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Resumo

Neste trabalho desenvolvemos técnicas para calcular a K-teoria
associada a algebra de Cuntz-Pimnser Op proveniente de um
B-médulo E com frame de Parseval finito. Nos aplicamos isto aos
modulos de Hilbert que surgem naturalmente das se¢ées continuas
de um fibrado vetorial sobre um espago compacto e Hausdorff X.
Para isto, apresentamos uma ligeira generalizagdo de um resultado
por Exel, an Huef e Raeburn que nos da uma sequéncia exata de
seis termos com morfismos bastante concretos que permitem o

calculo da K-teoria das referidas algebras de Cuntz-Pimsner.

Palavras-chave: K-teoria; dlgebras de Cuntz-Pimsner; médulos
de Hilbert;






Abstract

In this work we develop techniques to calculate the K-theory
associated to the Cuntz-Pimsner algebra O of a Hilbert B-
module E with finite Parseval frame. We apply this to the Hilbert
modules naturally arising from the continuous sections of a vector
bundle over a compact Hausdorff space X. In order to do this
we present a slight generalization of a result by Exel, an Huef
and Raeburn that gives us a six-term exact sequence with rather
concrete morphisms that permit the calculation of the K-theory

of said Cuntz-Pimsner algebras.

Key-words: K-theory; Cuntz-Pimsner algebras; Hilbert mod-

ules;
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Introduction

In 1997 Pimsner introduced the concept of Cuntz-Pimsner
algebras as a way to generalize certain crossed products and Cuntz-
Krieger algebras. In the same paper he introduced a six-term exact
sequence for their KK-theory whenever a certain Hilbert module
over A is countably generated with A separable. One can use this
sequence to induce a six-term exact sequence for the K-theory of
these Cuntz-Pimsner algebras, however this sequence will end up
having some morphisms which are not easy to compute. In 2011
Exel, an Huef and Raeburn proposed a method to compute the
K-theory of some Cuntz-Pimsner algebras arising from dilation
matrices. Since these unital algebras came from Hilbert modules
with a finite orthonormal Parseval frame, they recreated the
sequence using a more concrete approach. Our aim in this work
is to show that this approach is still valid when dropping the

condition of orthonormality.

This work is divided in four chapters in addition to some
appendices. It is desirable that the reader is familiar with basic

knowledge in C*-algebras, Topology and some Abstract Algebra.

In the first chapter we introduce the notion of Hilbert
module over a C*-algebra together with some basic properties.
These will be the building blocks for Cuntz-Pimsner algebras,
moreover they will serve to define Morita-Rieffel equivalences.

The main reference for this chapter will be [14].

In the second chapter we will look at Cuntz-Pimsner

algebras and how are they constructed. We will also look at the
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Fock representation which will allow us to have a more concrete
representation of these algebras. We finish the chapter by showing
how some familiar algebras can be realised as Cuntz-Pimsner
algebras. The treatment of this chapter is heavily inspired by [17]
and [20].

The third chapter contains a quick survey of K-theory for
C*-algebras. We begin with some properties of projections and
unitaries, then move on to define the Ky-group and Ki-group
and explore their functorial properties. Finally we talk about
Bott-periodicity and the six-term exact sequence it induces. The
contents in this chapter are based on [18], [19] and [2], listed in

increasing order of difficulty.

Finally, the last chapter contains the main results of this
work. We explore how the six-term sequence obtained in [9] can
still be applied to our particular case. To do this we determine
which steps of the proof for the sequence are still valid and present
slight modifications to the steps that require it. We also provide a
simple application to Cuntz-Pimsner algebras arising from vector
bundles.

There are two appendices in this work, the first one cove-
ring the basics of functors and categories which will mainly be
used during chapter 3. The second appendix covering the basics
of topological vector bundles which will be used as an application

in the last chapter.
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1 Hilbert modules

Hilbert modules were first introduced by Kaplansky in
1953 (see [12]) as a tool to study AW*-algebras. However this
new structure proved to be really important to study C*-algebras
in general, furthermore they served as the correct tool to extend
the concept of Morita equivalence for C*-algebras. As we will see
later on, Hilbert modules serve in a way as a non-commutative

generalization of vector bundles.

In this chapter we will introduce the concept of Hilbert
module together with some of the main results and examples. This
will be one of the main building blocks when constructing Cuntz-
Pimsner algebras. For more details regarding Hilbert modules
refer to [14].

1.1 Basic definitions

In this section we introduce the main definitions regarding
Hilbert modules. We also present various examples and some basic

constructions we can do with those modules.

Definition 1.1.1. Let A be a C*-algebra and FE a right A-module.
A function (-,-) : E x E — A is called semi-inner-product over A

if for any z,y,z € E, A € C and a € A we have:
L (z,y + Az) = (z,y) + A (2, 2),

2. (z,ya) = (z,y) a,

3. (z,y) = (y, )",



18 Chapter 1. Hilbert modules

4. (z,x) > 01in A.
If (-,-) also follows satisfies
5. (z,z) = 0 implies that z = 0,

we say that (-,-) is an inner-product over A.

Remark 1.1.2. It is rather straightforward to note that for any
z,y € E and a € A then (za,y) = a* (x,y).

Definition 1.1.3. A pre-Hilbert A-module is a right A-module

E that has an inner-product over A.

Remark. Note that if A = C then a pre-Hilbert A-module is

nothing more than pre-Hilbert space.

It is a pleasant surprise to know that one of the most
notable results for ordinary inner-products carries over to semi-

inner-products:

Proposition 1.1.4 (Cauchy-Schwarz). Let (-,-) be a semi-inner-

product over A in E. Then, for any x,y € E we have
(@, 9)" (=, 9) < [ (2, 2) | ()

Proof. If x = 0 the result easily follows. If z # 0 we can assume
without loss of generality that || (x,z)| = 1, else we consider

2 =z/| (z,z) ||'/2. Given a € A we have

0 < (za —y,ra —y) = (za,za) + (va, —y) + (—y,za) + (-y, —y)
=a" (v,x)a—a" (z,y) — (y,z)a + (y,y)
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but since || (x,z) || = 1, we have a* (x,z) a < a*a and therefore

<a‘a—a" {z,y) — (y,z)a+ (y,y)

Now, taking a = (z,y) we have

0 < (y,z)(z,y) — (y,2) (z,y) — (y,2) (z,9) + (¥, y)
< —(y,2) (z,y) + (¥, )

and hence (z,9)" (z,y) < (y,y). M

Remark 1.1.5. Note that if E has a semi-inner-product, we can
take the submodule N = {z € E: (x,z) = 0} and in that case
define (-,-)" : E/N X E/N — A by

(x+ N,y +N) = (z,1).

The proposition above allows us to show that (-, )’ is a well defined

inner-product over A in E/ N

Now if F is an A-module with inner-product we have the

following result:

Corollary 1.1.6. Define || - || : E — R by ||z := || (z,z) ||/
Then || - || defines a norm over E (semi-norm if (-,-) is a semi-

inner-product).

Definition 1.1.7. If E is a pre-Hilbert A-module, we say that FE
is a Hilbert A-module if it is complete with respect to the norm

defined above.

Remark 1.1.8. Clearly if A = C, a Hilbert A-module is nothing
but a Hilbert space. In this regard, a Hilbert module extends the

notion of a Hilbert space.
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Remark 1.1.9. In case a right A-module E with inner-product is
not complete, we can consider the completion of F with respect to
the norm induced by the inner-product, denoted by E<"'>, which

will be a Hilbert A-module containing F isometrically.

Example 1.1.10. Let A be a C*-algebra and I C A a right ideal

in A, clearly I has a right A-module structure. We can define

() IxIT—A
(a,b) — a*b

which will be an inner-product over A in I. Moreover,
lall = lla*all** = || (a, a) |/

for all @ € I and therefore I is closed with respect to the norm
induced by the inner-product. We can conclude that [ is A-
module de Hilbert, in particular we can always see A as a Hilbert
A-module.

Example 1.1.11. Let B be a C*-algebra and E a subspace of B
such that E*E C A and E- A C E where A is a C*-subalgebra of
B. In this case F has a right A-module structure induced by B.
Restricting the inner-product from the previous example to F, we
obtain a Hilbert A-module if and only if E is a closed subspace in
B. Later on we will see that all Hilbert modules can be identified
with one of these, so that these are the most general examples, up
to isomorphism. Due to this, moving forward we will try to use
this example to motivate most of the constructions we do with
Hilbert modules.

Example 1.1.12. Let A be a C*-algebra and £ = A" = A&
-+ @ A. With the most obvious right A-module structure on F
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we can define the following inner-product over A on E:

(a1, an), (b, .., bn)) =Y afb,
=1

in this case we will have that for every a = (a1,...,ay)
n
(a,a) = Z a;a;
=1

n n
<3 lataill = 3 llail < nmax [l
i=1 i=1 '

and that aja; < (a,a). Taking norm and square root in both

inequalities
max [|a;]| < [lall(.) < vnmax a;]

and hence the norm induced by the inner-product is equivalent
to the norm of the maximum on A™. We can conclude that E is
closed with respect to the norm induced by the inner-product and
therefore it is a Hilbert A-module.

Proposition 1.1.13. Let E be a Hilbert A-module and (uy)xea

an approximate unit in A. Then x - uy — x for every x € E.

Proof.

lzun — 2| = || {zux — 2, 2uy — ) ||
= || (zuy, zuy) — (zuy, x) — (z,2U)\) + (2, 2) ||
= |lux (x, x) uy — up (z, ) — (z,2) uy + (z,z) ||
< Nuallll (@, ) ux = (z, @) | + [ (2, 2) — (2, 2) uall

<z, @) un = (2, 2) || + [ (2, 2) — (2, 2) upl| = 0

O]



22 Chapter 1. Hilbert modules

Corollary 1.1.14. If A is a unital C*-algebra and E is a Hilbert
A-module, then x -1 =x for all x € E.

Corollary 1.1.15. If E is a Hilbert A-module then E- A is dense
in E.
Let (E;)ier be a family of Hilbert A-modules. Consider

1
E= @a gEi = {(;);er, exists F' C I finite such that
el
x; =0forall i ¢ F}
which has a natural vector space structure. We define the following

operations on E:

e Right product: (z;)icr - a := (x;a)ier
e Inner-product: ((x;)ier, (i)icr) := D ier (Ti, Yi)

The inner-product is well defined because the sum will always
have finitely many non-zero terms. With these two operations F

is a pre-Hilbert A-module.

Definition 1.1.16. Given a family (E;);er of Hilbert A-modules

we define their direct sum by

PE = o)

el el

<"'>

which is a Hilbert A-module.

Remark 1.1.17. Note that if I is finite then

— )
1 1
g =DE

el el
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and by taking I = {1,...,n} we have
Pr=Ee - oEF,
el
where the direct sums are as A-modules.
Example 1.1.18. Consider E a Hilbert A-module. We can see
E™ := @, F also as a Hilbert M,(A)-module, to do this we

define the following right module structure:

n n
(.’El, e ,$n) . (aij):ﬁjzl = <Z LiQg1y -+ -y Z :Uiam>
=1 i=1

and the following inner-product:

<$7 y>Mn(A) = (<ZL‘1, y]>)2]:1

where x = (z1,...,2,) and y = (y1,...,Yn). It is easy to ve-
rify that this inner-product satisfies all the desired properties.
Something remarkable is that the norm induced by this inner-
product, even though different, is equivalent to the norm induced
by the inner-product over A. To verify this we just need to re-
call some basic properties regarding the norm on M, (A) found
in [15, page 95]. Take any = € E™, then

@i z) | < (@ @)apn | < D2 anan) |
hk

for any i,j € {1,...,n}. This means that [|z||4 < n||z| s, 4) and

since

Sl @n ) | <Y lanllllzk]
Rk R,k
< (ZII%II) (Z Hwkl) < n?l|lz|%
h k
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we obtain ||z, (4) < nllx[| 4, meaning both norms are equivalent.
Since K™ was complete with the A-inner-product so it will be
with the M, (A)-inner-product and therefore with this structure
E" is a Hilbert M,,(A)-module.

This way of expressing the direct sum of Hilbert modules
is convenient from a categoric point of view (it is easier to obtain
the universal property of direct sums this way), but when dealing
with elements inside the direct sum we will need a more precise
description. Consider (E;);cn a sequence of Hilbert A-modules

and

D
F = { X;)ieN, g (x;, ;) converges unconditionallyl}.

=1

Lemma 1.1.19. With the coordinate-wise operations, F is a

right A-module. Moreover,

o

(), (W) = Y (@i yi)

i=1

defines an inner-product over A on F. This means that F is a
pre-Hilbert A-module.

Proof. We verify first that F is indeed a vector space. If (x;);en €
F and A € C we have that

O, Ay = IAP (i) = I (@)
=1 =1 =1

We say that a series Y .-, ¢; in a Banach space converges unconditionally
if for all € > 0 there exists J C N finite such that for all I O J finite then

l Eiey aill <e.

1
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and therefore 7, (Az;, Az;) converges unconditionally, this me-
ans that A(z;) = (Az;) € F. In a similar fashion, since the product
of elements in A is continuous we show that (z;)a € F for all
ac A

Let (2;)ien, (Yi)ien € F and fix ¢ > 0. We have there
exists a N € N such that for all m,n > N:

m m
Z<xla$l> <g, Z<yuyz> <e
i=n i=n

m
1=n

Now, looking at (z;)I™, and (y;)!, as elements from ;" E;

and using Cauchy-Schwarz (1.1.4) we obtain

m m 121 m 1/2
Z<$iayi> < Z@ci,m Z<yi,yi> <e

and therefore > 2, (z;,y;) converges. Now we verify that the
convergence is unconditional, considering the same € > 0, there
exists J C N finite such that for all I O J finite we have

Z<$zaxz> <g, Z<yzayl> <e
i€l i€l

Fixing I O J and considering n € N such that HZ;’;HI (x4, yz>H <
g/2and I C {1,...,n} = I,, we obtain that

S wnu| = D0 (v + D (wiw)
€1 i=n-+1 i€Ip\I

IN

g + Z (i, yi)

1€In\I
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but I,,\ is finite and therefore we can use Cauchy-Schwarz,

1/2 1/2

€
9 Z (i, wi) Z (Yir yi)
i€ln\I i€ln\I

1/2 1/2

; Z (i, ;) Z (Yir yi) <€

il il

IN
|
+

IN
|
+

We conclude that Y72, (z;,v;) converges unconditionally. Finally,

since

Y (wit izt =) (wiw) + Y (ziy)
) ) + > i)

since every term on the right hand side converges unconditionally
then (x; + yi)ien € F. O

Proposition 1.1.20. With the above notation, F is a Hilbert
A-module.

Proof. Due to the previous lemma we only need to prove that F' is
complete with respect to the norm induced by the inner-product.
Let 2" = (z]")ieny € F be a Cauchy sequence, it is clear that the
n

sequences (z}

Mnen are also Cauchy and therefore they converge

for some x; € F;. Consider x := (z;);en, we need to show that
x € F. Take € > 0, since the sequence is Cauchy there exists
N € N such that for all n,m > N,

1/2

= [l2" — 2™ < Ve/2
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since each term on the sum is positive, then for any finite set

K cN
1/2

< Ve/2

€K
and taking limit m — oo, then for all finite K C N and n > N:

1/2
> af —mal —w)|| < VE/2 (L1
ik

(@} = @i)ier| =

where the norm on the left hand side can be seen as a norm on
@D,c Ei- Since (zV) € F, there exists a finite J C N such that
for all finite I D J then
1/2

> ()| < vE/2.

il
Fix a finite I D J and take M > max I, considering Iy, =
{1,..., M}, by the triangular inequality in @IM\I E;

I@iennll < 1@ )ienndll + 1@ = zi)ienal

and since Ips\I is finite, by (1.1) we have that

I(@a)iennll < 1@ ienall + Ve/2

1/2
= > @M + Ve
i€l \I
1/2
<3 (@) +ve2<vE
il

< €. Since we can take M arbitra-

and finally sz‘eIM\l (x4, ;)
rily large, this shows that the series converges (since it is Cauchy)

but that it also converges unconditionally.

O]
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Proposition 1.1.21. Let (E;)ien be a sequence of Hilbert A-

modules. Then

o0
@ E; = {(CCi)ieN, Z (x4, ;) converges unconditionally}

1€EN i=1

Proof. Clearly, there exists an isometric application ¢’ from
@ieNalgEi to F and therefore it can be extended to an ap-
plication ¢ from @,y £; to F, it only remains to prove that
image of ¢ is dense. Take x = (z;);ey € F and consider 2™ =
(Z1y...,2n,0,...) € @ieNalgEi. Since p(z™) = 2™ we have to
show that " — x in F. Fix ¢ > 0, since x € F' there exists a
finite J C N such that for all finite I © J we have that

1/2

Z<$l,l‘l> <€

igl

Consider N = max J, in this case for all n > N,

o0 1/2
Z (@i, ) <e
i=n+1
since I, ={1,...,n} O J. But
0o 1/2
lz —a"(| = || > (@i — a7, 2i — )
i=1
n o0 1/2
= Z(% — T, T — i) + Z (zi — 0,2 — 0)
i=1 i=n+1
o0 1/2
= Z <:ZJZ,JZZ> <e€
1=n+1

and therefore z™ — x. O
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The proposition above gives us a concrete description of
the direct sum of a sequence of Hilbert A-modules. Note that we
can not avoid the hypothesis of unconditional convergence since

without it there’s a chance that F' will not be complete.

1.2 Adjointable transformations

As with any algebraic structure, we need to establish which
morphisms will be of our interest when studying Hilbert modules.
Since they’re also modules in the classical algebraic sense, it is
natural to try to extend the notion of module morphism so that
it takes into account the extra structure Hilbert modules have.
The most ingenuous form to do this would be to consider those
morphisms that preserve the inner-product, the problem with
this is that such morphisms are immediately injective (moreover,
they’re isometric) leaving us with few interesting morphisms
to work with. It is because of this that we decide to consider

adjointable morphisms.

Definition 1.2.1. Given E and F' two Hilbert A-modules, we
say that a function T : F — F is adjointable if there exists
S : F — FE such that

(Tx,y)p = (x,8Yy)p, x € Ey € F.

An S satisfying this, if it exists, is unique. We call S the adjoint
of T and will be denoted by T™ := S.

Note that a priori, these operators don’t preserve any
additional structure. The next proposition shows us that these

kind of morphisms will indeed preserve all the structure we desire
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and hence serve as a good extension of the notion of module

morphism.

Proposition 1.2.2. Let E and F two Hilbert A-modules. Con-
sider L(E,F) ={T : E — F; T is adjointable} and LA(E,F) =
{T : E — F; T is a continuous A-module morphism}. Then
L(E,F) C Ls(E,F) is a closed subspace and therefore a Ba-

nach space.

Proof. Let T : E — F be an adjointable transformation and
take S =T* : F — E. To verify that T' is C-linear we consider
x1,22 € E and A € C, then for all f € F we have

(T(x1 + Axa), f) = (1 + A\xo, Sf)

21, Sf) + A {z2, Sf)
Tz, f) + X(Tx2, f)
Txy 4+ NTxa, f)

{
=
=
=

and therefore we conclude that T'(z1 + Axa) = Ta; + ATxo. Simi-
larly to check A-linearity, for any a € A we have

(T'(z1a), f) = (z10,S[)
=a" (x1,Sf)
=a" (T, f)
= (T'(z1)a, f)

and we can conclude that T'(x1a) = T'(x1)a. We proceed to verify
continuity, in order to do this we will use the closed graph theorem.
Consider (zy)neny C E such that z, — = and T(z,) — y. Take
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any z € F, we have that
(Tr,z) = (x,S%)

= lim (x,,, Sz)

= lim (Tx,, 2)

= (y,2)
and therefore Tz = y, meaning the graph of T is closed and
hence T is continuous. Finally we need to prove that L(E, F) is
a closed subspace, consider (T),)neny C L(E, F) such that T,, —
T € La(E,F) in the operator norm. Note that since ||Tz| =
sup|y(<1 || (T, y) || for all z € E and that ||T'|| = supj, < [|T||

we have that

IT| = sup sup [[(Tz,y) [l = sup || (Tz,y)||
el <1 lyll<1 <1
lyll<1

but this means that for any R € L(E, F) |R|| = ||R*|| and since
(T},) is Cauchy we get that (7)F) is also Cauchy and therefore
converges to some operator S. Now we verify that this operator

works as an adjoint for T,
(Tz,y) = lim (Thz,y) = lim (z, T7y) = (z, Sy)

hence we can conclude that 7' € L(E, F') and therefore L(E, F)
closed. Since L4(E, F') is Banach so is £(FE, F). O

Proposition 1.2.3. Take E, F, G Hilbert A-modules, T € L(E, F)
and S € L(F,G). Then SoT € L(E,G) and (SoT)* =T* o S*.

Proof. Take any x € E and z € G, then
((SoT)x,z) = (S(T(x)),2)
= (T'z,5%(2))
— (0, T" 0 5*(2))
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and therefore (S oT)* =T* o S*. O

It is not hard to verify that if 7' € L(E, F) then T* €
L(F,E) with (T*)* =T. We will denote L(FE, E) by L(FE).

Proposition 1.2.4. If E is a Hilbert A-module, then L(E) is a
C*-algebra with the composition as product, adjoint as involution

and the operator norm.

Proof. Due to the previous propositions £(FE) is a Banach space
and also a sub-algebra of L(F) := L(E, F) (which is a Banach
algebra itself). This means that £(F) is a Banach *-algebra. To
check the C*-identity, we just need to verify that |T|> < || T*T:

IT|? = sup ||T(x)|
ol <1

= sup || (T'(x),T(x)) ||
lzll<1

= sup || (z,T"T(x))||
lefl<1

< sup | T*T(2)|| = [T°T].
Jeli<1

O

Example 1.2.5. Take F = A as a Hilbert A-module and suppose
A has a unit, we claim that £(A) = A as C*-algebras. To see this
first consider T € L(A), then for every a € A

T(a)=T(1-a)=T(1) a= Apu)(a) (1.2)

where A\, € L(A) is given by A,(b) = ab. The equation above
implies that A : A — L(A) is surjective. Moreover if A\, = 0 then
0 = Aq(1) = a and therefore A is injective. This means that \ is a

bijective linear application.
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Now take any a,b,c € A,
Aab(€) = abe = a(be) = A 0 Mp(c)

this means that Ay = \g 0 A\p and therefore A is an isomorphism

of algebras. Similarly we have

(Ma(b),c) = (ab,c) = (ab)*c = b"(a"c) = (b, A\g+(c))

this means that A\, is adjointable with adjoint A,+. This means
that A\, € £(A) for all a € A and therefore A : A — L(A) C L(A)
is a *-isomorphism, but A is surjective and therefore £(A) = L(A).
We conclude that

A= L(A)=L(A)

In case A is not unital we get an injective *-homomorphism
A: A — L(A) (non surjective), it can be shown that M(A) =
L(A) and that A actually coincides with the canonical inclusion
AC M(A).

