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♣r♦❛❝❤ ✭❋❊▼✲❍❋❙✮✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇❛s ✉s❡❞ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡
❞✐s♣❧❛❝❡♠❡♥t r❡s✉❧ts✱ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ str❡ss ✜❡❧❞s ❛♥❞
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♠❡t❤♦❞✳ ■♥t❡r✲❡❧❡♠❡♥t ❝♦♥t✐♥✉✐t② ✐s ✐♠♣♦s❡❞
❜② ✉s✐♥❣ ❛ ♠♦❞✐✜❡❞ ✈❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡ ✐♥❝♦r♣♦r❛t✐♥❣ ❛♥ ✐♥❞❡♣❡♥❞❡♥t
✐♥t❡r❢❛❝❡ ✜❡❧❞ ❜❡t✇❡❡♥ t❤❡ ❡❧❡♠❡♥ts✳ ❚❤❡ ❢♦r♠✉❧❛t✐♦♥ ♠❛② ✐♥✈♦❧✈❡ r❡✲
❣✉❧❛r ♦r s✐♥❣✉❧❛r s❡❧❢✲❜❛❧❛♥❝❡❞ ❜❛s✐s✱ ❤♦✇❡✈❡r t❤❡ ♠❛tr✐❝❡s ❛r❡ ♦❜t❛✐♥❡❞
✐♥ ❜♦t❤ ❝❛s❡s ❜② ✐♥t❡❣r❛t✐♦♥ ✐♥t♦ r❡❣✉❧❛r r❡❣✐♦♥s✳ ❚❤❡ ❞♦♠❛✐♥ ♠❛tr✐❝❡s
♦❢ t❤❡ ❡❧❡♠❡♥t ❝❛♥ ❜❡ ❝♦♥✈❡rt❡❞ ✐♥t♦ ❜♦✉♥❞❛r② ✐♥t❡❣r❛❧s ❜❡❝❛✉s❡ ♦❢ t❤❡
❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ s❡❧❢✲❜❛❧❛♥❝❡❞ ❜❛s❡ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s✳
❚❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✇❛s ♣❡r❢♦r♠❡❞ ❢♦r ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐✲
❝❛t✐♦♥ ✈✐❛ ❋❊▼✲❍❋❙ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦❞❡ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ✐♥
❋♦rtr❛♥✳ ❚❤❡ ♠❡s❤ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❧✐♥❡❛r tr✐❛♥❣✉❧❛r ❡❧❡♠❡♥ts ♦❢ t❤r❡❡
♥♦❞❡s t♦ ❞❡✜♥❡ t❤❡ r❡s✉❧ts ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ✐♥ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❞♦♠❛✐♥
❛♥❞ tr✐❛♥❣✉❧❛r ❡❧❡♠❡♥ts ♦❢ ✉♣ t♦ ♥✐♥❡ ♥♦❞❡s ✐♥ ❡❛❝❤ ❡❛❞❣❡ t♦ ❞❡✜♥❡
t❤❡ ✐♥t❡r✲❡❧❡♠❡♥t ❞✐s♣❧❛❝❡♠❡♥ts✳ ❋✐♥❛❧❧②✱ ✇❛s ❝❛r✐❡❞ ♦✉t s✐♠✉❧❛t✐♦♥s ♦❢
❛ ♣❧❛t❡ ♦❢ ❧✐♥❡❛r ♠❛t❡r✐❛❧ ✐♥ ❡❧❛st✐❝ r❡❣✐♠❡ ✉♥❞❡r ✉♥✐❢♦r♠ ❞✐str✐❜✉t❡❞
❧♦❛❞ ♦❢ ❜❡♥❞✐♥❣ ❢♦r s♠❛❧❧ ❞❡❢♦r♠❛t✐♦♥s ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥ts ❜❡s✐❞❡s t♦
❛♥❛❧②③❡ ♣❧❛t❡ ♣r♦❜❧❡♠ ✇✐t❤ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❡♥s✐♦♥s✳ ❚❤❡ r❡s✉❧ts ✇❡r❡
❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❧✐t❡r❛t✉r❡ r❡s✉❧ts ❛✈❛✐❧❛❜❧❡ ❛♥❞ ❆♥s②s ❘© s♦❢t✇❛r❡✳

❑❡②✇♦r❞s✿ ❋✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥✱ ❤②❜r✐❞ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✱ s❡❧❢✲

❜❛❧❛♥❝❡❞ ❜❛s✐s✱ ♦rt❤♦tr♦♣✐❝ ♠❡♠❜r❛♥❡ ✱ ❧❛♠✐♥❛t❡❞ ♣❧❛t❡✳
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❋✐❣✉r❛ ✶ ■❧✉str❛çã♦ ❞♦ ♣❧❛♥♦ ❞❡ ❡❧❛st✐❝✐❞❛❞❡ ❧✐♥❡❛r✿ ❉♦♠í♥✐♦ ✭Ω✮

❡ ❝♦♥t♦r♥♦ ✭Γ✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

❋✐❣✉r❛ ✷ ■❧✉str❛çã♦ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❡♥tr❡ ❞♦✐s ❡❧❡♠❡♥t♦s ❡1 ❡ ❡2

❛❞❥❛❝❡♥t❡s✱ ♦♥❞❡ ΓIe é ♦ ❝♦♥t♦r♥♦ ❝♦♠✉♠ ❛ ❛♠❜♦s ❡❧❡♠❡♥t♦s✳ ✳ ✳ ✳ ✳ ✹✸

❋✐❣✉r❛ ✸ ■♥tr❛✲❡❧❡♠❡♥t ❡ ❢r❛♠❡ ✜❡❧❞ ❡♠ ✉♠ ❡❧❡♠❡♥t♦ ♣❛rt✐❝✉❧❛r

♥❛ ❢♦r♠✉❧❛çã♦ ❤í❜r✐❞❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

❋✐❣✉r❛ ✹ ❚í♣✐❝❛ ✐♥t❡r♣♦❧❛çã♦ ❧✐♥❡❛r ♣❛r❛ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦

❡♥tr❡✲❡❧❡♠❡♥t♦s ❡♠ ✉♠❛ ❛r❡st❛ ❞♦ ❡❧❡♠❡♥t♦ ❛❧❡❛tór✐♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

❋✐❣✉r❛ ✺ ▼♦❞❡❧♦ ❢ís✐❝♦ ❞❡ ♣❧❛❝❛ ❡♠ ❢♦r♠❛ ❞❡ ▲ ❡♠ ❛♥á❧✐s❡✱ ❝♦♠

♦r✐❣❡♠ ❡♠ χ1 ❂ ✵ ❡ χ2 ❂✵✳✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

❋✐❣✉r❛ ✻ ▼❛❧❤❛ tr✐❛♥❣✉❧❛r ❝♦♠✿ ③❡r♦ s✉❜❞✐✈✐sã♦ ♥❛ ❜♦r❞❛ ✭❛✮ ▼✶❀

❞✉❛s s✉❜❞✐✈✐sõ❡s ✭❜✮ ▼✷✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

❋✐❣✉r❛ ✼ ▼❛❧❤❛ ❆♥s②s r❡❢✳✿ ✷✵✶✹ ♥ós ❡ ✸✽✷✻ ❡❧❡♠❡♥t♦s✱ ✉t✐❧✐③❛❞❛

❝♦♠♦ r❡s✉❧t❛❞♦s ❞❡ r❡❢❡rê♥❝✐❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

❋✐❣✉r❛ ✽ ❊①❡♠♣❧✐✜❝❛çã♦ ❞❡ ❛♣❧✐❝❛çã♦ ❞♦s ♣♦♥t♦s ❞❡ ♣❧♦t❛❣❡♠ ❝♦♠

❣r❛❞❡ ✉♥✐❢♦r♠❡ ♥♣✐ ✷✷ ① ✷✷ ✉t✐❧✐③❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦ ❛♣❧✐❝❛❞♦ ❛ ✉♠

❡❧❡♠❡♥t♦ tr✐❛♥❣✉❧❛r ❣❡♥ér✐❝♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

❋✐❣✉r❛ ✾ ❈♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ u1 ❛♦ ❧♦♥❣♦ ❞❛ ❧✐♥❤❛

χ2 = 50 ♠♠ ✭❆✲❇✮✱ ❝♦♠ γ = 5✱ ❡♠ r❡❧❛çã♦ ❛ ❞✐❢❡r❡♥t❡s ♥ú♠❡r♦s ❞❡

♣♦♥t♦s ❞❡ ✐♥t❡❣r❛çã♦ ♥♣✐ ❡ ♥♣♣ = 22 ❛♣❧✐❝❛❞❛ ❛ ♠❛❧❤❛ ▼✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

❋✐❣✉r❛ ✶✵ ❈♦♠♣♦rt❛♠❡♥t♦ ❞❛ t❡♥sã♦ σ22 ❛♦ ❧♦♥❣♦ ❞❛ ❧✐♥❤❛ χ2 = 50

♠♠ ✭❆✲❇✮✱ ❝♦♠ γ = 5✱ ❡♠ r❡❧❛çã♦ ❛ ❞✐❢❡r❡♥t❡s ♥ú♠❡r♦s ❞❡ ♣♦♥t♦s

❞❡ ✐♥t❡❣r❛çã♦ ♥♣✐ ❡ ♥♣♣ = 22 ❛♣❧✐❝❛❞❛ ❛ ♠❛❧❤❛ ▼✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

❋✐❣✉r❛ ✶✶ ❈♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ u1 ❛♦ ❧♦♥❣♦ ❞❛ ❧✐♥❤❛

χ2 = 50 ♠♠ ✭❆✲❇✮✱ ❝♦♠ ♥♣♣ = 22✱ ❡♠ r❡❧❛çã♦ ❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s

❞❡ γ ❛♣❧✐❝❛❞❛ ❛ ♠❛❧❤❛ ▼✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽



❋✐❣✉r❛ ✶✷ ❈♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ u2 ❛♦ ❧♦♥❣♦ ❞❛ ❧✐♥❤❛

χ2 = 50 ♠♠ ✭❆✲❇✮✱ ❝♦♠ ♥♣♣ = 22✱ ❡♠ r❡❧❛çã♦ ❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s

❞❡ γ ❛♣❧✐❝❛❞❛ ❛ ♠❛❧❤❛ ▼✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

❋✐❣✉r❛ ✶✸ ❈♦♠♣♦rt❛♠❡♥t♦ ❞❛ t❡♥sã♦ σ11 ❛♦ ❧♦♥❣♦ ❞❛ ❧✐♥❤❛ χ2 = 50

♠♠ ✭❆✲❇✮✱ ❝♦♠ ♥♣♣ = 22✱ ❡♠ r❡❧❛çã♦ ❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ γ

❛♣❧✐❝❛❞❛ ❛ ♠❛❧❤❛ ▼✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

❋✐❣✉r❛ ✶✹ ❈♦♠♣♦rt❛♠❡♥t♦ ❞❛ t❡♥sã♦ σ22 ♥❛ ❧✐♥❤❛ χ2 = 50 ♠♠

✭❆✲❇✮✱ ❝♦♠ ♥♣♣ = 22✱ ❡♠ r❡❧❛çã♦ ❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ γ ❛♣❧✐❝❛❞❛

❛ ♠❛❧❤❛ ▼✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

❋✐❣✉r❛ ✶✺ ❈♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ u1 ❛♦ ❧♦♥❣♦ ❞❛ ❧✐♥❤❛
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❉❖❋ ●r❛✉s ❞❡ ▲✐❜❡r❞❛❞❡





▲■❙❚❆ ❉❊ ❙■▼❇❖▲❖❙

χi ❈♦♦r❞❡♥❛❞❛s ❝❛rt❡s✐❛♥❛s

Ω ❉♦♠í♥✐♦ ❣❧♦❜❛❧ ❞♦ ❝♦r♣♦

Γ ❈♦♥t♦r♥♦ ❣❧♦❜❛❧ ❞♦ ❝♦r♣♦

Γu ❈♦♥t♦r♥♦ ❣❧♦❜❛❧ ❞❛s ❝♦♥❞✐çõ❡s ❞❡ ❞❡s❧♦❝❛♠❡♥t♦s ♣r❡s❝r✐t♦s

Γt ❈♦♥t♦r♥♦ ❣❧♦❜❛❧ ❞❛s ❝♦♥❞✐çõ❡s ❞❡ ❡s❢♦rç♦s ♣r❡s❝r✐t♦s

♥ ❱❡t♦r ✉♥✐tár✐♦ ♥♦r♠❛❧ ❛ s✉♣❡r❢í❝✐❡ ♠é❞✐❛

ti ❈♦♠♣♦♥❡♥t❡ ❞❛ tr❛çã♦ ❛t✉❛♥❞♦ ♥♦ ❝♦♥t♦r♥♦

ui ❈♦♠♣♦♥❡♥t❡ ❞♦ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦s

εij ❈♦♠♣♦♥❡♥t❡ ❞♦ ❝❛♠♣♦ ❞❡ ❞❡❢♦r♠❛çõ❡s

σij ❈♦♠♣♦♥❡♥t❡ ❞♦ ❝❛♠♣♦ ❞❡ t❡♥sõ❡s

✉ ❱❡t♦r ❝♦♠♣♦♥❡♥t❡s ❞♦s ❞❡s❧♦❝❛♠❡♥t♦s

① P♦s✐çã♦ ♥♦ ❞♦♠í♥✐♦

ε ❱❡t♦r ❞❡ ❞❡❢♦r♠❛çã♦

▲ ❖♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧

❉ ▼❛tr✐③ ❝♦♥st✐t✉t✐✈❛ ❞♦ ♠❛t❡r✐❛❧

Dij ❈♦♠♣♦♥❡♥t❡s ❞❛ ♠❛tr✐③ ❝♦♥st✐t✉t✐✈❛ ❞♦ ♠❛t❡r✐❛❧

D̃ij ❈♦♠♣♦♥❡♥t❡s ❞❛ ♠❛tr✐③ ❝♦♥st✐t✉t✐✈❛ r❡❞✉③✐❞❛ ❞♦ ♠❛t❡r✐❛❧

S̃ij ❈♦♠♣♦♥❡♥t❡s ❞❛ ♠❛tr✐③ ❝♦♥st✐t✉t✐✈❛ r❡❞✉③✐❞❛ ✐♥✈❡rs❛ ❞♦ ♠❛✲

t❡r✐❛❧

❜ ❱❡t♦r ❢♦rç❛s ❞❡ ❝♦r♣♦

bi ❈♦♠♣♦♥❡♥t❡s ❞♦ ✈❡t♦r ❢♦rç❛s ❞❡ ❝♦r♣♦

✉̃ ❱❡t♦r ❝♦♠♣♦♥❡♥t❡s ❞♦s ❞❡s❧♦❝❛♠❡♥t♦s ♥♦ ❝♦♥t♦r♥♦ ❞❛s ❝♦♥✲



❞✐çõ❡s ❡ss❡♥❝✐❛✐s

t̄ ❱❡t♦r tr❛çã♦ ❛t✉❛♥❞♦ ♥♦ ❝♦♥t♦r♥♦ ❞❛s ❝♦♥❞✐çõ❡s ♥❛t✉r❛✐s

t ❱❡t♦r tr❛çã♦ ❛t✉❛♥❞♦ ♥♦ ❝♦♥t♦r♥♦

❆ ▼❛tr✐③ tr❛♥s❢♦r♠❛çã♦ r❡❧❛❝✐♦♥❛❞❛ ❛s ❞✐r❡çõ❡s ❝♦ss❡♥♦s ❛♦ ✈❡✲

t♦r ♥♦r♠❛❧ ♥

①s P♦s✐çã♦ ❞❡ ❛♣❧✐❝❛çã♦ ❞❛s s♦❧✉çõ❡s ❢✉♥❞❛♠❡♥t❛✐s ✭s♦✉r❝❡ ♣♦✐♥ts✮

u∗
ik ❈♦♠♣♦♥❡♥t❡ ✐ ❞♦ ❞❡s❝♦❧❛♠❡♥t♦ ✐♥❞✉③✐❞♦

δ ❋✉♥çã♦ ❞❡❧t❛ ❞❡ ❉✐r❛❝

Πe ❋✉♥❝✐♦♥❛❧ ❤í❜r✐❞♦ ❞❡ ✉♠ ❡❧❡♠❡♥t♦

Ωe ❉♦♠í♥✐♦ ❞♦ ❡❧❡♠❡♥t♦s

Γe ❈♦♥t♦r♥♦ ❞♦ ❡❧❡♠❡♥t♦s

Γue ❈♦♥t♦r♥♦ ❝♦♠ ❞❡s❧♦❝❛♠❡♥t♦s ♣r❡s❝r✐t♦s ❞♦ ❡❧❡♠❡♥t♦

Γte ❈♦♥t♦r♥♦ ❝♦♠ ❡s❢♦rç♦s ♣r❡s❝r✐t♦s ❞♦ ❡❧❡♠❡♥t♦

ΓIe ❈♦♥t♦r♥♦ ✐♥t❡r♥♦ ❝♦♠✉♠ ❛ ❞♦✐s ❡❧❡♠❡♥t♦s ❛❞❥❛❝❡♥t❡s

❢ ❋✉♥çã♦ s✉❛✈❡ q✉❛❧q✉❡r

ni ❈♦♠♣♦♥❡♥t❡s ❝❛rt❡s✐❛♥❛s ❞♦ ✈❡t♦r ✉♥✐tár✐♦ ♥♦r♠❛❧ ❛ s✉♣❡r✲

❢í❝✐❡

ns ◆ú♠❡r♦ ❞❡ s♦✉r❝❡ ♣♦✐♥ts

◆e ❋✉♥çõ❡s ❞❡ ❛♣r♦①✐♠❛çã♦ ✐♥t❡r♥❛s

❝e ❱❡t♦r ❝♦❡✜❝✐❡♥t❡s ✐♥❝ó❣♥✐t♦s

①o P♦s✐çã♦ ❞❡ ✉♠ ♣♦♥t♦ ♥♦ ❝♦♥t♦r♥♦ ❞❡ ❡❧❡♠❡♥t♦

①c ❈❡♥tr♦✐❞❡ ❣❡♦♠étr✐❝♦ ❞♦ ❡❧❡♠❡♥t♦

γ ❈♦❡✜❝✐❡♥t❡ ❛❞✐♠❡♥s✐♦♥❛❧ q✉❡ ❝♦♥tr♦❧❛ ❛ ❞✐stâ♥❝✐❛ ❢ís✐❝❛ ❞♦

♣♦♥t♦ ①s ❛♦ ❝♦♥t♦r♥♦ ❞♦ ❡❧❡♠❡♥t♦

❇e ▼❛tr✐③ ❝❛♠♣♦ ❞❡ ❞❡❢♦r♠❛çã♦



❚e ▼❛tr✐③ ❝❛♠♣♦ ❞❡ t❡♥sõ❡s

◗e ▼❛tr✐③ ❝❛♠♣♦ ❞❡ ❡s❢♦rç♦s

◆̃e ❋✉♥çõ❡s ❞❡ ❛♣r♦①✐♠❛çã♦ ❡①t❡r♥❛s

❞e ❱❡t♦r ❞❡s❧♦❝❛♠❡♥t♦s ♥♦❞❛✐s

❑e ▼❛tr✐③ r✐❣✐❞❡③ ❞♦ ❡❧❡♠❡♥t♦

❣e ❱❡t♦r ❢♦rç❛s ♥♦❞❛✐s

Ue ❊♥❡r❣✐❛ ❞❡ ❞❡❢♦r♠❛çã♦ ❞♦ ❡❧❡♠❡♥t♦

❍e ▼❛tr✐③ ❞❡ ❞❡❢♦r♠❛❜✐❧✐❞❛❞❡ ✐♥t❡r♥❛ ❞♦ ❡❧❡♠❡♥t♦

●e ▼❛tr✐③ ❞❡ ❞❡❢♦r♠❛❜✐❧✐❞❛❞❡ ❡①t❡r♥❛ ❞♦ ❡❧❡♠❡♥t♦

❘e ▼❛tr✐③ ❞❡ r❡❝✉♣❡r❛çã♦ ♠♦✈✐♠❡♥t♦ ❞❡ ❝♦r♣♦ rí❣✐❞♦

re ❱❡t♦r ❞❡ r❡❝✉♣❡r❛çã♦ ♠♦✈✐♠❡♥t♦ ❞❡ ❝♦r♣♦ rí❣✐❞♦

❝0 ❱❡t♦r ♠♦✈✐♠❡♥t♦ ❞❡ ❝♦r♣♦ rí❣✐❞♦

❊ij ▼ó❞✉❧♦ ❞❡ ❡❧❛st✐❝✐❞❛❞❡ ♥❛ ❞✐r❡çã♦ ✐❥

●ij ▼ó❞✉❧♦ ❞❡ ❝✐s❛❧❤❛♠❡♥t♦ ♥❛ ❞✐r❡çã♦ ✐❥
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✸ ❘❊❙❯▲❚❆❉❖❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✸✳✶ ▼❖❉❊▲❖ ❉❊ P▲❆❈❆ ❊▼ ▲ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✸✳✷ ▼❖❉❊▲❖ ❉❊ P▲❆❈❆ ❖❘❚❖❚❘ÓP■❈❆ ❋■◆■❚❆ ❈❖▼

❋❯❘❖ ❈■❘❈❯▲❆❘ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✹ ❈❖◆❈▲❯❙Õ❊❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸



❘❊❋❊❘✃◆❈■❆❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

❆P✃◆❉■❈❊ ❆ ✲✲ Pr♦❝❡❞✐♠❡♥t♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♣❛r❛ ❢♦r♠✉❧❛çã♦

❞❛ ♠❛tr✐③ ❝♦♥❡❝t✐✈✐❞❛❞❡ ❤í❜r✐❞❛ ❡ ✢✉①♦ ❞❡ ❝á❧❝✉❧♦s ❞♦

❋❊▼✲❍❋❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾



✷✼

✶ ■◆❚❘❖❉❯➬➹❖

✶✳✶ ❈❖◆❚❊❳❚❖

❊♥tr❡ ♦✉tr❛s ❝♦✐s❛s ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ t❡❝♥♦❧ó❣✐❝♦ ❡stá ✐♥tr✐♥s❡✲

❝❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ ❛♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ♥♦✈♦s ♠❛t❡r✐❛✐s✳ ❆ ✐❞❡✐❛ ❞❡

♠❛t❡r✐❛✐s ❝♦♠♣♦st♦s ♥ã♦ é ♥♦✈❛✱ ✉♠❛ ✈❡③ q✉❡ ♥❛ ♥❛t✉r❡③❛ ♣♦❞❡✲s❡ ♦❜✲

s❡r✈❛r ✐♥ú♠❡r♦s ❡①❡♠♣❧♦s✱ t❛❧ ❝♦♠♦ ❛ ♠❛❞❡✐r❛✱ ✉♠ ♠❛t❡r✐❛❧ ❝♦♠♣♦st♦

✜❜r♦s♦✳ ❆ ♣❛rt✐r ❞♦s ❛♥♦s ✻✵✱ ❤á ✉♠❛ ❣r❛♥❞❡ ❞❡♠❛♥❞❛ ♣♦r ♠❛t❡r✐❛✐s

❝♦♠ ♠❛✐♦r r✐❣✐❞❡③ ❡ r❡s✐stê♥❝✐❛ ❡ q✉❡✱ ❛♦ ♠❡s♠♦ t❡♠♣♦✱ ❛❧✐❛ss❡♠ ✉♠

❜❛✐①♦ ♣❡s♦✳ ❆t✉❛❧♠❡♥t❡✱ ❡❧❡♠❡♥t♦s ❡str✉t✉r❛✐s ❝♦♠♦ ✈✐❣❛s ❡ ♣❧❛❝❛s ❞❡

♠❛t❡r✐❛✐s ❝♦♠♣♦st♦s sã♦ ✉s❛❞♦s ❧❛r❣❛♠❡♥t❡ ❡♠ ♠✉✐t♦s s❡t♦r❡s ❞❛ ✐♥✲

❞ústr✐❛ ❝♦♠♦ ❡♠ ❡q✉✐♣❛♠❡♥t♦s✱ ❡♠ ❞✉t♦s ♦✉ ❡♠ ✈❛s♦s ❞❡ ♣r❡ssã♦✱ ♥❛

✐♥❞ústr✐❛ ❛❡r♦❡s♣❛❝✐❛❧ ♠✉✐t❛s ✈❡③❡s s♦❜ ❢♦r♠❛ ❞❡ ❝♦♠♣♦st♦s ❧❛♠✐♥❛❞♦s✱

❡♠ ♥❛✈✐♦s✱ ♣♦♥t❡s ✭▼❊◆❉❖◆➬❆✱ ✷✵✵✺✮✳

❊st❛ ✉t✐❧✐③❛çã♦ é ❥✉st✐✜❝❛❞❛ ♣❡❧♦ ❢❛t♦ ❞❡ q✉❡✱ ♥❡st❛s ❡str✉t✉✲

r❛s✱ ♦ ❝❛rr❡❣❛♠❡♥t♦ é s✉♣♦rt❛❞♦ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣♦r t❡♥sõ❡s ❝♦♣❧❛♥❛r❡s✱

r❡s✉❧t❛♥❞♦ ❡♠ ✉♠❛ ❣❡♦♠❡tr✐❛ ♠✉✐t♦ ❝♦♠♣❛❝t❛✱ ♠❛s ❛♦ ♠❡s♠♦ t❡♠♣♦

rí❣✐❞❛✱ r❡❢♦rç❛♥❞♦ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s q✉❡ ❛❧✐❛♠ ♦ ❜❛✐①♦

