✭❞❡✮❝r❡s❝❡♥t❡s ❞❡ ❝♦♠♣r✐♠❡♥t♦ n+1✱ ❧♦❣♦ c (i) ≤ n ❡ d (i) ≤ n✱

♣❛r❛ t♦❞♦ i✳ ❆ss✐♠ ❡①✐st❡♠ ♥♦ ♠á①✐♠♦ n2 ♣❛r❡s (c (i) , d (i))✳ P❡❧♦ Pr✐♥❝í♣✐♦ ❞❛ ❈❛s❛ ❞♦s

P♦♠❜♦s✱ ❚❡♦r❡♠❛ ✷✳✶✱ ❡①✐st❡♠ ❞♦✐s ♣❛r❡s ✐❣✉❛✐s✱ ♦✉ s❡❥❛✱ (c (i) , d (i)) = (c (j) , d (j))✱ ❝♦♠

i 6= j✱ ✐✳❡✳✱ c(i) = c(j) ❡ d(i) = d(j)✳

❈♦♠♦ t♦❞♦s ♦s t❡r♠♦s ❞❛ s❡q✉ê♥❝✐❛ sã♦ ❞✐st✐♥t♦s✱ ❧♦❣♦ ai < aj ♦✉ ai > aj✳ ❙❡ ai <

aj✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ (ank
) ✐♥✐❝✐❛❞❛ ❡♠ aj ❡ ❞❡ ❝♦♠♣r✐♠❡♥t♦ c (j)✱

❛ss✐♠ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ✐♥✐❝✐❛❞❛ ❡♠ ai ❡ ❞❡ ❝♦♠♣r✐♠❡♥t♦

c (j) + 1 = c(i) + 1✱ ♦✉ s❡❥❛✱ ♦❜t✐✈❡♠♦s ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ✐♥✐❝✐❛❞❛ ❡♠ ai ❡ ❞❡

❝♦♠♣r✐♠❡♥t♦ ♠❛✐♦r q✉❡ c(i)✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ s❡ ai > aj

♦❜t❡r❡♠♦s ✉♠❛ ❝♦♥tr❛❞✐çã♦ ✭✉s❛♥❞♦ s✉❜s❡q✉ê♥❝✐❛s ❞❡❝r❡s❝❡♥t❡s✮✳

P♦rt❛♥t♦✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ♦✉ ❞❡❝r❡s❝❡♥t❡ ❞❡ ❝♦♠♣r✐♠❡♥t♦ n+ 1✳

P♦❞❡♠♦s ❣❡♥❡r❛❧✐③❛r ♦ ❡♥✉♥❝✐❛❞♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❊r❞ös✲❙③❡❦❡r❡s✱ ❝♦♠♦ ❡♥✉♥❝✐❛❞♦
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♥♦ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ é ❛♥á❧♦❣❛ ❛ ❞❛q✉❡❧❡ ❡ ✜❝❛ ❛ ❝❛r❣♦ ❞♦ ❧❡✐t♦r✳

Pr♦❜❧❡♠❛ ✷✳✷✹✳ ❙❡❥❛♠ a, b ∈ N✱ n = ab+ 1✱ ❡ (xi) ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♠ n ♥ú♠❡r♦s r❡❛✐s

❞✐st✐♥t♦s✳ ❊♥tã♦ ❡st❛ s❡q✉ê♥❝✐❛ ❝♦♥té♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ❝♦♠ a+ 1 t❡r♠♦s ♦✉

✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡❝r❡s❝❡♥t❡ ❝♦♠ b+ 1 t❡r♠♦s✳

Pr♦❜❧❡♠❛ ✷✳✷✺✳ ❙❡❥❛ A ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ {1, 2, . . . , 2n} ❝♦♠ (n+ 1) ❡❧❡♠❡♥t♦s✳ Pr♦✈❡

q✉❡ ❡①✐st❡♠ ❞♦✐s ❡❧❡♠❡♥t♦s ❞❡ A t❛✐s q✉❡ ✉♠ é ❞✐✈✐sí✈❡❧ ♣❡❧♦ ♦✉tr♦✳

❙♦❧✉çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ♣❛rt✐❝✐♦♥❛r ♦ ❝♦♥❥✉♥t♦ {1, 2, . . . , 2n} ❡♠ n s✉❜❝♦♥❥✉♥t♦s

❞✐s❥✉♥t♦s✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ ♦s s❡❣✉✐♥t❡s s✉❜❝♦♥❥✉♥t♦s ❞❡ {1, 2, . . . , 2n}✿

A1 = {1× 2k | k ∈ N ❡ 1× 2k ≤ 2n} = {1, 2, 4, 8, . . . }

A3 = {3× 2k | k ∈ N ❡ 3× 2k ≤ 2n} = {3, 6, 12, 24, . . . }
✳✳✳

A2n−1 = {(2n− 1)× 2k | k ∈ N ❡ (2n− 1)× 2k ≤ 2n} = {2n− 1}

◆♦t❡ q✉❡ ❡ss❡s ❝♦♥❥✉♥t♦s sã♦ ❞✐s❥✉♥t♦s ❡ q✉❡ {1, 2, . . . , 2n} = A1∪· · ·∪A2n−1✳ ▼❛✐s ❛✐♥❞❛✱

♣♦r ❝♦♥str✉çã♦ ❞❛❞♦s ❞♦✐s ❡❧❡♠❡♥t♦s ❡♠ ✉♠ ♠❡s♠♦ s✉❜❝♦♥❥✉♥t♦✱ t❡♠♦s q✉❡ ✉♠ é ❞✐✈✐sí✈❡❧

♣❡❧♦ ♦✉tr♦✳

❈♦♠♦ A ♣♦ss✉✐ n + 1 ❡❧❡♠❡♥t♦s✱ ❧♦❣♦ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞❛ ❈❛s❛ ❞♦s P♦♠❜♦s✱ ❡①✐s✲

t❡♠ ❞♦✐s ❡❧❡♠❡♥t♦s ❞❡ A q✉❡ ♣❡rt❡♥❝❡♠ ❛♦ ♠❡s♠♦ s✉❜❝♦♥❥✉♥t♦✳ ❆ss✐♠✱ ♣❡❧♦ ♦❜s❡r✈❛❞♦

❛♥t❡r✐♦r♠❡♥t❡✱ ✉♠ ❞❡ss❡s ❡❧❡♠❡♥t♦s ❞✐✈✐❞❡ ♦ ♦✉tr♦✳

Pr♦❜❧❡♠❛ ✷✳✷✻ ✭P❯❚◆❆▼ ✶✾✻✻✮✳ ❉❛❞❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ mn + 1 ♥ú♠❡r♦s ✐♥t❡✐r♦s

❞✐st✐♥t♦s✱ ♠♦str❡ q✉❡ ❤á ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ m+1 ♥❛ q✉❛❧ ♥❡♥❤✉♠ t❡r♠♦

❞✐✈✐❞❡ ♦✉tr♦✱ ♦✉ ❡♥tã♦ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ n+1 ❡♠ q✉❡ ❝❛❞❛ t❡r♠♦ ❞✐✈✐❞❡

t♦❞♦s ♦s t❡r♠♦s ❝♦♥s❡❝✉t✐✈♦s✳

❙♦❧✉çã♦✳ ❈♦♠♦ t♦❞♦s ♦s t❡r♠♦s ❞❛ s❡q✉ê♥❝✐❛ sã♦ ❞✐❢❡r❡♥t❡s✱ ❛ss✐♠ ♣♦❞❡♠♦s s✉♣♦r s❡♠

♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ ♦s t❡r♠♦s ❡stã♦ ❡♠ ♦r❞❡♠ ❝r❡s❝❡♥t❡✳

❉❛❞♦ q✉❛❧q✉❡r ai ♥❛ s❡q✉ê♥❝✐❛✱ s❡❥❛ f(ai) ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ♠❛✐♦r s✉❜s❡q✉ê♥❝✐❛

✐♥✐❝✐❛❞❛ ❡♠ ai t❛❧ q✉❡ t♦❞♦ t❡r♠♦ ❞❡ss❛ s✉❜s❡q✉ê♥❝✐❛ ❞✐✈✐❞❛ ♦s t❡r♠♦s s❡❣✉✐♥t❡s✳ ❙❡

f(ai) > n✱ ♣❛r❛ ❛❧❣✉♠ i✱ ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ ❡stá r❡s♦❧✈✐❞♦✳ ❊♥tã♦ s✉♣♦♥❤❛♠♦s q✉❡ ♣❛r❛

t♦❞♦ t❡r♠♦ ai ❞❛ s❡q✉ê♥❝✐❛✱ f(ai) ≤ n✳ ❆ss✐♠✱ f só ♣♦❞❡ ❛t✐♥❣✐r n ✈❛❧♦r❡s ♣♦ssí✈❡✐s✳

❈♦♠♦ ❡①✐st❡♠ mn + 1 t❡r♠♦s ♥❛ s❡q✉ê♥❝✐❛✱ ❡♥tã♦ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞❛ ❈❛s❛ ❞♦s P♦♠❜♦s

✭❚❡♦r❡♠❛ ✷✳✺✮ ❞❡✈❡ ❤❛✈❡r ♣❡❧♦ ♠❡♥♦s m+1 t❡r♠♦s ak1 , ak2 , . . . , akm+1
❝♦♠ ♦ ♠❡s♠♦ ✈❛❧♦r

❡♠ f ✱ ♦✉ s❡❥❛✱ t❛✐s q✉❡ f(ak1) = f(ak2) = · · · = f(akm+1
) = h✳
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❆❣♦r❛✱ ♥♦t❡ q✉❡ ♥❡♥❤✉♠ ❞♦s t❡r♠♦s ❞❡ss❛ s✉❜s❡q✉ê♥❝✐❛ ♣♦❞❡ ❞✐✈✐❞✐r ♦ ♦✉tr♦✱

♣♦✐s s❡ aki | akj ✱ ❝♦♠ i < j✱ ❡♥tã♦ ♦❜t❡♠♦s ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ h + 1

❝♦♠❡ç❛♥❞♦ ♣♦r aki ❡ t❛❧ q✉❡ t♦❞♦ t❡r♠♦ ❞✐✈✐❞❡ ♦s t❡r♠♦s s❡❣✉✐♥t❡s✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦

❢❛t♦ q✉❡ ❛ ♠❛✐♦r ❞❡ss❛s s✉❜s❡q✉ê♥❝✐❛s t❡♠ ❝♦♠♣r✐♠❡♥t♦ h✳ P♦rt❛♥t♦✱ (ak1 , ak2 , . . . , akm+1
)

é ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ m+1 ❡ t❛❧ q✉❡ ♥❡♥❤✉♠ t❡r♠♦ ❞✐✈✐❞❡ ♥❡♥❤✉♠ ♦✉tr♦

t❡r♠♦✳

✷✳✹ ❚❊❖❘❊▼❆ ❉❖❙ ❉❖■❙ ◗❯❆❉❘❆❉❖❙ ❉❊ ❋❊❘▼❆❚

P✐❡rr❡ ❞❡ ❋❡r♠❛t✭✶✻✵✶❄ ✕ ✶✻✻✺✮✺ ❡r❛ ✜❧❤♦ ❞❡ ✉♠ ❝♦♠❡r❝✐❛♥t❡ ❞❡ ❝♦✉r♦ ❡ r❡❝❡❜❡✉ s✉❛

❡❞✉❝❛çã♦ ✐♥✐❝✐❛❧ ❡♠ ❝❛s❛✳ ❈♦♠ tr✐♥t❛ ❛♥♦s ❛❧❝❛♥ç♦✉ ♦ ♣♦st♦ ❞❡ ❝♦♥s❡❧❤❡✐r♦ ❞♦ ♣❛r❧❛♠❡♥t♦

❞❡ ❚♦✉❧♦✉s❡✱ ❡ s❡♥❞♦ ✉♠ ❛❞✈♦❣❛❞♦ ❤✉♠✐❧❞❡ ❡ ❞✐s❝r❡t♦✱ r❡s❡r✈♦✉ ♦ ♠❡❧❤♦r ❞♦ s❡✉ t❡♠♣♦

❞❡ ❧❛③❡r à ♠❛t❡♠át✐❝❛✳ ❊♠❜♦r❛ t❡♥❤❛ ♣✉❜❧✐❝❛❞♦ ♠✉✐t♦ ♣♦✉❝♦ ❞✉r❛♥t❡ s✉❛ ✈✐❞❛✱ ♠❛♥t❡✈❡

❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❝✐❡♥tí✜❝❛ ❝♦♠ ♠✉✐t♦s ❞♦s ♣r✐♥❝✐♣❛✐s ♠❛t❡♠át✐❝♦s ❞♦ s❡✉ t❡♠♣♦ ❡ ❡①❡r❝❡✉