Example 1.2.6. Let F be a Hilbert A-module and consider E” as
a Hilbert M,,(A)-module as in Example 1.1.18. Then £/, (4)(E"™)
is isomorphic to £ 4(E™) as C*-algebras. To show this we define

¢ Lar,a)(E) = La(E")
T—T.
In order to verify that this is well defined we just need to show
that T' € La(FE) when T € Ly, (4)(E). Write T = (T1,...,T,) €
L, a)(T) and T* = (S1,...,5,) where T}, S; € E" — E are

linear maps. Consider z,y € E™, we have that

(@) g7y = (@)Y ar, o
= (&, T* () g, ) = (s STy

)
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and therefore (Tj(x),y;) = (xi, S;(y)) for all 1 < 4,5 < n. Now we
have that

=3 (@ Siw) = (@ T ()4

=1

this means that T' € £ 4(F) and that its adjoint in £4(E) coin-
cides with the one in £y, (4)(F). We can conclude that ¢ is a

*_isomorphism.

Example 1.2.7. Take A as a Hilbert A-module and E another
Hilbert A-module. Now fix x € F and define

M A— FE

a— za

it is easily verifiable that A\, € £L(A4, F) with (A;)*(y) = (z,y). We
get an application A : £ — L(A, F) and we will use the following

notation:

|z) ==Xy € L(AE), (z]:=X, € L(E,A)

1.3 Compact operators

In the previous section we generalized the notion of the
algebra B(H) where H is a Hilbert space to the case of Hilbert
A-modules. A very important ideal in B(HH) is the ideal of com-
pact operators K(JH). In this section we will extend this notion to
the setting of Hilbert A-modules and do a quick survey of the dif-

ferences and similarities with the Hilbert space case. Throughout
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this section A will always be a C*-algebra and F, F and G will
be Hilbert A-modules.

In functional analysis we have a couple of ways of cha-
racterizing compact operators, one is via a topological condition
regarding its action on the unit sphere and another way is via
operators of finite rank. We will choose the later to define our
compact operators for Hilbert A-modules. Consider z € E and

y € F, we can define our standard “rank 1” operator:

Oyo: B — F

z =y (x,2)
clearly 6, , = |y)(x| and therefore 6, , € L(E, F).

Definition 1.3.1. If £ and F are two Hilbert A-modules we
define
K(E,F) :=span{y,, v € £,y € F}

which will be called the space of compact operators from F
to F.

The first difference we encounter with the Hilbert space
case is regarding the compactness of the identity. It is a known
fact that the identity is a compact operator if and only if the
Hilbert space is finite dimensional. However if we consider A
an infinite dimensional unital C*-algebra and look at it as a
Hilbert A-module then A : A — L(A) is surjective. Now, since
Ao = |a)(1] € K(A), every T' € L(A) is compact and therefore the
identity is compact. On the other hand when we take A = C then

K(E, F) coincides with the classical space of compact operators.

The next proposition provides some general algebraic

properties of compact operators.
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Proposition 1.3.2. For allz € E and y € F we have:

L (y)=))* = |x)(yl;

2. T - |y)(z| = |T(y))(x| and |y){z|- S = |y)(S*(z)| for all
T e L(F,G) and S € L(G,E);

3. lya)(z| = |y){za*| for all a € A;

4o W)l = I G, ) Gy, )2 )

Proof. 1. Recall that (z|* = |x), therefore it follows immedia-

tely.

2. Consider a € A and €’ € E, then

T-|y)(a) =T(ya) =T(y)a = [T(y))(a)
(x] - S(a") = (2, 8(a")) = (5" (x),2") = (S*(x)|(z')

therefore T'- |y) = |T'(y)) and (z|- S = (S*(z)].
3. Consider any 2’ € F, then

lya)(z|(z') = ya(z,2’) =y (za”, ") = y){za”|(z").

4. First we show that |||z)(z||| = || (x,z) || = ||z||?. Take 2’ € E,
then
2} (| (@) =z (2, 2") | < Nzl (z,2") || < [le]®]|2’]
meaning [[|z) (z]| < [l=|*. But also |||z)(z|(2)|| = ||z (=, ) | =

(|, hence [[|) (x|[| = [l[1*.
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Now |||lz)(ylI* = [I(lz) (W) * ) ylll = [lly (@, z))yll. Since
(z,2) > 0 we can write (z,z) = (z,2)"? (z,2)'/% and the-

refore due to the previous item

N2l =y (@ 2)

= 1 () 2y )|

= y<rr,w>1/2H2

= [y @)y @) |

= [ g, 9) (w2

= )2 ) (2 20

= [ 22 9,077

O]

We will write K(E) for X(E, E). The second item in the

proposition above gives us a rather useful corollary about X(FE),

Corollary 1.3.3. X(E) is a closed two-sided ideal in L(E).

The next result will allow us to prove something equivalent

to Riesz’s representation theorem.

Proposition 1.3.4. For all x € E we have |x) € X(E). Moreover
the map |-) : E — K(A, E) is linear, bijective and isometric.

Proof. First we will show that A\, € K(A) for any a € A when
A is looked at as a Hilbert A-module. Note that since A is not
necessarily unital then A : A — L(A) is just an injective *-

homomorphism. Consider any b € A with ||b]| < 1, then
[Aa ()] = [lab]l < [la]
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meaning that || A,|| < |la]|, but since |[|Aq(a*)|| = ||a|| then ||[A|| =
|la]|. This means that X is isometric and therefore continuous.
Consider (u,) an approximate unit in A, since a = lim, au,, then

Aq = limy, Agy,, - Take any b € A,
Aau, (b) = au,b = a <uz, b> = ]a)(um(b)

and therefore A\, = lim,, |a)(u};| € X(A).

Initially we have the map |-) : E — L(A, E), we will
show that’s isometric and later restrict is codomain. Consider any
x € E and a € A with ||a|| <1,

llz)(a)ll = llzall < llz|[[la]l <[]

and therefore |||x)|| < ||z||. Due to Proposition 1.1.13 we also get

that for any approximate unit (u)) in A it follows that

Il (wn)ll = llzuall < [zl

lim [|zu]|| < [}

2] < Il

and consequently |||z)|| = ||z||. Since |-) is isometric it is also

continuous, therefore for any « € E we have that
[2) = lim|euy)

but |zuy) = [2) Ay, € K(A, E) since A, € K(A), therefore |z) €
K(A, E). This means that we can restrict the codomain of |-) to
K(A, E), to finish the proof we need to prove that it is surjective
with this new codomain. Take z € F and a € A, for any b € A

we have

|){al(b) = za”b = |za”)(b)
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and therefore |z)(a| € |F). Since X(A, E) = span{|z)(a|, = €
E,a € A}, |) is isometric and E is complete we conclude that |-)

is indeed surjective. O

Corollary 1.3.5. Any T € K(E, A) is of the form T = (x| for a

unique r € F.

Proof. Take T € K(E, A), then T* € X(A, E) and due to the
previous proposition, since |-) is injective, T* = |x) for some
unique x € E. Since T = (T*)* = (|z))* = (x| we can conclude
the desired result. O

Corollary 1.3.6. If A is a C*-algebra, considering the canonical
Hilbert A-module structure, then X(A) = A.

Proof. From the proof of the previous proposition we have
A(A) C K(A)
To see the surjectivity, consider |a)(b| € K(A), then for any x € A
Aab*)(z) = ab*z = a (b, z) = |a)(b|(x)

meaning A(ab*) = |a)(b| and hence A : A — K(A) is a bijective
linear map. To show it’s a *-homomorphism consider a,b € A
then

Aab)(x) = abx = a(bx) = A(a)(bx) = M a)A\(b)(z)
for any x € A, meaning A(ab) = A\(a)A(b). Finally, since
AMa)*(z) = (a,x) = a*x = A(a")(2)

we can conclude that A\ is a *-isomorphism. O
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Proposition 1.3.7. For any Hilbert A-module E we have

M, (LA(E)) Z LA(E™), and M, (KA(F)) =2 Ka(E™)

Proof. Consider P; : E — E" defined by

i-th entry

PZ(CL'):(O,,O, €T ,0,"',0)
it’s not hard to verify that P, € L4(E, E™) with
]Di*(':vla s 7$n) = Zj.

Moreover we have P} P; = §;;idg and > | ;P = idgn. Consi-

der the following *-homomorphism
¢: My(La(E)) = La(E™)
n
T = (Ty) — Y BT;P;

ij=1

*

it is clearly well defined, we just need to verify that it is a
homomorphism. Take T, S € M, (£ a(F)), then

H(TS) = ¢ (Z Tik5kj>
k=1

n n
=Y By TuSyP;
ij=1 k=1

= Y PIwPiPuSeF;
i,5,k=1

n n
= > PTwP; Y PiSiP}
1 j.k=1

ik=
= ¢(T)9(9)
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Similarly

n
o(T) = | Y PT;P;
t,j=1
= Z PiT; P} = ¢(T").
1,j=1
We now verify that ¢ is surjective. Take R € L4(E™) and de-
fine Ty; : E — E by T;; = PfRP; and consider T' = (T;;) €
M, (L 4(E)), we have

n
= Z PT;; P}

3,j=1

n
=Y PP/RP;P;
i,j=1

meaning ¢ is surjective. Finally to show that ¢ is injective take
T € M,,(La(F)) such that ¢(T') = 0, then

n
Z BTy Py =0
ij=1

but for any h,k € {1,...,n} we have

n
0=P; Z PT,;P; | P,
ij=1
n
= 6niduTi; = Thr
ij=1
and therefore 7' = 0. Note that when restricting ¢ to M, (K a(E)),
due to Proposition 1.3.2 we have that ¢(M,(K4(E))) C Ka(E™).
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To show that in fact ¢(M,(Ka(E))) = Ks(E™) we proceed in
a similar fashion as we did to show the surjectivity of ¢ and

using Proposition 1.3.2 we can show that the pre-image lies in
M, (Ka(E)). O

1.4 Tensor product

There are two different ways of defining a tensor product
of two Hilbert modules, we will only focus on the “internal” tensor
product. Details regarding the construction of the “exterior” tensor
product can be found in [14, Chapter 4]. Throughout this section
A and B will be two C*-algebras, E will be a Hilbert A-module
and F' a Hilbert B-module.

We will use Example 1.1.11 to motivate the construction
we are about to present. Consider C' a C*-algebra that contains
A and B as C*-subalgebras and E, F' as closed subspaces, such
that E*FEC A F-ACE, A-FCF, F*FCBand F-BCF.
We can consider the closed subspace G = spank - F' C C, which

is in fact a B-module:

G*G =spanF*"E*EF C spanF*AF C spanF*F C B,
G- B =spanEFB C spanEF = G.

We want our internal tensor product of F and F' to coincide with

G in this scenario.

Definition 1.4.1. An A-B correspondence is a Hilbert B-module
F endowed with a *-homomorphism ¢ : A — Lp(F). We will use
the pair (F, ) to denote the correspondence or simply F' when it

is clear which *-homomorphism we are using.
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Our idea will be to construct a new Hilbert B-module ari-
sing from E and an A-B correspondence (F, ¢). First we consider
the algebraic tensor product of E and F' (as vector spaces), which
will be denoted by F @& F. We can define the following right

B-module structure on E Q%8 F
(z@y)-b=z®yb

for all elementary tensors x ® y € F ®*8 F and all b € B. This
product is extended by linearity to all of E ®*¢ F. Throughout
the rest of this section ¢ will be such that (F,¢) is an A-B

Correspondence.

Proposition 1.4.2. The right B-module structure above is well
defined.

Proof. First we look at the mapping (z,y) € E X F — = ®
yb € E ®*8 F which is bilinear, by the universal property of the
algebraic tensor product we have a unique linear map that sends
T ®y to x ® yb. This means that our right B-module structure is
compatible with the scalar multiplication and finite sums. Now,
consider b, ¢ € B and an elementary tensor z @ y € E @8 F,
(z@y) - (b+ec)=2zxy(b+c)
=z® (yb+yc) =rxR@yb+ 2z ® yc
=@z®y) b+ (z®y)-c
Similarly, we can see that
(x®y) - (bc) =z ® ybe
=z ® (yb)c
=(r®yb)-c
=((z®y)-b)-c
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By linearity we obtain both results for any element in the tensor

product. O

To turn this module into a Hilbert B-module we need a B-
valued inner-product. We consider the following bilinear function

defined on elementary tensors:
() : (E®@™ F) x (E®"% F) - B
(1 @Y1, 72 @ Yy2) = (Y1, p((71,72))y2) -

In order to prove that this will serve to obtain our desired inner-

product we will need the following technical lemmas.

Lemma 1.4.3. For any T € Lp(F') the following are equivalent:

1. T>0in Lp(F),

2. (z,Tx) >0 in B for allx € F.

Proof. To show that 1. implies 2. we write T = S*S where S €
Lp(E). Then (z,Txz) = (Sz,Sx) > 0 for any = € F. Now to
show the converse we write T = R + 1S where both R and S are
self-adjoint. Consider any x € F, then
0 <(z,Tx) = (x, Rx + iSz)
= (x, Rz) +i(x, Sx)
this means the right-hand side is also self adjoint and therefore
(x, Rz) +i(x,Sz) = ((z, Rx) +i(z,Sx))* = (x, Rx) —i(x, Sx)
meaning (x, Sz) = 0 for any = € F. Consider z,y € F, then
0=(S(x+y),z+y) = (Sz,x) + (Sy,x) + (Sz,y) + (Sy,y)
= (Sy,x) + (Sz,y)
= (y,57) + (Sz,y)
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but also

meaning (Sz,y) = — (Sz,y) and therefore (Sz,y) = 0 for all

z,y € F. Since ||S|| = supjz<1 || (Sz,y) || we get that S =0.
llyll<1

We have T' = R with R self-adjoint and therefore can
write T'= P — @ where P, > 0 and PQ = 0 in Lp(F). This

means that for any z € F

0 < (Qu,TQx) = — (Qr, Q%) = — (x,Q%)

But since Q > 0 we also have Q® > 0 and therefore <a:, Q3x> > 0.
This means that <x, Q3x> = 0 for all x € F, with a similar
reasoning to the one above we conclude that @3 = 0. Since @
is self-adjoint then ||Q3| = ||Q||® and therefore Q = 0. We can
conclude that T'= P > 0. ]

Corollary 1.4.4. For any T € Lp(F') and x € E we have that

(Tz,Tz) < HTH2 (x,z) .

Proof. Since £Lp(F) is a unital C*-algebra then ||T||*1 —T*T > 0.

Using the previous lemma, for any x € F

0 < (z,(|T|*1 — T*T)x)
0 < T (z,x) — (&, T*Tx)
(Ta,Tx) < ||T|* (2, )
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Corollary 1.4.5. Let A be a C*-algebra, consider the C*-algebra
Mp(A) and a = (aij) € Mp(A). Then a > 0 if and only if

n
E x;-kaijxj 2 0
1,j=1

forall xq,...,z, € A.

Proof. 1t is enough to use the previous lemma together with the
identification M, (A) = K(A™), then for any = = (x1,...,x,) we
have
n
(r,ax) = Z T; AT
ij=1

which will be positive if and only if a > 0. 0

Lemma 1.4.6. Let E be a Hilbert B-module and z1,...,x, € F.
Then

1. The matriz x = ((x;,x;)) € My(B) is positive.

2. If T € Lp(E), the matriz a = ((Tx;, Txj)) € My(B) satis-
fies

0<a<|T|>x.

Proof. 1. We use the previous corollary, take any ay,...,a, €
B then
n n
Z aj (xi,xj) aj = Z (xia;, zja4)
ij=1 i,j=1

n n
= <Z TiQg, ijaj> > 0
i=1 j=1
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2. Using the previous item and taking z; = T'z; we get that
a > 0. We already know that a > 0. To see that a <
|T'||?2 we will use once again the previous corollary. Take

ai,...,an € B, then

n

S° @ (T2 (s, 2) — (Tai Taj))a; =

1,j=1
n

> ai (zi, (TN = T*T)a;))a;  (1.3)
ij=1
but since || T||?~T*T > 0in Lp(E), then | T||>~T*T = S*S
for some S € Lp(FE). Now
(<xi7 (IT|” - T*T)wj>)i,j = ((Ss, S$j>)i,j >0

the last inequality due to the previous item. From this we
obtain that (1.3) is positive for any aq,...,a, and due to

the previous corollary we have that

IT|*2 — a = (|T| (zs, x5) — (Twi, Taj))ij > 0.

Now we can proceed to show that our bilinear function

defined previously is indeed a semi-inner-product.

Proposition 1.4.7. The bilinear function on E @™ F is a semi-

inner-product on B. Moreover (x,x) > 0 for any x € E % F.

Proof. Take z,y € (E®8 F) and b € B, thenz =" | 2; ® y;
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and y = ZJ 125 ''® y] and therefore

(2,9 - b) <Zml®yl,2x ® Y >
:Z (2 @ yi, ;@ y;b)
—Z Yir (i, 25))y/;b)
—Z yi, (i, ))y) b

:Z (zi ® yi, 2 @y b= (,y)D.

.3

Similarly,
(z,y)" :Z<y¢,<ﬁ(<% NN
—Z (i )5 i)
—Z v (20, 75)) i)
—Z o o(2h, 2y = (g, 7).

We now prove that (z,z) > 0 for any = € (FE ®& F), this
is where our lemmas will play a key role. Once again, writing
r =), ®y;, we have

n

(@, x) = > (i, o((zi,7;))y;) -

4,j=1

Consider X = ((x4,2;))i; € M,(A) then, due to the previous
lemma, X > 0. Now, the *~homomorphism ¢ : A — Lp(F)
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induces a *-homomorphism:
") Mo (A) = Mo(Lp(F)) = Lp(F")
(aij) = (p(aij))-

Since go(”) is a *-homomorphism it is also a positive function and
therefore (™ (X) > 0. Finally, using Lemma 1.4.3,

n
0= (3™ (X)f) = D Wipllwnai)ys) = (w,2)
Q=1
for f = (y1,...,yn) € F™. O
Remark 1.4.8. Note that the semi-inner-product we just defined
will not usually be an inner-product. This means there will usually
exists elements z € E ®*8 F such that z # 0 and (z,z) = 0. In
fact, consider any x € E, y € F, a € A and take
z=za®y—z®pa)y
then

(z,2) =(za®@y —2z@¢(a)y,ra @y — x ® p(a)y)
=(ra®y,ra®y) — (ra@y,z ® p(a)y)
—(z®@¢(a)y,za@y) + (z @ p(a)y,z ® p(a)y)
=y, e((za, za))y) — (y, p((za, ))p(a)y)
— (p(a)y, o((z, za))y) + (p(a)y, ¢((z, z))p(a)y) (1.4)

but since ¢ is a *-homomorphism and (xa,za) = a* (z,xa) =

(ra,x)a = a* (x,x) a then the expression (1.4) is equal to zero.

Now we can define the interior inner-product of two Hil-
bert modules E and F, we start by considering N = {x €
E @8 F; (z,r) = 0}. We obtain the pre-Hilbert B-module

Ex*s N
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The internal tensor product of F and F will be the completion
of the quotient above with respect to the norm induced by the
inner-product and will be denoted either by £ ®, F or E®4 F.

Remark 1.4.9. The fact that (1.4) is zero also means that our
tensor product is A-balanced in the same way algebraic tensor
products of modules are. It is worth noting that we could have be-
gan with an algebraic tensor product of modules, defined the same

inner-product and the end result would have been isomorphic.

The following proposition shows that our construction
coincides with the one presented at the beginning of the section

as motivation.

Proposition 1.4.10. Consider C a C*-algebra such that A and
B are C*-subalgebras, E and F are closed subspaces of C, such
that BXEC A, F-ACE, A-FCF, F*FCBand F-BCF.
Then G :=span E - F = E ®, F where ¢(a)y := ay for alla € A
andy € F.

Proof. First of all we need to verify that G is a Hilbert B-module.
By definition G is closed and hence complete with the induced

norm. Now, since

G-B=spanE -F-BCspank -F=G
G"-G=spanF*-E*-E-F
CspanF*-A-FcCcspanF*-F CB

we can assert that G is indeed a Hilbert B-module.

Consider the bilinear application (z,y) € ExXF — zy € G,
it induces a linear function ¢ : E®8 F — G such that ¢(z®y) =
xy. Moreover since ¥(x @ y - b) = ¥(x @ yb) = xyb = ¥ (x @ y)b,
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then ¢ is B-linear. By definition of G it is clear that ¢ has dense
range. In order to show that 1 induces an isomorphism between
E ®, F and G we just need to verify that 1 is isometric. We
will verify this for elementary tensors and extend by bilinearity,

consider z =1 ® y1 and y = xo ® yo with x; € E and y; € F":

((2),¥(y)) = (@) Y(y)
= (2191)" (22y2)
= yi(z122)y2
= yre(z172)y2
= (y1, p(@122)y2)
= (Y1, e((x1, 2))y2) = (21 © Y1, 22 @ Y2)

which means ¢ is isometric. We can now factor ¥ to a morphism
Eg"s F /N — G which remains isometric. Finally, by continuity
we extend our morphism to ¥ ® 4 F' and since it is isometric it
will also be injective and hence an isomorphism between F ® 4 F

and G. 0

Lemma 1.4.11. Given T € L4(E), there exists T e Lp(E®aF)
such that f(x ®y) = T(x) ® y. Moreover the mapping T + T
is a *~homomorphism. We will also denote such T by T ®4idp
or simply T ® 4 id when the Hilbert module we are using is clear

from the context.

Proof. Consider the bilinear application (z,y) — T(z) ® y. It
induces a unique linear function s : E®*8 F — E® 4 F such that
so(z ®y) = T(x) ® y. We claim that (so(x), so(x)) < ||T||? (z, x)
for any © € E @8 I. For any x1,...,2, € E and T € L4(E),
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due to Lemma 1.4.6, we have

a= (<37z'7~75j>)?j—1 >0

b= (<Tx”mT33J>zg )20

and b < HT||2a. Now write z = Z?:l 2; ® y; and set y =
(Y1,...,yn) € F™, we have

n

(s0(x), s0(x)) = Y (T(xs) @ i, T(x;) @ y;)

ij=1

= > i o (T @) Tey)yy)
ij=1

= <y w(")(b)y>

< ITI (g, ™ (@)y) = ITIP (w2

This means that sg is bounded with norm less than ||7'|| and is 0
when (z,z) = 0, therefore it factors through to a bounded linear

E@alg F/

function s : N — E ®a F. Since s is bounded we can

further extend this to a bounded linear operator T:E® A F —
E®4 F with |T|| < ||T| and T(z ® y) = T(z) ® y. In order to
show that T is in fact adjointable consider x1,x2 € E, y1,y2 € F
and set x =1 ® y1 and y = 3 ® yo. Then

(Tv) =

(T(z1) ® y1, 72 @ Y2)
= (y1, p({T'(21), z2))y2)
= (Y1, p((z1, T"(22)))y2)
= (w1 @y, T (22) @ 92) = (2, T7(y))

hence we can extend this by bilinearity to show that T is adjoin-

table and 7 = T*. It is pretty clear that the mapping 7" +— T is
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linear and since for any 7,5 € LA(E), x € E and y € F we have
that

TS(x@y)=TS@) @y =T(S(x)2y) =TS oY)

and by linearity TS =T8S , we can conclude that the map is a

*-homomorphism. O

Corollary 1.4.12. We can view at E®4 F as a LA(E)-B cor-
respondence. Moreover, if we consider C a C*-algebra and v :
C — LA(E) such that (E, 1) is a C-A correspondence, then we

can view E®4 F as a C-B correspondence.