♣❡s♦ ❡ ❛ ❛❧t❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❝❛r❣❛✳

▼✉✐t♦s ♣r♦❜❧❡♠❛s ❞❡ ❡♥❣❡♥❤❛r✐❛ ❝✉❥♦s ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s

♣♦❞❡♠ s❡r ❡①♣r❡ss♦s ♥❛ ❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧ ♦✉ ♥❛ ❢♦r♠❛ ✐♥t❡❣r❛❧ sã♦ r❡✲

s♦❧✈✐❞♦s ✉♥✐❝❛♠❡♥t❡ ✈✐❛ ❛♣r♦①✐♠❛çõ❡s ♥✉♠ér✐❝❛s✱ ❞❡✈✐❞♦ s✉❛ ❝♦♠♣❧❡✲

①✐❞❛❞❡ ♣❛r❛ ❞❡r✐✈❛çã♦ t❡ór✐❝❛✳ ❆s té❝♥✐❝❛s ❧❛r❣❛♠❡♥t❡ ✉t✐❧✐③❛❞❛ ♣❛r❛

r❡s♦❧✈❡r ❡st❡s ♣r♦❜❧❡♠❛s sã♦ ♦ ▼ét♦❞♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐♥✐t♦s ✭▼❊❋✮

❡ ▼ét♦❞♦ ❞❡ ❊❧❡♠❡♥t♦s ❞❡ ❈♦♥t♦r♥♦ ✭❇❊▼✮✳ ❖ ▼❊❋ ❝❛r❛❝t❡r✐③❛✲s❡

♣♦r ❞✐s❝r❡t✐③❛r ♦ ❞♦♠í♥✐♦ ❞♦ ♣r♦❜❧❡♠❛ ❜❡♠ ❝♦♠♦ ♦ ❝♦♥t♦r♥♦ ❞❛ r❡❣✐ã♦

❛ s❡r ❛♥❛❧✐s❛❞❛✳ ❊♠ ❝♦♥tr❛♣❛rt✐❞❛✱ ♦ ❇❊▼✱ ❞✐s❝r❡t✐③❛ ❛♣❡♥❛s ♦ ❝♦♥✲

t♦r♥♦ ❞❛ r❡❣✐ã♦ ❛ s❡r ❛✈❛❧✐❛❞❛✳ ❆s s✐♠♣❧✐✜❝❛çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ♣r♦❜❧❡♠❛

r❡❛❧ ♣❛r❛ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ❡①♣r❡ss♦ ♣❡❧♦ ▼❊❋ ♣♦ss✐❜✐❧✐t❛ ❛ ❡❝♦♥♦✲

♠✐❛ ❝♦♥s✐❞❡rá✈❡❧ ❞❡ tr❛❜❛❧❤♦ ♥✉♠ér✐❝♦ ❛❧é♠ ❞❡ ❝♦♥st✐t✉✐r ✉♠❛ ♠❛♥❡✐r❛



✷✽ ✶ ■♥tr♦❞✉çã♦

♠✉✐t♦ ❝♦♥✈❡♥✐❡♥t❡ ♣❛r❛ tr❛t❛r r❡❣✐õ❡s ♥ã♦ ❧✐♠✐t❛❞❛s ✭❝♦♠♦ ♦s ♠❡✐♦s

s❡♠✐✲✐♥✜♥✐t♦s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❣❡♦♠❡❝â♥✐❝❛✮ ❛tr❛✈és ❞❡ ♠❡✐♦s ♥✉♠é✲

r✐❝♦s ✭❇❘❊❇❇■❆❀ ❚❊▲▲❊❙❀ ❲❘❖❇❊▲✱ ✶✾✽✹✮ ✭❇❘❊❇❇■❆❀ ❲❆▲❑❊❘✱

✶✾✽✵✮ ❡♠ ❝♦♥tr❛st❡ ❛♦ ❇❊▼✳

❙♦❜ ❛ ót✐❝❛ ♠❛t❡♠át✐❝❛✱ ♦s ♠♦❞❡❧♦s ❞❡ ✈✐❣❛s ❡ ♣❧❛❝❛s ❛♣r❡✲

s❡♥t❛♠ ✉♠ ❞❡s❛✜♦ ✐♥t❡r❡ss❛♥t❡ ♣♦r ❞✐✈❡rs♦s ❢❛t♦r❡s✱ ♣♦r ❡①❡♠♣❧♦✿ ✭✶✮

s❡❥❛ ♣❡❧♦ ❛❝♦♣❧❛♠❡♥t♦ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s q✉❡ s✉r❣❡♠ ❝♦♠ ♥ã♦✲

❧✐♥❡❛r✐❞❛❞❡s ❣❡♦♠étr✐❝❛s ♦✉ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ r❡❧❛çõ❡s ❝♦♥st✐t✉t✐✈❛s❀ ✭✷✮

♣❡❧♦ s✉r❣✐♠❡♥t♦ ❞❡ ♣r♦❜❧❡♠❛s ♥✉♠ér✐❝♦s ❝♦♠♦ ♦ tr❛✈❛♠❡♥t♦ ♣♦r ❝✐s❛✲

❧❤❛♠❡♥t♦ ✭●❆❘❈■❆ ❡t ❛❧✳✱ ✷✵✵✵✮❀ ✭✸✮ ♣❡❧❛ ❡①✐❣ê♥❝✐❛ ❞❡ ❛❧t❛ r❡❣✉❧❛r✐❞❛❞❡

❞❛s ❢✉♥çõ❡s ❞❡ ❛♣r♦①✐♠❛çã♦ ❡♠ ❛❧❣✉♥s ♠♦❞❡❧♦s✱ ❝♦♠♦ ♦s ❞❡ ❑✐r❝❤❤♦✛

❡ ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ✭❇❆❘❈❊▲▲❖❙❀ ▼❊◆❉❖◆➬❆❀ ❉❯❆❘❚❊✱ ✷✵✵✾✮✱

♥ã♦ ♣r♦✈✐❞❛s ♥❛t✉r❛❧♠❡♥t❡ ♣❡❧♦ ▼❊❋✳ ❉❡st❛ ❢♦r♠❛✱ ✜❝❛ ❝❧❛r♦ ♦ ❣r❛♥❞❡

✐♥t❡r❡ss❡✱ t❛♥t♦ ✐♥❞✉str✐❛❧ q✉❛♥t♦ ❛❝❛❞ê♠✐❝♦ ❡♠ ❡st✉❞❛r✱ ❛♥❛❧✐s❛r ❡ ♣r❡✲

✈❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ss❛s ❡str✉t✉r❛s✳

✶✳✷ ❖❇❏❊❚■❱❖❙

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ✐♠♣❧❡♠❡♥t❛r ♦ ♠♦❞❡❧♦ ❞❡ ❡st❛❞♦

♣❧❛♥♦ ❞❡ t❡♥sõ❡s ✉s❛♥❞♦ ♦ ▼ét♦❞♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐♥✐t♦s ❍í❜r✐❞♦ ❝♦♠

❛♣r♦①✐♠❛çã♦ ✈✐❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧ ✭❋❊▼✲❍❋❙✮✱ ♣❛r❛ ♠♦❞❡❧❛❣❡♠

❞❡ ♣❧❛❝❛ ❞❡ ♠❛t❡r✐❛❧ ❝♦♠♣♦st♦ ❧❛♠✐♥❛❞♦ ♦rt♦tró♣✐❝♦✱ s✐♠étr✐❝♦✱ s♦❜

❝❛rr❡❣❛♠❡♥t♦ ❡♠ ✢❡①ã♦ ❞❡ ♠❡♠❜r❛♥❛✱ ♣❛r❛ ♣❡q✉❡♥❛s ❞❡❢♦r♠❛çõ❡s ❡

❞❡s❧♦❝❛♠❡♥t♦s ❡✱ ❛♥❛❧✐s❛r ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡ t❡♥sõ❡s✳ ❱✐s❛✲

s❡ ✉s❛r ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ♣❛r❛ ✐♥✈❡st✐❣❛r ♦s r❡s✉❧t❛❞♦s ❞❡ ❞❡s❧♦❝❛♠❡♥t♦✱

♦s ❡❢❡✐t♦s ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦s ❝❛♠♣♦s ❞❡ t❡♥sã♦ ❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦

♠ét♦❞♦✳ P❛r❛ t❛❧✱ ❢♦✐ ✉t✐❧✐③❛❞♦ ❛ ❧✐♥❣✉❛❣❡♠ ❋❖❘❚❘❆◆✱ ❡st❛ ❞❡s❡♥✲

✈♦❧✈✐❞❛ ♥❛ ❞é❝❛❞❛ ❞❡ ✶✾✺✵ ❡ ✉t✐❧✐③❛❞❛ ❛té ♦s ❞✐❛s ❞❡ ❤♦❥❡ ♥❛s ár❡❛s ❞❛

❈✐ê♥❝✐❛ ❞❛ ❈♦♠♣✉t❛çã♦ ❡ ❛♥á❧✐s❡ ♥✉♠ér✐❝❛✱ ❡ ❜✐❜❧✐♦t❡❝❛s ❞❡ ❞❛❞♦s ❞✐s✲

♣♦♥í✈❡✐s ♥♦ ●❘❆◆❚❊✳ ❋✐♥❛❧♠❡♥t❡✱ r❡❛❧✐③❛r❛♠✲s❡ t❡st❡s ❝♦♠♣❛r❛t✐✈♦s

❞♦ ♠ét♦❞♦ ✐♠♣❧❡♠❡♥t❛❞♦ ❝♦♠ s♦❢t✇❛r❡ ❆♥s②s ❘©✳



✶✳✸✳ ❊str✉t✉r❛ ❞♦ t❡①t♦ ✷✾

✶✳✸ ❊❙❚❘❯❚❯❘❆ ❉❖ ❚❊❳❚❖

❉❡ ♠♦❞♦ ❛ ♦r❣❛♥✐③❛r ♦ ❞♦❝✉♠❡♥t♦ ❡ ❢❛❝✐❧✐t❛r ♦ ❡♥t❡♥❞✐♠❡♥t♦

❞♦ t❡①t♦✱ ❡st❛ ❞✐ss❡rt❛çã♦ ❡stá ♦r❣❛♥✐③❛❞❛ ❝♦♠♦ s❡❣✉❡✳ ◆♦ ❈❛♣ít✉❧♦ ✷

❛♣r❡s❡♥t❛✲s❡ ✉♠❛ r❡✈✐sã♦ ❜✐❜❧✐♦❣rá✜❝❛ ❞♦s ♣r✐♥❝✐♣❛✐s tó♣✐❝♦s q✉❡ ❡♥✈♦❧✲

✈❡♠ ❡st❡ tr❛❜❛❧❤♦✳

◆❛ ❙❡çã♦ ✷✳✶ é ❛♣r❡s❡♥t❛❞♦ ✉♠❛ ❜r❡✈❡ r❡✈✐sã♦ ❜✐❜❧✐♦❣rá✜❝❛

r❡❢❡r❡♥t❡ ❛ t❡♦r✐❛ ❞❡ ❡❧❛st✐❝✐❞❛❞❡ ❧✐♥❡❛r ❞❡ ♠❛t❡r✐❛✐s ♦rt♦tró♣✐❝♦s✳ ◆❛

❙❡çã♦ ✷✳✷ sã♦ ❛♣r❡s❡♥t❛❞♦s ♦s ❝♦♥❝❡✐t♦s ♣r✐♥❝✐♣❛✐s ❞❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥✲

t❛❧ ❛♣❧✐❝❛❞❛ ❛ ❡❧❛st✐❝✐❞❛❞❡ ♣❧❛♥❛ ♦rt♦tró♣✐❝❛✳ ◆❛ ❙❡çã♦ ✷✳✸ ✐♥tr♦❞✉③ ❛s

❜❛s❡s ❞❛ ❢♦r♠✉❧❛çã♦ ✈❛r✐❛❝✐♦♥❛❧ ♣❛r❛ ♦ ▼ét♦❞♦ ❞❡ ❡❧❡♠❡♥t♦s ❋✐♥✐t♦s

❍í❜r✐❞♦ ❜❛s❡❛❞♦ ❡♠ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧ ✭❋❊▼✲❍❋❙✮ ❡ ♣♦r ✜♠✱ ♥❛

❙❡çã♦ ✷✳✹ ❛ é ❛♣r❡s❡♥t❛❞❛ ❛s ❡t❛♣❛s ❞❛ ❞✐s❝r❡t✐③❛çã♦ ❞♦ ♠♦❞❡❧♦ ❡♠

❊❧❡♠❡♥t♦s ❋✐♥✐t♦s✳

❖ ❈❛♣ít✉❧♦ ✸ ❛❜r❛♥❣❡ ♦s r❡s✉❧t❛❞♦s r❡❢❡r❡♥t❡ ❛♦s ♠♦❞❡❧♦s ❞♦✐s

♠♦❞❡❧♦s ♣r♦♣♦st♦s✿ ♠♦❞❡❧♦ ❞❡ ♣❧❛❝❛ ❡♠ ▲ ❡ ♠♦❞❡❧♦ ❞❡ ♣❧❛❝❛ ♦rt♦tró♣✐❝❛

✐♥✜♥✐t❛ ❝♦♠ ❢✉r♦ ❝✐r❝✉❧❛r✳

❊♥❝❡rr❛✲s❡ ❡st❡ tr❛❜❛❧❤♦ ❝♦♠ ♦ ❈❛♣ít✉❧♦ ✹✱ ♥♦ q✉❛❧ sã♦ ❢❡✐t❛s

❛s ❝♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s ❞❡st❡ tr❛❜❛❧❤♦ ❜❡♠ ❝♦♠♦ s✉❣❡stõ❡s ❞❡ tr❛❜❛❧❤♦s

❢✉t✉r♦s✳ P♦r ✜♠✱ ♥♦ ❛♣ê♥❞✐❝❡ ❆ é ❛♣r❡s❡♥t♦ ♦s ❞❡t❛❧❤❡s ❞❛s ❡t❛♣❛s

♦♣❡r❛❝✐♦♥❛✐s r❡❢❡r❡♥t❡s ❛♦s ❛❧❣♦r✐t♠♦s ♥✉♠ér✐❝♦s ♣❛r❛ ❝r✐❛çã♦ ❞❛ ♠❛❧❤❛

❤í❜r✐❞❛ ✉t✐❧✐③❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦ ❡ ✉♠ ❜r❡✈❡ ✢✉①♦❣r❛♠❛ ❞❛s ❡t❛♣❛s ❞❡

❝á❧❝✉❧♦✳





✸✶

✷ ▼➱❚❖❉❖ ❉❊ ❊▲❊▼❊◆❚❖❙ ❋■◆■❚❖❙ ❍❮❇❘■❉❖

❖ ▼ét♦❞♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐♥✐t♦s ❍í❜r✐❞♦✲❚r❡✛t③ ✭❋❊▼✲❍❚✮

♦r✐❣✐♥♦✉✲s❡ ❝♦♠ ❞♦✐s tr❛❜❛❧❤♦s ♣✐♦♥❡✐r♦s ❞❡ ❏✐r♦✉s❡❦ ✭❏■❘❖❯❙❊❑✱ ✶✾✼✽✮✱✭❏■✲

❘❖❯❙❊❑❀ ▲❊❖◆✱ ✶✾✼✼✮✳ ❖ ♠ét♦❞♦ ❝♦♥s✐st❡ ❡♠ ✉♠❛ ✈❡rsã♦ ♠♦❞✐✜✲

❝❛❞❛ ❞♦ ▼ét♦❞♦ ❱❛r✐❛❝✐♦♥❛❧ ❞❡ ❚r❡✛t③ ❛♣r❡s❡♥t❛❞♦ ♣r✐♠❡✐r❛♠❡♥t❡ ♣♦r

❚r❡✛t③ ❡♠ ✶✾✷✻ ✭❚❘❊❋❋❚❩✱ ✶✾✷✻✮ ❡♠ ❝♦♥tr❛♣❛rt✐❞❛ ❛♦ ▼ét♦❞♦ ❱❛r✐❛✲

❝✐♦♥❛❧ ❞❡ ❘❛②❧❡✐❣❤✲❘✐t③✳ ❖ ❋❊▼✲❍❚ é ❝♦♥s✐❞❡r❛❞♦ ✉♠ ♠ét♦❞♦ ❝♦♠♣✉✲

t❛❝✐♦♥❛❧♠❡♥t❡ ❡✜❝✐❡♥t❡ ♣❛r❛ ❝♦♠♣❧❡①♦s ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥t♦r♥♦ ✭◗■◆✱

✷✵✵✵✮✳ ❖ ♠ét♦❞♦ t❛♠❜é♠ ❛♣r❡s❡♥t♦✉✲s❡ ❡✜❝✐❡♥t❡ ♣❛r❛ ❛ ♠♦❞❡❧❛❣❡♠ ❞❡

♣❧❛❝❛s ❞❡ ▼✐♥❞❧✐♥ ✭❈❍❖❖❀ ❈❍❖■❀ ▲❊❊✱ ✷✵✶✵✮✱ ✭❏■❘❖❯❙❊❑✱ ✶✾✽✼✮✳

❖s ♠ét♦❞♦s ❛t✉❛❧♠❡♥t❡ ❡①✐st❡♥t❡s✱ t❛✐s ❝♦♠♦ ▼❊❋ ❡ ❋❊▼✲❍❚✱

♣♦ss✉❡♠ ❛❧❣✉♠❛s ❞❡s✈❛♥t❛❣❡♥s ❡♠ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ❡♥❣❡♥❤❛r✐❛

❝♦♠ ♠❛t❡r✐❛✐s ❝♦♠♣♦st♦s ❡ ❡❢❡✐t♦s ❧♦❝❛✐s✱ t❛❧ ❝♦♠♦ ❢✉r♦s ♦✉ tr✐♥❝❛s

✭◗■◆❀ ❲❆◆●✱ ✷✵✵✽✮ ✭❲❆◆●❀ ◗■◆✱ ✷✵✵✾✮✳ ◆♦ ▼❊❋✱ ❢❛③✲s❡ ♥❡❝❡ssá✲

r✐♦ ❛✈❛❧✐❛r ✐♥t❡❣r❛✐s q✉❡ ♥❡❝❡ss✐t❛♠ ♠✉✐t♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♣❛r❛

s❡r❡♠ r❡s♦❧✈✐❞❛s ❛❧é♠ ❞❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ r❡✜♥♦ ❧♦❝❛❧ ❞❡ ♠❛❧❤❛ ♣❛r❛

❛♥á❧✐s❡ ❞♦s ❡❢❡✐t♦s ❧♦❝❛✐s ✭❲❆◆●❀ ◗■◆✱ ✷✵✶✵✮✳ ❆ ♣r✐♥❝✐♣❛❧ ❞❡s✈❛♥t❛✲

❣❡♥s ❞♦ ♠ét♦❞♦ ❋❊▼✲❍❚ ❝♦♥s✐st❡ ♥❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❝♦♥str✉çã♦ ❞❛s

❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s ❚r❡✛t③✱ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❡s❝♦❧❤❡r ♦s t❡r♠♦s ❛ s❡✲

r❡♠ tr✉♥❝❛❞♦s ❞♦ ♣♦❧✐♥ô♠✐♦✱ ❛❧é♠ ❞❛ ❝♦♠♣❧❡①✐❞❛❞❡ ♥❛ tr❛♥s❢♦r♠❛çã♦

❞❛s ❝♦♦r❞❡♥❛❞❛s ♥❡❝❡ssár✐❛ ♣❛r❛ ❡st❛❜✐❧✐❞❛❞❡ ❞♦ ♠ét♦❞♦ ✭❲❆◆●❀ ◗■◆✱

✷✵✶✵✮✳ P❛r❛ tr❛♥s♣♦r ♦s ♣r♦❜❧❡♠❛s ♠❡♥❝✐♦♥❛❞♦s✱ ✭❲❆◆●❀ ◗■◆✱ ✷✵✶✵✮

❞❡s❡♥✈♦❧✈❡r❛♠ ✉♠ ♥♦✈♦ ♠ét♦❞♦ ❤í❜r✐❞♦ ❜❛s❡❛❞♦ ♥♦ ♠ét♦❞♦ ❋❊▼✲❍❚✳

❋❊▼✲❍❋❙ é ✉♠ ♠ét♦❞♦ ❤í❜r✐❞♦ q✉❡ ✉s❛ ❞♦✐s ❝❛♠♣♦s ❞❡ ❞❡s❧♦❝❛♠❡♥t♦s✱

❛ ♣r✐♥❝í♣✐♦ ✐♥❞❡♣❡♥❞❡♥t❡s✱ s❡♥❞♦ ✉♠ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦s ✐♥t❡r♥♦s

❛♦ ❡❧❡♠❡♥t♦✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ✐♥tr❛✲❡❧❡♠❡♥t ✜❡❧❞ ✭◗■◆✱ ✷✵✵✵✮✱ ❡ ✉♠

❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ ❞❡✜♥✐❞♦ ❛♣❡♥❛s ♥❛s ✐♥t❡r❢❛❝❡s ❡♥tr❡ ♦s ❡❧❡♠❡♥✲

t♦s✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❢r❛♠❡ ✜❡❧❞ ✭◗■◆✱ ✷✵✵✵✮✱ r❡s♣♦♥sá✈❡❧ ♣♦r ✐♠♣♦r✱ ❞❡

❢♦r♠❛ ❢r❛❝❛✱ ❛ ♣♦st❡r✐♦r✐✱ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦s ✭❇❘❊❇❇■❆❀

❚❊▲▲❊❙❀ ❲❘❖❇❊▲✱ ✶✾✽✹✮✳



✸✷ ❈❛♣ít✉❧♦ ✷✳ ▼ét♦❞♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐♥✐t♦s ❍í❜r✐❞♦

❖ ❝❛♠♣♦ ✐♥t❡r♥♦ ❞❡✈❡ s❡r ❡s❝♦❧❤✐❞♦ ❞❡ ❢♦r♠❛ ❛ s❛t✐s❢❛③❡r✱ ❛

♣r✐♦r✐✱ ❛s ❡q✉❛çõ❡s ❧♦❝❛✐s ❞❡ ❡q✉✐❧í❜r✐♦ ❞♦ ♣r♦❜❧❡♠❛ ✭◗■◆✱ ✷✵✵✵✮✳ ❆

❝♦♥t✐♥✉✐❞❛❞❡ ✐♥t❡r✲❡❧❡♠❡♥t❛r é ✐♠♣♦st❛ ♠❡❞✐❛♥t❡ ♦ ✉s♦ ❞❡ ✉♠ ♣r✐♥❝í♣✐♦

✈❛r✐❛❝✐♦♥❛❧ ♠♦❞✐✜❝❛❞♦ ✐♥❝♦r♣♦r❛♥❞♦ ✉♠ ❝❛♠♣♦ ❞❡ ✐♥t❡r❢❛❝❡ ✐♥❞❡♣❡♥✲

❞❡♥t❡ ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s ✭◗■◆✱ ✶✾✾✹✮✳ ❆ ❢♦r♠✉❧❛çã♦ ♣♦❞❡ ❡♥✈♦❧✈❡r ❜❛s❡

