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ABSTRACT
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Through the historical analysis of Dienes’ works and through the suggestions of activities, the objective of this text
is to understand the movement of systematization of knowledge for teaching and to teach classification, ranking,
and ordination through the use of logical blocks during the Modern Mathematics Movement (1960-1980), a time of
transformations in the structure and teachings of mathematics characterized by the circulation of educational
experiences, which recommended the use of logical blocks as facilitators in the materialization of abstract ideas.
To assist in this study, we bring references mobilized in works from the Research Team in the History of
Educational Sciences (ERHISE), from the University of Geneva, Switzerland. Such references seek to historically
understand the professional knowledge of teaching, objectified in legislation, programs, curriculum, decrees,
among others with regard to the knowledge to teach and for teaching. The study suggests that one of the
objectified knowledges in Brazilian programs, is the way to approach the logical-mathematical structures in a
concrete way, that is, with the use of logical blocks to build and materialize knowledge referring to the logical
structures of classification, ranking and ordination.
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INTRODUCTION
Manipulative materials have long been used to assist in the teaching of mathematics and, in its majority, are intended for the
early school years. According to Vidal (2017), the culture of school materials has emerged as an object of investigation and source
for understanding the history of school and schooling process.
Souza (2013) points out that, in a historical perspective, the relationship between school materials and pedagogical renovation
has been consolidated in primary education since the 19th century in several Western countries, when new ways of organizing
elementary school were experimented, aiming to universalize education. Additionally, Roberts (2014) states that there is a great
number of researches on the use of manipulative materials in the classroom, which demonstrates their use since the 1960s to the
present day. He explains this fact by stating that the United States experienced a Montessori (1870-1952) reconstruction beginning
in the 1950s which, in the early 20th century, developed into several manipulative materials intended for learning, and this may
have coincided with the interest in renewing mathematics education both in the United States and in Europe, using manipulative
materials, combined with the development of Pedagogy and Educational Psychology, whose influence extended far beyond
mathematics, with the Swiss Jean Piaget, among others.
In this text, we will consider manipulative, concrete, and structured materials, as “supports and utensils that, at different time
and places, were invented, mobilized, transposed, disseminated to and by the school (ALVES, 2010, p. 103).
Among the educators who, in the 1960’s, helped popularize materials for mathematics education, we can cite Emile-Georges
Cuisenaire, Caleb Gattegno and Zoltan Dienes (1916-2014). The latter, is a Hungarian educator with PhDs in Mathematics and
Psychology, who considered Mathematics a unique structure, however he used a more concrete methodology. He was one of the
great pioneers of studies alluding to the methodology for teaching in the initial grades and was considered a reference in the field
of Mathematics Education. During this period there were also curricular renovation movements in France, United States and other
different countries.
Hence, we believe that the use of materials to assist in the teaching and learning of mathematics has, in fact, a history that
precedes electronic technology, some of which were proclaimed as revolutionary, as is the case with logical blocks, due to its
circulation and promises of modernization in the teaching of mathematics.
Copyright © 2020 by Author/s and Licensed by Modestum Ltd., UK. This is an open access article distributed under the Creative Commons Attribution License which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
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Valente (2007) supports the idea that educational knowledge is an element of school culture and within school mathematics
history it is considered a product of that culture in the teaching of mathematics. Therefore, the research of the historical use of
logical blocks can contribute to understand production and systematization of knowledge and objectification of school
knowledge with the use of manipulative materials. As we understand it, systematization is a process of transforming knowledge
into teachings, and objectification is the product of that process.
Thus, we can consider that the sixties and seventies of the twentieth century present certain particularities in mathematics
education for the initial grades. The implementation of renovations in the educational systems of the Brazilian states, related to
the deliberations of the Laws of Directives and Bases of the National Education, 4.024 / 1961 Law, and 5692/71 LDB) incorporated
different strategies. Two of these strategies consist of training courses offered in many parts of Brazil and the distribution of
publications for teachers, guaranteeing the circulation of methodological prescriptions and guidelines for schools in the new
network organizational structure and guidelines related to the teaching profession (França, 2019).