Proof. The first assertion is a direct consequence of the map-
ping L4(F) — Lp(F ® F) from the previous lemma being a
*_homomorphism. The second assertion follows from the fact
that the mapping 12 :C = Lp(E®y F), ¢c —~ 1/1/(;) will be a

*_homomorphism. O

Proposition 1.4.13. If (F, ) is a proper A-B correspondence,
in the sense that p(A) C Kp(F), then E®4 F can be seen as a
proper K4(E)-B correspondence. This means that if T € Ka(E)
then T € Kp(E ®4 F).

Proof. Consider T' = |zja){x2| where z1,29 € F and a € A.
Define the creation operator 7,, : F' — E®4 F by Ty, (y) =
x; ® y, clearly T}, is a morphism of B-modules, moreover for any
y,z € " and x € E we have that

(Ty,(2),2Qy) = (; R 2,2 Y)
= <Z,<,O(<:L’Z',l’>)y>



54 Chapter 1. Hilbert modules

and therefore Ty, is adjointable with T} (z ® y) = o({z4,x))y.
Now
Txoy) =T(x) oy
=x10 (T2, ) QY
=1 ® p(a(r, )y
= 21 ® p(a)p((w2, )y
= Tuyp(a)T, (z ® y)

and therefore T' = Toyo(a)T

> Since ¢(a) is compact we conclude

that 7T is compact.

Now, due to Proposition 1.1.13, we have EA = E and
consequently any rank 1 operator in K 4(F) can be expressed as
a limit of operators of the form |zja)(x2|. Hence, if T is a rank
1 operator then T is compact. Since the linear span of rank 1
operators is dense in K 4(F) we conclude that T is compact for
all T € Ka(E). O]

1.5 Morita-Rieffel equivalence

Before concluding this chapter we introduce the notion
of Morita-Rieffel equivalence. In abstract algebra we say two
rings are Morita equivalent if their categories of left modules are
equivalent. In 1973 Rieffel extended this notion for C*-algebras
with the use of Hilbert bimodules. Throughout this section we
will refer to pre-Hilbert modules as right pre-Hilbert modules,
Hilbert modules as right-Hilbert modules and inner-products as
right inner-products. Most of the results in this section can be
found in [11, Section 4.5].
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Definition 1.5.1. Let E be a left B-module. A function {-,} :
ExFE — Ais called left inner-product over B if for any z,y,z € F,
A€ Cand a € A we have:

1 {o 4+ Ay, 2} = {2, 2} + My, 2},
2. {bz,y} = b{z,y},

3. {zy} = {y, 2}",

4. {z,z} >0in Bif z #0.

Definition 1.5.2. A left pre-Hilbert B-module is a left B-module

that has a left inner-product over B.

All of the basic results we have with right inner-products
have an equivalent for left inner-products. This means that ||z|| :=
| {z, 2} ||*/? also defines a norm in E. We say F is a left Hilbert
B-module if it is a left pre-Hilbert module which is complete with

respect to this norm.

Definition 1.5.3. Let E be a B-A-bimodule. If E is a left pre-
Hilbert B-module and also a right pre-Hilbert A-module such
that:

z(y,z) ={z,y}z

for all x,y,z € FE, we say E is a pre-Hilbert B-A-bimodule.

We say a pre-Hilbert B-A-bimodule E is a Hilbert B-
A if it is complete with respect to the norms induced by both

inner-products.

Remark 1.5.4. In [3, I1.7.6.3] it is shown that if E is a pre-Hilbert
B-A bimodule, the norm induced by the left-inner-product and
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the right-inner-product coincide. Meaning the completion of

with respect to both norms is the same.

Similarly to the way we constructed the internal tensor
product for A-B correspondences we can define the tensor product
for Hilbert bimodules. Take F' a Hilbert A-B bimodule and G a
Hilbert B-C' bimodule, the tensor product F ®p G (as modules)
has a pre-Hilbert A-C bimodule structure with the following
product:

a-(z®y)=ar vy,
(z®y) - c=x®yc

forx e B,y € F,a € A and c € C, and left and right inner-

products:

(1@ y1,22 @ Y2)c = (Y1, (¥1,22) g Y2)» € C,
{r1 @y, 12 ®@y2} 4 = {y {21, 22} 5,2}, €A

for all z1,22 € F and y1,y2 € G. We can take quotient and
completion in a similar manner as we did in the previous section
to obtain a Hilbert A-C-bimodule which we will also denote by
F®pG.

Definition 1.5.5. Two C*-algebras A and B are Morita-Rieffel
equivalent if there exists a Hilbert A-B bimodule F and a Hilbert
B-A bimodule F' such that

EF®pF=Aand
FeoaE=B

as A- and B- bimodules respectively. We denote this by A M B,
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Remark 1.5.6. Morita-Rieffel equivalence is an equivalence relation
as shown in [11, Proposition 4.23]. It is also easy to verify that if
A2 B then A X' B,

Example 1.5.7. Let A be a C*-algebra and p € A a full projec-
tion (that is span ApA = A), then pAp M A To verify this we
consider ¥ = Ap and F = pA, which have a natural A-pAp and
pAp-A bimodule structure respectively. We define the following
morphism
[ Ap @pappA— A
ap @ pb — apb

We begin by verifying it is well defined, to do this we check if it
is bounded. Take x = " | z;p ® py; € Ap @pap PA, then:

1£@)I* = [1f ()" f(2)]

n * n
= f(zxipé@pyi) FY zip@py
=1

j=1

n * n
= (Z :cipyz) > xipy;
i=1 j=1

n n
= (Z yip; ) > zpy;
i—1 j=1

n
=D vipwizipy;
i =1

n

=11> <pyz-, (wip, wjp>pAppyj> ,
ij=1

n

i,j=1
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— Zx1p®pyz,zwgp®1?yg>

= l{z, )] = [l=]*.

This shows that f is well defined and isometric, therefore injective.

Since p is a full projection, f is surjective. Similarly we define

g:pA®aAp — pAp
pa & bp — pabp.

In a similar manner we verify ¢ is an isometry meaning it is injec-

tive. Clearly it also is surjective. We can conclude that pAp MR 4.
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2 Cuntz-Pimsner algebras

In this chapter we introduce Cuntz-Pimsner algebras,
which are a very vast class of C*-algebras. Initially introduced by
Pimsner in [17] as a way to generalize Cuntz-Krieger algebras and
crossed products by Z, their structure (with some modifications)
has manifested in many other classes of C*-algebras such as graph
C*-algebras (as seen in [13]) and Exel’s crossed products (as seen
in [6]).

The first section of this chapter will be dedicated to the
concrete construction of Toeplitz algebras. In the second section
we will show the construction of Cuntz-Pimsner algebras and

show some of the main examples.

2.1 Fock representation

If (E, ) is an A-A correspondence we want to construct
a C*-algebra that in a way contains copies of A and F such that
all of their operations are well represented, this C*-algebra will
be called the Toeplitz algebra and denoted Tg.

The motivation for the construction of the Toeplitz algebra
of a correspondence can be explained once again using Example
1.1.11. Let B be a C*-algebra and E a closed subspace such that
E*EC A E-AC FE and A-E C E where A is a C*-subalgebra
of B. It’s clear that E will have a Hilbert A-module structure.
Defining ¢ : A — LA(F) by ¢(a)(x) = ax, we can view E as
an A-A correspondence. The Toeplitz algebra Tg will be the C*-
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algebra generated by E and A in B. To deal with the general case

we need to define a special kind of representation.

Definition 2.1.1. Let (F, ) be an A-A correspondence. A Toe-
plitz representation of E in a C*-algebra B is a triple (7, ¢, B)
such that 7 : A — B is a *~homomorphism and t : £ — B is a

linear map such that for all z,y € E and a € A we have
1. t(z)m(a) = t(za),

2. t(zx)*t(y) = n((z,y)),

A Toeplitz representation is called injective if 7 is injective and
will be surjective if the C*-algebra generated by m(A) and ¢(F),
denoted by C*(m,t), is equal to B.

The Toeplitz algebra Tg will be the C*-algebra that is
universal for these representations. By this we mean that there
exists i4, g such that (ia,ig, Tg) is a Toeplitz representation and
if (m,t, B) is another representation, then there exists a unique

f : T — B *-homomorphism such that the following diagram

Tp —— B - (2.1)

commutes:

We can construct T as a universal C*-algebra. Consider the set
of generators G = {[a], a € A} U {[z], x € E} subject to the

following relations:
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1. [a][z] = [p(a)x], for all a € A and = € E,
2. [z]*[y] = [(z,y)], for all x,y € F,

3. [z][a] = [za], for all a € A and x € F,

4. all relations in A,

5. all relations in F.

We will define T to be the universal C*-algebra generated
by G subject to the relations above. The following lemma shows
that T is well defined.

Lemma 2.1.2. The relations above are admissible and therefore

induce a universal C*-algebra.

Proof. We need to verify that for any = € G there exists C, > 0
such that || f(z)|| < C; for all representations f : G — B. Here G
is the universal *-algebra subject to the relations above and B is a
C*-algebra. We fix a representation f : § — B and note that any
element x € G will be the finite sum of products of elements of
the form [a], [z], [y]*, where a € A and x,y € E. This means, due
to the triangular inequality, that we just need to bound || f(z)]|
when z is a product of elements of the form [a], [z], [y]*. Due to
the relations that spawned G, we have all products must be either
of the form [a] for a € A or

[@1] - [zn][y1]™ - [ym]™s 4, y; € B

This is because any term of the form [z]*[y] with z,y € E
becomes [(x,y)]. Since g : A — B given by g(a) = f([a]) is
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a *-homomorphism, we have ||f([a])| < |la||. Now, if we take

x=[z1]- - [@n) ] - [ym]* for z;,y; € E then

IF @)= 1 (2a]) - f(Qn]) £ (o))" - - F(Qym]) 7
< F QDI 1 QD HLF QDI - 1L (D]

but we also have

£ (DI? = 11F (] el = 1f (i, z) DI < |z, 2a) | =2 CF,

and therefore || f(z)| < Cy, -+ Cy,, Cyy -+ - Cy,. = Cy. O

The lemma above shows that
llz|| :== sup{|| f(z)||, f: G — B is a representation}

defines a seminorm in § and therefore §/N can be viewed as a
normed *-algebra where N = {z, [|z|| = 0}. We have that Tg
will the completion of §/N with respect to this norm. Now we

verify that Tr we just constructed satisfies our desired universal

property.

Proposition 2.1.3. Tg satisfies the universal property from dia-

gram (2.1).

Proof. We begin defining i4 : A — Tg by ia(a) = ¢([a]) and
ip: E — Tg by ig(z) = q([x]) where ¢ : § — Tg is the quotient
map. It is rather straight forward to show that (ia,ig,Tg) is
a Toeplitz representation of E. If (m,t, B) is another Toeplitz
representation of E, we would have that 7(A)Ut(E) C B satisfies
all the relations from above and therefore we have a unique *-

homomorphism g : § — B such that g([z]) = t(z) and g([a]) =
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m(a) for all x € E and a € A. We also have that for any z € G,
by definition

lg(@)[] < [l|

This means that N C ker g and therefore g factors through to
a *-homomorphism from §/N to B. Since g is bounded we can
extend this *-~homomorphism to a *-homomorphism f : Tz — B.
Now, take ¢ € A and = € E, by definition of f we have

and therefore f makes diagram (2.1) commute. The uniqueness of
f comes from the fact that any other f’ that makes the diagram

commute would coincide with f on a set of generators of Tg. O

We can construct Jg in a more concrete way, to do this
it is enough to find an injective Toeplitz representation, this will

be done using the Fock representation.

Definition 2.1.4. If (E, ) is an A-A correspondence then the

associated Fock space is defined by

o0

Fp = @E®”

n=0

where E®0 = A when n = 0 and
E"=FE®  E*" 1 2 E¥" g, E
when n > 1 (this is well defined due to Corollary 1.4.12).

Remark 2.1.5. Due to the definition of Jg, i4 and ig, Tg can
be described as the C*-algebra generated by i4(A) U ig(E).
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Now, since ig(z)*ig(y) = ia((z,y)), ig(x)ia(a) = ig(xa) and
ia(a)ig(x) =ip(e(a)z) for all z,y € E and a € A then an arbi-
trary element in the *-algebra generated by i4(A) Uig(E) will
be either the form i4(a) with a € A or of the form

ip(z1) - ip(xn)ie(v) ie(ym)", zi,y; € E.
This means that
T =span{(ig)®" () (ig)®"(y)*, © € E®", y € E®™ n,m > 0}

where (ig)®" : E®" — Tg is given by (ig)®" (11 ® -+ @ x,) =
ip(r1)---ig(z,) for n > 1 and (ig)®°(a) = ia(a). The cons-
truction of the Fock representation will be made to reflect the

structure above.

Note that since Fg is a Hilbert A-module it makes sense
to talk about its adjointable operators £ 4(Fg) which is a C*-
algebra. We shall use £ 4(FE) to represent our correspondence
(E, ¢), this means our goal now is to construct i4 : A — L4(Fg)
and ip : E — L 4(Fg). Before proceeding further we will need a

tool to easily construct morphisms in direct sums.

Proposition 2.1.6. Let F,, and G, be two sequences of Hilbert A-
modules. Consider a sequence Ty, € L A(F,,Gy) such that ||T,| <
K for alln € N for some constant K > 0. Then @, T, :=T :

@Zozo Fn - @ZO:O an deﬁned by T(xn) - (Tn(xn))nEN fOT’ all
(zn) € GBZZN n, s a well defined adjointable operator.

Proof. To check that T is well defined we just need to verify that
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it is bounded on @ZEN F,,. Consider (z,) € @ZEN F,, then

1T (n)|* = [ {T (@), T(wn)) |

[e.9]

Z (T (), Tn(zn))

n=0

using Corollary 1.4.4 we have

<

o0
Z HTnH2 (Tn, Tn)
n=0

(e 9]

Z (T Tn)

n=0

< K* = K?||(zn)]

concluding that T is bounded and therefore well defined. To check
that it is adjointable just consider S := @° T, a very quick

n=0-"n>

calculation shows that it is indeed the adjoint of T O

Consider ¢ : A = L 4(Fp) defined by
Poo(a) = @ ¢n(a)
n=0

where ¢, (a) = ¢(a) ® idgen—1 € LA(E®") (well defined since
le(a) @ idpen—r || < [p(a)]l < l[al]) for n =1 and @o(a)(b) = ab
for all b € A . Since each mapping a — ¢(a) ® idgen-1 = pn(a)

is a *-homomorphism , it is clear that so will be a — ¢ (a).

Lemma 2.1.7. ¢ : A — LA(FE) is injective.

Proof. If ¢oo(a) = 0 then ¢, (a) = 0 for all n > 0. In particular
¢vo(a) = 0 and therefore ab = 0 for all b € A, which means
a=0. O
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We now recall the creation operators introduced in the
proof of Proposition 1.4.13. For any x € E, T, ,, : E®" — E Q4
E®" = E®1 defined by T, ,(y) = z ® y is an adjointable
operator. Note that for y € E®™ with ||y|| < 1 we have

[ (Ten(y) Ten() | = [z @y, 2@ y) |
=l {y (@, 2))y) || < [le((z, z))]]
and therefore, using the previous proposition, it makes sense to
consider T'(x) := @7y Ten € La(Fg) (in this case T o = |z)
and we look at @, , E®"! C Fg). It is not hard to verify that

T is indeed linear. It is also worth noting that T'(x)*(b) = 0 for
all z € EF and b € A, since

(T'(z)(y),b) =0
for all y € F and b € B as T(z)(y) lies in @, ; E®".

We move onto verifying that the triple (¢oo, T, La(FE))
we just defined is indeed a Toeplitz representation. Since Fg is
generated by elements of the form 1 ® - - - ® z,, with n € N, it is
enough to verify each condition for those kind of elements. Take
ryeEE '=11® - @z, € E°and a € A,

T(2)pos(a)(z’) = T(z)(p(a)21 @ -+ @ )
=r@p(a)r1 @ DTy

and using Remark 1.4.8,
=2a®@1 Q- @z = T(xa)(z').
This means that T'(z)ps(a) = T'(za). Similarly

Poo(a)T(x)(2') = poola)(z @ a') = p(a)r @ 2’ = T(p(a)z)(2')
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and therefore poo(a)T(x) = T(p(a)z). Finally, since

T(x)T(y)(a") = T(x)"(y @ 2)
= p({z, )2’ = voo((z, 1)) (2)
we conclude that T'(z)*T(y) = voo((z,y)).

We have shown that for any A-A correspondence (E, ¢)
there exists an injective Toeplitz representation (peo, T, LA(FE)).
It can be shown that C* (¢, T') is isomorphic to Tg. Moreover, the
fact that (oo, T, La(FE)) is an injective representation implies

that so is the universal Toeplitz representation (i4,ig, Tg):

Theorem 2.1.8. The universal Toeplitz representation of E,

(ia,ig, TE), is injective.

Proof. Consider the Toeplitz representation (peo, T, La(Fg)), due
to the universal property there exists f : Tp — C*(po0,T") such
that foiga = poo. Since Py is injective we conclude that so is i 4,

this means that (i4,ig, TE) is an injective representation. O

Example 2.1.9. Consider A = C and F = C" with the inner
product (z,y) = > I, T;y; where x = (21,...,2,) and y =
(Y1,...,Yn). Taking ¢ : C = Lc(C™) =2 M,(C) to be ¢()\) =
Aid, we can look at C" as a C-C correspondence. Note that
ic(1)icn(z) =icn(z) since ¢(1)(z) = x. Therefore ic(1) is a unit
in Ten and ic(X) = Algg,.

Now, since C" generated by the canonical base
ei=(0,...,1,...,0),
consider s; = icn(e;) then

sisj = icn(eq) icn(e) = ia((ei, €5)) = 1a(8i51) = dijlaca .
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Meaning T¢n is generated by n mutually orthogonal isometries,
it can be shown that Ton & TO,, the Toeplitz-Cuntz algebra, in
particular when n = 1, by Coburn’s theorem [7], we obtain the

Toeplitz algebra.

2.2 Cuntz-Pimsner representations

Given (FE, ) an A-A correspondence, our goal with the
Cuntz-Pimsner algebra Og will be to generalize the Cuntz algebra
in the same sense that the Toeplitz algebra of E generalizes the
regular Toeplitz algebra, that is we want that Ocn = O,. We
proceed in a similar way as we did with the Toeplitz algebra,
considering a special class of representations of (F, ) and taking

the C*-algebra which is universal for these representations.

We begin by fixing (E, ¢) a A-A correspondence. If (7, ¢, B)
is a representation of (F, ) we can induce a *-homomorphism
(m, )M : K(E) = B by (m,t)D(|z)(y]) = t(2)t(y)".

Lemma 2.2.1. Let C be a C*-algebra, F be a Hilbert C-module
and T1,...,Tn,Y1,---,Yn € F. Then

i i) (yil || = H ((<$i,l’j>)zj:1)1/2 (((yz’,yj>)zj:1>l/2

i=1
where the norm on the right hand side is the one on M, (C).

Proof. First we fix v = Y " | |z;)(y;| then let = (2;), y = (v:),
we have |z)(y| € Ly, 4)(E™) and due to Proposition 1.3.2 it

follows
Nl = | G 2y oy o U ) |

o[RS (LA
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Our goal now is to prove that |||z)(y||| = [|> 7=, |z:)(ys|||. In order
to do this we will utilize the *-isomorphism between Ly, (4)(E")
and £ 4(E™) shown in Example 1.2.6. It is not difficult to ve-
rify that L4(E"™) = M, (La(E)) and therefore we have an *-
isomorphism € : Ly, 4)(E") — My (La(FE)). This means that

lz){y||l = |22(]z){y|)||- Doing some simple calculations we obtain
> i | (wil 0 0
’ 0 il

— diag, (Z Ixz‘><yil>
=1

where diag,,(T") is the matrix with n copies of T" in its diagonal
and 0 elsewhere. Since diag,, : LA(F) — M, (L 4(F)) is a unital

*_homomorphism we obtain

>l (il || = ||diag,, <Z Iwi><yi\>‘
i=1 =1

and finally we conclude the desired result. O

= [12(=) DIl = lll2) (wll

Proposition 2.2.2. (7,t)1) is a well-defined *-homomorphism.

Proof. If F(E) = span{|z)(y|, =,y € E}, then F(F) = K(E).
Take v = Y"1 |zi)(yi| € F(E) with x;,y; € E. We need to verify
that if v = 0 then (m,t)((y) = 0:

*

(m, )V (), )V ()" = (Zt(xi)t(yi)*> > tay)t(y;)”
j=1

:< t(a:i)t(yi)*> > tyy)t(z))
i J=1
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n

t(zi)t(y:) " t(y;)t(z;)

-

&,
Il
—

Il
IMS

t(as)m({yir )t (x;)

5

<

3\\
N

t(xi (yi, yj))t(xs)

(sz Yir Yj )t )

t (v(yy)) t(z;) = 0.

-
&,
Il
-

M: i M:

<
Il
-

This means that (, )" is well defined in F(FE). Now we need to
show that (7, %)) is bounded in F(E) for us to be able to extend
(m,t)) to the compact operators . We have,

[#(i)) (t(yi)

n

Zt(xi)t(yz‘)*

=1

I, ) ()l =

by using the previous lemma we obtain

e, 0O = || (ot tey) (et twis)
(6 )”2 (i) "

(o) )” (i)
= || [(((zi,azj>)i7j)l/2 <(<y¢,yj>)i,j)1/2] ‘
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but 7™ is a *-homomorphism,

< (anami,) ™ (tomn.,)”

= 1l

) (il

and therefore (m,t)(!) is bounded on F(FE).

In order to prove that (m,t)(!) is indeed a *-homomorphism
we will use the properties show in Proposition 1.3.2, take z, 2/, y,9" €
FE then

(m, ) (j2) (y] - ') (y]) (M) (] |$><y\(ﬂf'))< I)
= (mt) \:v<y, ’>
t(m<y,$>
)m((y, @ > (y’
t(@)t(y) t(a")t(y')"
= (m, ) (J&) () (m, ) D (|2) (')

t(x

and

(m, )V (l2) ()" = (t(2)t(y)")"
= t(y)t(x)"
= (m, )V (ly)(z]) = (m, )V (|2) {y[).
Since (m,t)(M) is clearly linear we can conclude that it is a *-

homomorphism.

O]

We will use this *-homomorphism to define our special
kind of representations that will give rise to Cuntz-Pimsner al-
gebras. Consider Jg = ¢~ }{(K(E)) Nker(¢)*, where I+ = {a €
A, al ={0}} for I C A.
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Definition 2.2.3. Let (7, ¢, B) be a Toeplitz representation of F.