❡q✉✐❧✐❜r❛❞❛ r❡❣✉❧❛r ♦✉ s✐♥❣✉❧❛r✱ ♠❛s ❛s ♠❛tr✐③❡s sã♦ ♦❜t✐❞❛s ♣♦r ✐♥t❡❣r❛✲

çã♦ ❡♠ r❡❣✐õ❡s r❡❣✉❧❛r❡s✳ ❆♦ ✜♥❛❧ ❞❛ ❢♦r♠✉❧❛çã♦ ❛ ♠❛tr✐③ ❞❡ r✐❣✐❞❡③ é

s✐♠étr✐❝❛ ❡ ♣♦s✐t✐✈❛ s❡♠✐✲❞❡✜♥✐❞❛✳ ❆s ♠❛tr✐③❡s ❞♦ ❞♦♠í♥✐♦ ❞♦ ❡❧❡♠❡♥t♦

♣♦❞❡♠ s❡r ❝♦♥✈❡rt✐❞❛s ❡♠ ✐♥t❡❣r❛✐s ❞❡ ❝♦♥t♦r♥♦ ❞❡✈✐❞♦ às ❝❛r❛❝t❡ríst✐✲

❝❛s ❞❛ ❜❛s❡ ❛✉t♦✲❡q✉✐❧✐❜r❛❞❛✱ ♦ q✉❡ ♣♦❞❡ r❡❞✉③✐r ❞r❛st✐❝❛♠❡♥t❡ ♦ ❝✉st♦

❞♦ ♣r♦❝❡ss♦ ❞❡ ✐♥t❡❣r❛çã♦ ❡♠ ❞✐✈❡rs♦s t✐♣♦s ❞❡ ♣r♦❜❧❡♠❛s✳ ❉❡✈✐❞♦ às

❝❛r❛❝t❡ríst✐❝❛s ❞❛ ❢♦r♠✉❧❛çã♦ ❤í❜r✐❞❛✱ t♦r♥❛✲s❡ ♣♦ssí✈❡❧ ❞❡s❡♥✈♦❧✈❡r ❞✐✲

r❡t❛♠❡♥t❡ ❡❧❡♠❡♥t♦s ❞❡ ♣❧❛❝❛ ❧✐✈r❡s ❞❡ ❧♦❝❦✐♥❣ ❞❡ ❝✐s❛❧❤❛♠❡♥t♦✱ ❝♦♠♦

❝♦♥st❛t♦✉ ❏✐r♦✉s❡❦ ✭❏■❘❖❯❙❊❑❀ ❲❘Ó❇▲❊❲❙❑■❀ ❙❩❨❇■❿❙❑■✱ ✶✾✾✺✮✱

❡♠ s❡✉ tr❛❜❛❧❤♦ ♣❛r❛ ♣❧❛❝❛s ❤♦♠♦❣ê♥❡❛s✲✐s♦tró♣✐❝❛s✳

❖ ▼ét♦❞♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐♥✐t♦s ❍✐❜r✐❞♦ ❜❛s❡❛❞♦ ❡♠ s♦❧✉çõ❡s

❢✉♥❞❛♠❡♥t❛✐s ✭❋❊▼✲❍❋❙✮ ✉t✐❧✐③❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦ ❜❛s❡✐❛✲s❡ ❡♠ ✉♠❛

♠❛❧❤❛ tr✐❛♥❣✉❧❛r ❧✐♥❡❛r q✉❡ é ✉t✐❧✐③❛❞❛ ♣❛r❛ ❞❡✜♥✐r ♦s r❡s✉❧t❛❞♦s ❞❡

❞❡s❧♦❝❛♠❡♥t♦s ♥❛s ✐♥t❡r❢❛❝❡s ❞♦s ❡❧❡♠❡♥t♦s ❡ ♦ ❞♦♠í♥✐♦ ❞❡ ✐♥t❡❣r❛çã♦

♥✉♠ér✐❝❛ ♣❛r❛ ♠❛t❡r✐❛❧ ♦rt♦tró♣✐❝♦ s♦❜ ❡st❛❞♦ ♣❧❛♥♦ ❞❡ t❡♥sõ❡s✳ ❖

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ♠❛t❡♠át✐❝♦ ❞♦ ❋❊▼✲❍❋❙ ♣♦❞❡ s❡r ❞✐✈✐❞✐❞♦ ❡♠ ❞✉❛s

❡t❛♣❛s✿

✶✳ ❈r✐❛çã♦ ♥✉♠ér✐❝❛ ❞❡ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r ❧✐♥❡❛r✱ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❞❡✜✲

♥✐çã♦ ❞♦s r❡s✉❧t❛❞♦s ♥❛s ✐♥t❡r❢❛❝❡s ❞♦s ❡❧❡♠❡♥t♦s❀

✷✳ ❈r✐❛çã♦ ❞❡ ✉♠❛ s✉❜✲♠❛❧❤❛ ♠❡❞✐❛♥t❡ ❛ s✉❜❞✐✈✐sã♦ ❞❛s ❛r❡st❛s ❞♦s

❡❧❡♠❡♥t♦s ❞❛ ♠❛❧❤❛ ❧✐♥❡❛r ✭❡♠ ❛té ✽ s✉❜❞✐✈✐sõ❡s ♣♦r ❛r❡st❛✮ ✉t✐❧✐✲

③❛❞❛ ♣❛r❛ ❣❡r❛r ♦s ♣♦♥t♦s ❞❡ ❛♣❧✐❝❛çã♦ ❞❛s s♦❧✉çõ❡s ❢✉♥❞❛♠❡♥t❛✐s✳

✷✳✶ ❚❊❖❘■❆ ❉❆ ❊▲❆❙❚■❈■❉❆❉❊ ▲■◆❊❆❘

◆❛ t❡♦r✐❛ ❞❛ ❡❧❛st✐❝✐❞❛❞❡ ❧✐♥❡❛r ❛ss✉♠❡✲s❡ q✉❡ ♦ ♠❛t❡r✐❛❧ ❞❡

❡st✉❞♦ ❝♦♠♣♦rt❛✲s❡ ❧✐♥❡❛r♠❡♥t❡ ❡ ❛s ♠✉❞❛♥ç❛s ♥❛ ♦r✐❡♥t❛çã♦ ❞♦ ❝♦r♣♦



✷✳✶✳ ❚❡♦r✐❛ ❞❛ ❡❧❛st✐❝✐❞❛❞❡ ❧✐♥❡❛r ✸✸

♥♦ ❡st❛❞♦ ❞❡❢♦r♠❛❞♦ sã♦ ♥❡❣❧✐❣❡♥❝✐❛❞❛s✳ ❈♦♠♦ r❡s✉❧t❛❞♦✱ ♣♦❞❡♠ s❡r

✉s❛❞❛s ❛s r❡❧❛çõ❡s ❞❡❢♦r♠❛çã♦✲❞❡s❧♦❝❛♠❡♥t♦ ❡ ❛s ❡q✉❛çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦

r❡❢❡r❡♥t❡s ❛ ❣❡♦♠❡tr✐❛ ♥ã♦ ❞❡❢♦r♠❛❞❛ ✭◗■◆✱ ✷✵✵✵✮✳ P♦r ❝♦♥✈❡♥✐ê♥❝✐❛✱

♥♦ ❞❡❝♦rr❡r ❞♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ s❡rá ❛❞♦t❛❞♦ ♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s

❝❛rt❡s✐❛♥❛s ✭χ1, χ2✮✱ ❝♦♠♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ❋✐❣✉r❛ ✶✳

Γu

Γ
Γt

χ2

χ1

n

t2

t1

Ω

❋✐❣✉r❛ ✶✿ ■❧✉str❛çã♦ ❞♦ ♣❧❛♥♦ ❞❡ ❡❧❛st✐❝✐❞❛❞❡ ❧✐♥❡❛r✿ ❉♦♠í♥✐♦ ✭Ω✮ ❡
❝♦♥t♦r♥♦ ✭Γ✮✳

❈♦♥s✐❞❡r❛✲s❡ ui✱ εij ❡ σij ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛s ❝♦♠♣♦♥❡♥t❡s

❞♦s ❝❛♠♣♦s ❞❡ ❞❡s❧♦❝❛♠❡♥t♦✱ ❞❡❢♦r♠❛çã♦ ❡ t❡♥sã♦✱ ❝♦♠ s✉❜í♥❞✐❝❡s ✐

❡ ❥ q✉❡ ✈❛r✐❛♠ ❞❡ ✭✶✱✷✮✳ ❖ ❡st❛❞♦ ♣❧❛♥♦ ❞❡ t❡♥sõ❡s ❝♦♥s✐❞❡r❛ ❞✉❛s

❝♦♠♣♦♥❡♥t❡s ❞❡ ❞❡s❧♦❝❛♠❡♥t♦s ❣❧♦❜❛✐s✱ ✉1 e ✉2✱ ❞❡✜♥✐❞♦s ♥❛s ❞✐r❡çõ❡s

❣❧♦❜❛✐s χ1, χ2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❝♦♠♦

✉(①) =

{
u1

u2

}
. ✭✷✳✶✮

✷✳✶✳✶ ❘❡❧❛çõ❡s ❞❡❢♦r♠❛çã♦✲❞❡s❧♦❝❛♠❡♥t♦

❆ ❞❡❢♦r♠❛çã♦ é r❡❧❛❝✐♦♥❛❞❛ ❛♦s ❞❡s❧♦❝❛♠❡♥t♦s ♠❡❞✐❛♥t❡ ❛ ❡q✉❛✲

çã♦



✸✹ ❈❛♣ít✉❧♦ ✷✳ ▼ét♦❞♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐♥✐t♦s ❍í❜r✐❞♦

ε = ▲T✉ , ✭✷✳✷✮

♦♥❞❡ ε = {ε11 ε22 γ12}T é ♦ ✈❡t♦r ❞❡❢♦r♠❛çã♦ ❡ ♦ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧

▲ é ❞❛❞♦ ♣♦r

▲ =

[
∂,1 0 ∂,2

0 ∂,2 ∂,1

]
✭✷✳✸✮

♦♥❞❡✱ ❛ ✈ír❣✉❧❛ ♥♦ s✉❜í♥❞✐❝❡ r❡♣r❡s❡♥t❛ ❛ ❞❡r✐✈❛çã♦ ❡♠ r❡❧❛çã♦ ❛s ❝♦✲

♦r❞❡♥❛❞❛s ❝❛rt❡s✐❛♥❛s✱ ♦✉ s❡❥❛✱ ∂,i = ∂✴∂χi✱ ∂,ij = ∂2✴∂χi∂χj ❝♦♠

s✉❜í♥❞✐❝❡s ✐ ❡ ❥ q✉❡ ✈❛r✐❛♠ ❞❡ ✭✶✱✷✮✳

❘❡❛rr❛♥❥❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✷✮ ❡ ✭✷✳✸✮ ♦❜t❡♠♦s ❛ ❡q✉❛çã♦ ❝✐✲

♥❡♠át✐❝❛





ε11

ε22

γ12





=



∂,1 0

0 ∂,2

∂,2 ∂,1



{
u1

u2

}
. ✭✷✳✹✮

✷✳✶✳✷ ❊q✉❛çõ❡s ❝♦♥st✐t✉t✐✈❛s

❊♠ ♣r♦❜❧❡♠❛s ❞❡ ❡❧❛st✐❝✐❞❛❞❡ ✷❉✱ ❛ r❡❧❛çã♦ t❡♥sã♦✴❞❡❢♦r♠❛çã♦

❞♦ ♠❛t❡r✐❛❧ ♥❛s ❞✐r❡çõ❡s ♣r✐♥❝✐♣❛✐s ♣♦❞❡ s❡r r❡❧❛❝✐♦♥❛❞❛ ♣♦r ♠❡✐♦ ❞❛

▲❡✐ ❞❡ ❍♦♦❦❡✱ q✉❡ ♥❛ ❢♦r♠❛ ❝♦♠♣❛❝t❛ é ❞❡✜♥✐❞❛ ♣♦r

σ = ❉ε , ✭✷✳✺✮

♦♥❞❡ ❉ é ❛ ♠❛tr✐③ ❝♦♥st✐t✉t✐✈❛ ❞♦ ♠❛t❡r✐❛❧✳

◆♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✱ ❝♦♠♦ ♦ ♦❜❥❡t✐✈♦ é ❛✈❛❧✐❛r ♠❛t❡r✐❛✐s ♦r✲

t♦tró♣✐❝♦s ❤♦♠♦❣ê♥❡♦s ❧✐♥❡❛r❡s ♥♦ r❡❣✐♠❡ ❡❧ást✐❝♦✱ ❛ ❡q✉❛çã♦ ❝♦♠♣❛❝t❛

✭✷✳✺✮ t❡♠ ❛ ❢♦r♠❛



✷✳✶✳ ❚❡♦r✐❛ ❞❛ ❡❧❛st✐❝✐❞❛❞❡ ❧✐♥❡❛r ✸✺





σ11

σ22

σ33

τ23

τ13

τ12





=




D11 D12 D13 0 0 0

D21 D22 D23 0 0 0

D31 D32 D33 0 0 0

0 0 0 D44 0 0

0 0 0 0 D55 0

0 0 0 0 0 D66








ε11

ε22

ε33

γ23

γ13

γ12





. ✭✷✳✻✮

❯♠❛ ♣❧❛❝❛ é ✉♠ só❧✐❞♦ tr✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♠ ✉♠❛ ❣❡♦♠❡tr✐❛ ❝❛✲

r❛❝t❡ríst✐❝❛ q✉❡ ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ❝♦♠♦ ❞♦✐s ♣❧❛♥♦s ♣❛r❛❧❡❧♦s✱ ❝❤❛♠❛❞♦s

❞❡ ❢❛❝❡s✱ s❡♣❛r❛❞♦s ♣♦r ✉♠❛ ❡s♣❡ss✉r❛ ❤✳ P❛r❛❧❡❧❛ às ❢❛❝❡s✱ é ❝♦♥s✐❞❡✲

r❛❞❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ r❡❢❡rê♥❝✐❛ Ω✱ ❣❡r❛❧♠❡♥t❡ ❧♦❝❛❧✐③❛❞❛ ♥❛ s✉♣❡r❢í❝✐❡

♠é❞✐❛✳ ❆ ♣❧❛❝❛ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ ♥♦r♠❛❧ ♥ ❡✱ ♣❡❧♦ ❢❛t♦ ❞❡ s❡r ♣❧❛♥❛✱ ❡st❛

é ❝♦♥st❛♥t❡ ❡♠ t♦❞♦ ♣♦♥t♦ ❞❛ ♣❧❛❝❛✳ ❉❡✈✐❞♦ à s✉❛ ♣❡q✉❡♥❛ ❡s♣❡ss✉r❛

❡♠ r❡❧❛çã♦ às ♦✉tr❛s ❞✐♠❡♥sõ❡s ✭❝♦♠♣r✐♠❡♥t♦ ❡ ❧❛r❣✉r❛✮✱ ❢r❡q✉❡♥t❡✲

♠❡♥t❡ ♥ã♦ é ♥❡❝❡ssár✐♦ ✉t✐❧✐③❛r ❊q✉❛çõ❡s ❞❡ ❊❧❛st✐❝✐❞❛❞❡ ✸❉✱ ♣♦❞❡♥❞♦

s❡r ❣❡r❛❞❛ ✉♠❛ ❢♦r♠✉❧❛çã♦ s✐♠♣❧✐✜❝❛❞❛ ✷❉✳ ❆ss✐♠✱ ♣♦❞❡✲s❡ ❛ss✉♠✐r

♦ ♣r♦❜❧❡♠❛ ❝♦♠♦ ✉♠ ❞❡ ❡st❛❞♦ ♣❧❛♥♦ ❞❡ t❡♥sõ❡s✱ ♦♥❞❡ ♦ ❝♦r♣♦ ❡♠

❛♥á❧✐s❡ ♣♦ss✉✐ ❞❡❢♦r♠❛çõ❡s tr❛♥s✈❡rs❛✐s ♥✉❧❛s✱ ♣♦rt❛♥t♦✱ ♣r♦❜❧❡♠❛s ❞❡

♣❧❛❝❛s ❝♦♠ ❡s♣❡ss✉r❛s ♠✉✐t♦ ✐♥❢❡r✐♦r❡s ❛s ❞✐♠❡♥sõ❡s ❣❧♦❜❛✐s✱ ❡♠ r❡❧❛çã♦

❛♦ ♣❧❛♥♦ χ1 − χ2✱ ✭❋✐❣✉r❛ ✶✮✱ ♣♦❞❡♠ s❡r ❢❛❝✐❧♠❡♥t❡ ❛✈❛❧✐❛❞♦s✳ ❉❡st❛

❢♦r♠❛✱ ❛ ▲❡✐ ❞❡ ❍♦♦❦❡ ✭✷✳✻✮ ♣♦❞❡ s❡r r❡❞✉③✐❞❛ ❛✱





σ11

σ22

σ12





=



D̃11 D̃12 0

D̃21 D̃22 0

0 0 D̃66








ε11

ε22

γ12





✭✷✳✼✮

♦♥❞❡ γ12 = 2ε12 r❡♣r❡s❡♥t❛ ❞❡❢♦r♠❛çã♦ ❞❡ ❡♥❣❡♥❤❛r✐❛✳ ❆s ❝♦♠♣♦♥❡♥t❡s

❞♦ t❡♥s♦r ❡❧ást✐❝♦ ♣♦❞❡♠ s❡r ✐♥✈❡rt✐❞❛s ♠❡❞✐❛♥t❡ ❛s s❡❣✉✐♥t❡s r❡❧❛çõ❡s✱

D̃11 =
S̃22

Λ
, D̃22 =

S̃11

Λ
, D̃12 =

S̃12

Λ
, D̃66 =

1

S̃66

,

Λ = S̃11S̃22 − S̃2

12

✭✷✳✽✮



✸✻ ❈❛♣ít✉❧♦ ✷✳ ▼ét♦❞♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐♥✐t♦s ❍í❜r✐❞♦

♦♥❞❡ D̃ij = Dij (i, j = 1, 2) ❡ D̃66 = D66.

✷✳✶✳✸ ❊q✉❛çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦

P❛r❛ ♣r♦❜❧❡♠❛s ♥♦ ❡st❛❞♦ ♣❧❛♥♦ ❞❡ t❡♥sõ❡s✱ ❛s ❡q✉❛çõ❡s q✉❡

❝❛r❛❝t❡r✐③❛♠ ♦ ❡q✉✐❧í❜r✐♦ ❞♦ ♣❧❛♥♦ ❞❡❢♦r♠❛❞♦ sã♦ ❞❛❞❛s ♣♦r

∂σ11

∂χ1

+
∂σ12

∂χ2

+ b1 = 0, ✭✷✳✾✮

∂σ12

∂χ1

+
∂σ22

∂χ2

+ b2 = 0, ✭✷✳✶✵✮

♦♥❞❡ b1e b2 sã♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❛s ❢♦rç❛s ❞❡ ❝♦r♣♦ ♥❛s ❞✐r❡çõ❡s ❝❛rt❡✲

s✐❛♥❛s✳ ❆ss✐♠ ❛s ❡q✉❛çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦ ♥❛ ❢♦r♠❛ r❡❞✉③✐❞❛ ♣♦❞❡♠ s❡r

❡s❝r✐t❛s ❝♦♠♦

▲σ + ❜ = ✵ . ✭✷✳✶✶✮

✷✳✶✳✹ ❈♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦

❈♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ♣♦❞❡♠ s❡r ❛♣❧✐❝❛❞❛s ❞✐r❡t❛♠❡♥t❡ ♥♦s

❞❡s❧♦❝❛♠❡♥t♦s ♦✉ ❡♠ ❢♦rç❛s tr❛t✐✈❛s✴❝♦♠♣r❡ss✐✈❛s✳ ❆s ❝♦♥❞✐çõ❡s ❞❡

❝♦♥t♦r♥♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦s ♦✉ ❝♦♥❞✐çõ❡s ❡ss❡♥❝✐❛✐s✱ ❞❡ ❉✐r✐❝❤❧❡t✱ sã♦

❞❡s❧♦❝❛♠❡♥t♦s ♣r❡s❝r✐t♦s✱ ❡♥q✉❛♥t♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ tr❛t✐✈❛s✴✲

❝♦♠♣r❡ss✐✈❛s ♦✉ ♥❛t✉r❛✐s✱ ❞❡ ◆❡✉♠♠❛♥✱ ❡①✐❣❡♠ q✉❡ ❛s tr❛çõ❡s ✐♥❞✉③✐✲

❞❛s ❞❡✈❛♠ ❡st❛r ❡♠ ❡q✉✐❧í❜r✐♦ ❝♦♠ ❛s ❢♦rç❛s ❡①t❡r♥❛s ❛♣❧✐❝❛❞❛s ❛ ✉♠

♣♦♥t♦ ❡s♣❡❝í✜❝♦ ♥♦ ❝♦♥t♦r♥♦ ❞♦ ❝♦r♣♦ ✭◗■◆❀ ❲❆◆●✱ ✷✵✵✽✮✳ ▼❛t❡♠❛t✐✲

❝❛♠❡♥t❡✱ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❡ss❡♥❝✐❛✐s sã♦ ❛♣❧✐❝❛❞❛s ♥♦ ❝♦♥t♦r♥♦

❞❡ ❞❡s❧♦❝❛♠❡♥t♦s✱ ♦✉ s❡❥❛✱ ❡♠ Γu✱

✉ = ✉̃ ❡♠ Γu. ✭✷✳✶✷✮

❊♥q✉❛♥t♦ ❛s ❝♦♥❞✐çõ❡s ♥❛t✉r❛✐s ❛♣❧✐❝❛❞❛s ❡♠ Γt sã♦
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t = ❆σ = t ❡♠ Γt, ✭✷✳✶✸✮

♦♥❞❡ t é ♦ ✈❡t♦r ❞❡ tr❛çã♦ ❡ ❆ é ❛ ♠❛tr✐③ ❞❡ tr❛♥s❢♦r♠❛çã♦ r❡❧❛❝✐♦♥❛❞❛

❛s ❞✐r❡çõ❡s ❞♦s ❝♦ss❡♥♦s ❛♦ ✈❡t♦r ♥ = {n1 n2}T ♥♦r♠❛❧ à s✉♣❡r❢í❝✐❡

t =

[
σ1n1 + τ12n2

τ12n1 + σ2n2

]
=

[
n1 0 n2

0 n2 n1

]


σ1

σ2

τ12





, ✭✷✳✶✹✮

♦♥❞❡

❆ =

[
n1 0 n2

0 n2 n1

]
. ✭✷✳✶✺✮

✷✳✷ ❙❖▲❯➬➹❖ ❋❯◆❉❆▼❊◆❚❆▲ P❆❘❆ ❊▲❆❙❚■❈■❉❆❉❊ P▲❆◆❆
❖❘❚❖❚❘ÓP■❈❆

❆s s♦❧✉çõ❡s ❢✉♥❞❛♠❡♥t❛✐s✱ t❛♠❜é♠ ❝♦♥❤❡❝✐❞❛s ♥❛ ❧✐t❡r❛t✉r❛

❝♦♠♦ ❢✉♥çõ❡s ❞❡ ●r❡❡♥✱ sã♦ ❡ss❡♥❝✐❛✐s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ♠é✲

t♦❞♦ ❤í❜r✐❞♦✱ ✉♠❛ ✈❡③ q✉❡ ♣❡r♠✐t❡♠ ❝♦♥✈❡rt❡r ❛s ✐♥t❡❣r❛✐s ❞❡ ❞♦♠í♥✐♦

❡♠ ✐♥t❡❣r❛✐s ❞❡ ❝♦♥t♦r♥♦✳

◆♦ ❡st❛❞♦ ♣❧❛♥♦ ♥✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❞❡ ♠❛t❡r✐❛❧ ♦rt♦tró♣✐❝♦✱

♣❛r❛ ✉♠❛ ❢♦rç❛ ✉♥✐tár✐❛ ❛❣✐♥❞♦ ♥♦ ♣♦♥t♦ ❞❡ ❢♦♥t❡ ①s ✭s♦✉r❝❡ ♣♦✐♥t✮✱

❛s s♦❧✉çõ❡s ❢✉♥❞❛♠❡♥t❛✐s s✐♥❣✉❧❛r❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❡♠ ✉♠ ♣♦♥t♦ ①

s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦

[
D̃11∂,11 + D̃66∂,22 (D̃12 + D̃66)∂,12

(D̃12 + D̃66)∂,12 D̃22∂,22 + D̃66∂,11

]{
u∗
1k

u∗
2k

}
+{δk1, δk2}T δ (①,①s) = 0,

✭✷✳✶✻✮

♦♥❞❡ ❛s s♦❧✉çõ❡s u∗
1k ❡ u

∗
2k sã♦ ❞❛❞❛s ♣♦r ❘✐③③♦ ❛♥❞ ❙❤✐♣♣② ✭✶✾✼✵✮ ❝♦♠♦



✸✽ ❈❛♣ít✉❧♦ ✷✳ ▼ét♦❞♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐♥✐t♦s ❍í❜r✐❞♦

u∗
11 (①,①s) = Q

(√
λ1A

2

2 ln ρ1 −
√
λ2A

2

1 ln ρ2

)
,

u∗
12 (①,①s) = u∗

21 (①,①s) = QA1A2

(
arctan

r2√
λ2r1

− arctan
r2√
λ1r1

)
,

u∗
22 (①,①s) = −Q

(
A2

1√
λ1

ln ρ1 −
A2

2√
λ2

ln ρ2.