In this study, we will focus on the prescriptions and guidelines related to the use of logical blocks as manipulative material
during the term of the Modern Mathematics Movement (MMM), which, in general, aimed to “modernize” the teaching and learning
of Mathematics, changing and updating its contents and methods, encouraging the participation of teachers in events in which
issues related to the new teaching proposal were discussed. In this perspective, the national law of education, namely the 4024/61
Law, provided curricular flexibility to the educational systems of each Brazilian state, creating opportunities for the MMM ideas
and new teaching/learning experiences to be adopted.
In the initial school grades, Curricula and Programs were influenced by the proposals of the mathematics educator Zoltan
Dienes. In this article, we have focused on official sources, that is, educational programs prepared by official institutions. Dienes
disseminated his work in Brazil through study groups, mainly by the Mathematics Education Study Group (GEEM), founded in 1961,
under the presidency Oswaldo Sangiorgi and with George Springer as a collaborator. Fischer (2007) believes that the constitution
and performance of GEEM were extremely important for the implementation and dissemination of MMM in Brazil.
At that time, some publications guaranteed the circulation of guidelines regarding both mathematics to teach and educational
experiences carried out in experimental schools, which established changes, with a view to standardizing the actions of schools
in the newly created education system, including new methodologies that used the logical blocks. We can infer that these
guidelines were objectified in the programs of that period. The objectification of knowledge represents the last stage of the journey
that transforms information about teaching experiences into professional knowledge of the teacher.
But what is this mathematics to teach, which we take in as a reference? To assist in the study, we bring references mobilized
in works from the Research Team in the History of Educational Sciences (ERHISE), from the University of Geneva, Switzerland.
Such references seek to understand historically the professional knowledge of teaching, objectified in legislation, programs,
curriculum, decrees, among others with regard to the knowledge to teach and for teaching. According to Borer (2017), Knowledge
for teaching is configured as professional knowledge, which is developed through the progressive constitution of the educational
sciences disciplinary field; as for the knowledge to teach, it comes from the reference disciplinary fields, constituted by university
disciplines. More specifically, the knowledge to teach is represented as an object of teaching and the knowledge for teaching is
characterized as a professional tool for the teacher. For Valente (2017), the knowledge to teach is characterized as that which the
teacher must use for the formative tasks (e.g., study plans, programs, and manuals) and the knowledge to teach as the one that
should be mobilized in the teaching practice (e.g., forms of treating the knowledge to teach, ideas of how students should learn
that knowledge, their ways of learning, the transformations that the knowledge to teach must undergo).
More specifically, we analyze in a historical perspective the systematization of methodological guidelines using logical blocks
to teach elementary mathematical structures of classification, ranking and ordination, although this material presents different
possibilities for pedagogical practice, throughout the whole schooling process. It contributes to the development of ideas in the
multiplicative field (fundamental principle of counting).
According to Valente (2019), this knowledge is built upon new concepts, which take into account the “objectified knowledge”,
that is, knowledge institutionalized over time. This occurs due to a general consent over a knowledge that is explicit, formalized,
transmitted and intentionally included in teacher education. To help us understand this movement, we bring Valente (2018, 381382) to the dialogue that points out three steps for the investigation of the systematization of knowledge: recompilation of
teaching experiences, comparative analysis of knowledge, systematization and analysis of knowledge, for the study of how
scattered information becomes knowledge.
According to the Valente:
The procedure of systematization and analysis of the use of knowledge as knowledge represents the last stage of the
journey that transforms information about teaching experiences into professional knowledge of the teacher.
Systematization and analysis of use are procedures performed concurrently. Thus, it is up to the researcher or group of
researchers, to organize from the previous stage, an asepsis of subjective and conjunctural elements of the pedagogical
consensus, so that the knowledge can be seen with a character that can be generalized and used, that is, as to know. On
the other hand, the analysis includes, jointly, the verification in normative and / or pedagogical didactic instances of the
occurrence of use of the elements systematized by the researcher. (Valente, 2018, p.381).