We say that this representation is Cuntz-Pimsner covariant if

(m, )V (p(a)) = 7(a), Va € Jg.

The Cuntz-Pimsner algebra Og is, by definition, the uni-
versal C*-algebra for Cuntz-Pimsner covariant representations.
This means that there exists j4 : A — Og and jg : F — O such
that (ja,jg, Op) is a Cuntz-Pimsner covariant representation and
if (7, t, B) is other Cuntz-Pimsner covariant representation then
there exists a unique *-homomorphism f : Oy — B such that the

following diagram commutes:

We can explicitly construct this C*-algebra, to do this we
define T(Jg) as the ideal generated by the set

{(ia,i5)V(p(a)) = ia(a), a € Jp}.

Theorem 2.2.4. For any (E, ) correspondence, we have

Proof. Consider Q : Tg — ('TE/{J-( JE) the quotient map. Define

ja = Qoi and jg = Qoig, we now verify that (jA,jE, TE/‘J’(JE))
satisfies the universal property for Cuntz-Pimsner covariant re-

presentations. First we need to verify that <jA7jE7 ‘IE/ T(J E)) is
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a Cuntz-Pimsner covariant representation, the fact that it is a
Toeplitz representation is pretty clear. Take a € Jgp C K(E) and
T = 2ie [2) (Y7 € K(E) such that v, — ¢(a),

(jarip)! Z]E )ie(y;')

=Q (ZZE Vie(y:) )
= Q(14,i6) ().

Due Proposition 2.2.2, both (j4,7z)" and (i4,iz)(") are *-homo-
morphisms and therefore continuous. Taking limit when n — oo

above we have
(ar i)W ((a) = Q((ia,ip) M (p(a)) = Qia(a)) = ja(a)

and therefore (j A, JE, “TE/cJ-( JE)) is Cuntz-Pimsner covariant.

To check the universal property let (, ¢, B) be a Cuntz-
Pimsner covariant representation of (E, ¢), since (m,t, B) is also
a Toeplitz representation there exists a unique *-homomorphism
f':Tg — B such that f'oig =mand f'oig =t. Take a € Jg
and v, = 307 |27)(yi'| € K(E) such that v, — ¢(a),

F((ia,i6)V () = ia(a <Z ip(@)is(y)) ) —(a)

=ty —n(a)

i=1

7Tt(1<2|1‘ yz) 7(a)
= (ﬂ-vt)( )(’Yn) - W(a)
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taking limit above when n — oo we have

f'((iasip)V(p(a)) = ia(a)) = (m, 1)V (p(a)) = m(a) = 0
and therefore T(Jg) C ker f’. We can now factor f’ to a *-
homomorphism f : TE/T(JE) — O that is such that f(Q(s)) =
f'(s) for all s € Tg. For a € A we have,

f(ia(a)) = f(Qia(a))) = f'(ia(a)) = 7(a)

and for x € F,

fle(@) = f(Q(ip(2))) = f'(ip(z)) = t(z)
hence, f makes the desired diagram commute.

To show that f is unique, consider another *-homomorphism

g such that the diagram commutes. We have that for a € A

9(Q(ia(a))) = g(ja(a)) = m(a) = f(Q(ia(a)))

and for x € F,
9(Q(ip(2))) = g(je(z)) = t(z) = f(Q(ir(x)))

since Q(ia(A)) and Q(ig(F)) generate TE/‘J'(JE) we have f =g
and therefore f is unique. O

Now that it is clear how we obtain Cuntz-Pimsner algebras
from an A-A correspondence we move on to explain why do they
carry this name. The following example shows how these algebras

generalize Cuntz algebras.

Example 2.2.5. Consider A = C and C" as a C-C correspon-
dence as in Example 2.1.9. Note that for z € C™

n

r =id,(x) = Zei (e;, ) = Z lei) (e;|(x)
i=1

=1
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where {e;} is the canonical basis for C". This means that

n

D lei (el = idn = (1)

i=1

and that ¢(C) C K(C"), therefore Jen = C. Now,
(icyicn) D (e(N) = XY tle)t(e)”
i=1
= Z S8iS;
i=1
and ic(A) = Alg., , meaning that T(Jcn) is generated by
)\Zsisf — Mg, AeC
i=1

meaning that

> Q(s:)Q(si)" = Lo
=1

in Ocn. Since {s;}1_; are isometries that generated Tcn, then Ocn

is generated by orthogonal isometries {v;}*; where v; = Q(s;)

such that
n
Zvivf = 19en-
i=1

This means that Ocr =2 O,,, where O, is the Cuntz algebra.

In the original paper where Pimsner [17] introduced this

class of algebras, he made a remark that they not only generalized

Cuntz algebras but also crossed products by Z and Cuntz-Krieger

algebras. The next example shows how this is done for the case

of crossed products.
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Example 2.2.6. Let o : A — A be an automorphism of a
unital C*-algebra A, this implicitly defines a C*-dynamical system
(A,Z, a) where “a(n) = a"” for n € Z. Now consider E = A with

the following Hilbert A-module structure,
z-a:=zaa), re E,ac A

and (z,y) := o~ !(z*y) for 7,y € E. It’s not hard to verify that
this indeed turns F into a Hilbert A-module, furthermore we can
define ¢ : A — L A(F) by ¢(a)(z) := az. This means we can view
(E,p) as an A-A correspondence. Consider (7, U) the universal
covariant representation of (A, Z, «), and define tyy : B — A X, Z
by

tr(x) = myu(x)U.

We have

to(z - a) = ty(2a(a)) = m(za(a)U
— mu(@)UT(@) = tu(@)m(a),

tu(x)"t(y) = (mu(@)U) mu(y)U = Urnu(a"y)U
= mu(a™(2"y)) = mu((z,9)),

tu(pla)z) = my(ax)U = my(a)ty(x)

so that (my,ty, A X4 Z) is a Toeplitz covariant representation.
Moreover, since p(A) C K4(F) and ¢ is injective then Jp = A.
Now take a € A

(mus tr) M (@) = mula) = (mu, to) M (|a) (1)) = mu(a)
= ty(a)ty(1)" — mu(a)
= mu(a)UU (1) — 7y (a)

= my(a) —my(a) =0
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hence (my, ty, A Xq Z) is also Cuntz-Pimsner covariant and the-
refore there exists a unique *~homomorphism f: Op — A X, Z

such that the following diagram commutes
Op —— AX,Z (2.3)

Now consider (ja, jr(1)), lets verify that this is a covariant repre-

sentation of (A, a, Z). First we have
je(1)*je(1) = ja((1,1)) = jale™' (1)) =1
Je()ie(1)* = (ja, &) D (11)(1))
= (ja, je) V(e (1
=ja(l) =1
meaining V' = jg(1) is unitary. We also have that
Viala) = je(1)ja(a)
je(1-a)
ie(p(a)) = jalp(a)je(l) = jalp(a)V

and therefore (ja, V') is a covariant representation into Op. This

means that there exists a *~homomorphism g : A X, Z — Op
such that gom, = j4 and g(U) = V. We now verify that f = g~!,
since

gofoja=gomy=ja

for any = € E we have,

(9o fojp)(x) = (goty)(z) = g(mu(x)U)
= ja(x)V = ja(x)je(1) = je(e(x)l) = je(z)
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and therefore (g o f) o jg = jp. This means that g o f makes the

following diagram commute:

and due to the uniqueness of the middle *-homomorphism we
have g o f = id. To show that f o g = id we proceed in a similar

way,

(fog)omu=foja=mu,
(feg)U) =f(V) = f(e(1)) =tv(1) = m(YU = U

and due to the uniqueness of the morphism that satisfies those

relations we have f o g = id. We can conclude that
AxyZ=0g

Remark 2.2.7. In [6] it is shown that we can also view Exel’s
crossed product as a relative Cuntz-Pimsner algebra (these are a
slight generalizations of Cuntz-Pimsner algebras). This is done
in a similar manner as we did in the previous example, we just

replace all occurences of a~! by the transfer operator L.
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3 K-theory

K-theory has its origins as a tool to study vector bundles
over topological spaces. The first notions of K-theory started with
Grothendieck and his development of the Grothendieck-Riemann-
Roch theorem and later became more widespread in the study of

schemes and vector bundles over topological spaces.

In operator algebras, K-theory will present us with two
functors that under certain conditions allow us to further study
the structure of C*-algebras and in some cases classify C*-algebras.
The topic of K-theory for C*-algebras is pretty vast and full of
technical details with matrices, we will only cover enough for the
results in Chapter 4 to make sense. The interested reader can go
to [18] for an accessible introduction, to [19] for a more detailed
treatment and to [2] to delve into the more advanced topics of

K-theory for operator algebras.

Throughout this chapter A, B and C will always be C*-
algebras. If A is a C*-algebra AT will denote its unitization
obtained by adjointing a unit. Here A™ will be equal as a vector

space to A @ C but with the following product and involution:
(a,A) - (b, 1) = (ab + pa + Ab, Au)
(a,N)* = (@, )

In case A is already unital we have a unital *-isomorphism between

A* and A @ C, this time the direct sum of C*-algebras, given by
f:AT 5 A@C
(a,\) = (a+ Ala,N)
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To avoid keeping track if the algebra we are handling is unital or

not we will consider the following C*-algebra,

A* if A is not unital

A ,if A is unital.

A=

In a sense A is the smallest unital C*-algebra containing A as an

ideal. Some extra notation we will use throughout the chapter:

® Moo(4) := Upen Mn(A),

e GL(A) to denote the group of invertibles in A,
e GL,(4) := GL(M,(A4)),

e GLy(A) := Upen GL,,(4),

e U(A) to denote the group of unitaries in A,

o Up(A) = UM, (4)),

® Uso(A) := Unenln(A),

e P(A) to denote the set of projections in A,

o PulA) = P(Mo(4)).

o Poo(A) :=UpenPn(A).
All of the unions above are disjoint unions.

3.1 Projections and unitaries

Projections and unitaries play a key role in K-theory. Pro-

jections will be the noncommutative equivalent of complex vector
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bundles over topological spaces, this will be clear in the appen-
dix. For this reason we are going to explore some properties and
relations regarding projections before proceeding to the definition
of the Ky group. We will also revise some properties of unitaries

as these will be used to define the K7 group.

Definition 3.1.1. An element p € A is called a projection if it
is self-adjoint and idempotent. Two projections p,q are called

orthogonal whenever pg = 0; this will be denoted by p L q.

Remark 3.1.2. If p is a projection, then 1 —p € Ais an orthogonal

projection to p.

It is clear that any projection p is positive, furthermore
due to the previous remark we also have 1 — p > 0. This means
that for any projection p we have 0 < p < 1. Moreover, if p # 0
then

Ip1* = lo*pll = Ip*]l = llpl

and therefore ||p|| = 1. Since p — p? = 0, we have

{0} =0(0)=a(p—1*) = A=A, Aeap)}
and consequently o(p) C {0,1}. If p # 0,1, then o(p) = {0,1}.

The converse is true as long as the element is normal:

Proposition 3.1.3. If a € A is normal and o(a) = {0,1} then

a 1§ a projection.

Proof. Denote by ¢, : C(o(a)) — A the functional calculus of a.
Now, if o(a) C {0,1}, then id?, , = idy(a) = id}(,- By functional

o(a)
calculus we have ¢, (idy(,)) = a and

@ = @a(idy(a) = Pa(idZ ) = Pa(ido(a))? = @”

*

a= @a(ida(a)) = @a(id?;(a)) = @a(ida(a))* =a
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therefore a is a projection. O
Lemma 3.1.4. The sum of two projections is a projection if and

only if they are orthogonal.

Proof. Let p,q be two projections. If p and ¢ are orthogonal we

have
(P+9?=p"+pa+ap+¢=p"+¢" =p+q
and therefore p 4 ¢ is a projection.

On the other hand, if p+ ¢ is a projection then pg+gp =0

and therefore
0 = q(pq + qp)q = 2qpq = 2qp°q = 2(pq)*(pq).
Finally, by the C*-identity we have

Ipall® = (pg)* (pg)|| = 0

and we can conclude that p and ¢ are orthogonal. O

Definition 3.1.5. We say that v € A is a partial isometry if v*v
is a projection. In case A is unital and v*v = 1, we say that v is

an isometry.

Lemma 3.1.6. An element v € A is a partial isometry if and

only if v = vv*v.
Proof. If v is a partial isometry, consider = v — vv*v and the
projection p = v*v, then
ol = lo*2] = | (v — vo*v)* (0 — vo*v)|
= [[v*v — 2v™ v v + v v v Y|

= llp— 2% + ¥ = 0.
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On the other hand, if v = vv*v then p = v*v is clearly self-adjoint

and p? = v*vv*v = v*v = p, hence p is a projection. O

Remark 3.1.7. A direct consequence of the previous lemma is that
if v is a partial isometry, then so is v* and therefore vv* is also a

projection.

To define the Ky group we need certain equivalence rela-
tions. The following are three relations that later on we will see

to be equivalent in the context of Mo (A).

Definition 3.1.8. Let p and ¢ be two projections in a C*-algebra
A. We say they are:

e cquivalent (p ~q q), if there exists a partial isometry v € A
such that p = v*v and ¢ = vv*, in this case we say p ~q ¢

via v;

o unitarily equivalent (p ~, q), if p = u*qu, with u € A

unitary;

e homotopic (p ~p q), when p and ¢ are connected by a

continuous path in P(A).

Remark 3.1.9. In case A is commutative, two equivalent projecti-
ons are equal. Moreover, if 0 ~g p then p =0 and if 1 ~,, g then

q=1.

Consider p a projection in the multiplier algebra M(A)
then it can be proved that pAp is a hereditary subalgebra of A
called a corner. A projection p € M(A) is called full if spanApA =

A, in this case we say that pAp is called a full corner.

Proposition 3.1.10. Let p,q € P(M(A)), if p ~o q then pAp is
isomorphic to qAq.
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Proof. Consider v € M(A) partial isometry such that vv* = p

and v*v = ¢. Then define the following *-homomorphism

Ad(v) : gAq — pAp

x — vxvt.

It is a well defined *-homomorphism since any x € gAq is of the

form z = gaq = v*vav*v, then
vrv* = vv* (vav™)vv* = p(vav®)p € pAp.

To verify injectivity we consider x € gAq such that vxv* = 0,
then

0 = v vzv*v = qrg = T.

Finally, for any pap € pAp we have
Ad(v)(qu*avq) = vqv*avqu* = p*ap® = pap

therefore Ad(v) is surjective. It is not hard to verify that Ad(v) ™! =
Ad(v*). O

Remark 3.1.11. The proposition above tells us that equivalent
projections produce isomorphic corner algebras where the iso-
morphism is of the form Ad(v) for some partial isometry v € M(A).
In case v is an isometry in M(A) then Ad(v) is an isomorphism

between A and pAp for p = vv*.

Definition 3.1.12. We will call two invertibles z,y € GL(A)

homotopic if there exists a continuous path in GL(A) that connects
them. In a similar manner, two unitaries u,v € U(A) are said
to be homotopic if there exists a continuous path of unitaries

connecting them.
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The following lemmas will be useful to prove various

properties of Ky and K;.

Lemma 3.1.13. Let p1,p2,q1,q2 € P(A) such that p1 ~o q1 via
the partial isometry v, ps ~g g2 via the partial isometry w, p1 L po
and q1 L qo. Then p1 + p2 ~o q1 + q2 via the partial isometry

U+ w.

Proof. Let v,w € A be two partial isometries such that p; = v*v,
q1 = v, po = w*w and ¢ = ww*. By orthogonality we have

viow*w = 0 and vv*ww* = 0. Due to lemma (3.1.6),

viw = v ovtwwtw =0

vw* = vv vwrww* =0
and by taking s = v + w we have

s's=(v+w) (v+w) =vv+vw+wv+ww=p +p
ss* = (v+w)(v+w)" =vv* +ow' +wt +wwt =q + ¢
hence p1 + p2 ~p g1 + ¢o. -

Lemma 3.1.14. Ifp,q € P(A) and z € A is an invertible element
such that ¢ = zpz~1, then p ~y q.

Proof. We have qz = zp and therefore z*zp = 2*qz = pz*z. This
means that p commutes with f(2*z) for all f € C(o(2*2)), in
particular it commutes with |z|~! := (2*2)~1/2. Taking u := z|z| !

we verify it is unitary,

wru = |z| 7 2]z T = |22 = 1

uu® = z)z| 722 = 2(|2| 22t 2) 2z =227 = 1.
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Now, we have

*

|Tplz|Tr e = 2plz| TRt = gelz]| T2 = quut =g

upu® = z|z
hence p ~, q. O

Lemma 3.1.15. Let p,q € P(A), then p ~y, q if and only if
pr~oqandl —p~gl—gq.

Proof. Consider v, w € A two partial isometries such that v*v = p,
w* =¢q, w'w =1-—pand ww* =1—g¢q. Since p L. 1 —p and
q L 1—q, bylemma (3.1.13) we have p+1—p=1~p 1 =qg+1—¢q
via the partial isometry v = v 4+ w, this means 1 = v*u = uu®*.

Then, since vw* = v*w = 0,

upu® = (v 4+ w)v*v(v* + w*) = (v + w) (v V" + vivw")
= (v 4 w) (v vv* +0)
= (v+w)v* = vv* + wv*
q.

The converse is easily obtained from p = u*qu = u*¢*u = u*¢*qu.
Taking v = qu as a partial isometry for p ~g ¢ and w = u — qu as

partial isometry for 1 —p ~¢ 1 —gq. O

The following two results will give us simple criteria to

determine when two projections or two unitaries are homotopic.

Proposition 3.1.16. Let A be a unital C*-algebra and v € U(A)
such that ||u — 1|| < 2. Then, there exists a continuous path in
U(A) between u and 1. Moreover, if u,v € U(A) with ||lu—v| <2

then there exists a continuous path in U(A) connecting them.
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Proof. Let u € A be a unitary and hence normal. Since u is
unitary, o(u) C T. We verify that —1 ¢ o(u). If that was not the

case we would have
—1-1l€eo(u)—1=0(u—-1)

but 7(u — 1) = |ju — 1|| < 2. Since o(u) & T then there exists a
logarithm branch defined on o(u). We now consider u; = @, (f1),
where ¢, is the functional calculus on u and fi(z) = et°8(2),
Moreover, since o(u) & T we have log(z) = 0 with § € R
and hence log(u) := ¢, (log) = ih with h € Ay, from which it

th

follows that u; = " is a unitary. Finally we have ug = 1 and

up = e = u.

If u, v are unitaries such that ||u—v| < 2 then |Juv*—1|| <
2 and the result follows. O

Theorem 3.1.17. Let p,q € P(A) such that ||p — q|| < 1, then
they are homotopic in P(A). Moreover, there exists a continuous

path of unitaries u; such that ug =1 and g = uipuj.

Proof. In A we define vp = 2p — 1, vy := 2q — 1. Since p and ¢
are projections, v, and v, are unitaries

*

VU = VpUp = Vpuy, = (2p—1)(2p— 1) =4dp—4dp+1=1

P
and therefore ||vp| = |lvg|| = 1. Now, if 2z, := v4v, + 1, then
[vgvp = 1| _ [[vgup — vqvqll
1(1/2)z — 1 = Wt =2l _ et = bty
2 2
_ [[vg(vp — vg)| < [[vp — gl _ 2|lp — 4|l <1
2 - 2 2

and therefore z; is invertible. Next, since

q2g =q(2¢9—1)(2p— 1)+ q=4qp — 2¢ — 2qp + ¢+ q¢ = 2qp
zgp=(2¢—1)2p—1)p+p=4gp—2qp—2p+p+p =2qp
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we have q = quzq_l. By lemma (3.1.14) we have ¢ ~, p, further-

_ * _ -1
more, we have ¢ = ugpu, where ug = 24|z, 7.

Fixing p € A projection, we see that g — z, is a continuous

map in A,
I2g = 2l = llvgvp — vgvpll < llvg — vy llllvpll = 2llg — ¢l

and, since z +— z\z|_1 is also a continuous map, q + ug4 is con-
tinuous in {g € A : z, € GL(A)}. Since z, € GL(A) whenever
q is a projection and |p —¢|| < 1, ¢ — ug is continuous in

X={qeA: q=¢=¢" |lg—pl| <1}.

Now we consider the path t — 2, 1= tz,+2—2t, ¢t € [0, 1].
Since ||zt — 2| = tl]jzg — 2|| < 2 as long as |[p —¢|| < 1, it
follows that z; , is invertible for ¢ € [0, 1] and ¢ € X. This means
that z; 4 is a continuous path of invertibles joining 29, = 2 and
21, = #q whenever ||g—p|| < 1 and q is a projection. If we consider
Upg = zt,q]zt,q|_1 we have a path of unitaries such that ug, = 1
and 1,4 = uq. Finally, for every projection ¢ with ||¢ —p|| < 1 we

have

_ *
Ttq = UtgPUyi, € A

is a path of projections in A such that o, = p and r1 4 = gq.

O

Remark 3.1.18. Let u,v € U(A) such that they are homotopic

in GL(A). Using the techniques used in the proof above, we
can adjust the continuous path in GL(A) to be in U(A). This
means that using polar decomposition we can transform a path of
invertibles between two unitaries into a path of unitaries without

altering the beginning or the end of the path.
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Corollary 3.1.19. Let p,q € P(A), then p ~p q if and only if

there exists a unitary uy homotopic to 1 such that p = uiquj.

Proof. If p ~p, q, let p; be the continuous path such that pg = p
and p; = ¢. Suppose that ||p — p¢|| < 1 for all ¢ € [0,1]. By the
previous theorem there exists a path of unitaries u; such that

up = 1 and p = ujquj.

In the general scenario, by compactness we can take 0 =
to <ty <--- <t,=1suchthat |p;_ , —ptl <1. We now have
paths of unitaries uy g such that py, , = uy gpy uj ,, and ugp = 1.

Finally we consider u; = usp—1---ut1us0, we have ug = 1 and
_ _ * *
q = P1 = U1PoUy = U1PU;y.

The converse implication is immediate. ]

We can now establish implications between the three

equivalence relations defined at the beginning of this section.

Proposition 3.1.20. Let p,q € P(A), we have

1. if p ~p q then p ~y q,

2. if p ~y q then p ~q q.

Proof. By the previous corollary, p ~j, ¢ implies p ~,, q. Finally,
if p ~, ¢ we have ¢ = u*pu and by taking v = pu it follows,

*

g = u'pu = up?u = uFpipu = (pu)*(pu) = v*v
p=p° = puu*p = puu*p* = (pu)(pu)* = vv*
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The converse does not hold in general. However we can
obtain a slightly weaker result if we allow ourselves to work in
Mj(A). The following will be an important tool during our work
with the Ky group.