)
,

✭✷✳✶✼✮

♦♥❞❡ δ (①,①s) é ❛ ❢✉♥çã♦ ❞❡❧t❛ ❉✐r❛❝✱ u∗
ik é ❛ ❝♦♠♣♦♥❡♥t❡ ✐ ❞♦ ❞❡s❧♦❝❛✲

♠❡♥t♦ ✐♥❞✉③✐❞♦ ♥♦ ♣♦♥t♦ ①✳ ❯♠❛ ❢♦rç❛ ✉♥✐tár✐❛ é ❛♣❧✐❝❛❞❛ ❛♦ ❧♦♥❣♦ ❞❛

❞✐r❡çã♦ ❦ ♥♦ ♣♦♥t♦ ❞❡ ❢♦♥t❡ ①s✱ ❡

Q =
1

2π (λ1 − λ2) S̃22

,

λ1 + λ2 =
2S̃12 + S̃66

S̃22

,

λ1λ2 =
2S̃11

S̃22

,

Ai = S̃12 − λiS̃22,

ρi =
√
λir21 + r2

2
,

ri = xi − xsi.

✭✷✳✶✽✮

❆ss✐♠✱ r❡❛❧✐③❛♥❞♦ ❛ s✉❜st✐t✉✐çã♦ ❞❛s ❡q✉❛çõ❡s ✭✷✳✶✼✮ ♥❛ ❡q✉❛✲

çã♦ ❝✐♥❡♠át✐❝❛ ✭✷✳✹✮ ♦❜tê♠✲s❡



✷✳✷✳ ❙♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❡❧❛st✐❝✐❞❛❞❡ ♣❧❛♥❛ ♦rt♦tró♣✐❝❛ ✸✾

ε∗111 =
∂u∗

11

∂χ1

= B1r1,

ε∗221 =
∂u∗

21

∂χ2

=
∂u∗

12

∂χ2

= −B3r1,

γ∗
121 =

∂u∗
21

∂χ1

+
∂u∗

11

∂χ2

= (B3 +B2) r2,

ε∗112 =
∂u∗

12

∂χ1

= B3r2,

ε∗222 =
∂u∗

22

∂χ2

= B5r2,

γ∗
122 =

∂u∗
12

∂χ2

+
∂u∗

22

∂χ1

= (−B3 +B4) r1,

✭✷✳✶✾✮

♦♥❞❡

B1 = Q

(√
λ1A

2

2

λ1

ρ2
1

−
√

λ2A
2

1

λ2

ρ2
2

)
,

B2 = Q

(√
λ1A

2

2

1

ρ2
1

−
√

λ2A
2

1

1

ρ2
2

)
,

B3 = QA1A2

(√
λ1 −

√
λ2

) (
r22 −

√
λ1

√
λ2r

2
1

)
(√

λ1

√
λ2r21 + r2

2

)2
+
(√

λ1 −
√
λ2

)2
r2
1
r2
2

,

B4 = −Q

(
A2

1√
λ1

λ1

ρ2
1

− A2
2√
λ2

λ2

ρ2
2

)
,

B5 = −Q

(
A2

1√
λ1

1

ρ2
1

− A2
2√
λ2

1

ρ2
2

)
.

✭✷✳✷✵✮

❆♦ r❡❛❧✐③❛r ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ s✉❜st✐t✉✐çã♦✱ ♣❛r❛ ❛

❡q✉❛çã♦ ❝♦♥st✐t✉t✐✈❛ ✭✷✳✼✮✱ ♦❜tê♠✲s❡ ❛s s❡❣✉✐♥t❡s r❡❧❛çõ❡s ❞❡ t❡♥sõ❡s
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σ∗
111 = D̃11ε

∗
111 + D̃12ε

∗
221 =

(
D̃11B1 − D̃12B3

)
r1,

σ∗
221 = D̃12ε

∗
111 + D̃22ε

∗
221 =

(
D̃12B1 − D̃22B3

)
r1,

σ∗
121 = D̃66γ

∗
121 = D̃66 (B3 +B2) r2,

σ∗
112 = D̃11ε

∗
112 + D̃12ε

∗
222 =

(
D̃11B3 + D̃12B5

)
r2,

σ∗
222 = D̃12ε

∗
112 + D̃22ε

∗
222 =

(
D̃12B3 + D̃22B5

)
r2,

σ∗
122 = D̃66γ

∗
122 = D̃66 (−B3 +B4) r1.

✭✷✳✷✶✮

✷✳✸ ❋❖❘▼❯▲❆➬➹❖ ❱❆❘■❆❈■❖◆❆▲ P❆❘❆ ❋❊▼✲❍❋❙

◆❛ ♣r❡s❡♥t❡ s❡çã♦✱ ✉♠ s✉♠ár✐♦ ❞❛ ❢♦r♠✉❧❛çã♦ ✈❛r✐❛❝✐♦♥❛❧ é

♠♦str❛❞♦ ♣❛r❛ ♣r♦❜❧❡♠❛s tí♣✐❝♦s ❞❡ ❡st❛❞♦ ♣❧❛♥♦ ❞❡ t❡♥sõ❡s ❞❡ ♠❛t❡r✐✲

❛✐s ♦rt♦tró♣✐❝♦s✱ ❛♣r❡s❡♥t❛❞♦ ♣♦r ❲❛♥❣ ❡ ◗✐♥ ✭❲❆◆●❀ ◗■◆✱ ✷✵✶✵✮✳ ❆

♣r❡s❡♥t❡ ❢♦r♠✉❧❛çã♦ ❞❡s❝r❡✈❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ✉♠ ❝♦r♣♦

q✉❡ ♦❝✉♣❛ ✉♠ ❞♦♠í♥✐♦ Ω ❡ ❝♦♥t♦r♥♦ Γ = Γt ∩ Γu✱ ♦♥❞❡ Γt ❡ Γu sã♦

❛s r❡❣✐õ❡s s♦❜ ❢♦rç❛ ❡ ❞❡s❧♦❝❛♠❡♥t♦ ♣r❡s❝r✐t♦✱ t❛✐s q✉❡ Γt ∪ Γu = ⊘✳
■♥❝❧✉✐♥❞♦ ❛s ❢♦rç❛s ❞❡ ❝♦r♣♦✱ ♦ ❢✉♥❝✐♦♥❛❧ ❤í❜r✐❞♦ ♣❛r❛ ✉♠ ❡❧❡♠❡♥t♦

q✉❛❧q✉❡r ❡ é ❞❛❞♦ ♣♦r

Πe =

∫

Ωe

1

2
σ : ε dΩ−

∫

Ωe

b · u dΩ−
∫

Γte

t̄ · ũ dΓ +

∫

Γe

t · (ũ− u) dΓ,

✭✷✳✷✷✮

♦♥❞❡ u ❡ ũ sã♦ ♦ ❝❛♠♣♦ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ ✐♥tr❛✲❡❧❡♠❡♥t♦

❡ ♦ ❝❛♠♣♦ ❞❡ ✐♥t❡r❢❛❝❡ ❡♥tr❡✲❡❧❡♠❡♥t♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ Ωe ❡ Γe sã♦

❞♦♠í♥✐♦ ❡ ❝♦♥t♦r♥♦ ❞♦ ❡❧❡♠❡♥t♦✳ Γte é ❛ ♣❛rt❡ ❞♦ ❝♦♥t♦r♥♦ ❞♦ ❡❧❡♠❡♥t♦

❝♦♠✉♠ ❛♦ ❝♦♥t♦r♥♦ ❣❧♦❜❛❧ Γt ❞❡ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❞❡ ◆❡✉♠❛♥♥✳ ❖

❝♦♥t♦r♥♦ ❞♦ ❡❧❡♠❡♥t♦ é ❝♦♥s✐❞❡r❛❞♦ ❞✐✈✐❞✐❞♦ ❡♠ Γe = Γue + Γte + ΓIe

♦♥❞❡ Γue é ❛ ♣❛rt❡ ❞❡ ❉✐r✐❝❤❧❡t ❡ ΓIe ❛ ♣❛rt❡ ❞❡ ❝♦♥t♦r♥♦ ✐♥t❡r♥♦ ❝♦♠

♦✉tr♦ ❡❧❡♠❡♥t♦✳ ❆ss✐♠✱ Γte = Γe∩Γt ❡ Γue = Γe∩Γu✳ ❆ ú❧t✐♠❛ ✐♥t❡❣r❛❧

é ♦ t❡r♠♦ ❛❞✐❝✐♦♥❛❧ ❡♠ r❡❧❛çã♦ ❛♦ ❢✉♥❝✐♦♥❛❧ ❝♦♠✉♠❡♥t❡ ✉t✐❧✐③❛❞♦ ♥♦

▼❊❋✱ ♦❜t✐❞♦ ♠❡❞✐❛♥t❡ ❛ ♣r✐♠❡✐r❛ ✈❛r✐❛çã♦ ❞❡ Πe ❡♠ r❡❧❛çã♦ ti✱ ui ❡ ũi



✷✳✸✳ ❋♦r♠✉❧❛çã♦ ✈❛r✐❛❝✐♦♥❛❧ ♣❛r❛ ❋❊▼✲❍❋❙ ✹✶

δΠe =

∫

Ωe

σ : δε dΩ−
∫

Ωe

❜ · δ✉ dΩ−
∫

Γte

t̄ · δ✉̃ dΓ+

∫

Γte

δt̄ · (✉̃− ✉) dΓ +

∫

Γte

t̄ · (δ✉̃− δ✉) dΓ = 0.

✭✷✳✷✸✮

❆ ♣r✐♠❡✐r❛ ✐♥t❡❣r❛❧ ❞❛ ❡q✉❛çã♦ ✭✷✳✷✸✮ ♣♦❞❡ s❡r ♠❛♥✐♣✉❧❛❞❛

♠❡❞✐❛♥t❡ ♦ ✉s♦ ❞❛ ✐❞❡♥t✐❞❛❞❡ ✈❡t♦r✐❛❧

∇ · (σδ✉) = (∇ · σ) · δ✉+ (σ : ∇δ✉), ✭✷✳✷✹✮

r❡s✉❧t❛♥❞♦ ❡♠
∫

Ωe

σ : δε dΩ =

∫

Ωe

σ : ∇δ✉ dΩ =

∫

Ωe

∇·(σ·δ✉) dΩ−
∫

Ωe

(∇·σ)·δ✉ dΩ.

✭✷✳✷✺✮

❆♣❧✐❝❛♥❞♦ ♦ t❡♦r❡♠❛ ❞♦ ❞✐✈❡r❣❡♥t❡ ♥♦ ♣❡♥ú❧t✐♠♦ t❡r♠♦ ❞❛

❡q✉❛çã♦ ✭✷✳✷✺✮ t❡♠✲s❡

∫

Ωe

σ : δ✉ dΩ = −
∫

Ωe

(∇ · σ) · δ✉ dΩ+

∫

Γe

♥ · σ · δ✉ dΓ. ✭✷✳✷✻✮

❆ss✐♠✱ ♦ ❢✉♥❝✐♦♥❛❧ δΠe ❞❛ ❡q✉❛çã♦ ✭✷✳✷✸✮ ♣♦❞❡ s❡r r❡❡s❝r✐t♦

❝♦♠♦

δΠe =

∫

Ωe

(∇ · σ + ❜) · δ✉ dΩ+

∫

Γe

t · δ✉ dΓ−
∫

Γte

t̄ · δ✉̃ dΓ+

∫

Γe

δt̄ · (✉̃− ✉) dΓ +

∫

Γe

t̄ · (δ✉̃− δ✉) dΓ = 0.

✭✷✳✷✼✮

❆ s❡❣✉♥❞❛ ✐♥t❡❣r❛❧ ❞❛ ❡q✉❛çã♦ ✭✷✳✷✼✮ ♣♦❞❡ s❡r ❝❛♥❝❡❧❛❞❛ ❝♦♠

♦ ú❧t✐♠♦ t❡r♠♦ ❞❛ ú❧t✐♠❛ ✐♥t❡❣r❛❧✳ ❆ ✐♥t❡❣r❛❧ ❞♦ ♣❡♥ú❧t✐♠♦ t❡r♠♦ ♣♦❞❡

s❡r s❡♣❛r❛❞❛ ♥❛s ♣❛r❝❡❧❛s Γe = Γue∪Γte∪ΓIe✳ ❆ss✐♠✱ ❛ ♠❛♥✐♣✉❧❛çã♦ ❞♦

❝♦♥❥✉♥t♦ ❞❡ t❡r♠♦s ♣❡rt❡♥❝❡♥t❡s ❛♦ ❝♦♥t♦r♥♦ ♥❛ ❡q✉❛çã♦ ✭✷✳✷✼✮ r❡s✉❧t❛



✹✷ ❈❛♣ít✉❧♦ ✷✳ ▼ét♦❞♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐♥✐t♦s ❍í❜r✐❞♦

■ = −
∫

Γte

t̄ · δ✉̃ dΓ +

∫

Γte

δt̄ · (✉̃− ✉) dΓ +

∫

Γte

t̄ · (δ✉̃− δ✉) dΓ,

= −
∫

Γte

t̄ · δ✉̃ dΓ +

∫

Γe

δt̄ · (✉̃− ✉) dΓ +

∫

Γte

t · δ✉̃ dΓ+

∫

Γue

t · δ✉̃ dΓ +

∫

ΓIe

t · δ✉̃ dΓ,

= −
∫

Γte

(t− t̄) · δ✉̃ dΓ +

∫

Γe

δt̄ · (✉̃− ✉) dΓ +

∫

Γue

t · δ✉̃ dΓ+

∫

ΓIe

t · δ✉̃ dΓ.

✭✷✳✷✽✮

❈♦♠♦ δ✉̃ = 0 ❡♠ Γue✱ ♦ ♣❡♥ú❧t✐♠♦ t❡r♠♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✷✽✮

s❡ ❛♥✉❧❛✳ ▲♦❣♦✱ ♣❛r❛ ❣❛r❛♥t✐r ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ ❢♦rç❛s ❡ ❞❡s❧♦❝❛♠❡♥t♦s

♥❛s ✐♥t❡r❢❛❝❡s ✐♥t❡r✲❡❧❡♠❡♥t❛r❡s ✉s❛✲s❡ ♦ t❡♦r❡♠❛ ❞❡ ●r❡❡♥ ❞❡ ❝♦♥✈❡rsã♦

❡♥tr❡ ✐♥t❡❣r❛❧ ❞❡ ❞♦♠í♥✐♦ ❡ ❞❡ ❝♦♥t♦r♥♦
∫

Ωe

∂f

∂xi

dΩ =

∫

Γe

fni dΓ✱ i = 1, 2, ..., d, ✭✷✳✷✾✮

♣❛r❛ q✉❛❧q✉❡r ❢✉♥çã♦ s✉❛✈❡ f ✱ ❛ ♣r✐♠❡✐r❛ ✈❛r✐❛çã♦ ❞❡ Πe ✭✷✳✷✼✮ ♣♦❞❡

s❡r s✐♠♣❧✐✜❝❛❞❛

δΠe = −
∫

Ωe

(σij,j + bi)δui dΩ+

∫

Γte

(ti − t̄i)δũi dΓ +

∫

Γe

δti(ũi − ui) dΓ+

∫

ΓIe

tiδũi dΓ.

✭✷✳✸✵✮

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ t♦t❛❧ ♠♦❞✐✜❝❛❞❛ ❛ss♦❝✐❛❞❛ ❛

❞♦✐s ❡❧❡♠❡♥t♦s ❝♦♥tí❣✉♦s Πe1 +Πe2 ❛ ✈❛r✐❛çã♦ ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ❝♦♠♦



✷✳✸✳ ❋♦r♠✉❧❛çã♦ ✈❛r✐❛❝✐♦♥❛❧ ♣❛r❛ ❋❊▼✲❍❋❙ ✹✸

δΠe1 + δΠe2 = −
∫

Ωe1
∪Ωe2

(∇ · σ + ❜) · δ✉ dΩ+

∫

Γte1
∪Γte2

(t− t̄) · δ✉̃ dΓ+

∫

Γe1
∪Γe2

δt · (✉̃− ✉) dΓ +

∫

ΓIe1

t1δ✉̃ dΓ +

∫

ΓIe2

t2δ✉̃ dΓ = 0.

✭✷✳✸✶✮

❆s ú❧t✐♠❛s ❞✉❛s ✐♥t❡❣r❛✐s sã♦ ❢❡✐t❛s ♥♦ ❝♦♥t♦r♥♦ ❞❡ ❡❧❡♠❡♥t♦

❡1 q✉❡ é ❝♦♠✉♠ ❛♦ ❡❧❡♠❡♥t♦ ❡2✱ ❜❡♠ ❝♦♠♦ ♥❛ ❜♦r❞❛ ❞♦ ❡❧❡♠❡♥t♦ ❡2

❝♦♠✉♠ ❛♦ ❞♦ ❡❧❡♠❡♥t♦ ❡1✱ ❝♦♠♦ ♣♦❞❡ s❡r ❢❛❝✐❧♠❡♥t❡ ✈✐s✉❛❧✐③❛❞♦ ♥❛

❋✐❣✉r❛ ✷✳ ❆ss✐♠✱ ❡ss❛s ❞✉❛s ✐♥t❡❣r❛✐s ♣♦❞❡♠ s❡r ❛rr❛♥❥❛❞❛s ♣♦r

∫

ΓIe

(te1 + te2) · δ✉̃ dΓ. ✭✷✳✸✷✮

e1

ΓIe

e2

❋✐❣✉r❛ ✷✿ ■❧✉str❛çã♦ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❡♥tr❡ ❞♦✐s ❡❧❡♠❡♥t♦s ❡1 ❡ ❡2 ❛❞❥❛✲
❝❡♥t❡s✱ ♦♥❞❡ ΓIe é ♦ ❝♦♥t♦r♥♦ ❝♦♠✉♠ ❛ ❛♠❜♦s ❡❧❡♠❡♥t♦s✳

❖❜s❡r✈❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✸✵✮✲✭✷✳✸✷✮✱ ♦♥❞❡ ❛ s♦❧✉çã♦ ❜✉s❝❛❞❛

❞❡✈❡ s❡r t❛❧ q✉❡ δΠe = 0 ♣❛r❛ ❢✉♥çõ❡s δ✉✱ δ✉̃ ❡ δt ✱ ♦ t❡♦r❡♠❛ ❢✉♥❞❛✲

♠❡♥t❛❧ ❞♦ ❝á❧❝✉❧♦ ✈❛r✐❛❝✐♦♥❛❧ ♠♦str❛ q✉❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡

❞❡ Π sã♦



✹✹ ❈❛♣ít✉❧♦ ✷✳ ▼ét♦❞♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐♥✐t♦s ❍í❜r✐❞♦

∇ · σ + ❜ = 0, ∀x ∈ Ωe,

t = t̄, ∀x ∈ Γte,

✉ = ✉̃, ∀x ∈ Γe,

te1 + te2 = 0, ∀x ∈ Γte,

✭✷✳✸✸✮

♦♥❞❡ te1 ❡ te2 sã♦ tr❛çõ❡s ❛♦ ❧♦♥❣♦ ❞❛ ❜♦r❞❛ ΓIe ❝♦♠✉♠ ❡♥tr❡ ❞♦✐s

❡❧❡♠❡♥t♦s ❛❞❥❛❝❡♥t❡s q✉❡ ❣❛r❛♥t❡♠ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ✐♥t❡r✲❡❧❡♠❡♥t❛r❡s✳

❆s ❝♦♥❞✐çõ❡s ❞❡ ❡st❛❝✐♦♥❛r✐❞❛❞❡ ❛♣r❡s❡♥t❛❞❛s ♥❛ ❡q✉❛çã♦ ✭✷✳✸✸✮

❣❛r❛♥t❡♠ q✉❡ ❛ ♠✐♥✐♠✐③❛çã♦ ❞♦ ❢✉♥❝✐♦♥❛❧ Πe s❛t✐s❢❛ç❛ ❛s ❝♦♥❞✐çõ❡s ❧♦✲

❝❛✐s ❞❡ ❡q✉✐❧í❜r✐♦ ❞♦ ❡❧❡♠❡♥t♦✱ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❞❡ ❢♦rç❛ ❡ ❛s

❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡ ✐♥t❡r✲❡❧❡♠❡♥t❛r❡s✱ ❝♦♥t❛♥t♦ q✉❡ ❛s ❝♦♥❞✐çõ❡s

❞❡ ❉✐r✐❝❤❧❡t s❡❥❛♠ s❛t✐s❢❡✐t❛s ❛ ♣r✐♦r✐✳

❆♣❧✐❝❛♥❞♦ ♦ t❡♦r❡♠❛ ❞❡ ●r❡❡♥ ♥♦✈❛♠❡♥t❡✱ ❞❡st❛ ✈❡③ ❞✐r❡t❛✲

♠❡♥t❡ ♥♦ ❢✉♥❝✐♦♥❛❧ Πe ✭✷✳✸✵✮ ♦❜tê♠✲s❡

Πe =
1

2

[∫

Γ

tiui dΓ−
∫

Ωe

σij,jui dΩ

]
−
∫

Γte

t̄iũi dΓ+

∫

Γe

ti(ũi−ui) dΓ.