Thus, for the author, it is the process of systematization that leads us to the objectification of knowledge. As long as we have
this systematization, we can make knowledge circulate and it only circulates if it is outside the subject, which is to say, objectified.
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Therefore, the objective of the article is to seek, through the historical analysis of Dienes’ works and the suggestion of activities,
understand the movement of systematization of knowledge to teach and for teaching classification, ranking and ordination with
the use of logical blocks, during the Modern Mathematics Movement (1960-1980).

MMM IN BRAZIL AND DIENES’ CONTRIBUTION TO EDUCATION IN INITIAL GRADES
Times change, societies need new knowledge and many discussions on teaching and learning bring educators together around
the MMM theme. According to Batista et al (2013), Franca (2016; 2019), Soares (2014) etc. the Movement began in the mid-1950s, a
time when the requirements for professional qualification and scientific discoveries were associated with the growing
appreciation for technology and science was considered a necessity in order to achieve economic growth.
The MMM, guided by cognitivism, that is, by Piaget’s psychogenetic theory, defends the idea that the individual builds
knowledge throughout his personal development. We can say that this Movement was constructed by several actions that
occurred around the world, as a consequence of the misalignment that existed between Mathematics development and its
teaching. Grounded on structuralism as a way of thinking about scientific production, analyzing the social reality based on the
construction of models that explain how relationships occur from what they call structures. This movement is based on
rationalism, that is, the source of knowledge is reason with an emphasis on abstraction. Dienes’ proposals are considered
appropriate for the initial grades, with an emphasis on his methodology and the introduction of the use of manipulative materials.
What are Dienes’ conceptions on the teachings of elementary structures? Dienes proposes that these materials be mobilized
so that abstract ideas can be materialized. How did he do it?
When reflecting on the importance of systematized knowledge guided by the use of logical blocks, we are obliged to consider
the emblematic context of Dienes’ pedagogical conceptions.
Many analyses have been carried out regarding this movement in Brazil, in terms of the country’s political, economic, and
social reality. In this text, we attempt to highlight how the movement of mathematics teaching renovation produced new
knowledge, now considered requirements for pedagogical practice. It is possible to identify, at this moment, systematized and
objectified knowledge for mathematics teaching in official public school programs for primary education, such as “preMathematics” activities through an approach that uses logical blocks, that is, logical-mathematical activities for the construction
of the concept of number by the child.
Pre-Mathematics activities, according to Denes, are those prior to the introduction of the concept of number. To him (1967b),
“the concept of number is very complex”. This can be explained by the fact that to him, grounded on Piaget (1984), number is a
mentally constructed structure by the child, which involves three basic concepts: conservation (invariance of the number); ranking
(order amongst its elements); and classification (the existence of one element inside the other). Therefore, such structures need
to be built prior to the introduction of the concept of number.
Piaget (1975) believes that the construction of knowledge occurs through one’s actions and by the coordination of these
actions over objects that constitute themselves as the basis of learning and human development. However, Piaget does not use
this belief on the pedagogical level, leaving it to the educators to experiment on new ways to offer knowledge to their students.
The development of the concept of number takes place in consonance with the development of the operations of quantity
conservation, as well as other logical operations such as classification and serialization. An operational notion of number is only
possible when the conservation of discontinuous quantities has been established, regardless of spatial arrangements. Numbers
result from three fundamental notions: unity, class-inclusion and ranking (ordination). Number is a synthesis of serialization and
inclusion, and therefore requires the following principles: commutativity, associativity, and reversibility. In the construction of
numbers, the logical notions of space through spatial displacements are built in parallel to the elementary actions of gathering,
separation, serialization or order changing, that is, making and undoing sets. This construction involves the development of the
categories of thought: object, space, time and causality. Such constructions can only take place before the existence of implicative
relations between assimilation schemes and explanatory relations between objects. Symmetric relations lead to the inclusion of
classes; asymmetric relations lead to serialization. The synthesis of these two operations leads the concept of number. This
synthesis is only possible because of the reversibility of thought with the grouping structure (Piaget, 1971; Rangel, 1992).