❝♦♥s✐❞❡rá✈❡❧ ✐♥✢✉ê♥❝✐❛ s♦❜r❡ s❡✉s ❝♦♥t❡♠♣♦râ♥❡♦s✳ ❋❡r♠❛t ❡♥r✐q✉❡❝❡✉ t❛♥t♦s r❛♠♦s ❞❛

♠❛t❡♠át✐❝❛ ❝♦♠ t❛♥t❛s ❝♦♥tr✐❜✉✐çõ❡s ✐♠♣♦rt❛♥t❡s q✉❡ é ❝♦♥s✐❞❡r❛❞♦ ♦ ♠❛✐♦r ♠❛t❡♠át✐❝♦

❢r❛♥❝ês ❞♦ sé❝✉❧♦ ❳❱■■✳

❉❡♥tr❡ ❛s ✈❛r✐❛❞❛s ❝♦♥tr✐❜✉✐çõ❡s ❞❡ ❋❡r♠❛t à ♠❛t❡♠át✐❝❛✱ ❛ ♠❛✐s ✐♠♣♦rt❛♥t❡ é ❛

❢✉♥❞❛çã♦ ❞❛ ♠♦❞❡r♥❛ t❡♦r✐❛ ❞♦s ♥ú♠❡r♦s✳ ❆ ✐♥t✉✐çã♦ ❡ ♦ t❛❧❡♥t♦ ❞❡ ❋❡r♠❛t ❡r❛♠ ❡①tr❛✲

♦r❞✐♥ár✐♦s ❡ ♠✉✐t❛s ❞❡ s✉❛s ❝♦♥tr✐❜✉✐çõ❡s ❛♦ ❛ss✉♥t♦ s❡ ❞❡r❛♠ ♥❛ ❢♦r♠❛ ❞❡ ❡♥✉♥❝✐❛❞♦s

❡ ♥♦t❛s ❡s❝r✐t❛s ♥❛s ♠❛r❣❡♥s ❞❡ ✉♠❛ tr❛❞✉çã♦ q✉❡ ♣♦ss✉í❛ ❞❛ ❆r✐t♠ét✐❝❛ ❞❡ ❉✐♦❢❛♥t♦✳

▼✉✐t♦s ❞♦s t❡♦r❡♠❛s ❡♥✉♥❝✐❛❞♦s ♣♦r ❋❡r♠❛t ♠♦str❛r❛♠✲s❡ ❞❡♣♦✐s ✈❡r❞❛❞❡✐r♦s✳

❯♠ ❞❡st❡s ❞❛t❛ ❞❡ ✶✻✹✵✱ ❋❡r♠❛t ❛✜r♠♦✉ q✉❡ ✉♠ ♥ú♠❡r♦ ♣r✐♠♦ í♠♣❛r p ♣♦❞❡ s❡r

❡s❝r✐t♦ ❝♦♠♦ ❛ s♦♠❛ ❞❡ ❞♦✐s q✉❛❞r❛❞♦s s❡ ❡ s♦♠❡♥t❡ s❡ t✐✈❡r ♦ r❡st♦ ✶ q✉❛♥❞♦ ❞✐✈✐❞✐❞♦

♣♦r ✹ ✭✐st♦ é✱ p = 4m + 1 ♦♥❞❡ m é ❛❧❣✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✮✳ ❆❝r❡❞✐t❛✲s❡ q✉❡ ❛ ♣r✐♠❡✐r❛

♣r♦✈❛ ❢♦✐ ❞❛❞❛ ♣♦r ❊✉❧❡r ❡♠ ✶✼✹✼✳

❆❜❛✐①♦ é ♠♦str❛❞❛ ✉♠❛ ❞❛s ♣r♦✈❛s ♣❛r❛ ❡st❡ ❢❛t♦✱ q✉❡ é ♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❛

s❡çã♦✳

❚❡♦r❡♠❛ ✷✳✷✼✳ ❯♠ ♥ú♠❡r♦ ♣r✐♠♦ p ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ✉♠❛ s♦♠❛ ❞❡ ❞♦✐s q✉❛❞r❛❞♦s

s❡ ❡ s♦♠❡♥t❡ s❡ p ❢♦r ❞❛ ❢♦r♠❛ 4m+ 1 ♣❛r❛ ❛❧❣✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ m✳

❉❡✜♥✐çã♦ ✷✳✷✽✳ ❯♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ S é ✉♠❛ r❡❧❛çã♦ ❜✐♥ár✐❛

∼ q✉❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✭✶✮ ❘❡✢❡①✐✈✐❞❛❞❡✿ ♣❛r❛ t♦❞♦ a ∈ S✱ t❡♠♦s a ∼ a✳

✺❊①✐st❡ ✉♠ ❝♦♥✢✐t♦ ❝♦♠ ❛ ❞❛t❛ ❞❡ ♥❛s❝✐♠❡♥t♦ ❞❡ ❋❡r♠❛t✱ ❛ ❥✉❧❣❛r ♣❡❧❛s ✐♥❢♦r♠❛çõ❡s ❞❡ ✈ár✐♦s ❡s❝r✐t♦r❡s✱
♦ ♥❛s❝✐♠❡♥t♦ ❞❡❧❡ ✈❛r✐❛ ❞❡ ✶✺✾✵ ❛ ✶✻✵✽✳
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✭✷✮ ❙✐♠❡tr✐❛✿ ♣❛r❛ t♦❞♦ a, b ∈ S✱ s❡ a ∼ b✱ ❡♥tã♦ b ∼ a✳

✭✸✮ ❚r❛♥s✐t✐✈✐❞❛❞❡✿ ♣❛r❛ t♦❞♦ a, b, c ∈ S✱ s❡ a ∼ b ❡ b ∼ a✱ ❡♥tã♦ a ∼ c✳

❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❙ ❡ ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ∼ ❡♠ S✳ ❉❡✜♥✐♠♦s ❝❧❛ss❡ ❞❡

❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ a ∈ S ❝♦♠♦

[a] := {b ∈ S | b ∼ a}

❊♥tã♦ a é ❝❤❛♠❛❞♦ ❞❡ r❡♣r❡s❡♥t❛♥t❡ ❞❡ [a]✳ ❉❡♥♦t❛♠♦s ❛ ❝♦❧❡çã♦ ❞❡ t♦❞❛s ❛s ❝❧❛ss❡s ❞❡

❡q✉✐✈❛❧ê♥❝✐❛ ♣♦r S/ ∼:= {[a] | a ∈ S}✳
❆q✉✐ ❡stá ✉♠ ❡①❡♠♣❧♦✳ ❙❡❥❛ p ✉♠ ♥ú♠❡r♦ ♣r✐♠♦✳ ❙❡❥❛ Zp = Z/ ∼✱ ♦♥❞❡ ∼ é

❞❡✜♥✐❞♦ ♣♦r✿ ♣❛r❛ t♦❞♦✱ a, b ∈ Z, a ∼ b s❡ ❡ s♦♠❡♥t❡ s❡ p | (a− b)✱ ✐st♦ é✱ ❡①✐st❡ k ∈ Z✱ t❛❧

q✉❡ pk = a− b✳

❉❡♥♦t❛♠♦s Zp ♣♦r {0, 1, . . . , p − 1}✳ ❊♥tã♦ ❞❡✜♥✐♠♦s (Zp)
× ❝♦♠♦ s❡♥❞♦ ❛ ❝♦❧❡çã♦

❞❡ ❡❧❡♠❡♥t♦s ♥ã♦✲♥✉❧♦s {1, . . . , p− 1}

▲❡♠❛ ✷✳✷✾✳ P❛r❛ ♣r✐♠♦s ❞❛ ❢♦r♠❛ p = 4m+ 1✱ ❡①✐st❡ s ∈ Z t❛❧ q✉❡

s2 ≡ −1 (mod p)

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ p = 4m+1 ♣❛r❛ ❛❧❣✉♠ m ∈ N✳ ❊♥tã♦ ♣❛r❛ t♦❞♦ x ∈ (Zp)
×✱ ❝♦♥s✐❞❡✲

r❡♠♦s ♦ ❝♦♥❥✉♥t♦ {x,−x, x̄,−x̄} ♦♥❞❡ −x é ♦ ✐♥✈❡rs♦ ❛❞✐t✐✈♦ ✭♦♣♦st♦✮ ❞❡ x ❡ x̄ é ♦ ✐♥✈❡rs♦

♠✉❧t✐♣❧✐❝❛t✐✈♦ ❞❡ x✳ Pr✐♠❡✐r♦✱ ♥♦t❡♠♦s q✉❡ x 6= −x ♣♦rq✉❡ p é ✉♠ ♥ú♠❡r♦ ♣r✐♠♦ í♠♣❛r✳

P❡❧❛ ♠❡s♠❛ r❛③ã♦✱ x̄ 6= −x̄✳ P♦rt❛♥t♦✱ | {x,−x, x̄,−x̄} |= 2 ♦✉ 4✳

❆❣♦r❛ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦s ❞♦✐s ❝❛s♦s ♣❛r❛ q✉❛✐s | {x,−x, x̄,−x̄} |= 2✳

❈❛s♦ ✶✿ x = x̄✳ ✐st♦ ✐♠♣❧✐❝❛ q✉❡ x2 = 1✱ ❡♥tã♦ (x− 1) (x+ 1) = 0 ♣❡rt❡♥❝❡ ❛ (Zp)
×✳

■st♦ q✉❡r ❞✐③❡r q✉❡ x ♣♦❞❡ s❡r s♦♠❡♥t❡ ✶ ♦✉ p− 1✳ ❙❡❥❛ A0 := {1, p− 1}✳
❈❛s♦ ✷✿ x = −x̄✳ ✐st♦ ✐♠♣❧✐❝❛ q✉❡ x2 = −1

▼♦str❛r❡♠♦s q✉❡ ❝❛s♦ ✷ ❛❝♦♥t❡❝❡ ♣❛r❛ ❛❧❣✉♠ x ∈ (Zp)
×✳ ❙❡❥❛

A = {{x,−x, x̄,−x̄} | x ∈ (Zp)
×}

B = {A ∈ A || A |= 2}

C = A− B = {A ∈ A | A |= 4}

❏á q✉❡ p− 1 =| (Zp)
× |=|

⋃

A∈A A |=
∑

A∈A | A |= 2 | B | +4 | C | é ❞✐✈✐sí✈❡❧ ♣♦r ✹✱ t❡♠♦s

q✉❡ | B | é ♣❛r✳ ❚❛♠❜é♠ s❛❜❡♠♦s q✉❡ A0 ∈ B✱ ❡♥tã♦ | B ≥ 2✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❡①✐st❡

A1 ∈ B ❝♦♠ A1 6= A0✱ ❞✐❣❛♠♦s A1 = {s, p − s} ♣❛r❛ ❛❧❣✉♠ s ∈ (Zp)
×✳ ❊♥tã♦ A1 ❝❛✐ ♥♦

❝❛s♦ ✷✳ ■♠♣❧✐❝❛♥❞♦ q✉❡ s2 = −1✳

Pr♦♣♦s✐çã♦ ✷✳✸✵✳ ◗✉❛❧q✉❡r ♥ú♠❡r♦ ♣r✐♠♦ ♥❛ ❢♦r♠❛ p = 4m + 1 é ❛ s♦♠❛ ❞❡ ❞♦✐s
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q✉❛❞r❛❞♦s✳

❉❡♠♦♥str❛çã♦✳ ❙❛❜❡♠♦s q✉❡ ❡①✐st❡♠
(
⌊√p⌋+ 1

)2 ≥ p ♣❛r❡s ❞❡ ✐♥t❡✐r♦s (x′, y′) ❝♦♠ 0 ≤
x′, y′ ≤ √

p✳ P❡❧♦ Pr✐♥❝í♣✐♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s✱ ❡①✐st❡♠ ❞♦✐s ♣❛r❡s (x′, y′) , (x′′, y′′) t❛❧

q✉❡

x′ − sy′ ≡ x′′ − sy′′ (mod p)

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ x ≡ ±sy (mod p)✱ ♦♥❞❡ x =| x′ − x′′ |, y =| y′ − y′′ |✳ P♦❞❡♠♦s

t♦♠❛r s t❛❧ q✉❡ s2 ≡ −1 (mod p)✳ ❊♥tã♦✱ x2 ≡ s2y2 ≡ −y2 (mod p)✳ ❆ss✐♠ s❡♥❞♦✱

❡♥❝♦♥tr❛♠♦s (x, y) ∈ Z2 ❝♦♠ 0 < x2 + y2 < 2p ❡ x2 + y2 ≡ 0 (mod p)✳ ❏á q✉❡ p é ♦ ú♥✐❝♦