Definition 3.1.21. An elementary operation in M, (A) refers to:

e Multiplying a matrix row or column by a non-zero scalar.
e Exchanging two rows or columns.

e Multiplying a row or column by an element a € A and

adding up the result to another row or column, respectively

By basic linear algebra we know that we can obtain ele-

mentary operations by multiplying a matrix (from left or right)

by one of the following matrices in M,,(A):

1 0 ) 0
01 '1
117,]: . 3 DZ(/\): )‘1 )
1 o
0 ) 0 1
1 0
1
Lij(a) = .
a 1
0 1

Remark 3.1.22. Since T;j, D;(A) € GL,(C) and GL,,(C) is connec-
ted, there exists a continuous path of invertibles that connects
them to 1 € GL,(C). For L;;j(a) we can consider h(t) = L;;(ta),
which begins at 1 and ends up in L;j(a). We also note that Tj;
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is unitary, therefore if ¢ € M,,(A) is the result of simultaneously
exchanging rows and columns of a matrix p € M,,(A) (that is,
conjugating by Tj;), we have p ~,, ¢ and by proposition 3.1.20 we
obtain p ~q q.

To facilitate the notation, if aq,...,a, € A then

al 0 0

. 0 a9 :
diag(ai,az,...,an) == | e M, (4).

: o0

0 - 0 ayp

Similarly we define x @ y € M1, (A) for x € M, (A) and y €
M,,(A). Take z € M,,(A) and y € M,,(A) such that

11 0 Tin Yz - Yim

Ipl - Tnn Ym1i - Ymm

we define x @ y as

1 - Ty, 0 - 0
T®y = Inl - Tnn
' 0 0 0 wyi1 - Yim

It is not hard to verify that the operation @ is associative and
therefore expressions like z @ y @ z for z € M, (A4), y € M,,(A)
and z € Mj(A) make sense.
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Lemma 3.1.23. If u,v € A are unitaries (or invertibles), then
there exist continuous paths of unitaries (or invertibles) that con-

nect the following matrices:
uv 0 vu 0 u 0 v 0
, , , and
0 1 0 1 0 v 0 u
Proof. In the first place we have the following,
v 0y [0 -1 u 0 0 —1
0w/ \1 0/)\o v/ \1 o0
w 0) fu O 0 -1 v 0 0 —1
0o/ \o1/\1 o/\o 1/\1 o
Now, for t € [0,1] consider:
. cos%t —sin%t
Tt = s ot Tt
Sln7 C087
Which gives us a continuous path of unitaries in My(C) that

joins (§9) with (9 '). Now, consider w; = r; diag(u,v)r; and

z = diag(u, 1)r, diag(v, 1)ry. By the previous equatilities we verify

wp = diag(u,v) zo = diag(uv, 1)
wy = diag(v, u) z1 = diag(u, v).
The same proof works in the case of invertibles. O

Lemma 3.1.24. For any x € A there exists a continuous path

of invertibles that connects the following matrices to the identity

i) ()

matriz in Ma(A):
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Proof. Simply consider the continuous path given by

1 ¢
X, = v
0 1
The other matrix is treated in an analogous way. O

Proposition 3.1.25. Let u € A be a unitary, then there exists

a continuous path between u and 1 if and only if u = e ... ¢ihn

with h; € Agq.

- €

Proof. Let X be the path connected component of 1 in the unita-
ries of A, which by 3.1.16 is open in U(A). Take G = {e? ... ¢in .
hi € Asq}, it is clear that G C X. Now, by Proposition 3.1.16, G
is open. It is straightforward to see that G is a subgroup of U(A),
hence we can write U(A) = U,epxG for some A C G such that
xG are disjoint cosets. Since G is open, U(A)\G is also open
and therefore G is closed. By connectedness we conclude that
G=X. [

Proposition 3.1.26. Let p,q € P(A) , then

p 0 q 0 p 0 qg 0
~ —N ~ , ~ —N ~
pod (0 0) u(o O) b (O 0) h(o 0

Proof. Assume p ~g ¢ and take v with p = v*v and ¢ = vv*.
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1pv

v 1—gq
1—q v 1—p o*
v'o+1—p vt —v*q 4+ v* — pv*
v—qu+v—up 1—q+vv*

Consider u := ( N > € My (A). We verify that u is unitary,

p+1—p v* — vFov* 4+ v* — vFov®
v—ov*v + v —ovtv l1—g+gq

)

in the same manner we verify uu® = 1. Observe that
p 0) . p 0 vt 1—gq
U u =u

0 0 0 0 1—p v

B v 1—q\ (pv* O
1—p o* 0 0
~ fvpv* 0)  [q O
Lo o) \oo)
Now, if p ~, ¢ with ¢ = upu* and u* € A, due to the

previous lemma there exists a path of unitaries w; that joins
(39) with ( ) Taking the path of projections in My(A), p; =

wy (0 8) wy, we have py = diag(p,0) and

3 [ G R

Remark 3.1.27. The previous proposition shows us that if p ~¢ ¢
in A, then in My(A) we have diag(p,0,0,0) ~, diag(q,0,0,0).

O



3.2. The Ko group 95

3.2 The K\ group

Now that we have all the tools necessary we can begin by
defining the Ky group for unital C*-algebras. When the algebra is

not unital we must proceed more carefully as we will see later on.

Definition 3.2.1. Let A be a unital C*-algebra p € P, (A) and
q € Ppn(A), we say that p and g are equivalent if there exists
v € My, n(A) such that p = v*v and ¢ = vv*. We will denote this
by p ~ q.

Remark 3.2.2. Here M,, ,(A) is the set of m x n matrices with
entries on A. The adjoint of a matrix here is the matrix in M, ,,,(A)

obtained by taking transpose and adjoint in each entry.

It is clear that this equivalence relation extends the rela-
tion ~q defined for projections in A. The next proposition shows

us that it even retains most of the properties ~g has.

Proposition 3.2.3. Let p,q,p',q¢ € Po(A), then

1. p ~p®O0, for all n € N, where 0,, is the zero matriz in
Mn(A):

2. ifp~p andqg~ g, thenp®q~p &,
3. pdqg~qDp,

4. if p,g € Mp(A) andp L g thenp+q~p®q.

Proof. 1. Take p € P,,,(A) and n € N. Consider

V= ( P ) S Mern,m(A)

n,m
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where 0y, ,, is the zero matrix in M, ,,,(A). Then

and therefore p ~ p ® 0,,.

. Ifp~p and ¢ ~ ¢, there exist v € M, ,(A4), w € M, 5(A)

such that

/ /
p=v'v, p =w", g=w'w, ¢ =ww".

Now, we consider

Om S
U = < ! ’ > € Mm+r,n+S(A)

Orn w

A simple calculation shows that u*u = v*v @ w*w =p P gq

and vu* = vv* ww* =p ¢, sothat pHqg~p ®q.

. IfpePy(A) and g € P, (A) are two projections, then by

setting

Onm 4
v =
P Oman

we have v*v = p@® q and vv* = gD p, so that pD g ~ gD p.

. Ifp,q € Pp(A) and p L ¢, consider

()

We have v*v =p+qgand vv* =pPHq, sothat p+qg~pDq.
O
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Proposition 3.2.4. Let p € P,(A) and q € Pp,(A) such that
p~q and n < m. Then there exists w € M,,(A) such that

pD0ppn =w'w, ¢=ww

Proof. If p ~ ¢ then there exists v € My, ,(A) such that p = v*v

and ¢ = vv*, now take

w = (v Om7m_n) € M, (A)

and we have w*w = p ® 0,,_,, and ww* = q. O

The previous proposition means that we can always look
at the relation ~ as our previously defined relation ~¢ by adding

zeros to the matrices to have their sizes match.

Definition 3.2.5. We define the projection semigroup by

where the sum is given by [p] + [¢] := [p & ¢].

Remark 3.2.6. Note that V(A) is a commutative semigroup by

proposition 3.2.3 and has [0] as its identity element.

Proposition 3.2.7. Let A be a unital C*-algebra and [p], [q] in
V(A). Then

1. [p] = [q] if and only if there exists m € N and p/, ¢ € P, (A)
such that p' ~y ¢ and [p'] = [p] = [¢] = [{],

2. [p| = [q] if and only if there existsm € N and p”,q" € P (A)
such that p” ~p, ¢" and [p"] = [p] = [q] = [¢"].
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Proof. 1. If [p] = [¢], by 3.2.4, we can assume p ~g ¢ in M,,(A),
now by Proposition 3.1.26 we have p ® 0,, ~,, ¢ B 0,,. Taking
P =p®0, and ¢ = ¢ & 0, we have [p'] = [p] = [q] = [¢]
and p’ ~, ¢'.

The converse is a direct consequence of Proposition 3.1.20,

since p’ ~, ¢ implies p’ ~g ¢’ and hence p ~ p’' ~ ¢ ~ q.

2. If [p] = [g], using the previous item, we have p’, ¢’ € M,,(A)
such that p’ ~,, ¢’ with [p/] = [p] = [¢] = [¢'], by Proposition
3.1.26 we have p’ ® 0,, ~p, ¢ ® 0,,,. Taking p” = p’ ®0,, and
¢" =q¢ ®0,, we have p” ~;, ¢" and

The converse is a direct consequence of Proposition 3.1.20,

since p’ ~j, ¢ implies p’ ~¢ ¢’ and hence p ~ p' ~ ¢’ ~ q.

O]

This means that in V(A) we can see ~ as either ~y, or

~y, wWhichever is more convenient.

Proposition 3.2.8. Let A and B be two unital C*-algebras and
a: A — B a *homomorphism. Then we can induce a semigroup
homomorphism o, : V(A) = V(B) by

where a(p) is understood as the entrywise induced *-homomorphism
on the matriz algebras. Moreover, A — V(A) and o — . define
a covariant functor from the category of unital C*-algebras to the

category of abelian semigroups.
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Proof. First, if p € Poo(A) then

a(p)* = a(p*) = alp) = a(p?) = a(p)
and therefore a(p) is also a projection. Now, if [p] = [¢] with
p € M,,(A), ¢ € M,,,(A) and m > n by proposition 3.2.4 there
exists v € Moo (A) with p ® 0,,—,, = v*v and ¢ = v*v,

a(p) @ Opm—n = a(p ® Op—p) = a(v'v) = a(v)a(v) = a(v)*a(v)

a(g) = a(vr”) = a(v)a(v”) = a(v)a(v)*

hence [a(p)] = [a(p) ® Opm—n] = [a(q)] and « is well defined. To
see that it is a semigroup homomorphism consider [p], [¢] € V(4),

it is pretty clear that a(p @ q) = a(p) ® a(q) and therefore

Now, if @« : A — B and B : B — C are x-homomorphisms, we

have

(Boa)([p]) = [(Bea)(p)] = [Alap))] = Bu([a(p)]) = Ba o ax([p])
and for id, : V(A) — V(A) we have id.([p]) = [id(p)] = [p].

O

Example 3.2.9. If A is a unital C*-algebra, we have V(A4) =
V(M,,(A)) for all n € N. To see this consider o : A — M,,(A) by
ala) = a ® 0,—1. We can verify that «, is an isomorphism. We

first observe that if p € M,,,(A) is a projection then

P11 D On—l o Pim @ On—l
a(p) = : : € M (M (A4))
Pm1 D On—l 0 Pmm D On—l
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but by using the identification M,,(M,,(A)) = M,,,(A) and doing

some simultaneous exchange of rows and columns we obtain

a(p) ~y P D Om(n—l)

and therefore a ([p]) = [a(p)] = [p® 0y (n—1)] = [p]. From this and
the identification M, (M,,(A4)) = M;n(A) we quickly conclude

that a, is bijective.

Definition 3.2.10. We say that ([p],[q]), ([¢],[¢']) € V(A) x
V(A) are equivalent if there exists [r] € V(A) such that

This defines an equivalence relation on V' (A) x V(A). The quotient
space defined by this relation is denoted by Kyo(A). We will use

the following notation for its elements:

[p] = la] := [([p], [a])]-

Furthermore, if we consider the operation

([p] = la]) + ([p'T = D) == ([p] + [P'D) — ([a] + [¢])

we observe that Kyo(A) has an abelian group structure with
identity element given by 0 = [0] — [0] and —([p] — [q]) = [q] — [p].

Remark 3.2.11. The construction done on the previous definition,
also known as the Grothendieck group construction, allows us to
obtain a group from any abelian semigroup, in fact it defines a
functor from the category of abelian semigroups to the category
of abelian groups. For example, one can use this construction to
obtain Z from N.

Proposition 3.2.12. Given A unital C*-algebra, if [p] — [q] =0
in Koo(A), then there exists m € N such that p® 1, ~ q & 1.
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Proof. By definition if [p] — [q] = 0 then there exists r € P,/ (A)
such that

which means [p] + [0 ® 7] = [¢] + [0 ® 7], by taking m = m’ + 1
and ' =0®r € M,,,(A) we have by proposition 3.2.3

[p & 1] = [p] + [1m]
= [pl + [ + (L = 1')]
= [p] + [r'] + [Lrm — 7]
gl + [T+ [l = 7] = [a] + [1n] = [q & 1]
therefore p ® 1., ~ ¢ D 1,,. ]

We can see Koo(—) as a functor from the category of
C*-algebras to the category of abelian groups. If « : A — Bis a
*-homomorphism, then Koyy(a) : Koo(A) — Koo(B) will be given
by

Koo(@)([p] — [a]) = e([p]) — c([d])-

To avoid clutter we will use the notation a, := Kyo(«). For any
C*-algebra we can consider the morphism ig : V(A) — Kyo(A),
given by i4([p]) = [p] = [0]. If @« : A — B is a *-homomorphism

we obtain the following commutative diagram:

V(A) —— V(B)

lz'A lz‘B (3.1)

Koo(A) —— Koo(B)

Example 3.2.13. If A = C then Ky(C) = Z, to see this we
first verify V(C) = NU {0}. Take z € M, (C) a projection with
rank k. By linear algebra there exists u € U, (C) unitary such
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that I @ 0,,_x = u*zu, where Ij is the identity matrix in Mg(C).
This means that for all projections z € M,,(C), we have [z] = [I]

where k is its rank. Finally we can conclude that
V(C) ={[Ix] : ke NU{0}} =NuU{0}
and therefore Koo(C) = Z.

Example 3.2.14. If A = My(C) then Kyo(A) = Z. This is
because V(Mg (C)) =2 V(C).

For any C*-algebra A we have the following split exact
sequence
L

0 A » At % C 0 (3.2)

where m(a,z) = z and A\(z) = (0, 2), here 1 denotes the unit of

AT disregarding whether A is unital or not. We define
Ko(A) := ker(my : Koo(AT) — Z)
and we also define the scalar map as s := Ao .

Proposition 3.2.15. Let A1, As be two C*-algebras and consider
Ay @ Ay with the canonical projections wy, : A1 & Ay — Ay for

k =1,2. These projections induce the following isomorphisms:

T4 D oy - V(Al ©® AQ) — V(A1> D V(AQ),
Tix @ oy : Koo(A1 @ Az) = Koo(A1) ® Koo(As2),
Tix @ oyt Ko(A1 @ Az) — Ko(A1) @ Ko(As2)

Proof. Let Aj, Ay be two C*-algebras and p € M, (A;1),q €
M,,(As2) projections. It is clear that pdq € M, (A; @ As) defined
by

A

(pDq)ij == (Pij> qij) € A1 ® A
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is a projection and that all projections in M,,(A; @ Ag) are of this

form. Now,

(1. © 772*)([73@(1]) = (Wl*([péq]),m*([p@qm
= ([m1(pDq)], [m2(pBq)])

which implies that (71, @ 7, ) : V(A1 @ Az) — V(A1) ® V(A2)
is an isomorphism. By functoriality of the Grothendieck group
construction, we have an isomorphism between the Ky groups.
Moreover ker 71, = Koo(Az) and ker ma, = Koo(A1).

To verify the result for Ky, we just need to check that
Ko(—) is a functor (proposition 3.3.1) and that it is half-exact
(Proposition 3.3.4). O

From diagram (3.2), by functoriality, we obtain the fol-
lowing split exact sequence:

0 — Ko(A) —— Koo(A*) :@ Z—0. (3.3)

*

We have , surjective since m, o A\, = id4+, and the exactness
comes from the definition of K((A). Remember that if A is unital
we have AT = A @ C as C*-algebras via the unital *-isomorphism
f: AT - A®C, f(a,z) = (a + z14,2z) which has inverse g :
A® C — AT given by g(a,2) = (a — 214, 2). By the previous
proposition we have Kgo(A1) ~ Kgo(A) & Z via 7 & m with
ker(ma,) = Koo(A). This induces the following diagram

0o— Ko(A) — Koo(AJr) = * 7 0
g*uf* id. (3.4)
0 — Koo(A) == Kng(A®C) —— Z — 0
T %
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and since the square on the right commutes we can conclude that
Kyo(A) = Ko(A) for A unital where the isomorphism is given by

F =m0 fy o1 with inverse G = g4 o ¢.

3.3 K as a functor

To make K(—) into a functor we first need to define Ko(cv)
for a *-homomorphism « : A — B. The following proposition
shows the natural way to construct this morphism and shows it

satisfies all of the functorial properties.

Proposition 3.3.1. K\ is a covariant functor from the category
of C*-algebras to the category of abelian groups. Moreover, given

a *-homomorphism o : A — B and p,q € Poo(AT) we have

a([p] — [a]) = Ko(a)([p] — la]) = [a"(p)] — [a"(q)]
where o : AT — BT is the unital *-homomorphism given by

at(a,z) = (ala), 2).

Proof. By definition we have 7(a*t(a,z)) = 2 = w(a, z), which

means that the following diagram commutes

| A (3.5)

Now, from the functoriality of Ky we have the following commu-
tative diagram
Ky(A) — KQO(A ) —— 7
J_ (3.6)
Ko(B) } Koo(B ) Z
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Therefore a, = (at), o0t : Ko(A) — Ko(B) is well defined.
Moreover, if we have a: A — B and §: B — C then

(Boa). = [(Boa) o

= [ﬁ+oa+]*OL

= (8o (@M )or= (B0 = fioa

and (ida)s = (id})s 0t = (idy+)s 0t = id gy (a) ot = idgy(a). We

can conclude that Ky is a covariant functor. ]

Remark 3.3.2. Recall that for a unital C*-algebra K(A) is iso-
morphic to Koo(A). Something remarkable is that Ko(a) and
Koo(a) will coincide for any *-homomorphism « : A — B in the

sense that the following diagram commutes:

Koo(4) 5 Koo(B)

Je Je

Ko(4) 22 Ko(B)

where G is the isomorphism defined by the end of the previous
section. To verify this we take a projection p = (p;;) € P.(4),
then

meaning the diagram commutes.
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The following result will helps us get a clearer picture of
the elements in Ky(A). Before proceeding observe that for the
scalar map s: AT — AT we have s(a, z) = (0, 2).

Theorem 3.3.3 (Portrait of Ky). Let A a C*-algebra. We can
see the elements of Ko(A) as differences of the form [p| — [s(p)]
with p € Pr(AT) for some k and p — s(p) € My(A). Moreover, if

a: A — B is a *homomorphism then

Proof. Take x = [p'] —[¢'] € Ko(A) with p’,q € Pr(AT). Consider
the following matrices in Pox(A)

p=0®(1r—¢), q=0,® 1

We have

= Aom([p] —[g]) =0

so that [p] — [q] = [p] — [s(p)]. Clearly p — s(p) € My(A).

For the second part, consider o : A — B a *-homomor-
phism. Writing s for the scalar map in both A and B, we note
that a* o s(a,z) = (0,2) = soa™(a,2) and therefore

ax([pl = [s(p)]) = [a" (P)] = [a™ (s(p))] = [a"(p)] — [s(a" ())]-
O
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So far we have not talked much about ways to calculate
the K-theory of a given C*-algebra. Generally speaking this is
done by using exact sequences relating our algebra with other
algebras with known K-theory. To construct these sequences one

first needs to show that K is a half-exact functor.
Theorem 3.3.4 (Half-exactness of Ky). The following ezxact
sequence of C*-algebras

0 A_e,p_"

C 0 (3.7)

induces a short exact sequence of Kgy-groups,

Ko(4) =2 Ko(B) == Ko(C) (3.8)
Moreover, if the first sequence splits then oy is injective and By is

surjective.

The proof of this theorem requires some lifting properties
for unitaries and some lemmas regarding the behavior of 3, when /3
is surjective. The details can be found in [18, page 66] and [19, page
119]. The following results are also mentioned without proofs and
are included just for the sake of completeness. See [19, page 116]

and [18, page 97| for a detailed treatment of them.

Proposition 3.3.5 (Continuity of Ky). Let A be the induc-
tive limit of a directed system {A;, ®;;}g5 of C*-algebras, then
{Ko(A;), s, }g is a directed system of abelian groups and

Proposition 3.3.6 (Stability of Kj). Let A be a C*-algebra,
then Ko(A) ~ Ko(A ® K) where the isomorphism is induced by
ar—a®er.
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Remark 3.3.7. Here e;; is the finite rank operator |e;)(e;| where

{e;}ien is the canonical base in our separable Hilbert space.

Example 3.3.8. Due to the previous proposition and since K =
C ® X we have Ky(K) = Ko(C) = Z.

The previous proposition tells us that two stably equiva-
lent C*-algebras A and B, that means A ® X = B ® K, have the
same K group. This means that Ky group is preserved under
relationships weaker than isomorphism, it would be interesting to
find even weaker relationships that preserve Ky. In Section 1.5 we
introduced the notion of Morita-Rieffel equivalence, it is shown
in [11, Corollary 4.29] that Morita-Rieffel equivalence is weaker
than stable equivalence and hence a candidate to preserve Kj.
Exel proved in [8] that this was actually the case. A summarized

proof of this theorem can be found in [11, page 165].

Theorem 3.3.9 (Exel, 1993). Let A and B be two Morita-Rieffel
equivalent C*-algebras, then Ko(A) = Ko(B).

3.4 The K; group

The K; group, similarly to Ky, is built upon matrices
over a C*-algebra A. However, its construction is slightly less
complicated. Morever, we will see that we can construct K7 from

K using suspension algebras.

Definition 3.4.1. Let A be a unital algebra. If u € U, (A4) and
v € U (A), we say u ~q v if there exists a continuous path wy in
Uk (A) (k> n,m) such that wg = u® 1x_,, and w1 = v B 1g_p,. It

is straightforward to show that ~; defines an equivalence relation
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in Uso(A). We will use [u]; to denote the equivalence class of u
in Uy (A).

Remark 3.4.2. We can define a similar equivalence relation in
GLx(A). Given z € GL,(A) and y € GL,,,(A), we say = ~1 y
in GLy(A) if there exists a continuous path of invertibles that

connects them.

Remark 3.4.3. In case A is a non-unital C*-algebra, since U, (C)
is path connected for all n then for any v € U, (A™) there exists
v € U, (AT) such that u ~1 v and 7(v) = 1,,. Consider w = 7(u),
there exists a continuous path w; € U, (C) such that wy = 1,
and w1 = w*. Now take v = uw; € U,(A") and consider the
path u; := uw; € U, (AT). We have up = u, ug = v and 7(v) =

m(uwy) = m(w)w; = ww* = 1,.

The following proposition allows us to handle Uy, (A4)/ ~1
as a group, in fact by using invertibles instead of unitaries we
obtain the same result for GLoo(A)/ ~1.