✭✷✳✸✹✮

❯♠❛ ✈❡③ q✉❡ σij,j = 0 ❞❡✈✐❞♦ ❛♦ ✉s♦ ❞❛ ❜❛s❡ ❛✉t♦✲❡q✉✐❧✐❜r❛❞❛✱

❡ s✉❜❞✐✈✐❞✐♥❞♦ ❛s r❡❣✐õ❡s ❞❡ ❝♦♥t♦r♥♦✱ ♦❜tê♠✲s❡ ♦ ❢✉♥❝✐♦♥❛❧ ❤í❜r✐❞♦

Πe = −1

2

∫

Γe

tiui dΓ−
∫

Γte

t̄iũi dΓ +

∫

Γe

tiũi dΓ. ✭✷✳✸✺✮

❈♦♠♦ ✐♥✐❝✐❛❧♠❡♥t❡ ❝♦♠❡♥t❛❞♦✱ ♦ ❢✉♥❝✐♦♥❛❧ ❤í❜r✐❞♦ ♠♦❞✐✜❝❛❞♦

é ❝♦♠♣♦st♦ ❛♣❡♥❛s ♣♦r ✐♥t❡❣r❛✐s ❞❡ ❝♦♥t♦r♥♦ ❞❡✈✐❞♦ ❛s ❝❛r❛❝t❡ríst✐❝❛s

❞❛ ❜❛s❡ ❛✉t♦✲❡q✉✐❧✐❜r❛❞❛ q✉❡ r❡❞✉③ ♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♥♦ ♣r♦❝❡ss♦

❞❡ ✐♥t❡❣r❛çã♦ ✭◗■◆✱ ✶✾✾✹✮✳

✷✳✹ ❉■❙❈❘❊❚■❩❆➬➹❖ ❊▼ ❊▲❊▼❊◆❚❖❙ ❋■◆■❚❖❙

❆ ❞✐s❝r❡t✐③❛çã♦ é ❢❡✐t❛ t♦♠❛♥❞♦ ✉♠❛ ❜❛s❡ ❞❡ ❢✉♥çõ❡s φn(x) q✉❡

s❛t✐s❢❛③❡♠ ❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛✈✐❡r ✭✷✳✶✶✮✳ ❊♠

♣r♦❜❧❡♠❛s ❞❡ ❡❧❛st✐❝✐❞❛❞❡✱ ❞♦✐s ❝❛♠♣♦s ❞❡ ❞❡s❧♦❝❛♠❡♥t♦s✱ ❛ ♣r✐♥❝í♣✐♦



✷✳✹✳ ❉✐s❝r❡t✐③❛çã♦ ❡♠ ❊❧❡♠❡♥t♦s ❋✐♥✐t♦s ✹✺

✐♥❞❡♣❡♥❞❡♥t❡s✱ sã♦ ❛ss✉♠✐❞♦s✿ ✉♠ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦s ✐♥t❡r♥♦s

❛♦ ❡❧❡♠❡♥t♦✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ✐♥tr❛✲❡❧❡♠❡♥t ✜❡❧❞ ✭◗■◆✱ ✷✵✵✵✮✱ ❡ ✉♠

❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ ❞❡✜♥✐❞♦ ❛♣❡♥❛s ♥❛s ✐♥t❡r❢❛❝❡s ❡♥tr❡ ♦s ❡❧❡♠❡♥✲

t♦s✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❢r❛♠❡ ✜❡❧❞ ✭◗■◆✱ ✷✵✵✵✮✱ r❡s♣♦♥sá✈❡❧ ♣♦r ✐♠♣♦r✱ ❞❡

❢♦r♠❛ ❢r❛❝❛✱ ❛ ♣♦st❡r✐♦r✐✱ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦s ✭❇❘❊❇❇■❆❀

❚❊▲▲❊❙❀ ❲❘❖❇❊▲✱ ✶✾✽✹✮✳

✷✳✹✳✶ ❈❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ ✐♥t❡r♥♦ ❞♦ ❡❧❡♠❡♥t♦

❖ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦s ✐♥t❡r♥♦ ❛♦ ❡❧❡♠❡♥t♦ é ♦❜t✐❞♦ ♠❡✲

❞✐❛♥t❡ ❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❛s s♦❧✉çõ❡s ❢✉♥❞❛♠❡♥t❛✐s ❞♦ ♣r♦❜❧❡♠❛ ❞❡

✐♥t❡r❡ss❡ ❡ é ❡①♣r❡ss♦ ❝♦♠♦

u(x) =

[
u1(①)

u2(①)

]
=

ns∑

j=1

[
u∗
11(①,①sj) u∗

12(①,①sj)

u∗
12(①,①sj) u∗

22(①,①sj)

]{
c1j

c2j

}
= Ne(x)ce,

(∀ x ∈ Ωe, ∀ ①sj /∈ Ωe) ,

✭✷✳✸✻✮

♦♥❞❡ ns é ♦ ♥✉♠❡r♦ ❞❡ ♣♦♥t♦s ❞❡ ❢♦♥t❡ ①sj (j = 1, 2, · · · , ns) ❛ q✉❛❧

sã♦ ❛rr❛♥❥❛❞♦s ❡①t❡r♥❛♠❡♥t❡ ❛♦ ❞♦♠í♥✐♦ ❞♦ ❡❧❡♠❡♥t♦✱ ❝♦♠♦ ♣♦❞❡ s❡r

✈✐s✉❛❧✐③❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳

Ne(x) é ✉♠❛ ♠❛tr✐③ ❢♦r♠❛❞❛ ♣❡❧❛s ❢✉♥çõ❡s ❞❡ ❛♣r♦①✐♠❛çã♦ ❡

ce ♦ ✈❡t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ✐♥❝ó❣♥✐t♦s q✉❡ sã♦ ❞❛❞♦s ❝♦♠♦

Ne =

[
u∗
11(①,①s1) u∗

12(①,①s1) · · · u∗
11(①,①sns

) u∗
12(①,①sns

)

u∗
12(①,①s1) u∗

22(①,①s1) · · · u∗
12(①,①sns

) u∗
22(①,①sns

)

]
,

✭✷✳✸✼✮

❝e =
{
c11 c21 · · · c1ns

c2ns

}T

. ✭✷✳✸✽✮

✷✳✹✳✷ P♦♥t♦s ❞❡ ❛♣❧✐❝❛çã♦ ❞❛s s♦❧✉çõ❡s ❢✉♥❞❛♠❡♥t❛✐s

❉❡st❛ ❢♦r♠❛✱ u(x) s❛t✐s❢❛③ ❛ ♣r✐♦r✐ ❛s ❡q✉❛çõ❡s ❞❡ ◆❛✈✐❡r✱

q✉❛✐sq✉❡r q✉❡ s❡❥❛♠ ♦s ✈❛❧♦r❡s ✐♥❝ó❣♥✐t♦s ❡♠ ce✳ P♦rt❛♥t♦✱ ♣❛r❛ ❞❡t❡r✲



✹✻ ❈❛♣ít✉❧♦ ✷✳ ▼ét♦❞♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐♥✐t♦s ❍í❜r✐❞♦

xs

xo

xc

Ωe

Γe

χ1

χ2

Nós globais
Nós híbridos

Nós fonte
Centroide

Frame field �ሺ�ሻ =  ���� Intra-element field�ሺ�ሻ = ����

1

4
2

5

3

6

❋✐❣✉r❛ ✸✿ ■♥tr❛✲❡❧❡♠❡♥t ❡ ❢r❛♠❡ ✜❡❧❞ ❡♠ ✉♠ ❡❧❡♠❡♥t♦ ♣❛rt✐❝✉❧❛r ♥❛
❢♦r♠✉❧❛çã♦ ❤í❜r✐❞❛✳

♠✐♥❛r ❛❞❡q✉❛❞❛♠❡♥t❡ ♦s ♣♦♥t♦s ❞❡ ❛♣❧✐❝❛çã♦ ❞❛s s♦❧✉çõ❡s ❢✉♥❞❛♠❡♥✲

t❛✐s ❡①t❡r♥❛♠❡♥t❡ ❛♦ ❞♦♠í♥✐♦ ❞♦ ❡❧❡♠❡♥t♦✱ ♦✉ s❡❥❛✱ ♦s ♣♦♥t♦s ❞❡ ❢♦♥t❡✱

❛♣❧✐❝❛✲s❡ ✭❲❆◆●❀ ◗■◆✱ ✷✵✵✾✮✱

①s = ①o + γ(①o − ①c) ✭✷✳✸✾✮

♦♥❞❡ γ é ❝♦❡✜❝✐❡♥t❡ ❛❞✐♠❡♥s✐♦♥❛❧ q✉❡ ❝♦♥tr♦❧❛ ❛ ❞✐stâ♥❝✐❛ ❢ís✐❝❛ ❞♦

♣♦♥t♦ ❞❡ ❢♦♥t❡ ❛♦ ❝♦♥t♦r♥♦ ❞♦ ❡❧❡♠❡♥t♦✱ ①o é ♦ ♣♦♥t♦ ♥♦ ❝♦♥t♦r♥♦ ❞♦

❡❧❡♠❡♥t♦ ❡ ①c é ♦ ❝❡♥tr♦ ❣❡♦♠étr✐❝♦ ❞♦ ❡❧❡♠❡♥t♦✱ ❝♦♠♦ ♦❜s❡r✈❛❞♦ ♥❛

❋✐❣✉r❛ ✸✳

❙ã♦ ✉t✐❧✐③❛❞♦s ♦s ♥ós ❣❧♦❜❛✐s ❞♦s ❡❧❡♠❡♥t♦s ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛

❝r✐❛çã♦ ❞❡ ♥ós ❡①tr❛s✱ ❝❤❛♠❛❞♦s ❞❡ ♥ós ❤í❜r✐❞♦s✱ ❣❡r❛❞♦s ♠❡❞✐❛♥t❡ ❛

s✉❜❞✐✈✐sã♦ ❞❛s ❢❛❝❡s ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦✱ ❝♦♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ ❛✉①✐❧✐❛r ♥❛

❝r✐❛çã♦ ❞♦s ♣♦♥t♦s ❞❡ ❢♦♥t❡✳ ❙❡❣✉♥❞♦ ◗✐♥ ✭✷✵✵✵✮✱ ♦s ♣♦♥t♦s ❞❡ ❢♦♥t❡

❞❡✈❡♠ ♣♦ss✉✐r ❛ ♠❡s♠❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♥ós ❞♦ ❡❧❡♠❡♥t♦ ♣❛r❛ ♣r❡✈❡♥çã♦

❞❡ ❡♥❡r❣✐❛ ❞❡ ♠♦❞♦s ❡s♣úr✐♦s ❜❡♠ ❝♦♠♦ ♠❛♥t❡r ❛ ♠❛tr✐③ r✐❣✐❞❡③ ❞♦

❡❧❡♠❡♥t♦ ♥ã♦ s✐♥❣✉❧❛r✳

❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❝♦♠♦ ♦ ♣❛râ♠❡tr♦ γ ❝♦♥tr♦❧❛ ❛ ❞✐stâ♥❝✐❛ ❢ís✐❝❛



✷✳✹✳ ❉✐s❝r❡t✐③❛çã♦ ❡♠ ❊❧❡♠❡♥t♦s ❋✐♥✐t♦s ✹✼

❞♦ ♣♦♥t♦ ❞❡ ❢♦♥t❡ ❛♦ ❝♦♥t♦r♥♦ ❞♦ ❡❧❡♠❡♥t♦ ❛❧❣✉♥s ❝✉✐❞❛❞♦s ❞❡✈❡♠

s❡r t♦♠❛❞♦s✳ Pr✐♠❡✐r❛♠❡♥t❡✱ s❡ γ = 0 ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❛s s♦❧✉çõ❡s

❢✉♥❞❛♠❡♥t❛✐s ♥ã♦ ♣♦❞❡♠ s❡r ❡✈✐t❛❞❛s ❞❡✈✐❞♦ ❛ s♦❜r❡♣♦s✐çã♦ ❞♦s ♣♦♥t♦s

❞❡ ❢♦♥t❡ ❡ ♦s ♣♦♥t♦s ❢ís✐❝♦s ❞♦s ♥ós✳ ❊♥tã♦✱ ❞❡✈❡♠✲s❡ ✉t✐❧✐③❛r ✈❛❧♦r❡s

❞❡ γ > 0 ♣❛r❛ ❡✈✐t❛r s✐♥❣✉❧❛r✐❞❛❞❡s✳ ❆❧é♠ ❞✐ss♦✱ ❝❛s♦ ♦s ✈❛❧♦r❡s ❞❡ γ

s❡❥❛♠ ♣❡q✉❡♥♦s✱ ❡st❡s ♣♦❞❡♠ ❛❢❡t❛r ❛ ♣r❡❝✐sã♦ ♥✉♠ér✐❝❛ ✉♠❛ ✈❡③ q✉❡ s❡

❡♥❝♦♥tr❛♠ ♣ró①✐♠♦s ❛ ♣♦♥t♦s ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧✳

❈❛s♦ ♦s ✈❛❧♦r❡s ❞❡ γ s❡❥❛♠ ♠✉✐t♦ ❡❧❡✈❛❞♦s ♣♦❞❡♠ ❣❡r❛r ✐♥st❛❜✐❧✐❞❛❞❡

♥❛ s♦❧✉çã♦ ❡ ❡rr♦s ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦ ✭❲❆◆●❀ ◗■◆✱ ✷✵✶✵✮✳

✷✳✹✳✸ ❈❛♠♣♦ ❞❡ ❞❡❢♦r♠❛çõ❡s

❖ ❝❛♠♣♦ ❞❡ ❞❡❢♦r♠❛çõ❡s é ♦❜t✐❞♦ ♠❡❞✐❛♥t❡ ❛ s✉❜st✐t✉✐çã♦ ❞❛

❡q✉❛çã♦ ✭✷✳✸✻✮ ♥❛ ❡q✉❛çã♦ ✭✷✳✷✮✱ q✉❡ r❡s✉❧t❛

εe =



ε11

ε22

γ12


 = ▲T✉e = ▲T◆e❝e = ❇e❝e, ✭✷✳✹✵✮

♦♥❞❡

❇e = ▲T◆e, ✭✷✳✹✶✮

❝♦♠

❇e =



ε∗111(①,②1) ε∗211(①,②1) · · · ε∗111(①,②ns

) ε∗211(①,②ns
)

ε∗122(①,②1) ε∗222(①,②1) · · · ε∗122(①,②ns
) ε∗222(①,②ns

)

ε∗112(①,②1) ε∗212(①,②1) · · · ε∗112(①,②ns
) ε∗212(①,②ns

)


 .

✭✷✳✹✷✮

✷✳✹✳✹ ❈❛♠♣♦ ❞❡ t❡♥sõ❡s

❖ ❝❛♠♣♦ ❞❡ t❡♥sõ❡s é ♦❜t✐❞♦ ♠❡❞✐❛♥t❡ ❛ s✉❜st✐t✉✐çã♦ ❞❛ ❡q✉❛✲

çã♦ ✭✷✳✸✻✮ ♥❛s ❡q✉❛çõ❡s ✭✷✳✷✮ ❡ ✭✷✳✺✮✱ ♦ q✉❡ r❡s✉❧t❛



✹✽ ❈❛♣ít✉❧♦ ✷✳ ▼ét♦❞♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐♥✐t♦s ❍í❜r✐❞♦

σe =



σ11

σ22

σ12


 = ❉▲T✉e = ❉▲T◆e❝e = ❚e❝e, ✭✷✳✹✸✮

♦♥❞❡

❚e = ❉▲T◆e, ✭✷✳✹✹✮

❝♦♠

❚e =



σ∗
111(①,②1) σ∗

211(①,②1) · · · σ∗
111(①,②ns

) σ∗
211(①,②ns

)

σ∗
122(①,②1) σ∗

222(①,②1) · · · σ∗
122(①,②ns

) σ∗
222(①,②ns

)

σ∗
112(①,②1) σ∗

212(①,②1) · · · σ∗
112(①,②ns

) σ∗
212(①,②ns

)


 .

✭✷✳✹✺✮

✷✳✹✳✺ ❊s❢♦rç♦s ♥♦ ❝♦♥t♦r♥♦

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♦s ❡s❢♦rç♦s ♥♦ ❝♦♥t♦r♥♦ ❞♦ ❡❧❡♠❡♥t♦ ♣♦❞❡♠

s❡r ❡s❝r✐t♦s ❝♦♠♦

te =

[
t1

t2

]
= ❆σe = ❆❚e❝e = ◗e❝e, ✭✷✳✹✻✮

❝♦♠✱

◗e = ❆❚e. ✭✷✳✹✼✮

✷✳✹✳✻ ❈❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ ❡♥tr❡✲❡❧❡♠❡♥t♦s

❊♠ ♣❛r❛❧❡❧♦✱ ✉♠ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ ✐♥❞❡♣❡♥❞❡♥t❡ é ❛♣r♦✲

①✐♠❛❞♦ ❛♦ ❧♦♥❣♦ ❞❛ ✐♥t❡r❢❛❝❡ ❡♥tr❡✲❡❧❡♠❡♥t♦s✱ ♦✉ s❡❥❛✱ ✉e1 = ✉e2 ❡♠

Γe1 ∩ Γe1 ♣❛r❛ q✉❛❧q✉❡r ❡❧❡♠❡♥t♦ ❛❞❥❛❝❡♥t❡



✷✳✹✳ ❉✐s❝r❡t✐③❛çã♦ ❡♠ ❊❧❡♠❡♥t♦s ❋✐♥✐t♦s ✹✾

✉̃(①) =

[
Ñe1 0 Ñe2 0 · · · Ñen 0

0 Ñe1 0 Ñe2 · · · 0 Ñen

]





ũ11

ũ21

ũ12

ũ22

✳✳✳

ũ1n

ũ2n





= ◆̃e✭①✮❞e,

∀ ① ∈ Γe,

✭✷✳✹✽✮

♦♥❞❡ ❞e é ✉♠ ✈❡t♦r ❞❡ ❞❡s❧♦❝❛♠❡♥t♦s ♥♦❞❛✐s ❡ ◆̃e(①) é ❢♦r♠❛❞❛ ♣❡❧❛s

❢✉♥çõ❡s ❞❡ ✐♥t❡r♣♦❧❛çã♦ ✉s✉❛✐s ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s✱ ❝♦♠♦ ❛♣r❡s❡♥t❛❞♦

♥❛ ❋✐❣✉r❛ ✹ ❡ ũ1i ❡ ũ2i sã♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ ♥♦ ♥ó

✐✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◆♦t❛✲s❡ q✉❡ ❡ss❛s ❢✉♥çõ❡s sã♦ ❞❡✜♥✐❞❛s ❛♣❡♥❛s ♥♦

❝♦♥t♦r♥♦ ❞♦ ❡❧❡♠❡♥t♦✱ ❡♥tã♦ s✉❛ ❞✐♠❡♥sã♦ é ❞❡ ✉♠❛ ♦r❞❡♠ ♠❡♥♦r q✉❡

❛ ❞✐♠❡♥sã♦ d ❞♦ ❞♦♠í♥✐♦ ❞♦ ❝♦r♣♦✱ ✐st♦ é✱ ❡♠ ♣r♦❜❧❡♠❛s ♣❧❛♥♦s t❡♠✲s❡

❢✉♥çõ❡s ♣❛r❛♠❡tr✐❝❛♠❡♥t❡ ✉♥✐✲❞✐♠❡♥s✐♦♥❛✐s✳

ξ = 0 ξ = 1ξ = -1

 �ଵ
 �ଶ

2 3ͳ − ξʹ
ͳ + ξʹ

ξ -- Coordenada natural

-- Ponto nodal (2 DOF)

❋✐❣✉r❛ ✹✿ ❚í♣✐❝❛ ✐♥t❡r♣♦❧❛çã♦ ❧✐♥❡❛r ♣❛r❛ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ ❡♥tr❡✲
❡❧❡♠❡♥t♦s ❡♠ ✉♠❛ ❛r❡st❛ ❞♦ ❡❧❡♠❡♥t♦ ❛❧❡❛tór✐♦✳



✺✵ ❈❛♣ít✉❧♦ ✷✳ ▼ét♦❞♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐♥✐t♦s ❍í❜r✐❞♦

✷✳✹✳✼ ❋✉♥❝✐♦♥❛❧ ❞✐s❝r❡t✐③❛❞♦

❘❡❛❧✐③❛♥❞♦ ❛ s✉❜st✐t✉✐çã♦ ❞❛s ❡q✉❛çõ❡s ✭✷✳✸✻✮✱ ✭✷✳✹✽✮ ❡ ✭✷✳✹✻✮

♥♦ ❢✉♥❝✐♦♥❛❧ ✭✷✳✸✺✮ t❡♠✲s❡ ♦ ❢✉♥❝✐♦♥❛❧ ❞✐s❝r❡t✐③❛❞♦

Πe = −1

2
❝Te ❍e❝e − ❞T

e ❣e + ❝Te ●e❞e ✭✷✳✹✾✮

♦♥❞❡

❍e =

∫

Γe

◗T
e ◆e dΓ,

●e =

∫

Γe

◗T
e ◆̃e dΓ,

❣e =
∫

Γte

◆̃
T

e t̄ dΓ.

✭✷✳✺✵✮

✷✳✹✳✽ ❈♦♥❞✐çõ❡s ❞❡ ❡st❛❝✐♦♥❛r✐❞❛❞❡

P❛r❛ ❣❛r❛♥t✐r ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❡♥tr❡✲❡❧❡♠❡♥t♦s✱ ♦s ❝♦❡✜❝✐❡♥t❡s

✐♥❝ó❣♥✐t♦s ❝e ❞❡✈❡♠ s❡r ❞❡s❝r✐t♦s ❡♠ ❢✉♥çã♦ ❞♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡

♥♦❞❛✐s ✭❉❖❋✮✱ ♦✉ s❡❥❛✱ ♦ ✈❡t♦r ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ ❞e✳ ❆ss✐♠✱ ❛s ❝♦♥❞✐çõ❡s

❞❡ ❡st❛❝✐♦♥❛r✐❡❞❛❞❡ ❞❡ Πe ❣❡r❛♠ ❛s ❝♦♥❞✐çõ❡s

∂Πe

∂❝Te
= −❍e❝e +●e❞e = 0, ✭✷✳✺✶✮

∂Πe

∂❞T
e

= ●T
e ❝e − ❣e = 0. ✭✷✳✺✷✮

❯t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✺✶✮ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛ r❡❧❛çã♦ ót✐♠❛

❡♥tr❡ ❝e ❡ ❞e r❡s✉❧t❛

❝e = ❍−1

e ●e❞e. ✭✷✳✺✸✮



✷✳✹✳ ❉✐s❝r❡t✐③❛çã♦ ❡♠ ❊❧❡♠❡♥t♦s ❋✐♥✐t♦s ✺✶

✷✳✹✳✾ ▼❛tr✐③ ❞❡ r✐❣✐❞❡③ ❞♦ ❡❧❡♠❡♥t♦

❆❣♦r❛✱ r❡❛❧✐③❛♥❞♦ ❛ s✉❜st✐t✉✐çã♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✺✸✮ ❥✉♥t♦ ❞❛

❝♦♥❞✐çã♦ ❞❡ ❡st❛❝✐♦♥❛r✐❞❛❞❡ ✭✷✳✺✷✮✱ t❡♠✲s❡ ❛ ♠❛tr✐③ ❞❡ r✐❣✐❞❡③ ❞♦ ❡❧❡✲

♠❡♥t♦

❑e❞e = ❣e. ✭✷✳✺✹✮

♦♥❞❡ ❣e ❡q✉✐✈❛❧❡ ❛♦ ✈❡t♦r ❞❡ ❢♦rç❛s ♥♦❞❛✐s ❡ ❑e é ❛ ♠❛tr✐③ r✐❣✐❞❡③ ❞♦

❡❧❡♠❡♥t♦ ❞❛❞❛ ♥❛ ❢♦r♠❛

❑e = ●T
e ❍

−1

e ●e. ✭✷✳✺✺✮

❆ ♠❛tr✐③ s✐♠étr✐❝❛ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛ ❡ ♥ã♦ s✐♥❣✉❧❛r He é ❛

♠❛tr✐③ ❞❡ ❞❡❢♦r♠❛❜✐❧✐❞❛❞❡ ✐♥t❡r♥❛ ❞♦ ❡❧❡♠❡♥t♦ ❡ ♥❛ ❛✉sê♥❝✐❛ ❞❡ ❢♦rç❛s

❞❡ ❝♦r♣♦✱ ♣r♦❞✉③

❝Te ❍e❝e = ❞T
e ❑e❞e = 2Ue, ✭✷✳✺✻✮

q✉❡ r❡♣r❡s❡♥t❛ ♦ ❞♦❜r♦ ❞❛ ❡♥❡r❣✐❛ ❞❡ ❞❡❢♦r♠❛çã♦ Ue ❛r♠❛③❡♥❛❞❛ ♥♦

❡❧❡♠❡♥t♦✳

❊st❛ ✐♥❢♦r♠❛çã♦ é ❞❡ ✐♥t❡r❡ss❡ ✉♠❛ ✈❡③ q✉❡ é ♣♦ssí✈❡❧ ❝♦♥st❛✲

t❛r q✉❡ ❛ ♠❛tr✐③ ❍e é s✐♠étr✐❝❛✳ ❆❞❡♠❛✐s✱ ❞❡✈✐❞♦ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❤✐❡✲

rárq✉✐❝❛✱ ❛ ♠❛tr✐③ ❍e ♣♦❞❡ s❡r ❛r♠❛③❡♥❛❞❛ ❡♠ s✉❜♠❛tr✐③❡s ❞❡ ♠❡♥♦r

♦r❞❡♠ q✉❡✱ ❛❧é♠ ❞❡ r❡q✉❡r❡r❡♠ ✉♠ ♠❡♥♦r ❡s♣❛ç♦ ♣❛r❛ ❛r♠❛③❡♥❛♠❡♥t♦✱

♥ã♦ ♥❡❝❡ss✐t❛♠ s❡r ❢❛t♦r✐③❛❞❛s✳

✷✳✹✳✶✵ ❘❡❝✉♣❡r❛çã♦ ❞♦ ♠♦✈✐♠❡♥t♦ ❞❡ ❝♦r♣♦ rí❣✐❞♦

❯♠❛ ✈❡③ ❞❡t❡r♠✐♥❛❞♦s ♦s ❞❡s❧♦❝❛♠❡♥t♦s ♥♦❞❛✐s ❞e✱ ♦ ✈❡t♦r ❞♦s

❝♦❡✜❝✐❡♥t❡s ✐♥❝ó❣♥✐t♦s ❝e ♣♦❞❡ s❡r ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✷✳✺✸✮✳