To exemplify: the basic concepts of number, measure, constants, lines, etc. are logical-mathematical knowledge (mental
operations), made up of relationships that cannot be observed. These notions are the product of the construction and
combinations of three mathematical structures, described by Bourbaki as mother-structures (algebraic, of order and topological),
considered by mathematician as fundamental, primitive and irreducible.
Nicolas Bourbaki is the pseudonym under which a group of mathematicians, mostly French, have written a series of books,
where they expose modern mathematics, which began to be published in 1935. The group disseminated, through books and
articles, changes in the teaching of Mathematics, in a structuralist and abstract conception, preaching the use of a logicaldeductive approach, and defended an internal revolution in Mathematics based on the development and study of the notion of
structure. (Vitti, 1998, p. 55).
The invention of Logical Blocks is, to this day, reason for controversies. It is believed to have been appropriated by Maria
Montessori (1870-1952), however in an interview conducted by Soares (2014), Dienes claims authorship to this material based on
the ideas of William Hull (1924-2010).
Dienes’ proposal for the logical blocks refers to a methodology that makes use of manipulative materials to carry out
mathematical activities, predominantly in groups. So, what are logical blocks?
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Figure 1. Logical Blocks
Source: UTFPR – Mathematics Laboratory (2019)

They are a structured material, or in other words, a material with established properties. They are a set consisting of 48 pieces
of wood or plastic, which have the following features: color (red, blue, and yellow), size (large and small), shape (square, rectangle,
triangle, and circle), and thickness (thin and thick). There is proportion among the pieces: the rectangle is half the size of the
square; the triangle is equilateral and each side corresponds to the measurement of the side of the square; the side of the small
square corresponds to a quarter of the side of the large square; and the thickness of the thick pieces must be twice the thickness
of the thin pieces. With these variables, the concepts of set, universe, logical connectors (conjunction, disjunction, negative, and
implication), study of groups, rings and bodies can be explored, and visual or auditory representations can also be encouraged.
Dienes compiles the previous teaching experiences with the use of logical blocks, to carry out activities with children and be
able to verify their ideas on the materialization of abstract ideas through structured materials.
He believes that the process for building the child’s thinking begins with the personification of the structures, then, when they
become familiarized with them, they can combine them, transforming them into more complex ones and, later, easily apply them
to numerical sets, thus, discovering, understanding and combining mathematical structures and the way they relate to one
another. Dienes uses the expressions personify or materialize to identify activities in which mathematical properties are
reproduced by means of structured material - in this case, logical blocks.
After a certain number of games with the same mathematical structure, of various forms, using different materials such as
buttons, toys, sticks, etc., they become aware of the similarities, of the analogy between the elements, despite their different
representations, that is, in the end it is all one single game. Dienes understands that the construction of graphical representations,
such as decision trees, schema, Cartesian product, double entry table or enumeration of disjoint sets of clusters are activities for
obtaining the solution to counting problems through these representations.
It can also be observed that Dienes guides himself by Piaget (1971), when arguing about the importance of exposing the child
to increasingly challenging situations, appropriate for the development of the desired mathematical concepts. Thus, Dienes
(1967a, p. 29) believes that: “There must be a rich variety of mathematical experiences, from which mathematical concepts can be
constructed by the children themselves. Many experiences will be necessary for each concept”.
Dienes’ works, in Piaget’s point of view, aim at a new methodology for teaching mathematics in the early school years. This
new knowledge for teaching consists of activities such as logical blocks carried out in artificially built situations. These situations
should illustrate the fundamental structures of mathematics that one wishes to explore, as well as the way they are related to each
other, giving room to more complex structures in investigative activities, individually or in small groups. According to him: “It is
from a rich environment that the child is able to build his knowledge, and we take as an example the learning of the mother
tongue” (Dienes, 1967b, p. 1).