♣r✐♠♦ ❡♥tr❡ 0 ❡ 2p ❞✐✈✐sí✈❡❧ ♣♦r p✱ ❝♦♥❝❧✉í♠♦s q✉❡ x2 + y2 = p✳

Pr♦♣♦s✐çã♦ ✷✳✸✶✳ ◆❡♥❤✉♠ ♥ú♠❡r♦ ♥❛ ❢♦r♠❛ n = 4m+ 3 é ❛ s♦♠❛ ❞❡ ❞♦✐s q✉❛❞r❛❞♦s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ n = 4m+ 3 ♣❛r❛ ❛❧❣✉♠ m ∈ Z✳ ❆ss✉♠✐♠♦s n = x2 + z2 ♣❛r❛ ❛❧❣✉♠

x, y ∈ Z✳

❊♥tã♦ ♣♦❞❡♠♦s ✈❡r r❛♣✐❞❛♠❡♥t❡ q✉❡ x2 ≡ 0 ♦✉ 1 (mod 4)✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ y2 ≡
0 ♦✉ 1 (mod 4)✳ ❈♦♠ ✐st♦✱ n 6≡ 3 (mod p)✱ ❡♥tã♦ t❡♠♦s ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦✱ n ♥ã♦

é ❛ s♦♠❛ ❞❡ ❞♦✐s q✉❛❞r❛❞♦s✳

❊①❡♠♣❧♦ ✷✳✸✷ ✭❋❆▼❆❚✮✳ ❖ ✐♥t❡✐r♦ ✹✺✾ ♥ã♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ❛ s♦♠❛ ❞❡ ❞♦✐s

q✉❛❞r❛❞♦s✱ ♣♦✐s 459 = 4× 114 + 3✱ ♠❛s ♦ ✐♥t❡✐r♦ ✶✺✸ ♣♦❞❡✱ ♣♦✐s

153 = 32 × 17 = 32
(
42 + 12

)
= 122 + 32

❯♠ ♣♦✉❝♦ ♠❛✐s ❝♦♠♣❧✐❝❛❞♦ é ♦ ❡①❡♠♣❧♦ n = 5× 72 × 13× 17✳ ◆❡st❡ ❝❛s♦ t❡♠♦s✿

n = 5× 72 × 13× 17 = 72
(
22 + 12

) (
32 + 22

) (
42 + 12

)

Pr❡❝✐s❛♠♦s tr❛❜❛❧❤❛r ♠✉✐t♦ ♠❛✐s ❡st❡s ♣❛rê♥t❡s❡s✱ ✉t✐❧✐③❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡✿ ❞❡ ❇r❛❤♠❛❣✉♣t❛✲

❋✐❜♦♥❛❝❝✐ (a2 + b2) (c2 + d2) = (ac+ bd)2 + (ad− bc)2✱ t❡♠♦s✿

(
32 + 22

) (
42 + 12

)
= (12 + 2)2 + (3− 8)2 = 142 + 52

❡ ❞♦ ♠❡s♠♦ ♠♦❞♦

(
22 + 12

) (
142 + 52

)
= (28 + 5)2 + (10− 14)2 = 332 + 42

❈♦♠❜✐♥❛♥❞♦ t✉❞♦ ✐st♦ t❡♠♦s q✉❡✱

n = 72
(
332 + 42

)
= 2312 + 282.
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Pr♦❜❧❡♠❛ ✷✳✸✸ ✭❇❯❘❚❖◆✮✳ Pr♦✈❡ q✉❡ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n t❡♠ t❛♥t❛s r❡♣r❡s❡♥t❛çõ❡s

❝♦♠♦ ❛ s♦♠❛ ❞❡ ❞♦✐s q✉❛❞r❛❞♦s ❛ss✐♠ ❝♦♠♦ ♦ ✐♥t❡✐r♦ 2n✳

❙♦❧✉çã♦✳ ❙❡❥❛ n = a2+ b2 ♣❛r❛ a, b ∈ Z✳ ❊♥tã♦ 2n = (a+ b)2+(a− b)2✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛

r❡♣r❡s❡♥t❛çã♦ ❞❡ 2n ❝♦♠♦ ❛ s♦♠❛ ❞❡ ❞♦✐s q✉❛❞r❛❞♦s✳

❙✉♣♦♥❤❛ ❞❡ ♠♦❞♦ r❡❝✐♣r♦❝♦ q✉❡ 2n = c2 + d2✳ ❏á q✉❡ c ❡ d sã♦ ❛♠❜♦s ♣❛r❡s ♦✉

❛♠❜♦s í♠♣❛r❡s✱ s❡❣✉❡ q✉❡ c− d ❡ c+ d sã♦ ❛♠❜♦s ♥ú♠❡r♦s ♣❛r❡s ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

n =

[
(c+ d)

2

]2

+

[
(c− d)

2

]2

Pr♦❜❧❡♠❛ ✷✳✸✹ ✭❇❯❘❚❖◆✮✳ Pr♦✈❡ q✉❡ ❞❡ q✉❛tr♦ ✐♥t❡✐r♦s ❝♦♥s❡❝✉t✐✈♦s✱ ♣❡❧♦ ♠❡♥♦s ✉♠

❞❡❧❡s ♥ã♦ é ❡s❝r✐t♦ ❝♦♠♦ ✉♠❛ s♦♠❛ ❞❡ ❞♦✐s q✉❛❞r❛❞♦s✳

❙♦❧✉çã♦✳ ❉❛❞♦s q✉❛✐sq✉❡r q✉❛tr♦ ✐♥t❡✐r♦s ❝♦♥s❡❝✉t✐✈♦s✱ ✉♠ ❞❡❧❡s✱ ❞✐❣❛♠♦s n✱ s❛t✐s❢❛③

n ≡ 3 (mod 4)✳ ❆ss✐♠✱ ❛ Pr♦♣♦s✐çã♦ ✷✳✸✶ ❣❛r❛♥t❡ q✉❡ n ♥ã♦ é s♦♠❛ ❞❡ ❞♦✐s q✉❛❞r❛❞♦s✳

Pr♦❜❧❡♠❛ ✷✳✸✺ ✭■r❛♥ ❚❙❚ ✷✵✶✺✮✳ ❙❡❥❛ b1 < b2 < b3 < · · · ❛ s❡q✉❡♥❝✐❛ ❞❡ t♦❞♦s ♦s

♥ú♠❡r♦s ♥❛t✉r❛✐s q✉❡ sã♦ s♦♠❛s ❞❡ ❞♦✐s q✉❛❞r❛❞♦s✳ Pr♦✈❡ q✉❡ ❡①✐st❡♠ ✐♥✜♥✐t♦s ♥ú♠❡r♦s

♥❛t✉r❛✐s m t❛✐s q✉❡ bm+1 − bm = 2015✳

❙♦❧✉çã♦✳ ❙❡❥❛♠ p1, p2, . . . , p2014 ♥ú♠❡r♦s ♣r✐♠♦s ❞✐st✐♥t♦s t❛✐s q✉❡ pi ≡ 3 (mod 4)✱ ❛ss✐♠

t❡♠♦s q✉❡ ♥❡♥❤✉♠ ❞♦s pi✬s é s♦♠❛ ❞❡ ❞♦✐s q✉❛❞r❛❞♦s✳ P❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✺✱ ♦ s✐st❡♠❛ ❞❡

❝♦♥❣r✉ê♥❝✐❛s 





x ≡ 2 (mod 8)

x ≡ p1 − 1 (mod p1
2)

✳✳✳

x ≡ p2014 − 2014 (mod p2014
2)

♣♦ss✉✐ ✉♠ ❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦ S ❞❡ s♦❧✉çõ❡s✳

❊♥tã♦✱ ❞❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞♦ s✐st❡♠❛✱ t❡♠♦s q✉❡ ♣❛r❛ q✉❛❧q✉❡r x ∈ S✱ x =

2(4k + 1) ❡✱ ❧♦❣♦✱ x + 2015 = 4l + 1✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ x ❡ x + 2015 ♣♦❞❡♠ s❡r ❡s❝r✐t♦s

❝♦♠♦ ❛ s♦♠❛ ❞❡ ❞♦✐s q✉❛❞r❛❞♦s✱ ❡♥q✉❛♥t♦ q✉❡ x + i ✭❝♦♠ 1 ≤ i ≤ 2014) é ❞✐✈✐sí✈❡❧ ♣♦r

pi ♠❛s ♥ã♦ ♣♦r p2i ✱ ♣♦rt❛♥t♦ x + i ♥ã♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ❛ s♦♠❛ ❞❡ ❞♦✐s q✉❛❞r❛❞♦s✱

♣❛r❛ i ∈ {1, . . . , 2014}✳ ❆ss✐♠✱ ❝♦♠♦ x é s♦♠❛ ❞❡ ❞♦✐s q✉❛❞r❛❞♦s✱ ❧♦❣♦ ❡①✐st❡ m t❛❧ q✉❡

bm = x✳ ▼❛✐s ❛✐♥❞❛✱ ❝♦♠♦ x+ 1, . . . , x+ 2014 ♥ã♦ ♣♦❞❡♠ s❡r ❡s❝r✐t♦s ❝♦♠♦ s♦♠❛ ❞❡ ❞♦✐s

q✉❛❞r❛❞♦s ❡ x+ 2015 é s♦♠❛ ❞❡ ❞♦✐s q✉❛❞r❛❞♦s✱ s❡❣✉❡ q✉❡ bm+1 = x+ 2015 ❡✱ ♣♦rt❛♥t♦✱

bm+1 − bm = 2015✱ ❝♦♠♦ q✉❡rí❛♠♦s✳
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✷✳✺ ▲❊▼❆ ❉❊ ❑Ö◆■●

❉é♥❡s ❑ö♥✐❣ ✭✶✽✽✹ ✕ ✶✾✹✹✮ ❢♦✐ ✉♠ ♠❛t❡♠át✐❝♦ ❤ú♥❣❛r♦ ❥✉❞❡✉ q✉❡ tr❛❜❛❧❤♦✉ ❡ ❡s✲

❝r❡✈❡✉ ♦ ♣r✐♠❡✐r♦ ❧✐✈r♦ t❡①t♦ ♥♦ ❝❛♠♣♦ ❞❡ t❡♦r✐❛ ❞♦s ❣r❛❢♦s✳ ❙❡✉ ♠❛✐♦r ❛♣♦✐♦ à ❣❡r❛çã♦

♠❛✐s ❥♦✈❡♠ ❢♦✐ s❡✉ ❡♥s✐♥♦✳ ❆s ♣❛❧❡str❛s q✉❡ ❡❧❡ ♠✐♥✐str♦✉ ❝♦♠♦ ✐♥str✉t♦r ✉♥✐✈❡rs✐tár✐♦ t✐✈❡✲

r❛♠ s❡♠♣r❡ ✉♠ ♣❡q✉❡♥♦ ♣ú❜❧✐❝♦✱ ♠❛s ♦s ♣♦✉❝♦s ♦✉✈✐♥t❡s ❝♦♥❤❡❝❡r❛♠ ❡ s❡ ❢❛♠✐❧✐❛r✐③❛r❛♠

❝♦♠ ✈ár✐♦s r❛♠♦s ♠♦❞❡r♥♦s ❞❛ ♠❛t❡♠át✐❝❛ ❡ ❢♦r❛♠ ✐♥tr♦❞✉③✐❞♦s ❛ ✉♠❛ ♥♦✈❛ ❞✐s❝✐♣❧✐♥❛✱

t❡♦r✐❛ ❞♦s ❣r❛❢♦s✱ ❡♥q✉❛♥t♦ ❛✐♥❞❛ ❡st❛✈❛ s❡♥❞♦ ❞❡s❡♥✈♦❧✈✐❞❛✳

❑ö♥✐❣ t✐♥❤❛ ❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❛♣r❡s❡♥t❛r ❜❡♠ s❡✉s ♣❡♥s❛♠❡♥t♦s✿ ❡❧❡ s❛❜✐❛ ❝♦♠♦

❡♥❢❛t✐③❛r ♦s ♣♦♥t♦s ❡ss❡♥❝✐❛✐s✱ ❝♦♠♦ ❞❡s♣❡rt❛r ♦ ✐♥t❡r❡ss❡ ❡ ✲ ❝♦♠♦ ♦ ♣r✐♥❝✐♣❛❧ ❡s♣❡❝✐❛❧✐st❛

❡♠ t❡♦r✐❛ ❞♦s ❣r❛❢♦s ✲ ❝♦♠♦ ❢❛③❡r ♣❡r❣✉♥t❛s ✐♥t❡r❡ss❛♥t❡s✳ ❙♦❜ s✉❛ ✐♥✢✉ê♥❝✐❛✱ ✈ár✐♦s ♠❛✲

t❡♠át✐❝♦s s❡ ✈♦❧t❛r❛♠ à ❡ss❡ ❝❛♠♣♦ ❞♦s ❣r❛❢♦s✱ ✉♠ ❞❡❧❡s P❛✉❧ ❊r❞ös✱ q✉❡ ❢r❡q✉❡♥t♦✉ s✉❛s