❊♥tr❡t❛♥t♦✱ ❡ss❡s ❞❡s❧♦❝❛♠❡♥t♦s ❝♦♥té♠ ❡rr♦s✱ ♣♦✐s ♦s ♠♦✈✐♠❡♥t♦s ❞❡

❝♦r♣♦ rí❣✐❞♦ ❢♦r❛♠ ❞❡s❝❛rt❛❞♦s ❞✉r❛♥t❡ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ♣❛r❛ ❡✈✐t❛r

❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❛ ♠❛tr✐③ ❞❡❢♦r♠❛❜✐❧✐❞❛❞❡ ❞♦ ❡❧❡♠❡♥t♦ ❍e✳ ❯♠❛ ✈❡③



✺✷ ❈❛♣ít✉❧♦ ✷✳ ▼ét♦❞♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐♥✐t♦s ❍í❜r✐❞♦

q✉❡✱ ❍e é ♥ã♦ s✐♥❣✉❧❛r✱ ♣♦❞❡✲s❡ ❢❛❝✐❧♠❡♥t❡ r❡❝✉♣❡r❛r ♦s ♠♦✈✐♠❡♥t♦s ❞❡

❝♦r♣♦ rí❣✐❞♦ ♥ã♦ ✐♥❝♦r♣♦r❛❞♦s ♣♦r ✭❏■❘❖❯❙❊❑❀ ●❯❊❳✱ ✶✾✽✻✮✱

✉e = ✉̂e +

[
1 0 x2

0 1 −x1

]
❝0, ✭✷✳✺✼✮

♦♥❞❡ ✉̂e = ◆e❝e ❡ ♦ ✈❡t♦r ✐♥❝ó❣♥✐t♦ ❝0 ❞❡ ♠♦✈✐♠❡♥t♦ ❞❡ ❝♦r♣♦ rí❣✐❞♦

♣♦❞❡♠ s❡r ♦❜t✐❞♦s ♠❡❞✐❛♥t❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s ❞❛ ❞✐❢❡r❡♥ç❛ ❞❡ ✉e ❡

✉̃e ❡♠ ♥ ♥ós

♥∑

i=1

[
(u1i − ũ1i)

2 + (u2i − ũ2i)
2

]
= min, ✭✷✳✺✽✮

♦ q✉❡ r❡s✉❧t❛ ❡♠

❘e❝0 = re, ✭✷✳✺✾✮

❝♦♠

❘e =

♥∑

i=1




1 0 x2i

0 1 −x1i

x2i −x1i x2
1i + x2

2i


 , ✭✷✳✻✵✮

re =
♥∑

i=1




∆ue1i

∆ue2i

∆ue1ix2i −∆ue2ix1i


 , ✭✷✳✻✶✮

❡

∆ueji = ũeji − ûeji (j = 1, 2). ✭✷✳✻✷✮

❆ss✐♠✱ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✷✳✺✾✮ ♦ ✈❡t♦r ❞❡ ♠♦✈✐♠❡♥t♦ ❞❡

❝♦r♣♦ rí❣✐❞♦ ❝0 é ♦❜t✐❞♦

❝0 = ❘−1

e re. ✭✷✳✻✸✮

❯♠❛ ✈❡③ ❞❡t❡r♠✐♥❛❞♦ ♦ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ ❞e ❛ ♣❛rt✐r ❞❛

❡q✉❛çã♦ ✭✷✳✺✹✮✱ ♦s ❝♦❡✜❝✐❡♥t❡s ✐♥❝ó❣♥✐t♦s ❝e ♣♦❞❡♠ s❡r ❞❡t❡r♠✐♥❛❞♦s ❡

❡♥tã♦ ♦ ✈❡t♦r ❞❡ r❡❝✉♣❡r❛çã♦ ❞♦ ♠♦✈✐♠❡♥t♦ ❞❡ ❝♦r♣♦ rí❣✐❞♦ ❝0 é ♦❜t✐❞♦

♣♦r ♠❡✐♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✻✸✮✳ ❋✐♥❛❧♠❡♥t❡✱ ♦ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ ✉e

❡♠ q✉❛❧q✉❡r ♣♦♥t♦ ✐♥t❡r♥♦ ♣♦❞❡ s❡r ❛✈❛❧✐❛❞♦ ♣♦r ✭✷✳✸✻✮ ❡ ✭✷✳✺✼✮✳



✺✸

✸ ❘❊❙❯▲❚❆❉❖❙

❊st❡ ❝❛♣ít✉❧♦ ❛❜r❛♥❣❡ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s r❡❢❡r❡♥t❡ às ❝♦♠♣❛✲

r❛çõ❡s ❡♥tr❡ ♦ ❝ó❞✐❣♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♥❡st❡ tr❛❜❛❧❤♦ ❡♠ ❧✐♥❣✉❛❣❡♠ ❋♦rtr❛♥

❡ r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♠❡❞✐❛♥t❡ s✐♠✉❧❛çõ❡s ✈✐❛ ♦ s♦❢t✇❛r❡ ❝♦♠❡r❝✐❛❧ ❞❡

❡❧❡♠❡♥t♦s ✜♥✐t♦ ❆♥s②s ❘©✳ ❖ ♣r✐♠❡✐r♦ t❡st❡ ✈✐s❛ ✈❡r✐✜❝❛r ♦ ❝♦♠♣♦rt❛✲

♠❡♥t♦ ❞♦ ❋❊▼✲❍❋❙ ♠❡❞✐❛♥t❡ ❛ ♣❡rt✉r❜❛çã♦ ❞♦ ❝♦❡✜❝✐❡♥t❡ ❛❞✐♠❡♥s✐♦✲

♥❛❧ γ ❜❡♠ ❝♦♠♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♠❡❞✐❛♥t❡ ❛ ✈❛r✐❛çã♦ ❞♦s ♥ú♠❡r♦s ❞❡

♣♦♥t♦s ❞❡ ✐♥t❡❣r❛çã♦ ♥✉♠ér✐❝❛✳ ❖ s❡❣✉♥❞♦ ❡st✉❞♦ ✈✐s❛ ❛✈❛❧✐❛r ♣r✐♥❝✐✲

♣❛❧♠❡♥t❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s t❡♥sõ❡s ❡♠ ✉♠❛ ♣❧❛❝❛ q✉❛❞r❛❞❛ ✜♥✐t❛

❝♦♠ ❢✉r♦ ❝✐r❝✉❧❛r ❛♦ ❝❡♥tr♦✱ ❜❡♠ ❝♦♠♦ ♦s ✈❛❧♦r❡s ❞♦ ❢❛t♦r ❞❡ ❝♦♥❝❡♥tr❛✲

çã♦ ❞❡ t❡♥sã♦ Kt ♣❛r❛ ✹ ❞✐❢❡r❡♥t❡s ♠❛t❡r✐❛✐s ♦rt♦tró♣✐❝♦s ❡ ♦s ❝♦♠♣❛r❛r

❝♦♠ ♦s ✈❛❧♦r❡s t❡ór✐❝♦s ❛♥❛❧ít✐❝♦s✳

✸✳✶ ▼❖❉❊▲❖ ❉❊ P▲❆❈❆ ❊▼ ▲

◆❡st❡ ❡①❡♠♣❧♦✱ s❡rá ❛✈❛❧✐❛❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ❞❡s❧♦❝❛✲

♠❡♥t♦s ❡ t❡♥sõ❡s ❞❡ ✉♠❛ ♣❧❛❝❛ ❡♠ ❢♦r♠❛ ❣❡♦♠étr✐❝❛ ❞❡ ▲✱ ✜♥❛✱ ♦rt♦tró✲

♣✐❝❛ ❡ ❡♥❣❛st❛❞❛ s♦❜ ❝❛rr❡❣❛♠❡♥t♦ ❝♦♣❧❛♥❛r ✉♥✐❢♦r♠❡♠❡♥t❡ ❞✐str✐❜✉í❞♦✳

❖ ♠♦❞❡❧♦ ❢ís✐❝♦ ❞♦ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳ ❙❡rá ❛✈❛✲

❧✐❛❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ♠ét♦❞♦ ❋❊▼✲❍❋❙ ♠❡❞✐❛♥t❡ ❛ ✈❛r✐❛çã♦ ❞♦

♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞❡ ✐♥t❡❣r❛çã♦ ♥✉♠ér✐❝❛ ✭♥♣✐✮✱ ✈❛r✐❛çã♦ ❞♦ ❝♦❡✜❝✐❡♥t❡

❛❞✐♠❡♥s✐♦♥❛❧ γ q✉❡ ❝♦♥tr♦❧❛ ❛ ♣♦s✐çã♦ ❞♦s ♣♦♥t♦s ❞❡ ❛♣❧✐❝❛çã♦ ❞❛s s♦✲

❧✉çõ❡s ❢✉♥❞❛♠❡♥t❛✐s ❡✱ ♣♦st❡r✐♦r♠❡♥t❡✱ ❛✈❛❧✐❛çã♦ ❞♦s r❡s✉❧t❛❞♦s ♣❛r❛

❞✐❢❡r❡♥t❡s ♠❛❧❤❛s ❡ ♦ ❡rr♦ r❡❧❛t✐✈♦ ❞❡st❡s ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛

❛❞♦t❛❞♦✳
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p

χ1

χ2

1
0
0
 m

m

100 mm

5
0
 m

m

50 mm

A B

C D

❋✐❣✉r❛ ✺✿ ▼♦❞❡❧♦ ❢ís✐❝♦ ❞❡ ♣❧❛❝❛ ❡♠ ❢♦r♠❛ ❞❡ ▲ ❡♠ ❛♥á❧✐s❡✱ ❝♦♠ ♦r✐❣❡♠
❡♠ χ1 ❂ ✵ ❡ χ2 ❂✵✳

❈♦♥s✐❞❡r❛✲s❡ ✉♠❛ ♣❧❛❝❛ ❝♦♠ ♦s ♣❛râ♠❡tr♦s ❣❡♦♠étr✐❝♦s ❡ ❞❡

♠❛t❡r✐❛❧ ❝♦♥❢♦r♠❡ ❛ ❚❛❜❡❧❛ ✶✳

❚❛❜❡❧❛ ✶✿ Pr♦♣r✐❡❞❛❞❡s ❡ ❝❛r❛❝t❡ríst✐❝❛s ❣❡♦♠étr✐❝❛s ❞❛ ❧â♠✐♥❛ ♦rt♦✲
tró♣✐❝❛ ❞❛ ♣❧❛❝❛ ❡♠ ▲✳

▼ó❞✉❧♦ ❞❡ ❡❧❛st✐❝✐❞❛❞❡ ✲ E1 70 ●P❛
▼ó❞✉❧♦ ❞❡ ❡❧❛st✐❝✐❞❛❞❡ ✲ E2 40 ●P❛

▼ó❞✉❧♦ ❞❡ ❡❧❛st✐❝✐❞❛❞❡ ❝✐s❛❧❤✳ ✲ G12 7 ●P❛
❈♦❡✜❝✐❡♥t❡ P♦✐ss♦♥ ✲ ν12 ✵✳✷✺

❊s♣❡ss✉r❛ ✲ ❤ ✷ ♠♠
❈❛r❣❛ ✉♥✐✳ ❞✐str✐❜✉í❞❛ ✲ ♣ ✶✵✵ ▼P❛

❈♦♠♣r✐♠❡♥t♦ ❡ ❧❛r❣✉r❛ ✲ ❛✱ ❜ ✶✵✵ ♠♠

◆♦ ❝❛s♦ ❞♦ ❋❊▼✲❍❋❙✱ é ✐♠♣♦rt❛♥t❡ ❞❡✜♥✐r ❝♦♠♦ ❛s ❝♦♥❞✐çõ❡s

❞❡ ❝♦♥t♦r♥♦ s❡rã♦ ✐♠♣♦st❛s✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛ ❝♦♠♦ ♦❝♦rr❡ ❡♠ ❋❊▼

tr❛❞✐❝✐♦♥❛❧✳ ❆s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❛♣❧✐❝❛❞❛s sã♦ ♠♦str❛❞❛s ❛ s❡❣✉✐r

❊♥❣❛st❡

em χ1 = 0 : u10 = u20 = 0.
✭✸✳✶✮

❆ ♠❛❧❤❛ ❡s❝♦❧❤✐❞❛ é ❝♦♠♣♦st❛ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ ❢♦r♠❛t♦ tr✐✲



✸✳✶✳ ▼♦❞❡❧♦ ❞❡ ♣❧❛❝❛ ❡♠ ▲ ✺✺

❛♥❣✉❧❛r✱ ♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡ s✉❜❞✐✈✐sõ❡s ❞❛s ❛r❡st❛s ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦

❞❡t❡r♠✐♥❛ ❛ ♠❛❧❤❛✳ P♦r ❡①❡♠♣❧♦✱ ♥❛ ❋✐❣✉r❛ ✻ ♣♦❞❡✲s❡ ♦❜s❡r✈❛r ♠❛✲

❧❤❛s ❝♦♠ ③❡r♦ ❡ ✶ s✉❜❞✐✈✐sõ❡s✱ ❞❡♥♦♠✐♥❛❞❛s r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ▼✶ ❡ ▼✷✳

❱❛❧❡ r❡ss❛❧t❛r q✉❡✱ ❛ ♠❛❧❤❛ ▼✶ é ❣❡r❛❞❛ ❛ ♣❛rt✐r ❞♦ s♦❢t✇❛r❡ ❆♥s②s ❡

❛ ♠❡s♠❛ s❡rá ✉t✐❧✐③❛❞❛ ♣❛r❛ ✜♥s ❝♦♠♣❛r❛t✐✈♦s ♥♦ ❞❡❝♦rr❡r ❞♦ tr❛❜❛✲

❧❤♦✳ ❆ ♠❛❧❤❛ ❞❡ ✷✵✶✹ ♥ós ❡ ✸✷✽✻ ❡❧❡♠❡♥t♦s ❣❡r❛❞❛ ♥♦ s♦❢t✇❛r❡ ❆♥s②s

s❡rá ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦ ✈❛❧♦r❡s ❞❡ r❡❢❡rê♥❝✐❛✴❛❧✈♦✱ ❝♦♥❢♦r♠❡ ♦❜s❡r✈❛❞♦

♥❛ ❋✐❣✉r❛ ✼ ❡ ❝❤❛♠❛❞❛ ❞❡ ✏❆♥s②s r❡❢✑✳ P❛r❛ r❡❢❡rê♥❝✐❛✱ ❛ ♠❛❧❤❛ ▼✶

❞♦ ♠ét♦❞♦ ❋❊▼✲❍❋❙ ❝♦♥t❛ ❝♦♠ ✻✻ ♥ós ❡ ✾✽ ❡❧❡♠❡♥t♦s✱ ❛ ♠❛❧❤❛ ▼✷

❝♦♥t❛ ❝♦♠ ✷✷✾ ♥ós ❡ ✾✽ ❡❧❡♠❡♥t♦s ❡ ❞❡♠❛✐s ♠❛❧❤❛s ❣❡r❛❞❛s ♣❛r❛ ❛♥á❧✐s❡

♣♦❞❡♠ s❡r ♦❜s❡r✈❛❞❛s ♥❛ ❚❛❜❡❧❛ ✷✳

❚❛❜❡❧❛ ✷✿ ❉❡s❝r✐♠✐♥❛çã♦ ❞❛s ♠❛❧❤❛s ✉t✐❧✐③❛❞❛s ♣❛r❛ ❛♥á❧✐s❡ ♣❛r❛ ♦
♣r♦❜❧❡♠❛ ❞❡ ♣❧❛❝❛ ❡♠ ▲✳

▼❛❧❤❛ ◆◦ ❞❡ ♥ós ◆◦ ❞❡ ❡❧❡♠❡♥t♦s

▼✶ ✻✻ ✾✽
▼✷ ✷✷✾ ✾✽
▼✸ ✸✾✷ ✾✽
▼✹ ✺✺✺ ✾✽
▼✺ ✼✶✽ ✾✽

❆♥s②s r❡❢✳ ✷✵✶✹ ✸✽✷✻

χ
1

χ2

(a)

χ1

χ2

(b)

❋✐❣✉r❛ ✻✿ ▼❛❧❤❛ tr✐❛♥❣✉❧❛r ❝♦♠✿ ③❡r♦ s✉❜❞✐✈✐sã♦ ♥❛ ❜♦r❞❛ ✭❛✮ ▼✶❀
❞✉❛s s✉❜❞✐✈✐sõ❡s ✭❜✮ ▼✷✳
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❋✐❣✉r❛ ✼✿ ▼❛❧❤❛ ❆♥s②s r❡❢✳✿ ✷✵✶✹ ♥ós ❡ ✸✽✷✻ ❡❧❡♠❡♥t♦s✱ ✉t✐❧✐③❛❞❛ ❝♦♠♦
r❡s✉❧t❛❞♦s ❞❡ r❡❢❡rê♥❝✐❛✳

❘❡ss❛❧t❛✲s❡ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ✉♠❛ ❣r❛❞❡ ✉♥✐❢♦r♠❡ ❞❡ ♥♣♣ ① ♥♣♣

♣❛r❛ ♦s ♣♦♥t♦s ❞❡ ♣❧♦t❛❣❡♠✱ ❝♦♥❢♦r♠❡ ♦❜s❡r✈❛❞♦ ♥❛ ❋✐❣✉r❛ ✽ ❡ q✉❡

♦s ♣♦♥t♦s ♠♦str❛❞♦s ♥♦s ❣rá✜❝♦s ♥♦ ❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦ r❡❢❡r❡♠✲s❡

❛♣❡♥❛s ❛ ♣♦♥t♦s ❞❡ ❛♠♦str❛s ♣❛r❛ ❛❞❡q✉❛r ❛ ❧❡❣❡♥❞❛ ❞♦s r❡s♣❡❝t✐✈♦s

❣rá✜❝♦s✳

❋✐❣✉r❛ ✽✿ ❊①❡♠♣❧✐✜❝❛çã♦ ❞❡ ❛♣❧✐❝❛çã♦ ❞♦s ♣♦♥t♦s ❞❡ ♣❧♦t❛❣❡♠ ❝♦♠
❣r❛❞❡ ✉♥✐❢♦r♠❡ ♥♣✐ ✷✷ ① ✷✷ ✉t✐❧✐③❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦ ❛♣❧✐❝❛❞♦ ❛ ✉♠
❡❧❡♠❡♥t♦ tr✐❛♥❣✉❧❛r ❣❡♥ér✐❝♦✳

◆❛s ❋✐❣✉r❛s ✾ ❡ ✶✵ ♣♦❞❡✲s❡ ✈✐s✉❛❧✐③❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦

♠ét♦❞♦ ❋❊▼✲❍❋❙ ❡♠ r❡❧❛çã♦ ❛ ✈❛r✐❛çã♦ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦♥t♦s ❞❡

✐♥t❡❣r❛çã♦ ♥✉♠ér✐❝♦s ♣❛r❛ ♦ ❞❡s❧♦❝❛♠❡♥t♦ u1 ❡ ❛ t❡♥sã♦ σ22✱ r❡s♣❡❝✲

t✐✈❛♠❡♥t❡✳ ◆♦t❛✲s❡ q✉❡ t❛♥t♦ ♣❛r❛ ♦s ❞❡s❧♦❝❛♠❡♥t♦s q✉❛♥t♦ ♣❛r❛ ❛s

t❡♥sõ❡s ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦♥t♦s ❞❡ ✐♥t❡❣r❛çã♦ ♥♣✐ ♥ã♦ ✐♥t❡r❢❡r❡ s✉s✲

t❛♥❝✐❛❧♠❡♥t❡ ♥♦s r❡s✉❧t❛❞♦s ✜♥❛✐s ❡ ♣♦r ❡ss❡ ♠♦t✐✈♦ ♣❛r❛ ♦s s❡❣✉✐♥t❡s
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t❡st❡s ❝♦♠♣❛r❛t✐✈♦s s❡rá ❛❞♦t❛❞♦ ❛♣❡♥❛s ♥♣✐ ❂ ✷✷✳
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❋✐❣✉r❛ ✾✿ ❈♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ u1 ❛♦ ❧♦♥❣♦ ❞❛ ❧✐♥❤❛ χ2 =
50 ♠♠ ✭❆✲❇✮✱ ❝♦♠ γ = 5✱ ❡♠ r❡❧❛çã♦ ❛ ❞✐❢❡r❡♥t❡s ♥ú♠❡r♦s ❞❡ ♣♦♥t♦s
❞❡ ✐♥t❡❣r❛çã♦ ♥♣✐ ❡ ♥♣♣ = 22 ❛♣❧✐❝❛❞❛ ❛ ♠❛❧❤❛ ▼✶✳
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❋✐❣✉r❛ ✶✵✿ ❈♦♠♣♦rt❛♠❡♥t♦ ❞❛ t❡♥sã♦ σ22 ❛♦ ❧♦♥❣♦ ❞❛ ❧✐♥❤❛ χ2 = 50
♠♠ ✭❆✲❇✮✱ ❝♦♠ γ = 5✱ ❡♠ r❡❧❛çã♦ ❛ ❞✐❢❡r❡♥t❡s ♥ú♠❡r♦s ❞❡ ♣♦♥t♦s ❞❡
✐♥t❡❣r❛çã♦ ♥♣✐ ❡ ♥♣♣ = 22 ❛♣❧✐❝❛❞❛ ❛ ♠❛❧❤❛ ▼✶✳
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◆❛s ❋✐❣✉r❛s ✶✶ ❡ ✶✷ ♣♦❞❡♠✲s❡ ♦❜s❡r✈❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s

❞❡s❧♦❝❛♠❡♥t♦s u1 ❡ u2 ❞♦ ♠ét♦❞♦ ❋❊▼✲❍❋❙ ♠❡❞✐❛♥t❡ ❛ ❛❧t❡r❛çã♦ ❞♦

♣❛râ♠❡tr♦ γ ❞❛ ❡q✉❛çã♦ ✭✷✳✸✾✮✱ ❝♦♠ γ = 1✱ γ = 5 ❡ γ = 10✳ ◆♦t❛✲s❡

q✉❡✱ ❝♦♠♦ ❛♣♦♥t❛❞♦ ♣♦r ✭❲❆◆●❀ ◗■◆✱ ✷✵✶✵✮✱ ❞❡✈❡♠✲s❡ ❡✈✐t❛r ✈❛❧♦r❡s

♣❡q✉❡♥♦s ♣❛r❛ γ✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ γ = 1✱ ♣❛r❛ ❡✈✐t❛r ❛ s✐♥❣✉❧❛r✐❞❛❞❡

❞❛s s♦❧✉çõ❡s ❢✉♥❞❛♠❡♥t❛✐s ❞❡✈✐❞♦ ❛♦ ❢❛t♦ q✉❡ ♦ ♣♦♥t♦ ❞❡ ❛♣❧✐❝❛çã♦ ❞❛s

s♦❧✉çõ❡s ❢✉♥❞❛♠❡♥t❛✐s s❡ ❡♥❝♦♥tr❛ ♣ró①✐♠♦ ❛ s❡ s♦❜r❡♣♦r ❛♦s ♣♦♥t♦s ❞♦

❝♦♥t♦r♥♦ ❞♦ ❡❧❡♠❡♥t♦✳ ❆ s♦❜r❡♣♦s✐çã♦ ♦✉ s❡❥❛✱ γ = 0 ❣❡r❛ s✐♥❣✉❧❛r✐❞❛❞❡

♥❛s s♦❧✉çõ❡s ❢✉♥❞❛♠❡♥t❛✐s✳ P♦r ❡st❡ ♠♦t✐✈♦✱ ♦ ♠ét♦❞♦ r❡q✉❡r ✈❛❧♦r❡s ❞❡

γ > 0 ♣❛r❛ ❡✈✐t❛r t❛❧ s✐♥❣✉❧❛r✐❞❛❞❡ ❜❡♠ ❝♦♠♦ ❡✈✐t❛r ✈❛❧♦r❡s ♣❡q✉❡♥♦s

♣❛r❛ γ ♣❛r❛ ♥ã♦ ❛❢❡t❛r ♥❛ ♣r❡❝✐sã♦ ❞♦ ♠ét♦❞♦✳
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Ansys ref.