Dienes did not believe it was possible to begin the study of a structure by working with properties axioms. He considered it
was important to familiarize the child with the structure through logical blocks, creating similar models. His idea was to play with
the different models, making the child realize the differences and similarities of the analyzed structures. Afterwards, the game
should become more difficult, including rules to restrict the student’s logical movements, raising analytical questions to lead to
axiomatic considerations. Dienes wanted the child to think until he reached a logical conclusion, using the reasoning he
considered acceptable (Dienes, 1974).

POSSIBLE MOVEMENT OF KNOWLEDGE SYSTEMATIZATION
In this section, we propose to capture a possible movement of systematization of experiences, derived from Dienes’ proposals
regarding pre-mathematical activities using logical blocks, that is, the transformation of these experiences into knowledge. To
achieve this, we will guide ourselves by the steps defined by Valente (2018), previously stated.
We begin the compilation procedure by investigating the process of constituting knowledge by Dienes, with the collection of
information organized in books, manuals, etc., that can highlight Dienes’ pedagogical work proposals. Then, we select the
experiences that can be considered as a new knowledge. What did Dienes propose that set him apart from previous proposals?
We begin the study by recollecting teaching experiences, that is, experiences that resulted from applying the project developed
by Dienes.
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Figure 2. Example of Classification Activity
Source: APLBS (UFSC – Institutional Repository, 2019)

Figure 3. Activities of Class Formation
Source: APLBS (UFSC - Institutional Repository, 2019)

According to Franca (2019) Dienes compiled and systematized his experiences first in the article “The formation of
mathematical concepts in children through experience”, in which he reported the new teaching methodologies, carried out in
Leicester (1958-1959), published by Educational Research, London, England. The use of logic blocks to develop elementary
mathematical structures has caught the attention of educators around the world. The idea was to begin school mathematics
through these activities, because according to the new studies that involved pedagogy and learning psychology, the programs
should be organized respecting the child’s cognitive development.
The complete results of this experience in Leicester, known as Project Leicestershire, were systematized into books, such as:
Modern Learning of Mathematics (Dienes, 1967a), Logic and logical games (1974), among others. These books were widely
circulated and published in Brazil, financed by the Ministry of Education and Culture (MEC) and widely advertised in teacher
training courses.
When revisiting the examples of activities suggested by Dienes in some publications - see references, for the development of
mathematical logical relationships (activities of classification, serialization, sequence, quantification, etc.) with the use of logical
blocks, we can conclude that the material aims to approach the logical-mathematical structures in a concrete way, that is, with
the use of material it is possible to construct and materialize the logical structures.
To better understand the use of manipulative material and the knowledge systematized by Dienes, we cite some activities
suggested by Dienes and Tellier (1973) to be worked on individual files or in groups, with the use of logical blocks.
Initially, as shown in Figure 2, activities of comparison are activities that involve the identification and adoption of a
preference criterion, groupings and games for organizing sets of objects.
In the process, it is essential to propose learning situations, as in Figure 3, in order to provide the acquisition of a language
that provides support for abstraction and generalization of concepts, starting from the concrete ones.
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Figure 4. Activities of Ranking and Ordination
Source: APLBS (UFSC - Institutional Repository, 2019)

From this point forward, sets are ordered and, thus, one goes from the sets to simple and biunivocal correspondence, cardinal
and ordinal numbers, entering the numbering system. Serialization activities, as shown in Figure 4 - considered herein as:
“organizing objects into sets so that they maintain the same relationship of difference with their neighbors” (São Paulo, 1976, p.
67) - imply in an arrangement or sets of objects. Oral language should be used in order to verify whether the child is able to
understand the relationship between objects. In linear serialization, other criteria can be explored to ordinate features such as
quantities, thickness, size and color, found in sets formed with the pieces of the logical blocks.
From the knowledge systematized by him and going back to the stages of analysis, we can say that in the last stage,
systematization and analysis of the use of knowledge as teachings, we noticed the appropriations of knowledge systematized by
Dienes materialized in the way the Programs prioritize and distribute their mathematical contents, addressing knowledge related
to pre-Mathematical activities by the use of logical blocks. We can say, to a large extent, that after a knowledge has been
developed, it becomes appropriate in different contexts, serving as a basis for new experiences.