❛✉❧❛s ❡♠ s❡✉ ♣r✐♠❡✐r♦ ❛♥♦ ❞❡ ❡♥s✐♥♦✳

❯♠❛ ❞❡ s✉❛s ❝♦♥tr✐❜✉✐çõ❡s ❢♦✐ ♦ ▲❡♠❛ ❞❡ ❑ö♥✐❣✱ ♠❛s ❛♥t❡s ❞❡ ✐♥tr♦❞✉③✐r♠♦s ❡ss❡

❧❡♠❛ ✭❡ ♦ ❚❡♦r❡♠❛ ❞❡ ❘❛♠s❡② ♠❛✐s ❛ ❢r❡♥t❡✮✱ ❞❡✈❡♠♦s ♥♦s ❛t❡♥t❛r ♣❛r❛ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s

s♦❜r❡ ❛ t❡♦r✐❛ ❞♦s ●r❛❢♦s✳ ❊❧❛s sã♦ ♥❡❝❡ssár✐❛s ✉♠❛ ✈❡③ q✉❡ ❡ss❛s sã♦ ❛s ❡str✉t✉r❛s ❝❡♥tr❛✐s

❞❡ss❡s t❡♦r❡♠❛✳

❉❡✜♥✐çã♦ ✷✳✸✻✳ ❯♠ ❣r❛❢♦ G = (V,E) é ✉♠ ♣❛r ♦♥❞❡ V é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s✱

❝❤❛♠❛❞♦s ✈ért✐❝❡s✱ ❡ E é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣❛r❡s ❞❡ ✈ért✐❝❡s✱ ❝❤❛♠❛❞♦ ❞❡ ❛r❡st❛s✳

❉❡✜♥✐çã♦ ✷✳✸✼✳ ❯♠ s✉❜❣r❛❢♦ G′ = (V ′, E ′) ❞❡ ✉♠ ❣r❛❢♦ G = (V,E) é ✉♠ ❣r❛❢♦ t❛❧ q✉❡

V ′ ⊆ V ❡ E ′ ⊆ E✳

❉❡✜♥✐çã♦ ✷✳✸✽✳ ❯♠ ❣r❛❢♦ ❝♦♠♣❧❡t♦ ❝♦♠ n ✈ért✐❝❡s✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r Kn✱ é ✉♠ ❣r❛❢♦

❞❡ n ✈ért✐❝❡s ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡ t♦❞♦s ♦s ♣❛r❡s ❞❡ ✈ért✐❝❡s sã♦ ❝♦♥❡❝t❛❞♦s ♣♦r ✉♠❛

❛r❡st❛✳

❉❡✜♥✐çã♦ ✷✳✸✾✳ ❯♠❛ ❝♦❧♦r❛çã♦ ❞❡ ❛r❡st❛s ❞❡ ✉♠ ❣r❛❢♦ é ✉♠❛ ❛tr✐❜✉✐çã♦ ❞❡ ❝♦r❡s ♣❛r❛

❛s ❛r❡st❛s ❞♦ ❣r❛❢♦✳ ❯♠ ❣r❛❢♦ q✉❛❧q✉❡r q✉❡ t❡♥❤❛ ❛r❡st❛s ❝♦❧♦r✐❞❛s é ❝❤❛♠❛❞♦ ✉♠ ❣r❛❢♦

♠♦♥♦❝r♦♠át✐❝♦ s❡ t♦❞❛s ❛r❡st❛s sã♦ ❞❛ ♠❡s♠❛ ❝♦r✳

❚❡♦r❡♠❛ ✷✳✹✵ ✭▲❡♠❛ ❞❡ ❑ö♥✐❣✮✳ ✳ ❙❡ ● é ✉♠ ❣r❛❢♦ ❝♦♥❡❝t❛❞♦ ❝♦♠ ✉♠ ♥ú♠❡r♦ ✐♥✜♥✐t♦ ❞❡

♥ós t❛❧ q✉❡ ❝❛❞❛ ♥ó ♣♦ss✉✐ ❣r❛✉ ✜♥✐t♦ ✭✐st♦ é✱ t❡♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ♥ós ❛❞❥❛❝❡♥t❡s✮✱

❡♥tã♦ ● ♣♦ss✉✐ ✉♠❛ r❛♠✐✜❝❛çã♦ s✐♠♣❧❡s ✐♥✜♥✐t❛♠❡♥t❡ ❧♦♥❣❛✱ ✐st♦ é✱ ✉♠❛ r❛♠✐✜❝❛çã♦

q✉❡ ♥ã♦ ♣♦ss✉✐ ♥ós r❡♣❡t✐❞♦s✳ ❖✉tr❛ ❢♦r♠❛✿ ❙✉♣♦♥❤❛ q✉❡ T s❡❥❛ ✉♠❛ ár✈♦r❡ ✜♥✐t❛♠❡♥t❡

❞✐✈✐❞✐❞❛ ❝♦♠ ✐♥✜♥✐t♦s ✈ért✐❝❡s✳ ❊♥tã♦ T t❡♠ ✉♠ r❛♠♦ ✐♥✜♥✐t♦✳

▲❡♠❜r❛♥❞♦ ❞♦ ♣r✐♥❝í♣✐♦ ✐♥✜♥✐t♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s✿ ❙❡ S0∪S1∪· · ·∪Sn é ✐♥✜♥✐t♦

❡♥tã♦ ❛❧❣✉♠ Si ❞❡✈❡ s❡r ✐♥✜♥✐t♦✳ ✭❊st❡ é ❛ ❝♦♥tr❛♣♦s✐t✐✈❛ ❞♦ ❢❛t♦ ó❜✈✐♦ q✉❡ ✉♠❛ ✉♥✐ã♦ ✜♥✐t❛
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❞❡ ❝♦♥❥✉♥t♦s ✜♥✐t♦s é ✜♥✐t❛✮✳ ❆ ❝❤❛✈❡ ♣❛r❛ ♣r♦✈❛r ♦ ❧❡♠❛ ❞❡ ❑ö♥✐❣ é ✉s❛r r❡♣❡t✐❞❛♠❡♥t❡ ♦

♣r✐♥❝í♣✐♦ ✐♥✜♥✐t♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠❛ s❡q✉ê♥❝✐❛ v0, v1, . . . ❞♦s ✈ért✐❝❡s

t❛✐s q✉❡ ❝❛❞❛ vi t❡♠ ✐♥✜♥✐t♦s ♠✉✐t♦s ✈ért✐❝❡s ❛❜❛✐①♦ ❞❡❧❡ ♥❛ ár✈♦r❡✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ v0 ❛ r❛✐③ ❞❡ T ✳ ❈♦♠♦ T é ✜♥✐t❛♠❡♥t❡ r❛♠✐✜❝❛❞♦✱ ♣♦❞❡♠♦s ❧✐st❛r s❡✉s

✏✜❧❤♦s✑ ❝♦♠♦ {c1, . . . , ck} ♣❛r❛ ❛❧❣✉♥s k✳ ❉❡✜♥✐♠♦s

Si = {v ∈ T | v é ✉♠ ❞❡s❝❡♥❞❡♥t❡ ❞❡ ci}

❊♥tã♦✱ ❞❡s❞❡ q✉❡ T \{v0} = S1∪S2∪· · ·∪Sk✱ ❡ T \{v0} é ✐♥✜♥✐t♦✱ ♦ ♣r✐♥❝í♣✐♦ ✐♥✜♥✐t♦
❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s ♥♦s ❞✐③ q✉❡ ❡①✐st❡ ❛❧❣✉♠ Si q✉❡ é ✐♥✜♥✐t♦✳ ❊s❝♦❧❤❡♠♦s ✉♠✱ ❡ ❞❡✜♥✐♠♦s

v1 = ci✳ ❉❡ ♠♦❞♦ ❣❡r❛❧✱ s✉♣♦♥❤❛ q✉❡ t❡♥❤❛♠♦s v0, v1, . . . , vn ✉♠ ❝❛♠✐♥❤♦ ❡♠ T ✱ ❡ vn ❝♦♠

✐♥✜♥✐t♦s ❞❡s❝❡♥❞❡♥t❡s✳ ❉❡s❞❡ q✉❡ vn t❡♥❤❛ ❛♣❡♥❛s ✜♥✐t♦s ✜❧❤♦s✱ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦✱ ❝♦♠♦

❛❝✐♠❛✱ ♠♦str❛ q✉❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ❞❡❧❡s t❡♠ ✐♥✜♥✐t♦s ❞❡s❝❡♥❞❡♥t❡s✱ ❡ ♣❡r♠✐t✐♠♦s q✉❡

vn + 1 s❡❥❛ ✉♠❛ ❝r✐❛♥ç❛✳ ❈♦♠♦ ♣♦❞❡♠♦s ❢❛③❡r ✐ss♦ ♣❛r❛ q✉❛❧q✉❡r n✱ ♦❜t❡♠♦s ✉♠ r❛♠♦

✐♥✜♥✐t♦ v0, v1, v2, . . .

Pr♦❜❧❡♠❛ ✷✳✹✶✳ ❉❡✜♥❛ ✉♠❛ ♣❛❧❛✈r❛ ♣❛r❛ s❡r q✉❛❧q✉❡r s❡q✉ê♥❝✐❛ ✜♥✐t❛ ♥ã♦ ✈❛③✐❛ ❞❡

sí♠❜♦❧♦s✳ ❈❛❞❛ ♣❛❧❛✈r❛ é ❜♦❛ ♦✉ r✉✐♠✳ ❉❛❞❛ ✉♠❛ s❡q✉ê♥❝✐❛ ✐♥✜♥✐t❛ ❞❡ sí♠❜♦❧♦s✱ ♠♦str❡

q✉❡ ❛❧é♠ ❞❡ ❛❧❣✉♠ ♣♦♥t♦✱ ❛ s❡q✉ê♥❝✐❛ ♣♦❞❡ s❡r q✉❡❜r❛❞❛ ❡♠ ♣❛❧❛✈r❛s q✉❡ sã♦ t♦❞❛s ❜♦❛s

♦✉ q✉❡ sã♦ t♦❞♦s r✉✐♥s✳

❙♦❧✉çã♦✳ ❆ ❡str❛té❣✐❛ ♣❛r❛ ♣r♦✈❛ é ❝♦♥str✉✐r ✉♠❛ ár✈♦r❡ S ❢♦r❛ ❞❛ s❡q✉ê♥❝✐❛ ❞❛❞❛✳ ❆ r❛✐③

❞❛ ár✈♦r❡ é ✉♠ sí♠❜♦❧♦ ❡s♣❡❝✐❛❧❀ ♦s ♥ós r❡st❛♥t❡s sã♦ r♦t✉❧❛❞♦s ❝♦♠ ♥ú♠❡r♦s ♥❛t✉r❛✐s✳ ❖ ♥ó

r♦t✉❧❛❞♦ ✵ t❡♠ r❛✐③ ❝♦♠♦ ♣❛✐❀ ♦ ♥ó r♦t✉❧❛❞♦ j t❡♠ ✉♠ ♣❛✐ i s❡ ❛ ♣❛❧❛✈r❛ Si, Si+1, . . . , Sj−1

é ❜♦❛✱ ❡ i é ♦ ♠❛✐♦r ✈❛❧♦r ❛❜❛✐①♦ ❞❡ j ❛ t❡r ❡ss❛ ♣r♦♣r✐❡❞❛❞❡✳ ❙❡ ♥ã♦ ❡①✐st❡ t❛❧ i✱ ❡♥tã♦ ♦

♣❛✐ ❞❡ j é ❛ r❛✐③✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❧❡♠❛ ❞❡ ❑ö♥✐❣✱ ❤á ✉♠ ❝❛♠✐♥❤♦ ✐♥✜♥✐t♦ ✲ ♥❡ss❡ ❝❛s♦ t♦❞❛ ❛

s❡q✉ê♥❝✐❛ S ♣♦❞❡ s❡r ❞✐✈✐❞✐❞❛ ❡♠ ♣❛❧❛✈r❛s ❜♦❛s ✲ ♦✉ ✉♠ ♥ó ❝♦♠ ❣r❛✉ ✐♥✜♥✐t♦✳ ◆❡st❡

ú❧t✐♠♦ ❝❛s♦✱ ❞❡✐①❡ q✉❡ ♦s ✜❧❤♦s ❞♦ ♥ó t❡♥❤❛♠ rót✉❧♦s k0, k1, . . . ❈❛❞❛ ♣❛❧❛✈r❛ ❝♦♠❡ç❛♥❞♦