❋✐❣✉r❛ ✶✶✿ ❈♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ u1 ❛♦ ❧♦♥❣♦ ❞❛ ❧✐♥❤❛ χ2 =
50 ♠♠ ✭❆✲❇✮✱ ❝♦♠ ♥♣♣ = 22✱ ❡♠ r❡❧❛çã♦ ❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ γ
❛♣❧✐❝❛❞❛ ❛ ♠❛❧❤❛ ▼✶✳
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Ansys ref.

❋✐❣✉r❛ ✶✷✿ ❈♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ u2 ❛♦ ❧♦♥❣♦ ❞❛ ❧✐♥❤❛ χ2 =
50 ♠♠ ✭❆✲❇✮✱ ❝♦♠ ♥♣♣ = 22✱ ❡♠ r❡❧❛çã♦ ❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ γ
❛♣❧✐❝❛❞❛ ❛ ♠❛❧❤❛ ▼✶✳

◆❛s ❋✐❣✉r❛s ✶✸ ❡ ✶✹ ♣♦❞❡♠✲s❡ ✈❡r✐✜❝❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s

t❡♥sõ❡s σ11 ❡ σ22 ❡♠ r❡❧❛çã♦ ❛ ✈❛r✐❛çã♦ ❞♦ ♣❛râ♠❡tr♦ γ✳ ◆♦t❛✲s❡ ♥♦✈❛✲

♠❡♥t❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ♠ét♦❞♦ q✉❛♥t♦ ❛♦ ✉s♦ ❞❡ ✈❛❧♦r❡s ♣❡q✉❡♥♦s

❞❡ γ✳ ◆❛ ❛✈❛❧✐❛çã♦ ❞❛s t❡♥sõ❡s✱ ✈❡r✐✜❝❛✲s❡ t❛♠❜é♠ q✉❡ ✈❛❧♦r❡s ❡❧❡✈❛❞♦s

❞❡ γ ♣♦❞❡♠ ❣❡r❛r ✐♥st❛❜✐❧✐❞❛❞❡✱ ❝♦♥❢♦r♠❡ ♦❜s❡r✈❛❞♦ ❝♦♠ γ = 10 ♣❛r❛

✈❛❧♦r❡s ❞❡ σ11 ♥❛ ❝♦♦r❞❡♥❛❞❛ χ1 ♣ró①✐♠❛s ❛ ✻✵ ♠♠ ❡ ✾✵ ♠♠✳ ❖❜s❡r✈❛✲

s❡✱ ✉♠❛ ♣❡q✉❡♥❛ ❞✐s❝r❡♣â♥❝✐❛ ♥♦s r❡s✉❧t❛❞♦s ♣ró①✐♠♦s ❛♦ ♣♦♥t♦ ❞❡

❝♦♥❝❡♥tr❛çã♦ ❞❡ t❡♥sã♦ χ1 = 50 ♠♠ ❡ χ2 = 50 ♠♠✱ q✉❡ ♦❝♦rr❡✱ ♣r✐♥❝✐✲

♣❛❧♠❡♥t❡ ❞❡✈✐❞♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s ❡♥✈♦❧✈✐❞♦s ♥❛ ❞✐s❝r❡t✐③❛çã♦

❞♦ ♣♦♥t♦ ❡ ❞❡✈✐❞♦ ❛♦ ❢❛t♦ q✉❡✱ ♥♦ ❝♦♥t♦r♥♦ ❞♦ ♠♦❞❡❧♦✱ ❛s ❢✉♥çõ❡s ❞❡

❛♣r♦①✐♠❛çã♦✱ q✉❡ ❣♦✈❡r♥❛♠ ♦ ♠ét♦❞♦✱ sã♦ ❛s ❡q✉❛çã♦ ✉s✉❛✐s ❞♦ ▼❊❋✱

❞❡ ♣r✐♠❡✐r♦ ❣r❛✉ ✈✐st❛s ♥❛ ❡q✉❛çã♦ ✭✷✳✹✽✮✳ ❖s r❡s✉❧t❛❞♦s ♣❛r❛ γ = 5

♣r♦❞✉③❡♠ ✈❛❧♦r❡s ❡♠ ❝♦♥❢♦r♠✐❞❛❞❡ ❝♦♠ ❛ ♠❛❧❤❛ ❞❡ r❡❢❡rê♥❝✐❛ ❞♦ ❆♥s②s

t❛♥t♦ ♣❛r❛ ♦s ❞❡s❧♦❝❛♠❡♥t♦s u1 ❡ u2 q✉❛♥t♦ ♣❛r❛ ❛ t❡♥sã♦ σ11✳
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Ansys ref.

❋✐❣✉r❛ ✶✸✿ ❈♦♠♣♦rt❛♠❡♥t♦ ❞❛ t❡♥sã♦ σ11 ❛♦ ❧♦♥❣♦ ❞❛ ❧✐♥❤❛ χ2 = 50
♠♠ ✭❆✲❇✮✱ ❝♦♠ ♥♣♣ = 22✱ ❡♠ r❡❧❛çã♦ ❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ γ ❛♣❧✐❝❛❞❛
❛ ♠❛❧❤❛ ▼✶✳
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❋✐❣✉r❛ ✶✹✿ ❈♦♠♣♦rt❛♠❡♥t♦ ❞❛ t❡♥sã♦ σ22 ♥❛ ❧✐♥❤❛ χ2 = 50 ♠♠ ✭❆✲❇✮✱
❝♦♠ ♥♣♣ = 22✱ ❡♠ r❡❧❛çã♦ ❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ γ ❛♣❧✐❝❛❞❛ ❛ ♠❛❧❤❛
▼✶✳
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◆❛s ❋✐❣✉r❛s ✶✺ ✲ ✶✽ é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s

❞❡s❧♦❝❛♠❡♥t♦s u1 ❡ u2 ❡ ❞❛s t❡♥sõ❡s σ11 ❡ σ22 ❛♦ ❧♦♥❣♦ ❞❛ ❧✐♥❤❛ χ2 = 0

❝♦♠ ♥♣✐ = 22 ♣❛r❛ ❛s ♠❛❧❤❛s ▼✶✱ ▼✷ ❡ ▼✹✳ ❖❜s❡r✈❛✲s❡ q✉❡✱ ❛♣❡s❛r

❞♦ ♠ét♦❞♦ ❛♣r❡s❡♥t❛r ❉❖❋ ✐♥❢❡r✐♦r ❛♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❞♦ ❆♥s②s✱

♦s r❡s✉❧t❛❞♦s ❞♦s ❞❡s❧♦❝❛♠❡♥t♦s sã♦ ♠✉✐t♦ ♣ró①✐♠♦s ❛♦ ❞❡ r❡❢❡rê♥❝✐❛✱

♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣❛r❛ u2✳ ◆♦t❛✲s❡ ✉♠❛ ♣❡rt✉r❜❛çã♦ ❞❡ σ11 ♣❛r❛ ❛ ♠❛❧❤❛

▼✹✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦s ♣♦♥t♦s ♥♦ ❝♦♥t♦r♥♦ ❞♦ ♠♦❞❡❧♦ r❡❧❛❝✐♦♥❛❞❛s ❛s

❛♣r♦①✐♠❛çõ❡s ❞♦ ❢r❛♠❡✲✜❡❧❞✳

❆ ♠❡❞✐❞❛ q✉❡ ♦s ❉❖❋s ❞♦ ♠♦❞❡❧♦ sã♦ ✐♥❝r❡♠❡♥t❛❞♦s✱ ♥♦t❛✲s❡

❛ s✉❛✈✐③❛çã♦ ❞♦s r❡s✉❧t❛❞♦s ❞❛s t❡♥sõ❡s σ11 ❡ σ22✱ ❡✈✐❞❡♥❝✐❛❞❛s ♣r✐♥❝✐✲

♣❛❧♠❡♥t❡ ♥♦ ✐♥t❡r✈❛❧♦ ❡♥tr❡ ❛s ❝♦♦r❞❡♥❛❞❛s χ1 ♣ró①✐♠❛s ❛ ✷✵ ♠♠ ❡ ✽✵

♠♠✱ ❞❡✈✐❞♦✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ❛ ❜❛s❡ ❛✉t♦✲❡q✉✐❧✐❜r❛❞❛s ❞❛s ❢✉♥çõ❡s ❞❛s

s♦❧✉çõ❡s ❢✉♥❞❛♠❡♥t❛✐s✱ ✈✐st♦ ♥❛ ❡q✉❛çã♦ ✭✷✳✶✻✮✳

P❛r❛ ❛♣r✐♠♦r❛r ❛ ❛✈❛❧✐❛çã♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ❞✐❢❡r❡♥t❡s

♠❛❧❤❛s ♣❛r❛ ♦s ❞❡s❧♦❝❛♠❡♥t♦s ❡ t❡♥sõ❡s✱ s❡rá ❛✈❛❧✐❛❞♦ ♦ ❡rr♦ r❡❧❛t✐✈♦

❊r ❡♥tr❡ ♦s r❡s✉❧t❛❞♦s ❞❡ r❡❢❡rê♥❝✐❛ ❞♦ ❆♥s②s ♠❡❞✐❛♥t❡ ❛ ❡q✉❛çã♦
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❋✐❣✉r❛ ✶✺✿ ❈♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ u1 ❛♦ ❧♦♥❣♦ ❞❛ ❧✐♥❤❛ χ2 =
0 ♠♠ ✭❈✲❉✮✱ ❝♦♠ ♥♣♣ = 22✱ ❡♠ r❡❧❛çã♦ ❛s ♠❛❧❤❛s ▼✶✱ ▼✷ ❡ ▼✹✳
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❋✐❣✉r❛ ✶✻✿ ❈♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ u2 ❛♦ ❧♦♥❣♦ ❞❛ ❧✐♥❤❛ χ2 =
0 ♠♠ ✭❈✲❉✮✱ ❝♦♠ ♥♣♣ = 22✱ ❡♠ r❡❧❛çã♦ ❛s ♠❛❧❤❛s ▼✶✱ ▼✷ ❡ ▼✹✳
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❋✐❣✉r❛ ✶✼✿ ❈♦♠♣♦rt❛♠❡♥t♦ ❞❛ t❡♥sã♦ σ11 ❛♦ ❧♦♥❣♦ ❞❛ ❧✐♥❤❛ χ2 = 0
♠♠ ✭❈✲❉✮✱ ❝♦♠ ♥♣♣ = 22✱ ❡♠ r❡❧❛çã♦ ❛s ♠❛❧❤❛s ▼✶✱ ▼✷ ❡ ▼✹✳
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❋✐❣✉r❛ ✶✽✿ ❈♦♠♣♦rt❛♠❡♥t♦ ❞❛ t❡♥sã♦ σ22 ❛♦ ❧♦♥❣♦ ❞❛ ❧✐♥❤❛ χ2 = 0
♠♠ ✭❈✲❉✮✱ ❝♦♠ ♥♣♣ = 22✱ ❡♠ r❡❧❛çã♦ ❛s ♠❛❧❤❛s ▼✶✱ ▼✷ ❡ ▼✹✳

❊r(x̄) =

∥∥∥∥
Xhibrido(x̄)−Xref.(x̄)

Xref.(x̄)

∥∥∥∥ . ✭✸✳✷✮

♦♥❞❡ Xhibrido r❡❢❡r❡✲s❡ ❛♦s ✈❛❧♦r❡s ♦❜t✐❞♦s ♥♦ ♠ét♦❞♦ ❤í❜r✐❞♦ ❡ Xref

sã♦ ♦s ✈❛❧♦r❡s ❛❧✈♦s ❞❛ ♠❛❧❤❛ ❞❡ r❡❢❡rê♥❝✐❛ ❞♦ ❆♥s②s✳

P♦❞❡✲s❡ ♦❜s❡r✈❛r ♥❛s ❋✐❣✉r❛s ✶✾ ✲ ✷✷ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❞✐✲

❢❡r❡♥ç❛ r❡❧❛t✐✈❛ ❞♦s ❞❡s❧♦❝❛♠❡♥t♦s ❡ t❡♥sõ❡s ❛♦ ❧♦♥❣♦ ❞❛ ❧✐♥❤❛ χ2 = 0

♠♠✳ ◆♦t❛✲s❡ q✉❡ ♦ ♠ét♦❞♦ ❤í❜r✐❞♦ ❛♣r❡s❡♥t❛ ✈❛❧♦r❡s ❝♦♥s✐st❡♥t❡s ♣❛r❛

♦s ❞❡s❧♦❝❛♠❡♥t♦s✱ ❝♦♠ ♠é❞✐❛ ❞♦ ❡rr♦ ✐♥❢❡r✐♦r ❛ ✶✵✪ ♣❛r❛ u2 ❡ ❞❡ ✷✽✪

♣❛r❛ u2✳ ◆♦ q✉❡ ❝♦♥❝❡r♥❡ ❛ ❞✐❢❡r❡♥ç❛ r❡❧❛t✐✈❛ r❡❧❛❝✐♦♥❛❞❛ ❛s t❡♥sõ❡s

❛ ♠é❞✐❛ ♣❛r❛ σ11 é ❞❡ ✷✺✪ ❡♥q✉❛♥t♦ ♣❛r❛ σ22 ❛ ❞✐s❝r❡♣â♥❝✐❛ é ♠❛✐♦r✱

❝♦♠ ♠é❞✐❛ ❞❡ ✶✷✵✪✱ ✐♥❝r❡♠❡♥t❛❞❛s ❥✉st❛♠❡♥t❡ ♣❡❧❛s ❞✐❢❡r❡♥ç❛s ♥❛s

♣r♦①✐♠✐❞❛❞❡s ❞♦ ❝♦♥t♦r♥♦ ❡①t❡r♥♦ ❞♦ ♠♦❞❡❧♦✳
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❋✐❣✉r❛ ✶✾✿ ❈♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❡rr♦ r❡❧❛t✐✈♦ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ u1 ❛♦
❧♦♥❣♦ ❞❛ ❧✐♥❤❛ χ2 = 0 ♠♠ ✭❈✲❉✮✱ ❝♦♠ ♥♣♣ = 22✱ ❡♠ r❡❧❛çã♦ ❛s ♠❛❧❤❛s
▼✶✱ ▼✷✱ ▼✸ ✱ ▼✹ ❡ ▼✺✳
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❋✐❣✉r❛ ✷✵✿ ❈♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❡rr♦ r❡❧❛t✐✈♦ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ u2 ❛♦
❧♦♥❣♦ ❞❛ ❧✐♥❤❛ χ2 = 0 ♠♠ ✭❈✲❉✮✱ ❝♦♠ ♥♣♣ = 22✱ ❡♠ r❡❧❛çã♦ ❛s ♠❛❧❤❛s
▼✶✱ ▼✷✱ ▼✸ ✱ ▼✹ ❡ ▼✺✳
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❋✐❣✉r❛ ✷✶✿ ❈♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❡rr♦ r❡❧❛t✐✈♦ ❞❛ t❡♥sã♦ σ11 ❛♦ ❧♦♥❣♦ ❞❛
❧✐♥❤❛ χ2 = 0 ♠♠ ✭❈✲❉✮✱ ❝♦♠ ♥♣♣ = 22✱ ❡♠ r❡❧❛çã♦ ❛s ♠❛❧❤❛s ▼✶✱ ▼✷✱
▼✸ ✱ ▼✹ ❡ ▼✺✳
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❋✐❣✉r❛ ✷✷✿ ❈♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❡rr♦ r❡❧❛t✐✈♦ ❞❛ t❡♥sã♦ σ22 ❛♦ ❧♦♥❣♦ ❞❛
❧✐♥❤❛ χ2 = 0 ♠♠ ✭❈✲❉✮✱ ❝♦♠ ♥♣♣ = 22✱ ❡♠ r❡❧❛çã♦ ❛s ♠❛❧❤❛s ▼✶✱ ▼✷✱
▼✸ ✱ ▼✹ ❡ ▼✺✳
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✸✳✷ ▼❖❉❊▲❖ ❉❊ P▲❆❈❆ ❖❘❚❖❚❘ÓP■❈❆ ❋■◆■❚❆ ❈❖▼ ❋❯❘❖
❈■❘❈❯▲❆❘

◆❡st❡ ❡①❡♠♣❧♦ s❡rá ❛✈❛❧✐❛❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s t❡♥sõ❡s ❡

♦ ❢❛t♦r ❞❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡ t❡♥sã♦ ❞❡ ✉♠❛ ♣❧❛❝❛ ♦rt♦tró♣✐❝❛ q✉❛❞r❛❞❛

s♦❜r❡ ❝❛rr❡❣❛♠❡♥t♦ ✉♥✐❞✐r❡❝✐♦♥❛❧ ♣ ♥❛ ❞✐r❡çã♦ χ1✱ ❝♦♥t❡♥❞♦ ✉♠ ❢✉r♦

❝✐r❝✉❧❛r ♥♦ s❡✉ ❝❡♥tr♦✱ ♣r♦❜❧❡♠❛ tí♣✐❝♦ ❞❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡ t❡♥sã♦✳ ❖

♠♦❞❡❧♦ ❢ís✐❝♦ ❞♦ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✸✳ ❖s ♣❛râ✲

♠❡tr♦s ❞❛ ♣❧❛❝❛ ❡♠ ❛♥á❧✐s❡ ♣♦❞❡♠ s❡r ♦❜s❡r✈❛❞♦s ♥❛ ❚❛❜❡❧❛ ✸✳

❚❛❜❡❧❛ ✸✿ Pr♦♣r✐❡❞❛❞❡s ❡ ❝❛r❛❝t❡ríst✐❝❛s ❣❡♦♠étr✐❝❛s ❞❛ ❧â♠✐♥❛ ♦rt♦✲
tró♣✐❝❛ ❞❛ ♣❧❛❝❛ q✉❛❞r❛❞❛ ❝♦♠ ❢✉r♦ ❝❡♥tr❛❧✳

▼ó❞✉❧♦ ❞❡ ❡❧❛st✐❝✐❞❛❞❡ ✲ E1 20 ●P❛

▼ó❞✉❧♦ ❞❡ ❡❧❛st✐❝✐❞❛❞❡ ✲ E2 45 ●P❛

▼ó❞✉❧♦ ❞❡ ❡❧❛st✐❝✐❞❛❞❡ ❝✐s❛❧❤✳ ✲ G12 4 ●P❛

❈♦❡✜❝✐❡♥t❡ P♦✐ss♦♥ ✲ ν12 ✵✳✷✺

❊s♣❡ss✉r❛ ✲ ❤ ✷ ♠♠

❈❛r❣❛ ❞✐str✐❜✉í❞❛ ✲ ♣ ✶✵✵ ▼P❛

❈♦♠♣r✐♠❡♥t♦ ❡ ❧❛r❣✉r❛ ✲ ❛✱ ❜ ✶✵✵ ♠♠

❉✐â♠❡tr♦ ❞♦ ❢✉r♦ ✲ ❞ ✶✵ ♠♠

❆s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❛♣❧✐❝❛❞❛s sã♦ ♠♦str❛❞❛s ❛ s❡❣✉✐r✱

♦♥❞❡ r♦t❛çõ❡s ❢♦r❛♠ ❞❡s❝♦♥s✐❞❡r❛❞❛s ❡ ❞❡✈✐❞♦ ❛ ❞✉♣❧❛ s✐♠❡tr✐❛ ❞♦ ♣r♦✲

❜❧❡♠❛✳ ❆♣❡♥❛s ✉♠ q✉❛❞r❛♥t❡ ❞❛ ♣❧❛❝❛ s❡rá ❛♥❛❧✐s❛❞♦ ❝♦♠ ❛s ❞❡✈✐❞❛s

❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦

❊♥❣❛st❡

em χ1 = 0 : u20 = 0.

em χ2 = 0 : u10 = 0.

✭✸✳✸✮

❆ ♠❛❧❤❛ ❡s❝♦❧❤✐❞❛ é ❝♦♠♣♦st❛ ♣♦r ❡❧❡♠❡♥t♦s tr✐❛♥❣✉❧❛r❡s ❧✐✲

♥❡❛r❡s✱ ♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡ s✉❜❞✐✈✐sõ❡s ❞❛s ❛r❡st❛s ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦
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❋✐❣✉r❛ ✷✸✿ ▼♦❞❡❧♦ ❢ís✐❝♦ ❞❡ ✉♠❛ ♣❧❛❝❛ q✉❛❞r❛❞❛ ✜♥✐t❛ ✭✶✵✵ ♠♠ ①
✶✵✵ ♠♠✮ ❝♦♠ ❢✉r♦ ❝❡♥tr❛❧✱ ❞❂ ✶✵ ♠♠ ❡ ❝❛rr❡❣❛♠❡♥t♦ ✉♥✐❞✐r❡❝✐♦♥❛❧
✉♥✐❢♦r♠❡ ♣ ❂ ✶✵✵ ▼P❛✳

❞❡t❡r♠✐♥❛ ❛ ♠❛❧❤❛✱ ❝♦♠♦ ❛♣r❡s❡♥t❛❞❛ ♥❛ ❋✐❣✉r❛ ✻ (b) ❞♦ ❡①❡♠♣❧♦ ❛♥✲

t❡r✐♦r✳ ❆s ❝❛r❛❝t❡ríst✐❝❛s ❞❛s ♠❛❧❤❛s t❡st❛❞❛s ♣♦❞❡♠ s❡r ♦❜s❡r✈❛❞❛s ♥❛

❚❛❜❡❧❛ ✹✳ ❆ ♠❛❧❤❛ ❞♦ ♠♦❞❡❧♦ ❢ís✐❝♦ ❞✐s❝r❡t✐③❛❞❛ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞❛ ♥❛

❋✐❣✉r❛ ✷✹✱ ❜❡♠ ❝♦♠♦ ❛ ♠❛❧❤❛ ❆♥s②s ❞❡ r❡❢❡rê♥❝✐❛ ♥❛ ❋✐❣✉r❛ ✷✻✳

❚❛❜❡❧❛ ✹✿ ❉❡s❝r✐♠✐♥❛çã♦ ❞❛s ♠❛❧❤❛s ✉t✐❧✐③❛❞❛s ♣❛r❛ ❛♥á❧✐s❡ ♣❛r❛ ♦
♣r♦❜❧❡♠❛ ❞❡ ♣❧❛❝❛ ❝♦♠ ❢✉r♦ ❝❡♥tr❛❧✳

▼❛❧❤❛ ◆◦ ❞❡ ♥ós ◆◦ ❞❡ ❡❧❡♠❡♥t♦s

▼✶ ✻✾ ✶✵✼
▼✷ ✷✹✹ ✶✵✼

❆♥s②s ✻✾ ✶✵✼
❆♥s②s r❡❢✳ ✸✾✹ ✼✵✼
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χ1

χ2

A

B

❋✐❣✉r❛ ✷✹✿ ▼❛❧❤❛ tr✐❛♥❣✉❧❛r ▼✶ ❡♠ ❛♥á❧✐s❡ ❞❛ ♣❧❛❝❛ q✉❛❞r❛❞❛ ❝♦♠
❢✉r♦ ❝❡♥tr❛❧✳

❊♠ ✉♠ ♠❛t❡r✐❛❧ ♦rt♦tró♣✐❝♦✱ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠ ❢✉r♦ ❝✐r❝✉❧❛r✱

❝❛rr❡❣❛❞♦ ❝♦♠ ✉♠❛ t❡♥sã♦ σ∞ ❛❣✐♥❞♦ ❛ ✉♠❛ ❞✐stâ♥❝✐❛ ❝♦♥s✐❞❡rá✈❡❧ ❡

❝♦♠ ✉♠ â♥❣✉❧♦ φ s❡❣✉♥❞♦ ♦ ❡✐①♦ ❧♦♥❣✐t✉❞✐♥❛❧ ♣r✐♥❝✐♣❛❧✱ ♦ ♠❛t❡r✐❛❧ t❡♥❞❡

❛ ❡♥❝♦♥tr❛r ✉♠ ♥♦✈♦ ❡st❛❞♦ ❞❡ ❡q✉✐❧í❜r✐♦✱ ♦r✐❣✐♥❛♥❞♦ ✉♠❛ ❝♦♥❝❡♥tr❛çã♦

❞❡ t❡♥sã♦ ❡♠ t♦r♥♦ ❞♦ ❢✉r♦✳ ❖ ❢❛t♦r ❞❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡ t❡♥sã♦ ❡♠ t♦r♥♦