Proposition 3.4.4. Let A be a unital C*-algebra. We define
[u]1[v]1 = [u®v]1 which makes Uso(A)/ ~1 into an abelian group.
Moreover we have [u]1[1,]1 = [1n])1]u1 = [u]1 for all u € Us(A)
and if u,v € Uy (A) then [u]i[v]; = [uv];.

Proof. First of all, consider u € U,(A) and v € U,,(A) then by

setting
0 1,
z= € Up+m(A
(1) etteenta

we have
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Z*2(udv) =udv.

Since z(u ® v), 2* € Up4m, we can apply lemma (3.1.23)
and obtain v ®u = z(u®v)z* ~1 2*z(u®v) = u B v. This means
that if our product is well defined then it is commutative. Now we
verify that the product is well defined. Let u € Uy, (A4), v’ € Uy,
v € Up,(A) and v' € Uy, (A) such that u ~1 v’ and v ~1 v then
we have paths u; € Uy, and v; € Uy, (A) connecting each pair
respectively. We consider the following path in Uy, 4x,(A),

Ut 0
Wy =
0 (0

UD Ly ny @V Ly py ~1 U D Ly gy DV D Ly —my

we have

Wo =U®B Ly —n, BVD Lpy_py, w1 =0 D Ly, BV D Lpyomy

Due to the argument at the beginning, there are continuous
paths between wg and u @ v @ 1,4k —n,—n, and between w; and
W BV D gyt ky—my —msy- This means u®v ~q1 v/ @ v’ and therefore

the product is well defined.

It is clear that [u]1[1,]1 = [u]i, we just need to verify
that if u,v € U, (A) then [u]i[v]; = [uv];. Once again we obtain
this from lemma (3.1.23), since there exists a path of unitaries
between [% ] and [¥ 9]. O
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Example 3.4.5. For any unital C*-algebra A and \1,...,\, € C
in the unit circle we have [diag(A; - 1,..., Ay - 1)]1 = [1,]1. This

is because
diag(A\1-1,..., A, )=\ - 1@ DA, - 1

and since the unit circle is connected we have [\; - 1]; = [1]; for
all i € {1,...n}. Therefore

[diag(Ar-1,... . An - D]s = [Ar- 11+ [An - 1]

Using the previous proposition and noting that [u]fl =
[u*]1, we conclude that U (A)/ ~1 is an abelian group with [1,,];

as its identity element.

Proposition 3.4.6. For any unital C*-algebra A, Us(A)/ ~1

and GLy(A)/ ~1 are isomorphic as groups.

Proof. Consider ¢ : GLoo(A) — Uso(A), given by ¢(z) = x|z|L.
First we have z ~1 ¢(x) in GLy(A) since by taking

T = xe—t10g|m|
we have zg = z and z1 = ¢(z) (log is well defined for |z| since it
is positive, self-adjoint and invertible). From this, if ¢(z) ~1 ¢(y)
then, in GLoo(A), we have

T ~1 ¢(x) ~1 (y) ~1 Y. (3.9)

This induces a function ¢ : GLyo(A)/ ~1— Uso(A)/ ~1, given by
o1([z]1) = [¢(x)]1. To see that ¢, is well defined take z; € GLoo(A)

such that ro = z and z; = y then z4|z;|~! is a continuous path
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of unitaries connecting ¢(x) and ¢(y) (|a¢| is continuous since
xfxy > 0). Since for any unitary v we have ¢;(u) = u we have
¢1 surjective and due to (3.9) it is injective, moreover we have
that ¢! will coincide with the inclusion of Us(A)/ ~; into
GLx(A)/ ~1.

Now we verify that ¢1 is a group homomorphism. Take
2,y € GLo(A) and consider the paths v; = z|z|ty|y|~, with
2]~ := e~tlogl2land w; := v;]v |7t We have uy € Uso(A), ug =
ayley| ™ = ¢(zy) and w1 = zfz["'yly|"" = ¢(2)d(y), which
means

o1([zy]1) = d1([z]1)d1([y]1)-

Definition 3.4.7. If A is a C*-algebra, we define the group
Kl(A) = uOO(A+)/ ~1 .
Proposition 3.4.8. Whenever A is unital then

Ki(A) = U (A)/ ~1 .

Proof. Recall that when A is unital then AT = A @ C as C*-
algebras, we can take AT = A @® Cf with f = 14+ — 14. Note
that A- f = f- A = {0}, which means that if x € M,,(4) and
y € M,,(Cf) then zy = yax = 0. From the unital *-homomorphism
p: At — A given by p(a + Af) = a we induce a morphism in
the unitaries p @ Us(AT) = Uoo(A). To see that it induces a
group homomorphism in the quotient space we need to verify
that if u ~q v then pu(u) ~1 p(v). This is straightforward since p
can carry any path of unitaries in U (A1) to a path of unitaries

in Ux(A). Moreover, from the definition of u it is clear that



3.5. Ki as a functor 113

p(udv) = p(u)®u(v) for all u, v € Us (A™). Hence we have a well
defined group homomorphism g, : Uoo(AT)/ ~1— Ueo(A)/ ~1.

The fact that u, is surjective is immediate as for any
unitary matrix v € U,(A) we have u(u + f-1,) = u where
u+ f -1, € Uso(AT). To verify it is injective take p(u) ~1 u(v),
since u — p(u),v — p(v) € Uso(Cf) and the latter being path
connected, we have u — p(u) ~1 v — p(v) in U (Cf). Take a; the
path in U (A) that connects p(u) with p(v) and b the path in
Uso (C) f that connects u — p(u) with v — p(v). Since a; € Moo (A)
and by € Moo (Cf) we have

(ar +b¢)*(a¢ + by) = ayay + a;by + biag + biby
= Iua) + 0404 v, cp)
= Im,(a+)

(ar + by)(ay + by)* = ara; + aiby + bray + bby
= 1Mn(A) +0+0+ 1Mn((Cf)
= In,(a+)

and therefore a; + b; is a path in U (A™) connecting u with v,

in other words u ~1 v. ]

3.5 K as a functor

Similarly to Ky, K7 also defines a continuous half-exact

covariant functor.

Proposition 3.5.1. K is a covariant functor from the category
of C*-algebras to the category of abelian groups. Where, given
a *-homomorphism a : A — B and u € U (A1) we have o :
Ki(A) — K(B) given by

au([ur) = Ki(e)([u)) = [a™ (w)]x.
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Proof. First, if u € Uso(AT) then
at(u)at(u*) = at(uu*) =a (1) =1

and therefore a (u) € U (B™). Now if uy is the path in Us(AT)
connecting u and ', then a*(u;) is a path between a™(u) and
a™(u') in Us(BT). hence a, is well defined.

Letaw: A — Band 3 : B — C, we verify (foa), = fio0u:

(B0 a)u([ulr) = [(Boa)(u)
= Belle(w)]1) = Bi 0 au([uln),

moreover idy : A — A, ida,([u]1) = [u]1. O

Using the identification from Proposition 3.4.8 we have
the following picture for induced morphism between unital C*-

algebras:

Proposition 3.5.2. Let A and B be unital C*-algebras and « :
A — B a *homomorphism, then for any u € U, (A) we have

s © a0 ()~ ([u) = [a(u = 1n) + 1n)a (3.10)

where p, is the morphism from Proposition 3.4.8.

Proof. Take u € Uy, (A), then (j1,)"*([u]1) = [u + f - 1,]1 hence

a0 ()" ([ulr) = la (u+ f- 1)l
= [a(u—1,) +1p+ - 1]
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composing with p, we obtain

e 0 0 0 () T ([u)1) = ps

O]

Remark 3.5.3. When it is clear that we are using the identification
from Proposition 3.4.8, we will omit s, in (3.10) when computing
the induced morphism. That is, we will simply write a,([u]1) =
[a(u —1,) + 1)1

Proposition 3.5.4. If A and B are two unital C*-algebras and
a: A — B is a *homomorphism then, using the identification

from Proposition 3.4.8, for any u € Uy, (A) we have
ax([ul1) = [a(u—1,) + 1)1 = [a(u—z-1,) + z- 1)1
for any z € T. In particular, taking z = —1 we have

ax([ulr) = [e(u = 1n) + 1n1 = [a(u + 1) = 1a]y

Proof. First we show that a(u — z - 1,) + z - 1,, is unitary for all
zeT:

(au—z-1)+z 1) (a(fu—z-1,) +2-1,) =
=(a(w =z 1) +z - L) (a(u—2-1,) +2-1,)
=o(u'u—zZu—z2u" +1,) + za(u* =z - 1,) + Za(u —z- 1) + 1,
=a(l,—zZu—z2u"+ 1, +2u" — 1, +2Zu—1,) + 1,
=a(0) + 1, = 1,.
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Similarly we verify that the other product is the identity and
therefore o(u — z - 1,,) + 2+ 1,, is unitary. Now, since T is connected
and 1 € T we have

[a(u—1,) + 1)1 = [a(u—2z-1,) + 2+ 1,1
for all z € T. O

Proposition 3.5.5 (Half-exactness of K1). If we are given the

following exact sequence,

0o—sa-—23sB- ¢ 0 (3.11)
then the following diagram is exact,
Ki(A) =2 K (B) -2 K1(0) (3.12)

Moreover, if the first sequence splits then oy is injective and By is

surjective.

Proof. By functoriality we have a,(K71(A)) C ker SB,. Let [u]; €
ker B, with v € U,(B*") then ST (u @ 1,,) = BT (u) & 1, ~1
Lyem and by (3.1.25) we have BT (u @ 1,,) = e ... ein with
h; self-adjoint. Since % is surjective, h; = 87 (g;) where we
can choose g; € M1, (BY,). Now if v = €%t ...¢%" we have
BT (v) =BT (ud 1) and v ~1 1, hence 81 ((u ® 1,,)v*) = Lyim.
Since ker 8 = a(A) and 87 ((u @ 1,,)v*) has no non-zero entries
on C, there exists w € AT such that a™(w) = (u® 1,,)v*. Finally
ax([w]) = [(u @ 1oy = [(u @ 1pn)h[v]s = [ulr.

As with Ky, suppose the first sequence splits, this means
that there exist *-homomorphisms ¢ : C —+ B and ¢ : B — A
such that ¢ o 8 = ida and 9 o a = id¢. By functoriality, 8, is

surjective and ay injective. O
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Example 3.5.6. Since U, (C) is path connected for all n € N, we
have K1(C) = 0. Moreover, from the short exact sequence that

splits

0 A AT C 0

due to the previous proposition we have Kj(A) = K;(A™).

Once again we mention without proof the results for
continuity and stability for K;. The details can be found in [18,
page 142] and [19, page 133].

Proposition 3.5.7 (Continuity of K). Let A be the direct limit
of the directed system of C*-algebras { A;, ®;;}q, then {K1(A;), ®ij, }o

s a directed system of abelian groups and

Proposition 3.5.8 (Stability de Ky). Let A a C*-algebra, then
Ki(A) ~ K1(My(A)) for all n € N and K1(A) ~ K;(A ® X).
The isomorphism are induced by a — a ® 0,1 and a — a ® e11

respectively.

We know from Proposition 3.1.10 that corner algebras
generated by equivalent projections are isomorphic and therefore
they have the same K-theory. However we have not studied how
does the K-theory of a corner algebra relates with the K-theory
of the algebra as a whole. If p € P(M(A)) is a full projection on a
separable C*-algebra A, that is spanApA = A, then we can show
that the inclusion ¢ : pAp — A induces an isomorphism for the
K7 groups. To show this we first need a result by Brown found

in [5, Lemma 2.5]:
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Lemma 3.5.9 (Brown, 1977). If A is a C*-algebra with an strictly
positive element and p € P(M(A)) a full projection on A then there
is an isometry v € M(A®XK) such that vv* = pR1 € M(€ ARXK).

Remark 3.5.10. Here we are using the fact that M (A) @ M (X) =
M(A) ® B(H) can be seen as a subalgebra of M(A ® KX) and

p®1e M(A®X) is understood as the corresponding element in
M(A) ® B(H).

Note that all separable non-zero C*-algebras have a stric-
tly positive element and therefore the lemma above can be applied

to them. The following proposition can also be found in [16, 1.2]:

Proposition 3.5.11. Let p be a full projection on a separable
C*-algebra A, then the inclusion induces an isomorphism between

K1(pAp) and K1(A).

Proof. By the previous lemma we have an isometry v € M (A®X)

such that vv* = p ® 1. Now consider the following diagram:

pAp —-+—— A

\L.®ell l’@ell .

pAp @ K 24 Agx

By Proposition 3.5.8 we know the vertical morphisms induce
isomorphisms for the K; groups. We will show that ¢+ ® id also
induces an isomorphism for the K; groups and therefore ¢, :
Ki(pAp) — Ki(A) is an isomorphism. First we identify pAp ®
K with (p ® 1)(A ®@ K)(p ® 1), under this identification ¢ ® id
looks as the inclusion. Due to Proposition 3.1.10 we have the
isomorphism Ad(v*) : (p®1)(A®K)(p®1) - A® XK. Lets verify
that K1(Ad(v*)) = K1(t ® id), take u € U, ((p® 1) (A K)(p @
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1))") such that m(u) = 1,. This means we can write u = w + 1,
where w € M,,((p® 1)(A® K)(p® 1)). Since
uu® = utu
(w4 1) (W + 1) = (W 4 1) (w + 1,,)
wwtwt+wvt+l, =vvwtwt+w +1,
we have that w is normal and therefore we can use continuous
functional calculus. This means we can factor w = ab with a,b €
C*(w) C Mp((p®1)(A® X)(p®1)). Taking x = b(v - 1,,) and
y = (v*-1,)a we have z,y € M, (A ® X), since v is a multiplier

of A ® K. Moreover, since C*(w) is commutative we have
(v-1,)(v" - 1,)a

(vv* - 1,)a

(p®1)-1n)a

but (p ® 1) is the unit in (p® 1)(A ® K)(p ® 1), therefore

Ty

b
b
b

=ba = ab = w.

Clearly we also have yxr = (v* - 1,)w(v - 1,,) = Ad(v*)(w). Now

we use the following decomposition for (zy + 1,,) @ 1,:

zy+1, 0, _ 1, —«x 1, = 1, 0, (3.13)
On ln B On 1n -y 1n Yy ln ' ‘

By Lemma 3.1.24 this is homotopic in GL2,(A ® X) to

1, =«
-y ln‘

Similarly we obtain that (yx + 1,,) @ 1,, is homotopic to

ln -y
z 1,
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But these last two can easily be seen to be homotopic, therefore
(zy + 1,,) @ 1,, is homotopic to (yz + 1,,) & 1,, in GLg, (4 ® K).
Due to Remark 3.1.18 this means that they are homotopic in
Uap (A @ K), therefore

[u]l = [w + 171]1 = [JJy + 1n]1 = [3/95 + ]—n]l
= [Ad(v")(w) + 1n]1 = [Ad(v") " (uw)]1.

We can conclude that K;(Ad(v*)) = K1(: ® id) and therefore
Ki(1) =ty is an isomorphism between K (pAp) and K;(A4). O

3.6 The six-term exact sequence

In this section we will provide one of the main tools used
to compute K-theory. First we will introduce the index map, then
the suspension algebras, look at their role in the Bott periodicity
theorem and finally look into the six-term exact sequence they
allow us to build. Many of the results in this section will be
presented without a proof as most proofs are rather technical
and will require many results regarding unitaries and projections

which we omitted in the first section.

In essence, the six-term exact sequence gives us two ho-
momorphism connecting the Ky groups of an exact sequence with
its K1 groups. The first of these homomorphims is the index map.
In a way the index map is a generalization of the Fredholm index

defined for Fredholm operators on a Hilbert space.

Theorem 3.6.1 (The index map). Given an exact sequence

0——sa-—2sp-L,¢ 0 (3.14)
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there exists a group homomorphism 01 : K1(C) — Ko(A) such the

following diagram is exact:

Ki(A) =% Ki(B) 25 K, (0)
l(;l : (3.15)

Ko(C) «5— Ko(B) «5— Ko(4)

The complete proof of this theorem can be found th-
roughout [18, Chapter 9]. We will only provide the definition of

the index map.

Proof. Take u € U,,(C") such that 7(u) = 1,, since u®u* ~1 1a,
by 3.1.25 we have u @ u* = e - .. e where h; € Moy, (CT)sq.
Since 3 is surjective (and consequently so is A1) there exists
ki € Moy, (B1)sq such that 8 (k;) = h;. Taking w = €1 ... ¢#Fm it
is straightforward to see 81 (w) = u®u*. For p, = 1,®0,, we have
Bt (wppw*) = py, and therefore S+ (wp,w* — p,,) = 0. Since (3.14)
is exact, there exists ¢ € Mg, (A) such that a(q) = wp,w* — py,.
Taking p = q + p, € Map(AT), we prove that p is a projection.

First, given that « is injective and

a(q®) = (wppw* — pp)(wpnw* — pp)
= wWppWw" — PpwWPpw” — WPpW Py + P
= Wppw* — pn + Pp(Pn — WPpwW") + (P — WPpW*)py
= a(q) — a(png) — a(qpn) = a(q — png — qpn)

we have ¢* = ¢ — png — qpn, but
p* = (¢+pn)(qg+pn)

= ¢* + g + QP + Pn
=q—Pnq — qPn + Pnq + qPn + Pn
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=q+pp=D

hence p is idempotent. Similarly one proves it is self-adjoint and
therefore a projection. Defining d([u]1) := [p] — [s(p)] € Ko(A), it
can be proved this is a well defined group homomorphism between
K1(C) and Ky(A) that makes (3.15) exact. O

Example 3.6.2. Let H be a Hilbert space and consider the well

known exact sequence
0 — X —— B(H) — B(H)/X —— 0.

Recall that an operator T' € B(H) is Fredholm if and only if it
is invertible in the Calkin algebra B(3)/X. Since all invertibles
induce a unitary by taking U = T|T|™!, we have a morphism
from the Fredholm operators to U(B(H)/XK). From Example 3.3.8
we have Ko(X) = Z, so that 0;([U]1) € Z. In [18, page 166] it is
shown that 01 ([U]1) actually coincides with the Fredholm index
of T'. This means that our index map is indeed a generalization
of the Fredholm index.

We will use the index map to construct a long exact
sequence, to do this we introduce the higher K-groups. Given
a C*-algebra A we can always construct the suspension algebra

given by
SA={f:[0,1] = A; f(0)=0= f(1)}.

Some quick observations regarding the suspension are that SA =
Co(R,A) = A® Co(R) and M, (SA) = S(M,(A)) for any n €
N. Moreover, the unitization (SA)™ can be identified with the
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following algebras:

{f:]0,1] — A™; f continuous,
f(1) = f(0) = (0, z2), f(t) = (at, z) Vt € 0, 1], for some z € C}.

In fact, if « : A — B is a *-homomorphism and we define
S(a)(f) := ao f then S defines a functor from the category
of C*-algebras to itself.

Remark 3.6.3. It should be no surprise that the functor S preserves
Morita-Rieffel equivalence. If A MR B then there exists a Hilbert A-
B bimodule F and a Hilbert B-A bimodule F such that EQgF =
Aand F®4 E = B. By taking E' = E®c Cy(R) with the natural
A-B-bimodule structure it can be shown that £ @ F' = SA and
F ® E' = SB, meaning SA " sB.

Lemma 3.6.4. Let A be a C*-algebra. The set
span{f-a€ SA: fe€ SC,a € A}

is dense in SA, where (f -a)(t) = f(t)a.

Proof. Let g € SA, since [0, 1] is compact then g is uniformly
continuous. Given € > 0, there exists § > 0 such that if ||t —s|| < ¢
then ||g(t) — g(s)|| < e. Consider N > 0 such that 1/N < §/2 and
take U, = (n/N —3§/2,n/N +6/2) for n = 0,..., N, {U,}N_,
is an open cover for [0, 1]. Now we set t,, = n/N € U,. There
exists functions fy,..., fyv € C([0,1]) such that 0 < f, < 1,
fo+ -+ fnv = 1 and each f, is 0 outside U,, (essentially a
partition of unity, although in our case it can be constructed

manually). Since the diameter of each U, is less than ¢ we have

lg(®) = g(ta)ll <&t €Uy
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and therefore || f,,(t) - g(t) — fn(t) - g(tn)|| < efn(t) for all ¢t € [0, 1].
Adding all of the inequalities we obtain

<e€

N
g(t) = > falt) - g(tn)
n=1

Taking a, = g(t,) we obtain ||g — Zgzl fn - an| < e. Since
ap = g(0) = 0and ay = g(1) = 0 we have X f,-a, € SA. O

n=1

Proposition 3.6.5. The functor S is exact.

Proof. Consider the exact sequence at (3.14), we need to show

that the sequence

0 SA S(a) S(ﬁ)>

SB SC 0

is also exact. Clearly S(«) is injective. Moreover, since

we have S(f)oS(a) = 0. Take g € SB with Sf3(g) = 0, this means
B(g(t)) = 0 for all ¢ € [0, 1]. Due to the exactness of (3.14), for
all t € [0, 1] there exists a unique a; € A such that a(a;) = g(t).

Since « is injective, it is isometric and therefore

lar — as|| = llalar — as)|| = llg(t) — g(s)|

so that ¢ — a; is continuous. Taking f(t) = a; we have S(a)(f) =
g. Finally, if f € SC and b € B then S(8)(f -b) = f - B(b). Since
(3 is surjective we have f-c € S(B)(SB) for all f € SC and ¢ € C,
due to the previous lemma. we obtain SC = S(5)(SB) O

Something remarkable about this new functor is the fol-

lowing:
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Theorem 3.6.6. The functors K1 and Ky o S are naturally
isomorphic. More precisely, for each C*-algebra A there exists
an isomorphism 04 : Ki(A) — Ko(SA) such that for any *-

homomorphism « : A — B the following diagram commutes:

Ki(A) —*— K(B)
la/* lgB (3.16)
Ko(5A) 2% Kko(SB).

The proof of this theorem is rather technical and can be
found in [19, page 138], in [18, page 177] there is another approach
using the index map and the fact that Ky is homotopy invariant

(a property we have not talked about).

Corollary 3.6.7. If A and B are two Morita-Rieffel equivalent
C*-algebras then K1(A) = K,(B).

Proof. From Remark 3.6.3 we have SA M2 $B and by Theorem
3.3.9 we obtain Ky(SA) = Ky(SB). Finally, due to the previous

theorem:
Ki(A) = Ko(SA) =2 Ko(SB) = K, (B).