❡♠ kt ❡ t❡r♠✐♥❛♥❞♦ ❡♠ kt+1 − 1 é ✉♠❛ ♣❛❧❛✈r❛ r✉✐♠✱ ♣❛r❛ t♦❞♦ t✳

✷✳✻ ❚❊❖❘■❆ ❉❊ ❘❆▼❙❊❨

❙❡❣✉♥❞♦ ❛s ♣❛❧❛✈r❛s ❞❡ ❚❤❡♦❞♦r❡ ❙✳ ▼♦t③❦✐♥ ✭✶✾✵✽ ✕ ✶✾✼✵✮✿ ✏❆ ❝♦♠♣❧❡t❛ ❞❡s♦r❞❡♠

é ✐♠♣♦ssí✈❡❧✑✳

❊♠ ✶✾✷✼✱ ❋r❛♥❦ P❧✉♠♣t♦♥ ❘❛♠s❡② ✭✶✾✵✸ ✕ ✶✾✸✵✮✱ ❧ó❣✐❝♦ ✐♥❣❧ês✱ ❡st❛✈❛ ❧✉t❛♥❞♦

❝♦♠ ✉♠ ♣r♦❜❧❡♠❛ ♥❛ ❧ó❣✐❝❛ ♠❛t❡♠át✐❝❛✳ P❛r❛ r❡s♦❧✈ê✲❧♦✱ ♣❛r❡❝✐❛✲❧❤❡ q✉❡ ❡❧❡ ♣r❡❝✐s❛✈❛

♠♦str❛r q✉❡ ♦s s✐st❡♠❛s ♠❛t❡♠át✐❝♦s q✉❡ ❡❧❡ ❡st❛✈❛ ❡st✉❞❛♥❞♦ s❡♠♣r❡ t❡r✐❛♠ ✉♠❛ ❝❡rt❛



✽✻

♦r❞❡♠ ♥❡❧❡s✳ ➚ ♣r✐♠❡✐r❛ ✈✐st❛✱ ♦s s✐st❡♠❛s ❡r❛♠ ❧✐✈r❡s ♣❛r❛ s❡r❡♠ tã♦ ❞❡s♦r❞❡♥❛❞♦s q✉❛♥t♦

q✉✐s❡ss❡♠✱ ♠❛s ❘❛♠s❡② ❛❝❤♦✉ q✉❡✱ ♠❡s♠♦ ❞❛ ♠❛♥❡✐r❛ ♠❛✐s ✐♥❞✐s❝✐♣❧✐♥❛❞❛✱ ♦ t❛♠❛♥❤♦ ❞♦

s✐st❡♠❛ ❞❡✈❡r✐❛ ❢♦rç❛r ♣❛rt❡s ❞❡❧❡ ❛ ❡①✐❜✐r ❛❧❣✉♠ t✐♣♦ ❞❡ ♦r❞❡♠✳

❆♦ ♣r♦✈❛r q✉❡ s✉❛ ✐♥t✉✐çã♦ ❡st❛✈❛ ❝♦rr❡t❛✱ ❡❧❡ ✐♥✈❡♥t♦✉ ✉♠ ♥♦✈♦ r❛♠♦ ❞❛ ♠❛t❡✲

♠át✐❝❛✱ q✉❡ ❛❣♦r❛ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❚❡♦r✐❛ ❞❡ ❘❛♠s❡②✳ ❊❧❡ ❧❡✉ ♦ ❛rt✐❣♦ r❡s✉❧t❛♥t❡ ♣❛r❛ ❛

❙♦❝✐❡❞❛❞❡ ▼❛t❡♠át✐❝❛ ❞❡ ▲♦♥❞r❡s✱ ♠❛s ♠♦rr❡✉✱ ❛♦s ✷✻ ❛♥♦s ❞❡ ✐❞❛❞❡✱ ❛♥t❡s ❞❡ s✉❛ t❡♦r✐❛

t❡r s✐❞♦ ♣✉❜❧✐❝❛❞❛✳

❆ ❚❡♦r✐❛ ❞❡ ❘❛♠s❡② ❛✐♥❞❛ t❡♠ ❛♣❧✐❝❛çõ❡s ♥♦ ❡st✉❞♦ ❞❛ ❧ó❣✐❝❛✳ ▼❛s t❛♠❜é♠ é ✉♠

❛ss✉♥t♦ ♠✉✐t♦ ❛tr❛❡♥t❡ ♣♦r s✐ só✱ ♣♦✐s s✉❛s ✐❞❡✐❛s ❜ás✐❝❛s ♣♦❞❡♠ s❡r ❡♥t❡♥❞✐❞❛s ❝♦♠ ♠✉✐t❛

❢❛❝✐❧✐❞❛❞❡ ❡ ❡♥✈♦❧✈❡♠ ❞❡s❡♥❤♦s ❝♦❧♦r✐❞♦s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ t❛♠❜é♠ é ✉♠❛ ár❡❛ ❞❡ ♣❡sq✉✐s❛

❛t✐✈❛✱ ♣♦✐s ❧❡✈❛♥t❛ ❛❧❣✉♠❛s q✉❡stõ❡s ❡s♣❡t❛❝✉❧❛r♠❡♥t❡ ❞✐❢í❝❡✐s✳ ❱❡r❡♠♦s q✉❡ ❛ ❚❡♦r✐❛ ❞❡

❘❛♠s❡② t❡♠ ❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❢❛③❡r ♣❡r❣✉♥t❛s s✐♠♣❧❡s✱ q✉❡ ❞❡s❛✜❛r❛♠ t♦❞❛s ❛s t❡♥t❛t✐✈❛s

❞❡ r❡s♣♦♥❞ê✲❧❛s ❛té ❛❣♦r❛✳ ◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ❘❛♠s❡② ❡ ❛❧❣✉♥s

❝♦r♦❧ár✐♦s✳

❖ Pr♦❜❧❡♠❛ ❞❛ ❋❡st❛ é ✉♠❛ ❞❛s ♣r✐♥❝✐♣❛✐s q✉❡stõ❡s q✉❛♥❞♦ ❢❛❧❛♠♦s s♦❜r❡ ❛ ❛♣❧✐✲

❝❛çã♦ ❞♦ t❡♦r❡♠❛ ❞❡ ❘❛♠s❡②✱ ❛♣❡s❛r ❞❡ s❡r ✉♠ ♣r♦❜❧❡♠❛ s✐♠♣❧❡s✱ ❡♥t❡♥❞❡r s❡✉ ❢✉♥❝✐♦♥❛✲

♠❡♥t♦ é ❡①tr❡♠❛♠❡♥t❡ ♥❡❝❡ssár✐♦ ♣❛r❛ ❞❛r♠♦s ♦s ♣r✐♠❡✐r♦s ♣❛ss♦s ❡♠ ❞✐r❡çã♦ ❛♦ t❡♦r❡♠❛

❞❡ ❘❛♠s❡②✳ ❱❡r❡♠♦s ❛ s❡❣✉✐r ✉♠ ❡①❡♠♣❧♦ ❞♦ Pr♦❜❧❡♠❛ ❞❛ ❋❡st❛ ❡ ✉♠❛ ❞❡ s✉❛s ✈❛r✐❛çõ❡s✳

Pr♦❜❧❡♠❛ ✷✳✹✷✳ ❊♠ ✉♠❛ ❢❡st❛ ❝♦♠ s❡✐s ♣❡ss♦❛s✱ ❡①✐st❡♠ três ♣❡ss♦❛s q✉❡ sã♦ ♠✉t✉❛✲

♠❡♥t❡ ❝♦♥❤❡❝✐❞❛s ❡♥tr❡ s✐ ♦✉ três ♣❡ss♦❛s q✉❡ sã♦ ♠✉t✉❛♠❡♥t❡ ❡str❛♥❤❛s ❡♥tr❡ s✐✳

❙♦❧✉çã♦✳ ❱❛♠♦s ❝❤❛♠❛r ✉♠❛ ♣❡ss♦❛ ❞❛ ❢❡st❛ ❞❡ Φ q✉❡ é ✉♠ ✈ért✐❝❡ ❞❡ ✉♠ ❣r❛❢♦ K6✱

♦♥❞❡ ❝❛❞❛ ♣❡ss♦❛ r❡♣r❡s❡♥t❛ ✉♠ ✈ért✐❝❡ ❞❡st❡ ❣r❛❢♦✳ ❊❧❛ t❡♠ ✈✐sã♦ ❞❡ ♦✉tr❛s ✺ ♣❡ss♦❛s✱

❞❛s q✉❛✐s ♣♦❞❡♠♦s ❛✜r♠❛r✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞❛ ❈❛s❛ ❞♦s P♦♠❜♦s✱ q✉❡ ♣❡❧♦ ♠❡♥♦s ✸ sã♦

❝♦♥❤❡❝✐❞❛s ♦✉ ❞❡s❝♦♥❤❡❝✐❞❛s ♣♦r φ✳ ❱❛♠♦s ✉s❛r ❛s ❝♦r❡s ❛③✉❧ ✭❧✐♥❤❛ ❝❤❡✐❛✮ ♣❛r❛ ✏❝♦♥❤❡❝❡✑

❡ ✈❡r♠❡❧❤♦ ✭❧✐♥❤❛ ♣♦♥t✐❧❤❛❞❛✮ ♣❛r❛ ✏♥ã♦ ❝♦♥❤❡❝❡✑✳ ❙❡♥❞♦ ❛ss✐♠✱ s❡♠ ♣❡r❞❡r ❛ ❣❡♥❡r❛❧✐❞❛❞❡✱

❝♦♥s✐❞❡r❡♠♦s ❛s ✸ ❛r❡st❛s ❛③✉✐s ❡ ❞❡♥♦t❡♠♦s s❡✉ ✈ért✐❝❡s ❝♦♠♦ ❆✱ ❇ ❡ ❈✳ ❙❡ ❡①✐st✐r ❛❧❣✉♠❛

❞❡ss❛s ❛r❡st❛s✱ ❆❇✱ ❆❈ ❡ ❇❈✱ ❝♦♠ ❛ ❝♦r ❛③✉❧✱ t❡♠♦s ✉♠ tr✐â♥❣✉❧♦ ❞❛ ♠❡s♠❛ ❝♦r ❡ ❡stá

♣r♦✈❛❞♦✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r ❡♥tã♦ q✉❡ ❛s ❛r❡st❛s ♥ã♦ s❡rã♦ ❝♦❧♦r✐❞❛s ❝♦♠ ❛ ❝♦r ❛③✉❧✳ ▼❛s

s❡ ♥❡♥❤✉♠❛ ♣♦❞❡ s❡r ❛③✉❧ ❡♥tã♦ t♦❞❛s ❞❡✈❡♠ s❡r ✈❡r♠❡❧❤❛s ❡ s❡ t♦❞❛s sã♦ ✈❡r♠❡❧❤❛s✱

❡①✐st❡ ✉♠ △ABC ❝♦♠ t♦❞❛s ❛s ❛r❡st❛s ✈❡r♠❡❧❤❛s ✭❋✐❣✉r❛ ✻✮✳

▲♦❣✐❝❛♠❡♥t❡✱ ♦ Pr♦❜❧❡♠❛ ❞❛ ❋❡st❛ é ❛♣❡♥❛s ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ t❡♦r❡♠❛ ❞❡

❘❛♠s❡②✳ ❱❛♠♦s ❡①♣r❡ss❛r ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❛ ❢❡st❛ ❛❣♦r❛ ❛tr❛✈és ❞❛ ❧✐♥❣✉❛❣❡♠ ❞❛

t❡♦r✐❛ ❞♦s ❣r❛❢♦s✳ ◆♦ ❝❛s♦ ❞♦ Pr♦❜❧❡♠❛ ✷✳✹✷✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ✉♠ ❣r❛❢♦ K6 ❝♦❧♦r✐❞♦ ♣♦r

❞✉❛s ❝♦r❡s✱ ❛❞♠✐t❡ ✉♠ s✉❜❣r❛❢♦ K3 ❞❡ ❝♦r ❛③✉❧ ♦✉ ✉♠ s✉❜❣r❛❢♦ K3 ❞❡ ❝♦r ✈❡r♠❡❧❤❛✳



✽✼

θ

A

B

C D E

❋✐❣✉r❛ ✻✿ Pr♦❜❧❡♠❛ ❞❛ ❋❡st❛

❚❡♦r❡♠❛ ✷✳✹✸ ✭❚❡♦r❡♠❛ ❞❡ ❘❛♠s❡② ♣❛r❛ ❞✉❛s ❝♦r❡s✮✳ ❙❡❥❛♠ k, l ≥ 2✳ ❊①✐st❡ ✉♠ ♠❡♥♦r

✐♥t❡✐r♦ ♣♦s✐t✐✈♦ R = R (k, l) t❛❧ q✉❡ t♦❞❛ ❛ ❝♦❧♦r❛çã♦ ❞❡ ❛r❡st❛s ❞❡ KR✱ ❝♦♠ ❛s ❝♦r❡s