Dienes’ collection First Steps, published in Brazil with funding from MEC, was considered at that time, by the developers of
teaching programs, as the “Bible”, to be followed by everyone and was always recommended to teachers in public-school systems.
In addition, research shows that this material was used by the vast majority of teachers and was considered, by many, as an
informative of the practice models that the Education Departments expected from them, during the MMM period.
We can infer that the courses offered by the public-school systems in most Brazilian states were vehicles for appropriating and
circulating the methodology developed and disseminated by Dienes for the use of logical blocks.
The systematization of knowledge by Dienes favored the production of new knowledge to teach and for teaching. Some of this
new knowledge refers to the revelation of the need for “Mathematics prior” to school, from the pedagogical point of view - a “PreMathematics”, which explores activities consistent with the period of psychological development. Thus, our theoretical
hypothesis refers to pre-mathematics as knowledge to teach, and the use of logical blocks to teach and learn pre-mathematics as
knowledge for teaching.
The knowledge to teach and for teaching disseminated by Dienes were appropriated by different publications in Brazil,
according to references, which began to include the methodology of logical blocks in the development of mathematical structures
in their programs. Therefore, we can infer that the activities with the blocks, proposed by Dienes for classification, ranking, and
ordination, were appropriated and objectified in Brazilian Programs, taking as examples the Curriculum Guides of São Paulo
(1975), Laboratory of Curricula in Rio de Janeiro (1977), Course Plan of Colégio Pedro II (1984), among others.
For example:
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Figure 5. PROGRAM MDC-SP, 1976
Source: SP, 1976 and RJ, 1976

Figure 6. Curricular Renovation in the State of Rio de Janeiro
Source: RJ, 1976
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Figure 7. Subsidy for the Implementation of the Curricular Guide for Mathematics - Algebra for the 1st to 4th grade
Source: São Paulo, 1976

The images shown above, of Programs in São Paulo and Rio de Janeiro, respectively, depict guidelines for teachers during the
MMM period. We recall that in these periods, the official publications, in addition to norms and directives referring to content,
graduation, evaluation, among others, assumed a didactic characteristic, for the immediate application of methodologies
appropriate to the new structural approach to Mathematics. As for the ideas of Zoltan Dienes, they presented the representation
that they would be easily applicable and achievable in the classroom with the use of logical blocks.
The curricular reformulation, proposed by the governments of many Brazilian states, triggered numerous other publications,
aimed at initial grade teachers, containing methodological guidelines, suggestion of activities and theoretical training to support
their practice, based on the systematization of Dienes’ proposals.

CONCLUSION
Returning to our guiding question: What knowledge to teach and for teaching were systematized in the teaching of premathematics in the early school years during the MMM?
Through the reflections presented, we can consider that one of the objectified and institutionalized knowledge in Brazilian
programs, were the approaches to logical-mathematical structures in a concrete manner, that is, with the use of logical blocks to
build and materialize knowledge referring to the logical structures classification, ranking and ordination.
We understand that the proposals in programs, courses for teachers and books, among others, objectified knowledge for the
structuralist approach to Mathematics, that proposed practices through manipulative activities, in this case by using logical blocks
and that, according to the conception of mathematical learning, contributed to the construction of the elementary notions
mentioned above. Such activities offer several examples of how to materialize mathematical structures through situations in
which the child participates in experiences, artificially constructed, using logical blocks. Thus, there is the possibility to build
logical-mathematical reasoning, from the elaboration of relations between the pieces, starting from the concrete to the abstract.
In summary, the knowledge objectified in the studied educational programs, by the use of logical blocks in the preMathematics activities approach, were circulated during the term of the MMM. Some of this new knowledge revealed the need for
“pre-mathematics”, that is, before the introduction of the concept of number, work on classification, ranking and ordination
activities.
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