O]

The previous theorem allows us to define the higher K-
groups by
Kp(A) = Ko(S"A), ne N

where S™A is understood as the functor S applied n-times to A.
Theorem 3.6.6 tells us that this new definition of K7 coincides

with the previous one. Also note that since S is exact and Kj is
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half-exact then K, is half-exact. Applying the functor S™ to the

exact sequence (3.14) we obtain a new exact sequence:

5" ()

> S"B 5"(8)

0 —— S™A S"C —— 0

which induces the exact sequence:
Ki(S"A) % K1(S"B) — K1(8"C)
JV& (317)

K()(SnC) T KO(SHB) T Ko(SnA>

using the definition of higher K-groups and defining
5n+1 = 51 : Kl(SnC) — Ko(SnA)
we have

Knp1(A) =2 K, 11(B) —2 K, 11(C)
PW . (3.18)

Kn(C) 5 Kn(B) ¢—5— Kn(4)

Joining the sequences 3.18 for all n € N we have the following

long exact sequence:

- —— Ky(A) — K, (B) —— K,(C)

n-1(A) Kn1(B) — K, 1(C)
TR e,

The only missing piece to turn the sequence above into a

six-term exact sequence is Bott periodicity.
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Theorem 3.6.8 (Bott periodicity). There exists a natural iso-
morphism between Ky and K1S. This means that for every C*-
algebra A there exists a group isomorphism 4 : Ko(A) — K1(SA)
such that for any *-homomorphism o« : A — B the following dia-

gram commutes
J/ﬁA lﬁB : (3.20)

In the literature B4 is often called the Bott map.

There are many proofs of this theorem, the original one
attributed to Atiyah. Atiyah’s proof (originally meant for a com-
mutative context) uses pretty elementary objects but is long and
complicated at times. A thorough look at this proof can be found
in [19, chapter 9] and [18, chapter 11]. Cuntz also provided another
proof of the theorem using the machinery of Bott functors, this
can be found in [19, page 190], this proof is more abstract and
heavily relies on the non-commutative nature of the Toeplitz

algebra.

Applying Bott periodicity to (3.19) and the identification

Ky = K(S? we obtain the following six-term exact sequence:

Ko(A) = Ko(B) —2 K(C)

(ﬁ l‘SO (3.21)

Ki(C) «5— Ki(B) <5~ Ki(4)

where dg := do08¢. This is called the induced six-term induced

sequence.
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Lemma 3.6.9. For any C*-algebra A, C([0,1], M(A)) can be
identified with a subalgebra of M(SA).

Proof. We only need to show that C([0, 1], M(A)) contains SA
as an essential ideal. Clearly SA C C([0,1], M(A)), now take
f € C([0,1], M(A)) such that fSA = 0. Consider g(t) = e** and
a € A then f(g-a) =0, therefore for all ¢ € [0, 1] we have

flg-a)(t) =0
f(t)g(t)a =0

but g(t) > 0, therefore

ft)a=0

meaning f(t)A = 0 for all ¢ € [0, 1], since A is an essential ideal in
M(A) we have f = 0. We conclude that SA is an essential ideal
in C([0,1],M(A)), by the universal property of the multiplier
algebra it can be identified with a subalgebra of M(SA). O

Corollary 3.6.10. If p is a full projection in a separable C*-
algebra A, then the inclusion induces an isomorphism between
Ko(pAp) and Ky(A).

Proof. Let p be a full projection in A and define p € C([0, 1], M(A))
by p(t) = p for all ¢ € [0,1]. Due to the previous lemma p can be
considered as a projection in M(SA). We proceed to show that p
is a full projection in SA and that S(pAp) = pSAp. Take a € A
and f € SC, since p is full there exists ay, b, € A such that

N
a= lim Zanpbn.
N—oo
n=1
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Consider h = |f|'/? and g = f/h, both are well defined functions
in SC that satisfy f = gh (any discontinuity f/h might present
can be removed by defining the function at that point as 0). We

now have

N
f~a=f-ngnoo;anpbn

N

= Jlim_ ; f - anpby

N
= lim Z(g -an)p(h - by) € span SApSA

N—o0
n=1

Due to Lemma 3.6.4 this implies that p is a full projection. The
second statement is easily obtained from the fact that for any
f€SC and a € A we have

- (pap) = p(f - a)p.

We can now apply Proposition 3.5.11 to SA and obtain the

following isomorphism
Ly @ Kl(S(pAp)> = Kl(ﬁSAﬁ) — Kl(SA)

Now, consider the inclusion ¢ : pAp — A, for any f € SC and

a € A we have

S)(B(f - a)p) = vo (p(f - a)p)
=p(f-a)p.

Which shows that S(¢) coincides with the inclusion of pSAp in
SA and therefore S(1), is an isomorphism. By Bott periodicity
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we have the following commutative diagram

Ko(pAp) —=— Ko(A)

lﬁpAp lﬁA

Ki(S(pAp)) 2% K\ (5A4)

where the vertical and the bottom arrows are isomorphisms,

therefore so is ¢y : Ko(pAp) — Ko(A).

O]
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4 K-theory for Cuntz-

Pimnser algebras

In this chapter we will present a six-term exact sequence
that will allow us to compute the K-theory for some Cuntz-
Pimsner algebras. This sequence is essentially the same sequence
presented by Pimsner in [17] although with different morphisms
that are easier to compute. Our results are based on the sequence
introduced in [9] which is defined for Hilbert modules with a
finite orthonormal Parseval frame. We show that the hypothesis
of orthonormality is not needed. Throughout this chapter B
will be a separable unital C*-algebra and (E,¢) will be a B-B
correspondence where ¢ is unital and faithful. The left action of
B on E will be denoted by a - x := ¢(a)(z) for a € B and x € E.

4.1 Parseval frames and Cuntz-Pimsner algebras

To obtain our desired six-term exact sequence we use the

six-term exact sequence induced from

0 JE TE Og 0.

We show that there exists a commuting square

(4.1)
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where ¢ = 0,1 and the vertical arrows are isomorphisms. In order
to do this we need a Parseval frame on our Hilbert B-module E.
Using our Parseval frame we construct an isomorphism between
B and a full corner algebra of Jg, hence there is an isomorphism
between the K-theory of B and Jg. The isomorphism between the
K-theory of B and Tg will be induced from the natural inclusion
of B in Tg. Most of the results in this section can be found in [9],
we simply adapt them and their proofs to our setting, which is

slightly more general.

Definition 4.1.1. Let E be a Hilbert B-module. We say that
{z1,...,2Ny} C E

is a finite Parseval frame for E if it satisfies the following recons-

truction formula
N
x = Z‘% (xi,z), VxeE.
i=1

Remark 4.1.2. Note that when E has a finite Parseval frame, then
K(F) = L(FE). This is because

N

N
r=1id(z) = Z»’Cz (i, ) = Z |3) (@il (2)
i=1

i=1
and hence id = Zi\; |z;)(zi| € K(E). Since X(E) is an ideal then
K(E) = L(F). In our setting we have Jg = B since ¢ is injective.

Before constructing our isomorphism we will require some

previous lemmas:

Lemma 4.1.3. Suppose that E is a right-Hilbert module over
a unital C*-algebra B such that (E, ) is a B-B correspondence
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with ¢ unital, and that {x; : 1 < j < N} is a finite Parseval
frame for E. Let (m,t,C) be a Toeplitz representation of E. Then
q:= Z;VZI t(z;)t(z;)* is a projection that commutes with every

m(a).

Proof. Fix a € B, then by the reconstruction formula we get

By taking a = 1 we get that ¢*> = ¢ and since ¢ is self-adjoint it
is a projection. Now ¢m(a) = (7w(a*)q)* = (¢m(a*)q)* = qn(a)g =
m(a)q. O

From now on we assume that our Hilbert B-module FE
has a finite Parseval frame {z; : 1 < j < N}. We write @ for
the quotient map from Ty — Op, and (7, t,Tg) for the universal
Toeplitz covariant representation of E in T (refered as (i4,ig, Tg)
in Chapter 3).

Lemma 4.1.4. Define Q: B — Mn(B) by Q(a) = ({zj,a-xk)) k-

Then Q is a homomorphism of C*-algebras.
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Proof. 1t is straightforward to see that {2 is linear. Take a,b € B

then
Qa)Q(b) = (x5, a - x))j k{27, b T5))r,s
N
= (Z(xj,a i) (wi, b $5)>
=1 7,8
N
= ((xj, a- le<$“ b- xs)>>
i=1 js
= ((zj,ab :cs>)j78 = Q(abd)
and

hence Q is a *~homomorphism.

O]

From Remark 2.1.5 we know that if (7,t, Tg) is the uni-

versal Toeplitz representation of E then

T = span{t®* (2)t®(y)* : k,1 >0, x € E%* y e E¥}

and that ¢ := Z;Vﬂ t(x;)t(x;)* is a projection that commutes

with every 7(a).

Lemma 4.1.5. With the preceding notation, we have:

1.1—g=1- ZN t(z;)t(z;)* is a full projection in ker Q

j=1
(i.e. spaniker Q(1 — q) ker @ = ker Q);
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2. (1 —)t%(x) =0 for all x € E®* with k > 1; and

3. ker Q = span{t®*(x)(1 — )t® (y)* : k,01 >0,z € E® yc
E®l},

The following proof can also be found in [9, Lemma 3.2].

Proof. 1. From Remark 4.1.2 we have ¢(a) € K(F) for all
a € B and therefore

(m, )M (p(a) = D tlp(a)z))t(z;)* = m(a)g.

N
J=1

Since ¢ is unital, it follows that Tg is unital and 7(1) = 1.
Now, since Jg = B and T(Jg) = ker @ is generated by
elements of the form 7(a) — (m,t)M(p(a)) with a € Jg, we

have

Q(1—q) = Q(n(1) = m(1)g) = Q(w(1) = (m, )V (p(1))) = 0

hence 1 — ¢ belongs to ker (). Once again, since ker @) is

generated by elements of the form

m(a) = (m, )V (p(a)) = w(a) - m(a)q
— 7['(&)(1 — q)
=7(a)(1—q)(1—q)(1—q)
——— S——
€ker Q €ker Q

it follows that m(a) — ()M (p(a)) € ker Q(1 — ) ker Q, in

other words 1 — ¢ is a full projection.

2. We begin with k = 1, take 2 € E®! = E then

N N
gt(z) =Y ta)t() t(z) =t [ > aj(zj,2) | =t(2)
: =

J=1
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hence (1 — ¢)t(z) = 0. Now for £ > 1 an elementary tensor
=11 Q@ € E®F we have

(1= @)t (x) = (1 — q)t(a1) -~ t(zx) = 0

by linearity and continuity we have the result for arbitrary
x € E%F,

. By (1) we have ker@ = Tg(1 — ¢)Tg, remembering the

structure of T and using the previous item, ker () is spanned

by elements of the form

t%* () (a)*(1 — @) (D)t (y)* = t** ()7 (a*b)(1 — 9)t% (y)*
=t (z - a*b) (1 — @)t*' ()"

for x € E®* y € E® and a,b € B. We can conclude the

desired result.

O]

Lemma 4.1.6. There is a homomorphism p : B — ker QQ such

that p(a) = w(a)(1 — q), and p is an isomorphism of B onto
(1—q)kerQ(1 —q).

Proof. Due to item (3) of the previous lemma and the fact that

m(a) commutes with ¢ for all a € B, we have

pla) =m(a)(1—q) = (1 —-¢g)m(a)(1 —q) € kerQ

therefore p is a well defined *-homomorphism. Moreover

(1—g)m(a)(1—q) = (1 —¢q)*mr(a)(1—¢)* € (1 —q)kerQ(1 —q)

therefore p is a *-homomorphism from B to (1 — q) ker Q(1 — q).

Now, since

(1 - @) ker Q(1 — ) =span{(l — q)t**(2)(1 - ¢)t*'(y)*(1 — q)}
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which, due to item (2) from the previous lemma, is equal to
span{(1 — ¢)m(a)(1 — ¢)m(b*)(1 — ¢), a,b € B}
= span{r(ab*)(1 - q), a,b € B} C p(B)
we conclude that p is surjective.

To see that p is injective we recall the Fock representation
(¢oo, T, L(Fg)) introduced in Section 2.1. Due to the universal
property we have a *~homomorphism f : Tg — L(Fg) such that
fom =@ and fot =T. Now we take a € B such that p(a) =0,

we would have

N
0= f(p(a)) = f(m(a)(1 — ) = poo(a) | id =D T(a;)T(a;)"
j=1

By the definition of 7" we have T'(x)*(b) = 0 for all b € B and
x € E. This means that for all b € B we have

N
0= poola) [ id =D T(x;)T(x;)" | (b) = poo(a)(b) = ab
j=1
and therefore we conclude a = 0. O]

Consider the following matrix in Ma(M;z(B)),

ail a2 ais b1 b2 b1
a1 Gz a3 ba1 boo  bo3
asy azz ass b31 b3z b33
€11 c12 c13 di1 dip dis
Co1 C22 €23 da1 dz2 do3
€31 €32 €33 d31 d3z ds3
it can naturally be seen as a matrix in Mg(B). It is easy to

verify that the matrix above is unitary equivalent (via elementary
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operations) to the following matrix in M3(My(B)) when both are
seen in Mg(B):

(an bn) (au b12> <a13 513)

c11 din c12  di2 c13  di3

az  boy aszy  bao agz  bog

co1 dai co2  da2 co3  dag

az1 b3y asz bs2 assz  bss

c31 dsi c32  ds2 c33  dssz

This can be generalized for arbitrary matrices in M, (My(B)) and
Mny (M, (B)), as shown in the following lemma:

Lemma 4.1.7. Suppose that B is a C*-algebra, r > 1 and N > 2

are integers, and
{bjske : 0< 4,k <Nandl <s,t<r}

s a subset of B. For m,n satisfying 1 < m,n <rN, we define
Cmm = bj ekt wherem=(s—1)N+jandn=(t—1)N +k,
dmmn =bjskt wherem=(j—1)r+sandn=(k—1)r+t.

Then there is a scalar unitary permutation matriz U such that the

matrices C := (¢mn) and D = (dm,n) are related by C = UDU*.

Proof. For 1 < p,q <rN, define

. if there exists k,¢ such that p= (¢t — 1)N + k
Upg = and g = (k—1)r+t
0 otherwise
It can be verified that every column only has one 1, so U :=

(up,q) is a unitary permutation matrix. Doing very careful matrix

multiplications we show that CU = UD. O
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Before jumping into the existence of our commuting square

we introduce the following special matrix in M,y (Tg):
t(z1)l, -+ tlzn)l,
T = 0 e 0

Lemma 4.1.8. The matriz T is a partial isometry such that

TT*(m(a) B b) =
T*(n(a) ® 0p(n—1)) = T*(ﬂ(a) b)

for all a € M;(B) and b € M, (y_1)(TE)-

Proof. First we have

t(a:l)lr cee t(.%'N)lr t(.’L‘l)*lr OT

: : t(xn)* 1, O,
Sty tz)t(z) 1 O, 0y
0 0,

= (q1r) ® 0p(y-1)

moreover, due to item (2) from Lemma 4.1.5 we have gt(x;) = t(x;)
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for all j and therefore

T1T*T = ((91;) ® Opv—1))T

qt(z1)l, -+ qt(xn)l,
0, 0,
t(x1)1 t(zxn)1l
= 07« OT' = T

which means that 7" is a partial isometry. If we take a € M,.(B)
then

TT"(m(a) ®b) = ((¢1 )@OT(N 1)(m(a) )
= (q1ym(a) ® Op(n—1))
= (m(a)ql, ® Op(n_1))
= (m(a) ®b)((q1y) ® 0 (N—1))
= (m(a) ®b)TT".

Finally, we do the following:

t(z1)*1y Op -
0pr(n
T*(ﬂ'(a) @b) — ( : : ) <0 ( ) B (;V 1))
t(xn)* 1y OT (

t(xl 7r(a )1, O -

r(N-1)
r 1),r r(N 1)

( (zn 7'(((1)17» 0, . )
t(zl *1p Op -

( 1r O'r > (

T

EBONl
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We will use T to help us understand better how does €,
acts on K;(B). The following Lemma allows us to rewrite matrices

of the form 7(2(a)) for a € M, (B) in a much simpler form.
Lemma 4.1.9. Let a € M,.(B) then w(Q(a)) is unitarily equiva-
lent to T*(m(a) ® 0p(n—1))T-

Proof. Using the identification of My (M, (B)) with M, x(B) we
can look at (a) as the following matrix in M, (B):

(z1,01121) - (T1,0117N) (z1,01021) - (T1,01rTN)
<CCN,a'11331> <xN70«'1155N> <xN70:17*551> <xN,a'1rxN)
(z1,ar121) (z1,0r12N) . (z1,arrz1) (z1,arrzN)
(N, are) (@N arzN) (@ arra) (@N @ N)

Hence we can write 7 o Q(p) = (¢m,n) where

C(s—1)N+j,(t—1)N+k = bjsitk

for bj sk = T({x}, astx)), we take C' = (cpmn) = w0 Q(p). Conve-
niently this has the same form as our matrix C in Lemma 4.1.7.
On the other hand, by taking D = (dy, ) as in Lemma 4.1.7 (by

this we mean dp, , = bj 5.+ 1 in the same manner) we have
D =T"(m(a) ® 0p(n-1))T

and by Lemma 4.1.7 C' and D are unitarily equivalent. O

We can now show the existence of the commuting square
4.1. The result for Ky is proved in the same way as in [9], however
to prove the result for K; we do some slight adjustments to
compensate for the lack of orthonormality. We begin with the

case of Kj:



142 Chapter 4. K-theory for Cuntz-Pimnser algebras

Proposition 4.1.10. The following diagram commutes:

Ko(B) 4= Ky(B)

i . lm (4.2)

Ko(ker Q) —2— Ko(Tg)

Proof. Since B is unital, due to Remark 3.3.2, we can look at
Ky(B) as Koo(B). In this case, taking p = (pst) € Pr(B) we have

therefore we only need to show 7, 0 Q.([p]) = [7(p) - ¢1,] to obtain
the commutativity of our diagram. Note that Q. ([p]) is seen as an
element in Ky(B), not in Ko(Muy(B)) and hence (p) is taken as
a matrix in M, y(B). By Lemma 4.1.9 it is unitarily equivalent to

T ((p) ® Oy(y—1))T.

Now consider V' = (7(p) @ 0,(x_1))T’, which is a partial isometry
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since

VV*V = (m(p) ® Op(v—1))TT" (7(p) ® Op(y—1))V

7(p) © 0p(v—1))(qLr ® Op(v—1))(7(P) ® Op(nv—1))V

7T(Z’)@Or(N 1)(qly & 0 (y—1))(7(p) & Op(v—1))T
(p) - g1y - 7(p)) ® Op(n—1))T

m(p) - q )@0( 1))T

™

(
(

N-1)

r(N—1)

(
= (
= (
= (
(
= ((p) @Or(N )(qly @ 0p(v—1))T
= (m(p) ® JTT*T

= (m(p) ® )T =V.

The following two projections

VV* = (r(p) ® 0p(n_1))TT" = ((7(p) - q1;) ® Op(nv—1))
V*V =T*(n(p) ® 0pn—1))T

are equivalent projections, therefore

[7(p) - q1+] = [(7(p) - q1) © Op(n—1)]

This means that our diagram commutes. O

In the case of K; we take a slightly different approach
than the one presented in [9]. When E has a orthonormal frame
the matrix 7 is an isometry and therefore the matrix in [9, Lemma
3.6] is unitary, we adapt that construction to the case when T is

simply a partial isometry:
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Lemma 4.1.11. Suppose that S is a partial isometry in a unital
C*-algebra B. Then

U S 1-58
1-5%S S*

is a unitary element of Ma(B) and its class in K1(B) is the
identity.

Proof. Since S is a partial isometry then SS* and S*S are pro-
jections, moreover S5*S = S and S*SS5* = S*. We quickly verify
that U is unitary:

uu

(1% 785 ) (18 87
(1% 55) (1% 57)

( S S+(1—5*5)?2 s*(1—ss*)+(1—s*5)s*)
(8

(1-55*)S+S(1-5*S) (1-85*)2+S8*

?)

Similarly,

1-55* S 1-88*\*

s 8* ) (I—S*S S* )
1-55* S* 1-8*8

1-s*s S ) (1 ss* S )

(1
(
( SS*+(1—-85*)2 S(I—S*S)+(1—SS*)S>
(o

S
S
S
S*

(1—-S5%) s*+s* 1-88%)  (1-SS*)2+S*S

7).

Now let P = C*(v) be the universal C*-algebra generated by
a partial isometry. By theorem 2.1 and 3.1 in [4] we have that
K1(P) =0, hence we have

v 1 —ovv* .
(RIS
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By constructing an homomorphism 7g : P — B such that wg(v) =

= ([ 7))

= (7s)«([1]1) = [1]1, in K1(B)

S we have

S 1-55%
1-5*S S*

O]

Remark 4.1.12. Note that when S is an isometry, our matrix

coincides with the one presented in [9, Lemma 3.6].

Proposition 4.1.13. The following diagram commutes:

KI(B) id — 2 K, (B)

l \ l”* . (4.3)

Ki(ker Q) —— Ki(Tg)

Proof. Sometimes throughout this proof we will use T to refer to
Tg. Recall from 3.4.8 that K (B) = Ux(B)/ ~1. Using Proposi-
tion 3.10, for any u € U, (B) we have

= W(U)(l{]‘ - Q)lr + qlr]l-

To compute 7, o (id =€) we proceed in a similar way, take
u € Uy (B) then

i 0 Qu([ul1) = (70 Q) ([ul1)
= [7(Qu—1,)) + 1,51
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and by Proposition 3.5.4 we have
e 0 Qi ([u]1) = [7(Qu+ 1,)) — Lon]1- (4.4)

Now by Lemma 4.1.9 we have a unitary equivalence between
m(Qu+1,)) and T (7 (u+ 1) ® 0,(y—1))T. Taking W € U, n(C)

as the unitary such that
T(Qu+ 1)) = W (7 (u+1,) © Op(n—1))TW
and using it in (4.4) we have

s 0 Qu([ul1) =
T(Qu+ 1)) — Ln|1
W*T*(m(u+ 1) © 0pn—1))TW — 1,51

]
[
[
WHT (7 (u+1r) & 0p(v—1))T — Lrv )W

since ~7 preserves unitary equivalence,
= [T"(m(u+1,) ®0pn_1))T — LN
using 4.1.8 we can replace 0,(y_1) by 2 1,(y_1),
=T"(r(u+1,)®2- 1T(N_1))T — 1,n)1
and since 7 is a unital *~homomorphism,

= [T"(m(uw) © Ly n—1))T +T*(1, © 1, (v—1))T — Lrn)1
= [T*(ﬂ'(u) @ 1r(N71))T +T*T — 1rN}1-
Note that since we have a multiplicative structure on K;(B)

for any two group homomorphisms f,g : K1(B) — K;i(B) the
group homomorphism f — g : K;(B) — K;(B) will be defined
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as (f —g)(m) = f(m)(g(m))~! for any m € Ki(B), hence we

conclude that

7 0 (id =) ([u]) =

[m(w) & L)1 (T (7 (u) & Lyv—1))T + T°T — LonJ1) "
(4.5)

From Proposition 3.4.6 we know that we can look at
L © pi([u]1) as an element in GLoo(B)/ ~1 via the isomorphism
(1)L This means that we can multiply (¢1) ! o1, 0 py([u]1) with
invertible matrices homotopic to 1,5 without modifying its class

in GLoo(B)/ ~1. Moreover, it is easy to verify that any matrix of

Ly X Ly O
N ’ N OmN (4.6)
Oy LN X I

has trivial class in GLso(B)/ ~1. Using Lemma 4.1.11 we have

T Ly — TT*
Ly —T*T T*

therefore we can also multiply by this matrix without modifying
the class in GLy(B)/ ~1. Recall that T is a partial isometry, this

will mean 4 things to us

the form

=1 (4.7)
1

1. T*T is a projection,
2. TT* is a projection,
3. TT*T =T,

4. T*TT* =T*.
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We will use 7(u)" to denote m(u) ® 1,(y_1) and do the following
calculations in GLy(B)/ ~1:

(1) " o r o pu(fulr) =

= [7(u)(ly — ¢)1r +ql: )1

= [(m(w) (17 — )1y + q1;) © Ly n_1)h1
= [#'(w)(1,w — TT*) + TT");

multiplying by (4.7) we have:

_ [{ # @@ =TT*)+TT* 0,n T 1,N—TT*
- 0N Ly )]y [\ len=TT T 1

- (g ot

using that T is a partial isometry,

- [t

mutiplying by a matrix of the form (4.6) on the right,

- K 1rNTT*T ﬂ/(u)(l%l\*ﬁTT*) )] 1 [( é:z TEZ\SU) )] 1

(1 Ty TR T )|

using that T is a partial isometry and Lemma 4.1.8,

=G )],

doing the elementary operation of switching columns and multi-

plying by another matrix of the form (4.6) on the right,

= 1O )] [ ),

- K’r;(ff) _T*W/(U—IO)T:;VHTN—T*T)] 1
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mutiplying by a matrix of the form (4.6) on the left,

= [( 6 12 (7w o),
- [ raeSnra)]
Oy —T*n (w)T+1,5—T*T ) ||

multiplying by 1, @ (—1,), which has trivial class due to Exam-
ple 3.4.5, we have

[ - IR e I
[( 0,5 T*n'( %Ner+T T)}

[w(u) ® Lyv—ph [T ()T + T*T = L,xs
[w(u) ® Loy ([T ()T + T*T = 1,x]1) 7.