✈❡r♠❡❧❤♦ ❡ ❛③✉❧✱ ❛❞♠✐t❡ ✉♠ s✉❜❣r❛❢♦ Kk ✈❡r♠❡❧❤♦ ♦✉ ✉♠ s✉❜❣r❛❢♦ Kl ❛③✉❧✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❡st❛❜❡❧❡❝❡r ♣r✐♠❡✐r♦ ♥♦ss♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦✱ ♥♦t❡♠♦s q✉❡R (k, 2) =

k ♣❛r❛ t♦❞♦ k ≥ 2 ❡ R (2, l) = l ♣❛r❛ t♦❞♦ l ≥ 2✳ P❛r❛ k + l = 4 ❡ k + l = 5✱ ♥♦t❡♠♦s

q✉❡ t❛♠❜é♠ é ❢á❝✐❧✱ ♣♦✐s R (2, 2) = 2 ❡ R (3, 2) = 3 r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

s❡❥❛ k + l ≥ 6✱ ❝♦♠ k, l ≥ 3✱ ♥ós ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ❡①✐st❡ R (k, l − 1) ❡ R (k − 1, l)✳

❱❛♠♦s ♠♦str❛r q✉❡ R (k, l) ≤ R (k − 1, l) + R (k, l − 1)✱ ♣❛r❛ k, l ≥ 3✱ ♣r♦✈❛♥❞♦ ❛ss✐♠

♦ t❡♦r❡♠❛✳ ◆♦ss♦ ❣r❛❢♦ s❡rá Kn✱ ❝♦♠ n = R (k − 1, l) + R (k, l − 1)✳ ❱❛♠♦s ❝❤❛♠❛r ✉♠

❞❡st❡s ✈ért✐❝❡s ❞❡ v✱ s❡♥❞♦ ❛ss✐♠ ❡①✐st❡♠ n− 1 ✈ért✐❝❡s ❝♦♥❡❝t❛❞♦s ❛tr❛✈és ❞❡ ✉♠❛ ❛r❡st❛

à v✳ ❙✉♣♦♥❤❛♠♦s ♣♦r ❛❜s✉r❞♦ q✉❡ A < R (k − 1, l) ❡ B < R (k, l − 1)✳ ❙❡♥❞♦ ❛ss✐♠✱ A ❡

B ❝♦♠♦ A ≤ R (k − 1, l)− 1 ❡ B ≤ R (k, l − 1)− 1✳

❊♥tã♦✿
A+B ≤ {R (k − 1, l)− 1}+ {R (k, l − 1)− 1}

A+B ≤ R (k − 1, l) +R (k, l − 1)
︸ ︷︷ ︸

n

−2

A+B ≤ n− 2

✭✷✳✻✮

❖ q✉❡ é ✉♠ ❛❜s✉r❞♦✦ ▲♦❣♦✱ A ≥ R (k − 1, l) ♦✉ B ≥ R (k, l − 1)✳ ❱❛♠♦s ❛ss✉♠✐r✱

s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ A ≥ R (k − 1, l)✳ ❙❡❥❛ V ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❝♦♥❡❝t❛❞♦

à v ♣♦r ❛r❡st❛s ✈❡r♠❡❧❤❛s✱ t❡♠♦s q✉❡ V ≥ R (k − 1, l)✳ P❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ KV

❝♦♥té♠ ✉♠ s✉❜❣r❛❢♦ ✈❡r♠❡❧❤♦ Kk−1 ♦✉ ✉♠ s✉❜❣r❛❢♦ ❛③✉❧ Kl✳ ❙❡ t❡♠ ✉♠ s✉❜❣r❛❢♦ ❛③✉❧

Kl✱ ❡stá ♣r♦✈❛❞♦✳ ❙❡ ❝♦♥té♠ ✉♠ s✉❜❣r❛❢♦ ✈❡r♠❡❧❤♦ Kk−1✱ ❡st❛♥❞♦ ❛♣❡♥❛s ❝♦♥❡❝t❛❞♦ ♣♦r

❛r❡st❛s ✈❡r♠❡❧❤❛s ❛♦ ✈ért✐❝❡ v✱ ♥ós t❡♠♦s ✉♠ s✉❜❣r❛❢♦ Kk✱ ✉♠❛ ✈❡③ q✉❡ só ♣♦❞❡♠♦s

❝♦♥❡❝tá✲❧♦ ♣♦r ❛r❡st❛s ✈❡r♠❡❧❤❛s ✭♦✉ ♦❜t❡r❡♠♦s ✉♠ s✉❜❣r❛❢♦ Kl ❛③✉❧✮✳ ❊ ❛ss✐♠ ❛ ♣r♦✈❛

❞♦ t❡♦r❡♠❛ ❡stá ❝♦♠♣❧❡t❛✳
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❖s ♥ú♠❡r♦s R (k, l) sã♦ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ ❘❛♠s❡② ♣❛r❛ ❞✉❛s ❝♦r❡s✳ ❆

s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❢❡st❛ ♥♦s ❞✐③ q✉❡ R (3, 3) = 6✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❘❛♠s❡②✱ ♥ós

♣♦❞❡♠♦s ❡st❡♥❞❡r ♦ ♣r♦❜❧❡♠❛ ❞❛ ❢❡st❛ ❞❡ ✈ár✐❛s ♦✉tr❛s ❢♦r♠❛s✳ P♦r ❡①❡♠♣❧♦✱ ♥ós s❛❜❡♠♦s

q✉❡ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ n ❞❡ ❢♦r♠❛ q✉❡✱ ❡st❛♥❞♦ n ♣❡ss♦❛s ❡♠ ✉♠❛ ❢❡st❛✱ ❡♥tã♦ ❞❡✈❡r✐❛ t❡r

♦✉ ✉♠ ❣r✉♣♦ ❞❡ q✉❛tr♦ ♣❡ss♦❛s ♠✉t✉❛♠❡♥t❡ ❝♦♥❤❡❝✐❞❛s ♦✉ ✉♠ ❣r✉♣♦ ❞❡ ❝✐♥❝♦ ♣❡ss♦❛s

♠✉t✉❛♠❡♥t❡ ❡str❛♥❤❛s✳ ❊ss❡ ♥ú♠❡r♦ n é ♦ ◆✉♠❡r♦ ❞❡ ❘❛♠s❡② R (4, 5)✳

❍á ♦✉tr♦s ♠❡✐♦s ❞❡ ❡st❡♥❞❡r ♦ ♣r♦❜❧❡♠❛ ❞❛ ❢❡st❛✳ ◆♦ ❡①❡♠♣❧♦ ❛ s❡❣✉✐r ♥ós ❝♦♥s✐❞❡✲

r❛♠♦s ♦ ❝❛s♦ ♦♥❞❡ ❛s ♣❡ss♦❛s s❡ ❛♠❛♠✱ ♦✉ s❡ ♦❞❡✐❛♠✱ ♦✉ sã♦ ✐♥❞✐❢❡r❡♥t❡s ❡♥tr❡ s✐✳ ◆❡ss❛

s✐t✉❛çã♦ q✉❡r❡♠♦s ❡♥❝♦♥tr❛r três ♣❡ss♦❛s q✉❡ s❡ ❛♠❛♠✱ ♦✉ três ♣❡ss♦❛s q✉❡ s❡ ♦❞❡✐❛♠✱ ♦✉

três ♣❡ss♦❛s q✉❡ sã♦ ✐♥❞✐❢❡r❡♥t❡s ❡♥tr❡ s✐✳

❱❛♠♦s ✈❡r ♦ ♣r♦❜❧❡♠❛ ❛ s❡❣✉✐r✿

Pr♦❜❧❡♠❛ ✷✳✹✹ ✭■▼❖ ✶✾✻✹✮✳ ❉❡③❡ss❡t❡ ❝✐❡♥t✐st❛s s❡ ❝♦♠✉♥✐❝❛♠ ♣♦r ❝❛rt❛s ❡♥tr❡ s✐✳ ❊♠

t♦❞❛s s✉❛s ❝❛rt❛s ❡❧❡s ❞✐s❝✉t❡♠ s♦♠❡♥t❡ s♦❜r❡ ✉♠ ❡♥tr❡ três t❡♠❛s✳ ❈❛❞❛ ♣❛r ❞❡ ❝✐❡♥t✐st❛s

❢❛❧❛ s♦❜r❡ ✉♠ ú♥✐❝♦ t❡♠❛✳ ▼♦str❡ q✉❡ ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s três ❝✐❡♥t✐st❛s q✉❡ ❝♦♥✈❡rs❛♠ ❡♥tr❡

s✐ s♦❜r❡ ♦ ♠❡s♠♦ ❛ss✉♥t♦✳

❙♦❧✉çã♦✳ P❡❣✉❡ q✉❛❧q✉❡r ✉♠ ❞❡st❡s ✶✼ ❝✐❡♥t✐st❛s✳ ❊❧❡ ❡s❝r❡✈❡ ♣❛r❛ ✶✻ ♣❡ss♦❛s✱ ❡♥tã♦✱ ♣❡❧♦

Pr✐♥❝í♣✐♦ ❞❛ ❝❛s❛ ❞♦s ♣♦♠❜♦s ✷✳✶✱ ❡❧❡ ❞❡✈❡ ❡s❝r❡✈❡r ♣❛r❛ ♣❡❧♦ ♠❡♥♦s ✻ ♣❡ss♦❛s s♦❜r❡ ♦

♠❡s♠♦ ❛ss✉♥t♦✳ ❙❡ ❛❧❣✉♠ ❞♦s ✻ ❡s❝r❡✈❡r ✉♠ ♣❛r❛ ♦ ♦✉tr♦ s♦❜r❡ ❡ss❡ tó♣✐❝♦✱ ❡♥tã♦ t❡♠♦s

✉♠ ❣r✉♣♦ ❞❡ três ❡s❝r❡✈❡♥❞♦ ✉♠ ♣❛r❛ ♦ ♦✉tr♦ s♦❜r❡ ♦ ♠❡s♠♦ tó♣✐❝♦✱ ♦ q✉❡ ❝♦♥❝❧✉✐ ♦

♣r♦❜❧❡♠❛✳ P♦ré♠✱ s✉♣♦♥❤❛ q✉❡ t♦❞♦s ❡s❝r❡✈❛♠ ✉♠ ♣❛r❛ ♦ ♦✉tr♦ ♥♦s ♦✉tr♦s ❞♦✐s tó♣✐❝♦s✳

P❡❣✉❡ q✉❛❧q✉❡r ✉♠ ❞❡❧❡s✱ ❇✳ ❊❧❡ ❞❡✈❡ ❡s❝r❡✈❡r ♣❛r❛ ♣❡❧♦ ♠❡♥♦s ✸ ❞♦s ♦✉tr♦s ✺ ♥♦ ♠❡s♠♦

tó♣✐❝♦✳ ❙❡ ❞♦✐s ❞❡❧❡s ❡s❝r❡✈❡♠ ✉♠ ♣❛r❛ ♦ ♦✉tr♦ s♦❜r❡ ❡st❡ tó♣✐❝♦✱ ❡♥tã♦ ❡❧❡s ❢♦r♠❛♠ ✉♠

❣r✉♣♦ ❞❡ três ❝♦♠ ❇✳ ❈❛s♦ ❝♦♥trár✐♦✱ t♦❞♦s ❡❧❡s ❞❡✈❡♠ ❡s❝r❡✈❡r ✉♠ ♣❛r❛ ♦ ♦✉tr♦ ♥♦ t❡r❝❡✐r♦

tó♣✐❝♦ ❡ ❛ss✐♠ ❞❡ ✉♠ ❣r✉♣♦ ❞❡ três✳

❊st❡ é ✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠ ♥ú♠❡r♦ ❞❡ ❘❛♠s❡② ♣❛r❛ ✸ ❝♦r❡s✳ ▼❛✐s ❣❡r❛❧♠❡♥t❡✱

♣♦❞❡✲s❡ ❢❛❝✐❧♠❡♥t❡ ❣❡♥❡r❛❧✐③❛r ♦ t❡♦r❡♠❛ ❞❡ ❘❛♠s❡② ❞❡ ❞✉❛s ❝♦r❡s ♣❛r❛ r ≥ 3 ❝♦r❡s✱

❡♠ q✉❛❧q✉❡r ❝❛s♦ ♦ ♥ú♠❡r♦ ❞❡ ❘❛♠s❡② s❡rá ❞❡♥♦t❛❞♦ ♣♦r R (k1, k2, . . . , kr)✳ ◆♦ ❝❛s♦

ki = k ♣❛r❛ i = 1, . . . , r✱ ✉s❛✲s❡ ✉♠❛ ♥♦t❛çã♦ s✐♠♣❧❡s Rr (k)✳ ❊♥tã♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♥♦