Since 7(u) © 1,(y—1) and T*7'(u)T — T*T + 1, are both unitary

matrices, we have

b 0 pu([u)1) = 1 ([m(u) ® L vy ((T°7" (w)T + T*T — 1,n]1) )
= [r(u) ® L vy ((T*7' (w)T + T*T — 1,5]1) .

Finally due to our previous calculation in (4.5) we have:

e pul[ut) = [7(w) @ Lyl (T* ()T + T°T — 1,n1) ™"
o (id —2.)([u])

which means our diagram commutes. O

From the sequence

0 kerQ > ‘IE OE

~
o
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applying (3.21) we obtain the following six-term exact sequence:

Ko(ker Q) —“— Ko(Tp) —2 Ko(Op)

zﬂ lao

Kl(OE) T Kl(‘TE) (T Kl(kerQ)

combining this with the results from Proposition 4.1.10 and 4.1.13

we obtain the following diagram:

Ko(B) 4= Ky (B)

e |

Ko(ker Q) —— Ko(Tr) —— Ko(Op)

(ﬁ lao

Kl(OE) T Kl((.TE) (f Kl(kerQ)

In order to obtain our desired six-term exact sequence we just
need for p, and m, to be isomorphisms. The fact that 7, is an
isomorphism comes from the fact B is separable and [9, Theorem
4.4], where Pimsner used KK-theory to construct an inverse for 7.
Whether or not his approach can be done using simply K-theory
is not as important, this is because our homomorphism 7, is
constructed with K-theory. To verify that p, is an isomorphism

we use the following commutative diagram
(1—q)kerQ(1 —q) —— kerQ

f’T/

B

Since ker @) is separable (because B and E are) and (1—g¢) is a full

projection, from Proposition 3.5.11 and Corollary 3.6.10 we have
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that ¢, is an isomorphism, and since p : B — (1 — ¢) ker Q(1 — q)
is also an isomorphism we conclude that so is p. : K;(B) —

K;(ker Q). Finally we have the following result:

Theorem 4.1.14. The following siz-term exact sequence is exact:

Ko(B) EimLt Ko(B) e, Ko(Op)

(p*rloaﬁ yp*)*loao (4.8)
iB)* id — Q.

where jp = Qo.

Example 4.1.15. Consider B = C and £ = C" with n > 2
with the canonical C-C correspondence structure, we know from
a previous example that Op = O,,. Since B is a separable unital
C*-algebra and E has the canonical base as a Parseval frame we
can use the previous theorem to calculate the K-theory of O,.
Using the fact that Ko(C) = Z and K;(C) = 0 the sequence (4.8)

becomes:

id — €24

z z % Ko (0,)

<p*>*lozﬂ l(,o*)floao :

FlOn) G O i O

This means that we only need to compute coker(id —(2,) and
ker(id —€2,) to obtain the K-theory for the Cuntz algebra. First

we will take a look at how does  acts in this scenario, take
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{e1,...,e,} the canonical base in C" and z € C, then
(e1,ze1) -+ (e1,zen)
Qz) =
(en,ze1) -+ (en,zen)
2 e 0
=1: . | =z-1, € M,(C).
0 - 2

Taking z = 1 we have Q(1) = 1, since [1] — [0] is the generator
of Ko(C) and [1,] = n[1] we have Q.([1] — [0]) = n([1] — [0]).

Therefore

(id =) ([1] = [0]) = (1 = n)([1] — [0])

meaning ker(id —2,) = 0 and (id —Q,)(Z) = (n — 1)Z. We can
conclude that K1(0,) =0 and K¢(O,) = Zp—1.

4.2 An application to Vector Bundles

Consider X a compact Hausdorff topological space and
V 5 X a complex vector bundle of rank r. From Appendix B
we know that we can see I'(V) as a right-module over C(X), we
will define an inner-product that will make into a Hilbert C'(X)-
module. Take U = {Uy,... Uy} a trivializing finite open cover
of X, this means that for all j = 1,...,m there exists a local
trivialization f; : 7= 1(U;) — U; x C". Consider {¢1,...,%m} C
C(X) a partition of unity subordinate to U, we define the following

inner product in V:

(uv)y = Y (@) (fi(u), f;(v))

j:xzeU;
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where u, v € V, and the inner-product on the right is the canonical
one in C". We now have a continuous family of inner-products
{(—, =)}z, this means that if {,n € I'(V) then = — (£(z),n(x))

is a continuous complex function. Indeed, f; o0& and fjon are both

T

continuous functions in Uj, therefore y — (f;(£(y)), fj(n(y))) is a
continuous complex function in Uj;. Take x € X and consider the

open set
U= (meUj Uj) N (mméUj (supp wj)c)

for all y € U, since v;(y) = 0 for all j such that « ¢ U; we have

EWmw)), = Y wiw) (F;EW), £ (n)))

yEUj

= i) (FEW), Fi W)

CCEUJ'

and therefore y — (£(y),n(y)), coincides with the sum of the

continuous functions y — ¥;(y) (f;(£(y)), fi(n(y))) where j is
such that = € Uj;. This means x — ({(x),n(x)), is globally
continuous. We can define now a inner-product over C(X) on

I'(V) by

T

(& m) () := (&(x),n(x)),

where &, € T'(V). This turns I'(V) into a Hilbert C'(X)-module.
Moreover, defining ¢ : C(X) — L(I'(V)) by »(f)(§) = - f,
(T'(V), ¢) becomes a C(X) — C(X) correspondence.

According to the Serre-Swan theorem (see [11, page 59])
for any vector bundle V', the space I'(V) is a finitely generated
projective module over C(X). Since we're looking to apply the re-
sults from the previous section, a finite number of generators isn’t
enough, we need a finite Parseval frame. To construct this Parseval
frame we will use the inner-product we just defined. For each Uj,

the local trivializations induce sj1, ..., s;j, linearly independent
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sections. We can assume these are orthonormal, otherwise we do
a Gram-Schmidt process using our inner-product (the divisions in
this process will not cause any trouble as (s;(x), sjx(x)), > 0 for
all x € U; due to the sections being linearly independant). Since

our sections are orthonormal we have

@) =Y sjn() (sin(x), (), (4.9)
k=1

=ik (sjk, €) (@)
=1

for any £ € I'(V) and = € Uy, hence & = >~ sji (Sjx, &) in Uj.
We define the global sections ;i € T'(V') by

sip(x)\/Vj(x), = eUj

gjk(x) N O, X ¢ Uj

which are easily shown to be continuous.

Proposition 4.2.1. The continuous sections i, : X — V' with
j=1,....mand k=1,...,r form a Parseval frame for T'(V) as
a Hilbert C(X)-module.

Proof. Take £ € I'(V') and fix € X. Since {j;(z) = 0 whenever
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x ¢ Uj;, we have

DD Gl (@) =
j=1 k=1
= Z Zéjk’ éjk’ f( )>x

zeU; k=1
DI IVEN Y CRENIREREY
z€U; k=1 ¥
- Z e Zsﬂk ) (sjr(2),€(2)),
zeUj

by (4.9) this is equal to Zmer Yj(x)€(z) = &(x). We can conclude
that

m

Z é-jk gjkv 5

O]

This means that for any vector bundle, I'(V') is a Hilbert
C(X)-module with finite Parseval frame. It is important to note
that in very few situations will I'(V') posses an orthonormal
frame. This is because if {{;}}' ; is an orthonormal frame then
(€, &) () = (&i(x),&(x)), = 1for all z € X, therefore the section
& never vanishes. This would mean that {}]', are linearly
independent sections over X, which only exist for trivial bundles.
Moreover, there exist some non-trivial bundles that do not admit

any non-vanishing section. The following is an example of this:

Example 4.2.2. Consider X = CP! ~ S? and consider the Bott
bundle:
V={(z,0) e X xC?:v ez}
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We know that I'(V') is a C'(X)-bimodule. Moreover, consider the

following sections in I'(V'),
&:X=CP' >V

il (50l o)

|22 + [w]?

£&:X=CP' >V
il (5 0l o)

It can easily be verified that they form a non-orthogonal frame
for T'(V'). This means we can apply the results from the previous

section and obtain the following sequence:

Ko(C(X)) =5 Ko(C(X)) —— Ko(Op)

(X))
where £ =T'(V).

To obtain a clear picture of K;(C(X)), consider the fol-

lowing split exact sequence:

0 ) 2 o)~ €
where
a(F)(lz ) = 4 TG/ 0 FD
0 w=0

Blg) = g([1 : 0]) and o(g)(z) = g([z : 1]) — g([L : O]). It is
straightforward to verify that these three *-homomorphisms make
the sequence above split exact. From the half-exactness of both

Ky and K; we obtain an isomorphism between K;(C(X)) and
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K;(Cy(C)) & K;(C) given by
(04 ® Bs) : Ki(C(X)) — K;(Cp(C)) @ K;(C).

Since Ko(Cy(C)) ~ Ko(C) ~ Z and K;(Cy(C)) = K1(C) =0 we
conclude that Ko(C(X)) ~ Z? and K;(C(X)) = 0. Moreover we
can obtain the two generators of Ko(C(X)) via the isomorphism
(0« @ B«), which turn out to be [ppott] — [1] and [1] — [0], where

|Z\2 wz
2 2 2 2
PBote := | F1 1 |Zl|+‘§u‘ € M(C(X)).
Wz w|
[P +wl? 2P+ w]?

The first generator comes from Ky(Cp(C)) and the second one
comes from Ky(C). Using this information, our six-term exact

sequence becomes

id =

7?2 > 72 Ko(Og)
Kl(OE) < 0 0

id =

and due to the exactness of the sequence we have Ky(Op) =~
coker(id —2,) and K;(Og) ~ ker(id —€2,). Therefore, in order to
calculate the K-theory for this Cuntz-Pimsner algebra we only
need to know how id —, acts on the two generators of Ky(C'(X)).
Luckily we also have Q(1) = ppott, hence:

id = Q. ([1] = o) = [1] = [0] = ([2(1)] — [2(0)])
= [1] = [0] = ([pBots] — [0])

= [1] - [pBott] = _([pBott] - [1])

Evaluating the other generator is not as straightforward:

PBott * B || ‘| ci 12 pBott - ‘ |21_1:_Z‘ i 19
Q(pBott) = wE - lw
DPBott * ELEErE 12 pBott - P +[w]? 19
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which satisfies Q(pBott)([1 : 0]) = 1 & 03. Now, we utilize the

isomorphism (o, @ f,) and note that

5*(9*([]7]30%] - [1])) = ﬁ*([Q(pBott)] - [pBott])
= [Q(pBott)([l : 0])] - [pBott([l : O])]
=[l®0s]-[1a0)=[1]-[1]=0
which means Q. ([pBott] — [1]) = r([pBott] — [1]) for some integer
r € Z. Therefore id —Qy([pBott] — [1]) = (1 —7r)([pBott]) — [1]) where

r is an integer that will not be calculated. This roughly translates
to id =Q(m,n) = ((1 — r)m — n,0) and therefore

kerid —Q, = {(m,n) € Z*|n =m(1 —7)} = ((1,1 —7)).

This means that kerid —2, ~ Z. Moreover, since id —Q.(m,n) =
((1 = 7)m — n,0) we have that

im(id—Q.) =Zd0~7Z

and therefore cokerid —Q, =Z ® Z/Z @ 0 ~ Z. We can conclude
that Ko(Op) ~ K1(0g) ~ Z.
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Conclusion

In this work we saw how the to obtain a K-theory six-
term exact sequence for certain classes of Cuntz-Pimsner algebras
arising from Hilbert modules over a separable unital C*-algebra
that have a finite Parseval frame. Moreover we saw that these
class of algebras naturally arise when dealing with topological
vector bundles over compact spaces. Even thought the sequence
was already known since the introduction Cuntz-Pimsner algebras,
we managed to obtain the sequence using basic K-theory rather
than KK-theory.

The original sequence only required for the Hilbert module
to be countably generated, this raises the question: can our method
be adapted to this case? By Kasparov’s stabilization theorem we
know that every countably generated Hilbert module over a unital
algebra has a countable Parseval frame. This means we only need
to explore how can we adapt our results when the Hilbert module
has a countable infinite Parseval frame. The first difficulty would
be the fact that in this case not every adjointable operator is
compact and therefore ker () would be quite different. The second
difficulty would be adapting our *-homomorphism €2, as matrices
are not big enough to encode all of the information of an infinite

frame. We look forward to exploring all of this in a future work.
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APPENDIX A - Functors

and Categories

Category theory can be seen as a language that allows
us to describe many similar constructions and concepts that we
encounter in different areas of mathematics. When dealing with
categories we will encounter very large “sets” and quickly realize
naive set-theory is not enough to handle these concepts. It is
because of this that we need a distinction between “sets” and
“classes”, the latter usually corresponding to those very large
“sets”. In [1, page 13] there is a brief treatment of sets, classes and

their differences.

Definition A.1. A category € consists of a class of objects
denoted by Obj(€), a class of morphisms denoted by Mor(€),
two functions ¢, s : Mor(€) — Obj(€), a partial function called
composition o : Mor(€) x Mor(€) — Mor(€) which assigns, to any
f,g9 € Mor(€) such that ¢(f) = s(g), their composite morphism
go f € Mor(€) and an identity function id : Obj(€) — Mor(<)
which assigns to each object A its identity morphism id4 such
that

1. s(gof)=s(f) and t(go f) = t(g) for all g, f € Mor(€) that

can be composed,
2. s(idy) = A and t(id4) = A for all A € Obj(€),

3. (hog)of =ho(gof) whenever s(h) = t(g) and s(g) = t(f),
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4. if s(f)=Aand t(f) = Bthen lgo f=fand foly = f.

For any A, B € Obj(€), we denote
Morg(A, B) :={f € Mor(€), s(f) =A t(f) = B}.

Sometimes to express that a morphism f belongs to Morg(A, B)
we use the notation 4 5 B or f:A— B.

The definition of category is very generic and it should
come as no surprise that we might already know plenty of catego-

ries:

Example A.2. 1. The category Set which has sets as objects,
Morget (A, B) is the set of functions from A to B, id4 is the

identity function on A and the composition is as usual.

2. The category Top which has topological spaces as objects,
Morop (A, B) is the set of continuous functions from A to
B, id 4 is the identity function on A and the composition is

as usual.

3. The category Veck which has finite dimensional vector
spaces over K as objects, Moryec, (V, W) is the set of linear
transformations from V to W, idy is the identity function

on V and the composition is as usual.

4. The category Grp which has groups as objects, where
Morgrp(A, B) is the set of group homomorphisms from A
to B, id 4 is the identity function on A and the composition

is as usual.

5. The category C*-alg which has C*-algebras as objects,

where Morgyp (A, B) is the set of *-homomorphisms from A



165

to B, id 4 is the identity function on A and the composition

is as usual.

6. The category Mat which has natural numbers as objects,
Morpgat (m, n) is the set of real m x n matrices, id,, : n — n
is the n x n unit matrix 1, and composition is defined by
Ao B = BA.

7. Given any category € we can construct the category €°P
where the objects and the morphisms are the same but
for any f € Mor(€°P), s°P(f) = ¢(f), t°P(f) = s(f) and
fo% g = go f. This means Morgop (A, B) = More(B, A).
We call this the opposite category of €.

Definition A.3. Fix a category € and f € Morg(A, B). We say f
is an isomorphism if there exists g : B — A such that go f = idg
and f o g =idp. Whenever an isomorphism exists between two

objects we say they are isomorphic.

It’s very common to form links between two categories in

order to ease their study. One way of doing this is via functors.

Definition A.4. Let € and © be two categories. A functor F
from € to ® is a function that assigns to each object A € Obj(€)

an object F(A) € Obj(®) and to any morphism A EN
morphism F'(A) ) F(A’) in such a way that composition and
identity morphisms are preserved.

Proposition A.5. All functors preserve isomorphisms.

Definition A.6. Let F': € — ® be a functor.

1. F'is faithful if the restriction

F : Morg(A, A') — Morg (F(A), F(A"))
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is injective for all A, A’ € Obj(&).
2. F'is full if the restriction
F : Morg(A, A') — Morg (F(A), F(A"))
is surjective for all A, A’ € Obj(<).

3. F is an isomorphism if it is full, faithful and its restriction
F : Obj(€) — Obj(D) is bijective.

We can also compose two functors, and its composition
will also be a functor. Moreover, composition will preserve all three
of the properties above. Two categories will be isomorphic if there
exists an isomorphism between them, isomorphic categories are
essentially the same. Looking for isomorphisms between categories

can be quite restrictive, this is why we require a weaker concept.

Definition A.7. A functor F' : € — © is an equivalence if it
is full, faithful and for every object B € Obj(®) there exists
A € Obj(€) such that F(A) and B are isomorphic. In this case

we say € and ® are equivalent categories.

Example A.8. 1. The category Mat is equivalent to Vecy
by assigning to each n the vector space R™ and to each
n X m matrix the linear map from R” to R™ that assigns to
each z = (z1,...,2z,) € R" the 1 x m matrix [z1,...,z,]A4

considered as an m-tuple in R™.

2. The Gelfand representation theorem can be used to show
that the category of commutative unital C*-algebras is

equivalent to the category of compact Hausdorff spaces.
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APPENDIX B - Vector
Bundles

A topological vector bundle is essentially a family of vector
spaces parametrized by a topological space in a nice way. A
topological vector bundle is itself a topological space. Most of the
topological spaces we encounter in noncommutative geometry are
at the very least locally compact and Hausdorff. We will focus
on the scenario when X is a compact Hausdorff space. Since X
is compact it is normal and paracompact which means we can
use Urysohn’s Lemma and Tietze extension Theorem, moreover
we have at our disposal partitions of unity. The results presented
here are part of a brief introduction to vector bundles found
in [11, Chapter 2].

Definition B.1. Let U = {U), A € A} be an open cover of X.
A partition of unity subordinate to U is a family of continuous
functions {1 : Uy — [0, 1]}rea such that:

1. supp ¥y C Uy,

2. for each x € X there are finitely many A € A such that
7/»\(3:) 7é 0,
3. Y xeaUa(z) =1forall z € X.
Theorem B.2. Let X be a topological space. X is paracompact

and Hausdorff if and only if every open cover admits a subordinate

partition of unity.
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Partitions of unity are a very useful tool when trying
to “glue” many functions together, for example we can build an
“inner-product” in a vector bundle by gluing the inner products

in each locally trivial neighborhood of the bundle.

Definition B.3. A complex vector bundle of rank n over X
is a topological space E together with a continuous surjection
m: E — X such that for every x € X,

1. B, := 7 !(x) is a complex vector space,

2. there exists an open neighborhood U, of  and an homeo-
morphism ® : 7~ 1(U,) — U, x C" that makes the following

diagram commute:

and for every y € Uy, ®|g, is a vector space isomorphism
between E, and {y} x C".

Remark B.4. The space X x C™ has a natural structure of vector
bundle over X, we call bundles of this type trivial. The definition

of above implies that all vector bundles are locally trivial.

Definition B.5. Given £ X and E' &5 X two vector bundles,
we say a continuous function 7 : E — E’ is a bundle map if
m'or =7 and 7|g, : E; — E. is a linear map for all z € X. If
there exists a bijective bundle map between two vector bundles

we say they are isomorphic.
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Definition B.6. Given two vector bundles over X, E; — X
and Fy = X we can define the Whitney sum of them as

Ei ¢ Ey = {(’1}1,’1}2) € F1 x Es, 7T1<’U1) = 7T2(’l)2)} C E1 X Ey

with the induced topology. The projection 7 : F1 & Fy — X
is defined as 7(vy,vy) := 7 (v1) = ma(v2). In this case we have
(El SP) E2)a: = (El):p S5 (EQ):E

Proposition B.7. Let E be a vector bundle over X. There exists
another vector bundle E' over X such that E ® E' = X x C" for

some n.

Definition B.8. Given a complex vector bundle E over X, a
section on E is a continuous function £ : X — FE such that
&(x) € E, for all x € X. We denote the complex vector space of
sections on E by I'(E).

It is not hard to verify that I'(Ey @ Ey) = T'(Ey) @ I'(Es)
for any two vector bundles.

Remark B.9. The set I'(F) has a natural C'(X )-module structure,
take f € C(X) and { € T'(E) we define

(& N)x) = f(z)€(x)

for all z € X. It is not hard to verify that - f € T'(E). In fact if £
is another bundle over X and 7 : F — E' is a bundle map, then
we can define I'(7) : T'(E) —» T'(E) as T'(7)(§) = 7 o & It can also
be shown that for any f € C(X) we have I'(1)(§- f) =T(7)(&) - f
and I'(idg) = 1p(g), therefore any bundle map induces a module

homomorphism.

We can look at vector bundles over X as a category where

the morphisms are the bundle maps. In this setting we have:



170 APPENDIX B. Vector Bundles

Proposition B.10. I' defines a functor from the category of
vector bundles over X to the category of C(X)-modules which is
full and faithful.

Theorem B.11 (Serre-Swan). The functor I' from the category
of wvector bundles over a compact space X to the category of
finitely generated projective modules over C(X) is an equivalence

of categories.
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