Pr♦❜❧❡♠❛ ✷✳✹✹ ♥ós t❡♠♦s R (3, 3, 3) = R3 (3) = 17✳

❆ ❡①✐stê♥❝✐❛ ❞♦s ♥ú♠❡r♦s ❞❡ ❘❛♠s❡② t❡♠ s✐❞♦ ❝♦♥❤❡❝✐❞❛ ❞❡s❞❡ ✶✾✸✵✳ ◆♦ ❡♥t❛♥t♦✱

❡①✐st❡ ✉♠❛ ✐♠❡♥s❛ ❞✐✜❝✉❧❞❛❞❡ ❡♠ ❝❛❧❝✉❧❛r s❡✉s ✈❛❧♦r❡s✳ ❆❧❣✉♥s ❞♦s ✈❛❧♦r❡s q✉❡ sã♦ ❝♦✲

♥❤❡❝✐❞♦s R(3, 3) = 6✱ R(3, 4) = 9✱ R(3, 5) = 14✱ R(3, 6) = 18✱ R(3, 7) = 23✱ R(3, 8) = 28✱

R(3, 9) = 36✱ R(4, 4) = 18✱ R(4, 5) = 25 ❡ R(3, 3, 3) = 17



✽✾

Pr♦❜❧❡♠❛ ✷✳✹✺ ✭❆❢r✐❝❛ ❞♦ ❙✉❧ ❚❙❚ ✶✾✾✼✮✳ ❙❡✐s ♣♦♥t♦s sã♦ ✉♥✐❞♦s ❛♦s ♣❛r❡s ♣♦r s❡❣✲

♠❡♥t♦s ✈❡r♠❡❧❤♦s ♦✉ ❛③✉✐s✳ ❉❡✈❡ ❡①✐st✐r ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❝♦♥s✐st✐♥❞♦ ❞❡ q✉❛tr♦ ❞♦s

s❡❣♠❡♥t♦s✱ t♦❞♦s ❞❛ ♠❡s♠❛ ❝♦r❄

❙♦❧✉çã♦✳ ❙✐♠✱ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❝♦♥s✐st✐♥❞♦ ❞❡ q✉❛tr♦ ❞♦s s❡❣♠❡♥t♦s✱ t♦❞♦s ❞❛

♠❡s♠❛ ❝♦r✳

❙✉♣♦♥❤❛♠♦s q✉❡ ♥ã♦ ❡①✐st❛ ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❝♦♥s✐st✐♥❞♦ ❞❡ q✉❛tr♦ ❞♦s s❡❣✲

♠❡♥t♦s✱ t♦❞♦s ❞❛ ♠❡s♠❛ ❝♦r✳ ❉❡♥♦t❡♠♦s ♦s ✈ért✐❝❡s ♣♦r a, b, c, d, e, f ✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡

❘❛♠s❡②✱ ❚❡♦r❡♠❛ ✷✳✹✸✱ ❡①✐st❡ ✉♠ tr✐â♥❣✉❧♦ ♠♦♥♦❝r♦♠át✐❝♦✱ s✉♣♦♥❤❛♠♦s✱ s❡♠ ♣❡r❞❛ ❞❡

❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ abc s❡❥❛ ✉♠ tr✐â♥❣✉❧♦ ❛③✉❧✳

❈♦♠♦ ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ ♥ã♦ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❞❡ q✉❛tr♦ s❡❣♠❡♥t♦s

❞❡ ♠❡s♠❛ ❝♦r✱ ❧♦❣♦ d ♥ã♦ ♣♦❞❡ t❡r ✷ s❡❣♠❡♥t♦s ❛③✉✐s ❝♦♠ a, b, c✳ ❖ ♠❡s♠♦ é ✈á❧✐❞♦

♣❛r❛ e ❡ f ✳ ❆❧é♠ ❞✐ss♦✱ s❡ ♦❧❤❛r♠♦s ❞♦✐s ✈ért✐❝❡s ❞❡ abc ❡ ❝♦♠♣❛r❛♠♦s ❝♦♠ ❞♦✐s ❞♦s

✈ért✐❝❡s r❡st❛♥t❡s✱ ❞✐❣❛♠♦s✱ a, b ❡ d, e✱ ♥ã♦ ♣♦❞❡♠ ♦s s❡❣♠❡♥t♦s ad, ae, bd ❡ be s❡r❡♠ t♦❞♦s

✈❡r♠❡❧❤♦s✳ P♦rt❛♥t♦✱ ❛ ú♥✐❝❛ ❝♦♥✜❣✉r❛çã♦ ♣♦ssí✈❡❧ é t❡r ✉♠ ú♥✐❝♦ s❡❣♠❡♥t♦ ❛③✉❧ ❧✐❣❛♥❞♦

❝❛❞❛ ✈ért✐❝❡ ❞❡ abc ❝♦♠ ✉♠ ✈ért✐❝❡ s❡ def ❞✐❢❡r❡♥t❡✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s

s✉♣♦r q✉❡ ♦s s❡❣♠❡♥t♦s ❛③✉✐s sã♦ ad, be, cf ✳

❆♥❛❧✐s❛♥❞♦ ♦s s❡❣♠❡♥t♦s de ❡ ef ✱ s❡ q✉❛❧q✉❡r ✉♠ ❞❡❧❡s ❢♦r ❛③✉❧✱ ❞✐❣❛♠♦s de ❛③✉❧✱

❡♥tã♦ t❡r❡♠♦s ♦ s❡❣✉✐♥t❡ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❛③✉❧ abed✳ ❉❡st❡ ♠♦❞♦✱ ❛♠❜♦s ♦s s❡❣♠❡♥t♦ sã♦

✈❡r♠❡❧❤♦s ❡✱ ♣♦rt❛♥t♦✱ ♦❜t❡♠♦s q✉❡ ♦ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ bdef é t♦❞♦ ✈❡r♠❡❧❤♦✳

❙✉r♣r❡❡♥❞❡♥t❡♠❡♥t❡✱ ♦ t❡♦r❡♠❛ ❞❡ ❘❛♠s❡② ♥ã♦ ❢♦✐ ♦ ♣r✐♠❡✐r♦✱ ♥❡♠ ♠❡s♠♦ ♦ s❡✲

❣✉♥❞♦✱ t❡♦r❡♠❛ ♥❛ ár❡❛ ❛❣♦r❛ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❚❡♦r✐❛ ❞❡ ❘❛♠s❡②✳ ❖s ♣r✐♠❡✐r♦s r❡s✉❧t❛❞♦s

❞❛ ❝❤❛♠❛❞❛ t❡♦r✐❛ ❞❡ ❘❛♠s❡② sã♦ ❛tr✐❜✉í❞♦s ❛ ❉❛✈✐❞ ❍✐❧❜❡rt✭✶✽✻✷ ✕ ✶✾✹✸✮✱ ■ss❛✐ ❙❝❤✉r

✭✶✽✼✺ ✕ ✶✾✹✶✮ ❡ ❇❛rt❡❧ ❱❛♥ ❉❡r ❲❛❡r❞❡♥ ✭✶✾✵✸ ✕ ✶✾✾✻✮✳ ❚♦❞♦s ❡ss❡s r❡s✉❧t❛❞♦s q✉❡ ♣r❡❝❡✲

❞❡♠ ♦ t❡♦r❡♠❛ ❞❡ ❘❛♠s❡②✱ ❧✐❞❛♠ ❝♦♠ ❛s ❝♦❧♦r❛çõ❡s ❡♠ ♥ú♠❡r♦s ✐♥t❡✐r♦s✳ ❈✉r✐♦s❛♠❡♥t❡✱

♠❡s♠♦ ♦ t❡♦r❡♠❛ ❞❡ ❘❛♠s❡② s❡♥❞♦ ✉♠ r❡s✉❧t❛❞♦ s♦❜r❡ ❣r❛❢♦s✱ é ♣♦ssí✈❡❧ ✉t✐❧✐③á✲❧♦ ♥❛

t❡♦r✐❛ ❞♦s ♥ú♠❡r♦s ✭✐♥t❡✐r♦s✮✳

❱❛♠♦s ❛♣r❡s❡♥t❛r ✉♠ t❡♦r❡♠❛✱ ♣r♦✈❛❞♦ ♣♦r ■ss❛✐ ❙❝❤✉r ❡♠ ✶✾✶✻✱ q✉❡ é ✉♠ ❞♦s

r❡s✉❧t❛❞♦s ✐♥✐❝✐❛✐s ♥❛ t❡♦r✐❛ ❞❡ ❘❛♠s❡②✳

❚❡♦r❡♠❛ ✷✳✹✻ ✭❚❡♦r❡♠❛ ❞❡ ❙❝❤✉r✮✳ P❛r❛ q✉❛❧q✉❡r r ≥ 1✱ ❡①✐st❡ ✉♠ ♠❡♥♦r ✐♥t❡✐r♦ ♣♦✲

s✐t✐✈♦ s = s (r) t❛❧ q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r r✲❝♦❧♦r❛çã♦ ❞❡ [1, 2, . . . , s]✱ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦

♠♦♥♦❝r♦♠át✐❝❛ ♣❛r❛ x+ y = z✳

❉❡♠♦♥str❛çã♦✳ ❖ t❡♦r❡♠❛ ❞❡ ❘❛♠s❡② ❛✜r♠❛✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ q✉❡ ♣❛r❛ q✉❛❧q✉❡r r ≥ 1

❡①✐st❡ ✉♠ ✐♥t❡✐r♦ n = R(3, r) ❞❡ ❢♦r♠❛ q✉❡ ♣❛r❛ q✉❛❧q✉❡r r✲❝♦❧♦r❛çã♦ ❞❡ Kn ❡①✐st❡ ✉♠

s✉❜❣r❛❢♦ ♠♦♥♦❝r♦♠át✐❝♦✳ ◆✉♠❡r❡♠♦s ♦s ✈ért✐❝❡s ❞❡ Kn ♣♦r 1, 2, . . . , n✳ P❡❣✉❡♠♦s ♦s ♥ú✲

♠❡r♦s {1, 2, . . . , n− 1} ❡ ❝♦❧♦q✉❡♠♦s ❛r❜✐tr❛r✐❛♠❡♥t❡ ❡♠ r ❝♦♥❥✉♥t♦s✱ ♦✉ s❡❥❛✱ ♣❛r❛ ❝❛❞❛
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x ∈ {1, 2, . . . , n − 1} ❛tr✐❜✉✐r❡♠♦s ✉♠❛ ❝♦r✳ P❡❣✉❡♠♦s ❞♦✐s ✈ért✐❝❡s j, i ❞❡ Kn✱ ♦♥❞❡

j, i ∈ {1, 2, . . . , n} ❡ i, j✱ ❡ ❝♦❧♦r✐r❡♠♦s ❛s ❛r❡st❛s ❧✐❣❛❞❛s ♣♦r ❡st❡ ✈ért✐❝❡ ❞❡ ❛❝♦r❞♦ ❝♦♠

♦ ❝♦♥❥✉♥t♦ ❞♦ q✉❛❧ | j − i | é ♠❡♠❜r♦✳ P❡❧♦ t❡♦r❡♠❛ ❞❡ ❘❛♠s❡②✱ ✉♠ s✉❜❣r❛❢♦ K3 ♠♦✲

♥♦❝r♦♠át✐❝♦ ❞❡✈❡ ❡①✐st✐r✳ ❙❡❥❛ ♦s ✈ért✐❝❡s ❞❡st❡ s✉❜❣r❛❢♦ ♠♦♥♦❝r♦♠át✐❝♦ a < b < c✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ b− a, c− b ❡ c− a sã♦ t♦❞♦s ❞❛ ♠❡s♠❛ ❝♦r✳ P♦❞❡♠♦s r❡❡s❝r❡✈❡r ❡♥tã♦

q✉❡ x = b− a✱ y = c− b ❡ z = c− a✱ ♦♥❞❡ ♥♦t❛♠♦s q✉❡ x+ y = z é ♠♦♥♦❝r♦♠át✐❝♦✳

❯♠ ❡①❡♠♣❧♦ ♣ró①✐♠♦ ❞♦ t❡♦r❡♠❛ ❞❡ ❙❝❤✉r é ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿

Pr♦❜❧❡♠❛ ✷✳✹✼ ✭■▼❖ ✶✾✼✽✮✳ ❯♠❛ s♦❝✐❡❞❛❞❡ ✐♥t❡r♥❛❝✐♦♥❛❧ t❡♠ ♠❡♠❜r♦s ❞❡ ✻ ♣❛ís❡s

❞✐❢❡r❡♥t❡s✳ ❆ ❧✐st❛ ❞❡ ♠❡♠❜r♦s ❝♦♥té♠ ✶✾✼✽ ♥♦♠❡s✱ ♥✉♠❡r❛❞♦s 1, 2, . . . , 1978✳ Pr♦✈❡ q✉❡

❡①✐st❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ♠❡♠❜r♦ ❝✉❥♦ ♥ú♠❡r♦ é ❛ s♦♠❛ ❞♦s ♥ú♠❡r♦s ❞❡ ❞♦✐s ♠❡♠❜r♦s ❞❡

s❡✉ ♣ró♣r✐♦ ♣❛ís✱ ♦✉ é ✐❣✉❛❧ ❛♦ ❞♦❜r♦ ❞♦ ♥ú♠❡r♦ ❞❡ ✉♠ ♠❡♠❜r♦ ❞❡ s❡✉ ♣ró♣r✐♦ ♣❛ís✳

❙♦❧✉çã♦✳ ❙✉♣♦♥❤❛ ♦ ♦♣♦st♦✳ ◆ós t❡♠♦s 1978 = 6 × 329 + 4✱ ♣♦rt❛♥t♦ ❤á ✉♠ ♣❛ís A

❝♦♥t❡♥❞♦ ♣❡❧♦ ♠❡♥♦s ✸✸✵ ♠❡♠❜r♦s ♥❛ ❧✐st❛✳

❙❡❥❛♠ a1 < a2 < · · · < a330 ♦s ✸✸✵ ♠❡♠❜r♦s ❞❡ A✳ ❈♦♥s✐❞❡r❡ ❛s ♣❡ss♦❛s ✐❞❡♥t✐✲

✜❝❛❞❛s ♣❡❧❛s s❡❣✉✐♥t❡s ❞✐❢❡r❡♥ç❛s a2 − a1, . . . , a330 − a1✳ ❍á ✸✷✾ ❞❡❧❛s ❡ ♥❡♥❤✉♠❛ ❞❡❧❛s

♣❡rt❡♥❝❡ ❛ A✱ ♣♦✐s s❡ ♣❡rt❡♥❝❡ss❡ ❡♥tã♦ t❡rí❛♠♦s ai − a1 = aj✱ ♣❛r❛ ❛❧❣✉♠ j✱ ❡ ❛ss✐♠

ai = aj + a1✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ♥♦ss❛ s✉♣♦s✐çã♦✳ ❈♦♠♦ 329 = 65× 5+ 4✱ ♣♦rt❛♥t♦ ✉♠ ❞♦s

♦✉tr♦s ♣❛ís❡s B ❝♦♥t❡♠ ✻✻ ❞❡ss❡s ♠❡♠❜r♦s✱ ♦✉ s❡❥❛✱ ak1 −a1, . . . , ak66 −a1 sã♦ ♦s ♠❡♠❜r♦s

❞❡ B✳ ❉❡♥♦t❛♥❞♦ ♣♦r bi = aki − a1✱ t❡♠♦s q✉❡ b1 < · · · < b66✳ ❱❛♠♦s ❛❣♦r❛ r❡♣❡t✐r ♦

❛r❣✉♠❡♥t♦ ❛❝✐♠❛ ♣❛r❛ ♦s ❡❧❡♠❡♥t♦s ❞❡ B✳

❈♦♥s✐❞❡r❡ ❛s s❡❣✉✐♥t❡s ❞✐❢❡r❡♥ç❛s b2 − b1, . . . , b66 − b1✳ ◆❡♥❤✉♠❛ ❞❡❧❛s ♣❡rt❡♥❝❡ ❛

A ♦✉ B✱ ♣♦rt❛♥t♦ ❡❧❛s ♣❡rt❡♥❝❡♠ ❛♦s ♦✉tr♦s ✹ ♣❛ís❡s✳ ❈♦♠♦ 66 = 4 × 16 + 2✱ ♣♦rt❛♥t♦

✉♠ ❞♦s ♦✉tr♦s ♣❛ís❡s C ❝♦♥t❡♠ ✶✼ ❞❡ss❛s ❞✐❢❡r❡♥ç❛s✱ ❞❡♥♦t❛❞♦s ♣♦r c1, . . . , c17✳ ❈♦♥s✐❞❡r❡

❛s ❞✐❢❡r❡♥ç❛s c2 − c1, . . . , c17 − c1✱ q✉❡ ♥ã♦ ♣❡rt❡♥❝❡♠ ❛ A,B ♦✉ C✳ ❈♦♠♦ 16 = 3× 5 + 1✱

♣♦rt❛♥t♦ ❤á ♣❡❧♦ ♠❡♥♦s ✻ ❞❡ss❡s ♠❡♠❜r♦s ♥♦ ♣❛ís D✱ ❞✐❣❛♠♦s d1 < · · · < d6✳

❈♦♥s✐❞❡r❡ d2 − d1, . . . , d6 − d1✳ ❈♦♠♦ 5 = 2× 2+ 1✱ ❧♦❣♦ ❤á ✉♠ ♣❛ís E q✉❡ ❝♦♥té♠

♣❡❧♦ ♠❡♥♦s ✸ ❞❡❧❡s✱ ❞❡♥♦t❛❞♦s ♣♦r e1 < e2 < e3✳ ❊♠ s❡❣✉✐❞❛✱ ❝♦♥s✐❞❡r❡ ❛s ❞✐❢❡r❡♥ç❛s

e2 − e1 ❡ e3 − e1✱ ❝♦♠♦ ❡❧❡s ♥ã♦ ♣❡rt❡♥❝❡♠ ❛ A,B,C,D ♦✉ E✱ ❛ss✐♠ ❡❧❡s ♣❡rt❡♥❝❡♠ ❛♦

ú❧t✐♠♦ ♣❛ís F ✳ ❉❡♥♦t❛♥❞♦ ♣♦r f1 ❡ f2✱ t❡♠♦s q✉❡ ❛ ❞✐❢❡r❡♥ç❛ f2− f1 ∈ {1, . . . , 1978}✱ ♠❛s

f2 − f1 ♥ã♦ ♣❡rt❡♥❝❡ ❛ ♥❡♥❤✉♠ ❞♦s ♣❛ís❡s✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ ❤á ♣❡❧♦ ♠❡♥♦s

✉♠ ♠❡♠❜r♦ ❝✉❥♦ ♥ú♠❡r♦ é ❛ s♦♠❛ ❞♦s ♥ú♠❡r♦s ❞❡ ❞♦✐s ♠❡♠❜r♦s ❞❡ s❡✉ ♣ró♣r✐♦ ♣❛ís✱ ♦✉

❞✉❛s ✈❡③❡s ♠❛✐♦r q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ✉♠ ♠❡♠❜r♦ ❞❡ s❡✉ ♣ró♣r✐♦ ♣❛ís✳
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❆♦s ♦❧❤♦s ❞❡st❡ ❛✉t♦r✱ ❛ ❜✉s❝❛ ♣♦r ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s ❢♦✐ ❛❧❣♦ ✐♥❝rí✈❡❧ ❡ ❞❡s❛✜❛❞♦r✳

❆ ❛♥á❧✐s❡ ❝♦♠❜✐♥❛tór✐❛ é ✉♠ r❛♠♦ ❡♥♦r♠❡ ❞❛ ♠❛t❡♠át✐❝❛ ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣r♦❜❧❡♠❛s✱

t❡♦r❡♠❛s✱ ❡①❡r❝í❝✐♦s✱ ❡♥tr❡ ♦✉tr❛s ❝♦✐s❛s✱ é ❣✐❣❛♥t❡s❝❛✳ ❉❡s❞❡ ❛ ❡s❝♦❧❤❛ ❞♦ t❡♠❛ ❛té ♦

❡♥❝❡rr❛♠❡♥t♦ ❞❛ t❡s❡✱ ♦s ❝❛♠✐♥❤♦s tr❛ç❛❞♦s ❢♦r❛♠ ❝❤❡✐♦s ❞❡ ❞ú✈✐❞❛s ❡ ✐♥❝❡rt❡③❛s✳ ▼❛s ♦

♣r❛③❡r ❡♠ ✈❡r ❛❧❣♦ ❝♦♠♣❧❡t♦ ❡ ❛❝❛❜❛❞♦ s✐♠♣❧❡s♠❡♥t❡ é ✐♥❞❡s❝r✐tí✈❡❧✳

❆ ❞✐ss❡rt❛çã♦ ♣♦❞❡r✐❛ t❡r ♠✉✐t♦ ♠❛✐s ❝♦♥t❡ú❞♦✱ ❛❧❣✉♥s ✏❜r❛ç♦s✑ ❞❛ ❛♥á❧✐s❡ ❝♦♠❜✐✲

♥❛tór✐❛ ❢♦r❛♠ ❞❡✐①❛❞♦s ❞❡ ❢♦r❛✱ ♥ã♦ ♣♦r s❡r❡♠ ✐rr❡❧❡✈❛♥t❡s✱ ♠❛s ♣♦r ♣♦ss✉ír❡♠ ✉♠❛ ❣r❛♥❞❡

q✉❛♥t✐❞❛❞❡ ❞❡ ❡①❡r❝í❝✐♦s ❡ ♠✉✐t♦ ♠❛✐s ❝♦♥t❡ú❞♦ ♣❛r❛ ❡st❡ tr❛❜❛❧❤♦✱ q✉❡ ♥ã♦ s❡r✐❛ ♣♦ssí✈❡❧

❛❝r❡s❝❡♥t❛r ♥♦ t❡♠♣♦ ❤á❜✐❧ ♣❛r❛ ❞❡❢❡s❛✳ P♦❞❡r✐❛ s❡r ❡s❝r✐t♦ ✉♠❛ q✉❛♥t✐❞❛❞❡ ❣✐❣❛♥t❡s❝❛

❞❡ ♣á❣✐♥❛s ❛❞✐❝✐♦♥❛✐s ❞❡ ❝♦♥t❡ú❞♦ ❡ ❛✐♥❞❛ t❡rí❛♠♦s ❡s♣❛ç♦ ♣❛r❛ ♠❛✐s✳

❖ tr❛❜❛❧❤♦ ❢❡✐t♦ ❛q✉✐ é ♣❛r❛ ♠♦str❛r✱ ❛♦s q✉❡ tê♠ ✐♥t❡r❡ss❡ ❡♠ ✐♥✐❝✐❛r ❡st❛ ❥♦r♥❛❞❛

♥❛s ♦❧✐♠♣í❛❞❛s ❡ ❝♦♠♣❡t✐çõ❡s ♠❛t❡♠át✐❝❛s✱ ✉♠ ♣♦✉❝♦ ❞♦ q✉❡ ♣♦❞❡♠ ❡s♣❡r❛r q✉❛♥❞♦ s❡

tr❛t❛ ❞❡ ♣r♦❜❧❡♠❛s ❡♠ ❝♦♠❜✐♥❛tór✐❛✳ ◗✉❡♠ q✉✐s❡r s❡ ❛♣r♦❢✉♥❞❛r ❛✐♥❞❛ ♠❛✐s ♥♦ t❡♠❛✱ ❛s

r❡❢❡rê♥❝✐❛s ❞❡st❡ tr❛❜❛❧❤♦ ❝♦♥tê♠ ✉♠❛ ❣❛♠❛ ❞❡ ❧✐✈r♦s ❡ ❛rt✐❣♦s q✉❡ ♣♦ss✉❡♠ ❡①❡r❝í❝✐♦s ❡

♣r♦❜❧❡♠❛s ♥❡st❛ ❡ ❡♠ ✈ár✐❛s ♦✉tr❛s ár❡❛s ❞❛ ♠❛t❡♠át✐❝❛✳

◗✉❡♠ s❛❜❡ ♥♦ ❢✉t✉r♦✱ ❡st❡ ❛✉t♦r ♥ã♦ t❡♥❤❛ s❡✉ ♣ró♣r✐♦ ❧✐✈r♦ ❞❡ ♣r♦❜❧❡♠❛s ♦❧í♠♣✐❝♦s

♣❛r❛ s❡r ✉t✐❧✐③❛❞♦ ♣♦r ✈ár✐♦s ♦✉tr♦s ❢✉t✉r♦s ♠❡str❡s ❡ ❞♦✉t♦r❡s✳
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❛♥❞ ❙♦❧✉t✐♦♥s ❢r♦♠ ❆r♦✉♥❞ t❤❡ ❲♦r❧❞✳ ▼❛t❤❡♠❛t✐❝❛❧ ❆ss♦❝✐❛t✐♦♥ ♦❢ ❆♠❡✲
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<❤tt♣s✿✴✴❜♦♦❦s✳❣♦♦❣❧❡✳❝♦♠✳❜r✴❜♦♦❦s❄✐❞❂r❚♥❉❆❣❆❆◗❇❆❏>✳

❍❖◆❙❇❊❘●❊❘✱ ❘✳ ❋r♦♠ ❊r❞ös t♦ ❑✐❡✈✿ Pr♦❜❧❡♠s ♦❢ ❖❧②♠♣✐❛❞ ❈❛✲
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