❞♦ ❢✉r♦ ❝✐r❝✉❧❛r ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ❝♦♠♦ s✉❣❡r✐❞♦ ♣♦r ✭▲❊❑❍◆■❚❙❑■■❀

❚❙❆■❀ ❈❍❊❘❖◆✱ ✶✾✻✽✮ ❝♦♠♦ s❡♥❞♦

Kt =
σθ

σ∞

=
Eθ

E1





[−cos2φ+ (κ+ η) sin2 φ]κ cos2 θ

+ [(1 + η) cos2 φ− κ sin2 φ] sin2 θ

− η(1 + κ+ η)sinφ cosφ sin θ cos θ





✭✸✳✹✮

♦♥❞❡ σθ é ❛ t❡♥sã♦ t❛♥❣❡♥❝✐❛❧ ❡♠ t♦r♥♦ ❞♦ ❢✉r♦✱ θ é ♦ â♥❣✉❧♦ ♦♥❞❡ s❡

♣r❡t❡♥❞❡ ♦❜t❡r ♦ ❡st❛❞♦ ❞❡ t❡♥sõ❡s ❡♠ t♦r♥♦ ❞♦ ❢✉r♦✱ Eθ é ♦ ♠ó❞✉❧♦ ❞❡

❡❧❛st✐❝✐❞❛❞❡ ❞❛ ❝❛♠❛❞❛ ❛♥✐s♦tró♣✐❝❛ ♥❛ ❞✐r❡çã♦ θ ❡ ♣♦r ✜♠✱ κ ❡ η sã♦

❝♦♥st❛♥t❡s ❛❞✐♠❡♥s✐♦♥❛✐s✱ ♦♥❞❡ ♦s s❡✉s ✈❛❧♦r❡s sã♦ ♦❜t✐❞♦s ♣♦r



✸✳✷✳ ▼♦❞❡❧♦ ❞❡ ♣❧❛❝❛ ♦rt♦tró♣✐❝❛ ✜♥✐t❛ ❝♦♠ ❢✉r♦ ❝✐r❝✉❧❛r ✻✾

κ =

√
E1

E2

, ✭✸✳✺✮

η =

√
2

(
E1

E2

− ν12

)
+

E1

G12

. ✭✸✳✻✮

❊♠ ♠❛t❡r✐❛✐s ♦rt♦tró♣✐❝♦s✱ ❛ ❞✐str✐❜✉✐çã♦ ❞❛ t❡♥sã♦ ♥ã♦ s❡rá

s✐♠étr✐❝❛ ❡♠ r❡❧❛çã♦ ❛♦ ♣❧❛♥♦ ❞❡ ❛çã♦ ❞❛ ❢♦rç❛ ❛♣❧✐❝❛❞❛✳ ❙♦♠❡♥t❡

s❡rá s✐♠étr✐❝❛ ❡♠ r❡❧❛çã♦ ❛♦ ❝❡♥tr♦✐❞❡ ❞♦ ❢✉r ✭▲❊❑❍◆■❚❙❑■■❀ ❚❙❆■❀

❈❍❊❘❖◆✱ ✶✾✻✽✮✳ ◆❛ ❋✐❣✉r❛ ✷✺ ♣♦❞❡✲s❡ ♦❜s❡r✈❛r ✉♠ ❡①❡♠♣❧♦ ❞❛ ❞✐s✲

tr✐❜✉✐çã♦ ❞❡ t❡♥sã♦ ❡♠ t♦r♥♦ ❞❡ ✉♠ ❢✉r♦ q✉❛♥❞♦ ✉♠❛ ❢♦rç❛ é ❛♣❧✐❝❛❞❛

❝♦♠ ✉♠ ❛♥❣✉❧♦ ❞❡ θ ❂ ✹✺◦ ❡♠ r❡❧❛çã♦ ❛s ❞✐r❡çõ❡s ♣r✐♥❝✐♣❛✐s✳

❋✐❣✉r❛ ✷✺✿ ❉✐str✐❜✉✐çã♦ ❞❛s t❡♥sõ❡s ♣r✐♥❝✐♣❛✐s ❡♠ t♦r♥♦ ❞❡ ✉♠ ❢✉r♦
❝✐r❝✉❧❛r ❝♦♠ ❝❛r❣❛ ❛♣❧✐❝❛❞❛ ❛ θ ❂ ✹✺◦❡♠ r❡❧❛çã♦ ❛s ❞✐r❡çõ❡s ♣r✐♥❝✐♣❛✐s✳
❋♦♥t❡✿ ✭▲❊❑❍◆■❚❙❑■■❀ ❚❙❆■❀ ❈❍❊❘❖◆✱ ✶✾✻✽✮

❊♠ ❝❛s♦s ❡♠ q✉❡ ♦ â♥❣✉❧♦ ❞❡ ❛♣❧✐❝❛çã♦ ❞❛ ❢♦rç❛ θ ❝♦✐♥❝✐❞❡ ❝♦♠

♦s â♥❣✉❧♦s ❞❛s ❞✐r❡çõ❡s ♣r✐♥❝✐♣❛✐s ♦✉ s❡❥❛✱ φ ❂ ✵✱ ♦❜tê♠✲s❡ ❞❛ ❊q✉❛çã♦

✭✸✳✹✮ ❛ t❡♥sã♦ ♠á①✐♠❛ ❝♦♠♦ s❡♥❞♦

σθ = ♣
Eθ

E1

· [−κ cos2 θ + (1 + η) sin2 θ]. ✭✸✳✼✮
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◆❡st❡ ❝❛s♦✱ ❛ ❞✐str✐❜✉✐çã♦ ❞❛s t❡♥sõ❡s s❡rá s✐♠étr✐❝❛ ❡♠ r❡❧❛çã♦

❛s ❞✐r❡çõ❡s ♣r✐♥❝✐♣❛✐s χ1 ❡ χ2 ❡ ❛ t❡♥sã♦ ♠á①✐♠❛ ✭σθA✮ ❡ t❡♥sã♦ ♠í♥✐♠❛

✭σθB ✮ s❡rã♦ ❞❛❞❛s ♣♦r

σθA = ♣(1 + η). ✭✸✳✽✮

σθB = − ♣

κ
, ✭✸✳✾✮

◆❛s ❋✐❣✉r❛s ✷✼ ❡ ✷✽ ♣♦❞❡♠✲s❡ ♦❜s❡r✈❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s

t❡♥sõ❡s σ11 ❡ σ22 ❛♦ ❧♦♥❣♦ ❞❛ ❧✐♥❤❛ χ1 = 0 ♠♠ ♣❛r❛ ❛s ♠❛❧❤❛s ▼✶✱ ▼✷

❡ ❆♥s②s✳ ◆♦t❛✲s❡ ❛ ♣❛rt✐r ❞❛ ♠❛❧❤❛ ▼✶✱ q✉❡ ♦s r❡s✉❧t❛❞♦s ❞❛s t❡♥sõ❡s

sã♦ ♣ró①✐♠♦s ❛♦s ❞♦ ♠♦❞❡❧♦ ❆♥s②s ❞❡ r❡❢❡rê♥❝✐❛ ❜❡♠ ❝♦♠♦ ♦ ✈❛❧♦r ❞♦

❢❛t♦r ❞❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡ t❡♥sã♦ Kt ❂ ✸✱✸✷ t❡ór✐❝♦s ♦❜t✐❞♦s ♠❡❞✐❛♥t❡ ❛

❊q✉❛çã♦ ✭✸✳✹✮ ♥♦ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ ✭①✱②✮❂✭✵❀✺✮ ✭▲❊❑❍◆■❚❙❑■■❀ ❚❙❆■❀

❈❍❊❘❖◆✱ ✶✾✻✽✮✳ ❱❛❧❡ r❡ss❛❧t❛r q✉❡ ❛ ✈❛❧♦r ❞❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡ t❡♥sã♦

♦❜t✐❞♦ ♣❛r❛ ♠❛t❡r✐❛❧ ♦rt♦tró♣✐❝♦ ❞✐❢❡r❡♥❝✐❛✲s❡ ❞♦ ✈❛❧♦r ❞❡ ❝♦♥❝❡♥tr❛çã♦

♣❛r❛ ♠❛t❡r✐❛✐s ✐s♦tró♣✐❝♦s ✐♥❞✐❝❛❞♦ ♥❛ ❧✐t❡r❛t✉r❛ ❝♦♠♦ Kt❂σmax

σ∞

♦♥❞❡

❛ t❡♥sã♦ ♠á①✐♠❛ ❡q✉✐✈❛❧❡♥t❡ é ❝♦♥s✐❞❡r❛❞❛ σmax ❂ ✸·σnom✱ ♦♥❞❡ ❛

t❡♥sã♦ ♥♦♠✐♥❛❧ é

σnom =

(
b

b− d

)
σ∞. ✭✸✳✶✵✮

❚❛❜❡❧❛ ✺✿ ❋❛t♦r ❞❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡ t❡♥sã♦ Kt ♥♦ ♣♦♥t♦ ✭①✱②✮❂✭✵❀✺✮
♣❛r❛ ❞✐❢❡r❡♥t❡s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ♠❛t❡r✐❛❧ ❡ ♠❛❧❤❛s✳

Pr♦♣r✐❡❞❛❞❡s ❞♦s ♠❛t❡r✐❛✐s ❍í❜r✐❞♦ ❆♥s②s

E1 ❬●P❛❪ E2 ❬●P❛❪ G12 ❬●P❛❪ ν12 ▼✶ ▼✷ ❆♥s②s ❆♥s②s r❡❢✳

✷✵ ✹✺ ✹ ✵✳✷✺ ✸✱✺✷ ✹✱✷✶ ✷✱✺✼ ✸✱✽✻
✼✵ ✹✵ ✼ ✵✳✷✺ ✸✱✸✸ ✹✱✻✽ ✶✱✾✻ ✸✱✷✷
✶✷✵ ✻✵ ✹ ✵✳✷✺ ✹✱✷✺ ✹✱✶✷ ✶✱✽✽ ✸✱✹
✸✽ ✷✷ ✼✱✽ ✵✳✷✺ ✸✱✵✶ ✹✱✼✾ ✶✱✾ ✸✱✵✽



✸✳✷✳ ▼♦❞❡❧♦ ❞❡ ♣❧❛❝❛ ♦rt♦tró♣✐❝❛ ✜♥✐t❛ ❝♦♠ ❢✉r♦ ❝✐r❝✉❧❛r ✼✶

❋✐❣✉r❛ ✷✻✿ ▼❛❧❤❛ ❞❡ r❡❢❡rê♥❝✐❛ ❆♥s②s ❝♦♠ ✸✾✹ ♥ós ❡ ✼✵✼ ❡❧❡♠❡♥t♦s✱
❝♦♠ r❡✜♥♦ ❧♦❝❛❧✐③❛❞♦ ♥♦ ❝♦♥t♦r♥♦ ❞♦ ❢✉r♦✳

◆♦t❛✲s❡ q✉❡ ♦ ♠ét♦❞♦ ❋❊▼✲❍❋❙ ❛♣r❡s❡♥t❛ ✈❛❧♦r❡s ❞❡ t❡♥sã♦

σ11 ❝♦♠ ♠❡❧❤♦r ♣r❡❝✐sã♦ q✉❡ ♦ ♠♦❞❡❧♦ ❞♦ ❆♥s②s ❝♦♠ ♦ ♠❡s♠♦ ♥ú♠❡r♦

❉❖❋✳ ❆s t❡♥sõ❡s σ11 ❡ σ22 ❛♣r❡s❡♥t❛r❛♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♣ró①✐♠♦ ❛♦

❝♦♠♣♦rt❛♠❡♥t♦ t❡ór✐❝♦✱ q✉❡ ✐♥❞✐❝❛ ❛ t❡♥sã♦ ♠á①✐♠❛ ♥♦ ♣♦♥t♦ ❞❡ ✐♥t❡r✲

s❡❝çã♦ ❞♦ ❡✐①♦ χ2 ❡ ♦ ❝♦♥t♦r♥♦ ❞♦ ❢✉r♦ ✭P♦♥t♦ ❆ ✲ ✭①✱②✮❂✭✵❀✺✮✮ ❡ t❡♥sã♦

♠í♥✐♠❛ ♥♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❞♦ ❡✐①♦ χ1 ❡ ♦ ❝♦♥t♦r♥♦ ❞♦ ❢✉r♦ ✭P♦♥t♦

❇ ✲ ✭①✱②✮❂✭✺❀✵✮✮✳

◆❛ ❚❛❜❡❧❛ ✺ ♣♦❞❡♠✲s❡ ♦❜s❡r✈❛r ♦s ✈❛❧♦r❡s ❞♦ ❢❛t♦r ❞❡ ❝♦♥❝❡♥✲

tr❛çã♦ ❞❡ t❡♥sã♦Kt ♣❛r❛ ✹ ❞✐❢❡r❡♥t❡s ♠❛t❡r✐❛✐s ❡ ❞✉❛s ❞✐❢❡r❡♥t❡s ♠❛❧❤❛s

♣❛r❛ ♦ ♠ét♦❞♦ ❋❊▼✲❍❋❙ ❜❡♠ ❝♦♠♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞♦ ❆♥s②s✱ ❝♦♥❢♦r♠❡

♦s ❞❛❞♦s ❞❛ ❚❛❜❡❧❛ ✹✳ ◆♦t❛✲s❡ q✉❡ ♦s ✈❛❧♦r❡s ❞♦ ❢❛t♦r ❞❡ ❝♦♥❝❡♥tr❛çã♦

❞❡ t❡♥sã♦ ♣❛r❛ ❛ ♠❛❧❤❛ ▼✶ ❛♣r❡s❡♥t❛ ✈❛❧♦r ♣ró①✐♠♦ ❛♦ ✈❛❧♦r ❞❡ r❡❢❡✲

rê♥❝✐❛✱ ❝♦♠ ❡rr♦ r❡❧❛t✐✈♦ ♥❛ ♦r❞❡♠ ❞❡ ✻✪✱ ✵✱✸✪✱ ✷✽✪ ❡ ✾✱✸✪ ♣❛r❛ ♦s

✹ ❞✐❢❡r❡♥t❡s ♠❛t❡r✐❛✐s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥q✉❛♥t♦ ❛ ♠❛❧❤❛ ❆♥s②s ❝♦♠

♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ❉❖❋ ❞❡ ▼✶ ❛♣r❡s❡♥t❛ ❡rr♦s r❡❧❛t✐✈♦s ♥❛ ♦r❞❡♠ ❞❡

✷✷✱✺✪✱ ✹✵✱✾✪✱ ✹✸✱✸✪ ❡ ✹✷✱✼✪✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
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❋✐❣✉r❛ ✷✽✿ ❈♦♠♣♦rt❛♠❡♥t♦ ❞❛ t❡♥sã♦ σ22 ❛♦ ❧♦♥❣♦ ❞❛ ❧✐♥❤❛ ❞❡ χ1 ❂ ✵
♠♠✱ ❝♦♠ γ ❂ ✺ ❡ ♥♣♣ ❂ ✷✷ ✱ ♣❛r❛ ♠❛❧❤❛ ▼✶✱ ▼✷✱ ❆♥s②s ❡ ❆♥s②s r❡❢✳✳
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❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ ❢♦✐ ✐♠♣❧❡♠❡♥t❛r ♦ ♠♦❞❡❧♦ ❞❡ ❡st❛❞♦

♣❧❛♥♦ ❞❡ t❡♥sõ❡s ♣♦r ♠❡✐♦ ❞♦ ▼ét♦❞♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐♥✐t♦s ❍í❜r✐❞♦

❝♦♠ ❛♣r♦①✐♠❛çã♦ ✈✐❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧ ✭❋❊▼✲❍❋❙✮✱ ♣❛r❛ ♠♦❞❡❧❛✲

❣❡♠ ❞❡ ♣❧❛❝❛ ❞❡ ♠❛t❡r✐❛❧ ♦rt♦tró♣✐❝♦ s✐♠étr✐❝♦✱ s♦❜ ❝❛rr❡❣❛♠❡♥t♦ ❡♠

✢❡①ã♦ ❞❡ ♠❡♠❜r❛♥❛ ♣❛r❛ ♣❡q✉❡♥❛s ❞❡❢♦r♠❛çõ❡s ❡ ❞❡s❧♦❝❛♠❡♥t♦s ❡✱

❛♥❛❧✐s❛r ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡ t❡♥sõ❡s✳ ❱✐s♦✉✲s❡ ✉s❛r ❛ ✐♠♣❧❡✲

♠❡♥t❛çã♦ ♣❛r❛ ✐♥✈❡st✐❣❛r ♦s r❡s✉❧t❛❞♦s ❞❡ ❞❡s❧♦❝❛♠❡♥t♦✱ ♦s ❡❢❡✐t♦s ❞❛

❝♦♥t✐♥✉✐❞❛❞❡ ❞♦s ❝❛♠♣♦s ❞❡ t❡♥sã♦ ❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ♠ét♦❞♦✳ P❛r❛

t❛❧✱ ❢♦✐ ✉t✐❧✐③❛❞❛ ❛ ❧✐♥❣✉❛❣❡♠ ❋❖❘❚❘❆◆ ❡ ❜✐❜❧✐♦t❡❝❛s ❞❡ ❞❛❞♦s ❞✐s♣♦✲

♥í✈❡✐s ♥♦ ●❘❆◆❚❊✳ ❋✐♥❛❧♠❡♥t❡✱ r❡❛❧✐③❛r❛♠✲s❡ t❡st❡s ❝♦♠ r❡s✉❧t❛❞♦s

❞❡ r❡❢❡rê♥❝✐❛ ♦❜t✐❞♦s ♥♦ ❆♥s②s ❘©✳

❖s r❡s✉❧t❛❞♦s ❧❡✈❛♠ ❛ ❝♦♥❝❧✉✐r q✉❡✿

❆ ❢♦r♠✉❧❛çã♦ ❞✐s❝r❡t✐③❛❞❛ ♣❛r❛ ❋❊▼✲❍❋❙ ♠♦str♦✉✲s❡ ❝❛♣❛③

❞❡ ♦❜t❡r ♦s ❝❛♠♣♦s ❞❡ ❞❡s❧♦❝❛♠❡♥t♦s ❡ t❡♥sõ❡s✱ ♣❛r❛ ❡st✐♠❛t✐✈❛ ❞❡

❝❛♠♣♦s ❞❡ t❡♥sã♦ ❞❡ ♠❛t❡r✐❛✐s ♦rt♦tró♣✐❝♦s✱ ❛♣❡s❛r ❞❛ ✐♠♣♦ss✐❜✐❧✐❞❛❞❡

❞❡ ✈❛❧✐❞❛r ♦ ❝ó❞✐❣♦ ❛tr❛✈és ❞❡ r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s ❞♦s ♣r♦❜❧❡♠❛s s❡❧❡✲

❝✐♦♥❛❞♦s✳

❈♦♥❢♦r♠❡ ✐♥❞✐❝❛❞♦ ♣♦r ❲❛♥❣ ❛♥❞ ◗✐♥ ✭✷✵✶✵✮✱ ❢♦✐ ❝♦♥st❛t❛❞♦

q✉❡ ♦ ♠ét♦❞♦ ❛♣r❡s❡♥t❛ ♣r♦❜❧❡♠❛s ♣❛r❛ γ ♣❡q✉❡♥♦s ❡✴♦✉ ✐❣✉❛❧ ❛ ③❡r♦✱

❞❡✈✐❞♦ ❛ ♣r♦①✐♠✐❞❛❞❡ ❞♦ ♣♦♥t♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❛s ❢✉♥çõ❡s ❢✉♥❞❛♠❡♥✲

t❛✐s✳

❯♠ ♣♦♥t♦ ❛ s❡ ❞❡st❛❝❛r é ♦ ♣♦t❡♥❝✐❛❧ ❞♦ ♠ét♦❞♦ ❛♣♦♥t❛❞♦

♣❡❧♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✳ ❯♠❛ ✈❡③ q✉❡ ❛♣❡♥❛s ❢✉♥çõ❡s ❞❡ ❛♣r♦①✐♠❛çõ❡s

❧✐♥❡❛r❡s ❢♦r❛♠ ✉t✐❧✐③❛❞❛s ♣❛r❛ ❛ ❛♣r♦①✐♠❛çã♦ ♥♦s ❝♦♥t♦r♥♦s✱ ❢r❛♠❡ ✜❡❧❞✱

♦s r❡s✉❧t❛❞♦s s✉❣❡r❡♠ q✉❡ ♦ ✉s♦ ❞❡ ❢✉♥çõ❡s ❞❡ ❛♣r♦①✐♠❛çã♦ ❞❡ ♠❛✐♦r

♦r❞❡♠ ♥♦s ❝♦♥t♦r♥♦s ♣♦ss❛ s❡r ❜❡♥é✜❝♦✳
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❏■❘❖❯❙❊❑✱ ❏✳❀ ❲❘Ó❇▲❊❲❙❑■✱ ❆✳❀ ❙❩❨❇■❿❙❑■✱ ❇✳ ❆ ♥❡✇ ✶✷
❉❖❋ q✉❛❞r✐❧❛t❡r❛❧ ❡❧❡♠❡♥t ❢♦r ❛♥❛❧②s✐s ♦❢ t❤✐❝❦ ❛♥❞ t❤✐♥ ♣❧❛t❡s✳
■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ❢♦r ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❊♥❣✐♥❡❡r✐♥❣✱ ✈✳ ✸✽✱
♥✳ ✶✺✱ ♣✳ ✷✻✶✾✕✷✻✸✽✱ ✶✾✾✺✳

▲❊❑❍◆■❚❙❑■■✱ ❙✳❀ ❚❙❆■✱ ❙✳❀ ❈❍❊❘❖◆✱ ❚✳ ❆♥✐s♦tr♦♣✐❝ ♣❧❛t❡s✳ ✷✳ ❡❞✳
◆❡✇ ❨♦r❦✿ ●♦r❞♦♥ ❛♥❞ ❇r❡❛❝❤ ❙❝✐❡♥❝❡✱ ✶✾✻✽✳ ✺✸✹ ♣✳
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▼❊◆❉❖◆➬❆✱ P✳ ❚✳ ❘✳ ▼❛t❡r✐❛✐s ❝♦♠♣♦st♦s ❡ ❡str✉t✉r❛s✲s❛♥❞✉✐❝❤❡✿
♣r♦❥❡t♦ ❡ ❛♥❛❧✐s❡✳ ❇❛r✉❡r✐✿ ❊❞✐t♦r❛ ▼❛♥♦❧❡✱ ✷✵✵✺✳

◗■◆✱ ◗✳ ❍✳ ❍②❜r✐❞ ❚r❡✛t③ ✜♥✐t❡✲❡❧❡♠❡♥t ❛♣♣r♦❛❝❤ ❢♦r ♣❧❛t❡ ❜❡♥❞✐♥❣
♦♥ ❛♥ ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥✳ ❆♣♣❧✳ ▼❛t❤✳ ▼♦❞❡❧✳✱ ✈✳ ✶✽✱ ♥✳ ✻✱ ♣✳ ✸✸✹✕✸✸✾✱
✶✾✾✹✳

◗■◆✱ ◗✳✲❍✳ ❚❤❡ ❚r❡✛t③ ❋✐♥✐t❡ ❛♥❞ ❇♦✉♥❞❛r② ❊❧❡♠❡♥t ▼❡t❤♦❞✳ ❇♦st♦♥✿
❲■❚Pr❡ss✱ ✷✵✵✵✳ ✷✾✻ ♣✳

◗■◆✱ ◗✳✲❍✳❀ ❲❆◆●✱ ❍✳ ▼❆❚▲❆❇ ❛♥❞ ❈ Pr♦❣r❛♠♠✐♥❣ ❢♦r ❚r❡✛t③
❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞s✳ ✶✳ ❡❞✳ ▲♦♥❞♦♥✿ ❚❛②❧♦r ✫ ❋r❛♥❝✐s✱ ✷✵✵✽✳ ✹✻✹ ♣✳

❘■❩❩❖✱ ❋✳ ❏✳❀ ❙❍■PP❨✱ ❉✳ ❏✳ ❆ ▼❡t❤♦❞ ❢♦r ❙tr❡ss ❉❡t❡r♠✐♥❛t✐♦♥ ✐♥
P❧❛♥❡ ❆♥✐s♦tr♦♣✐❝ ❊❧❛st✐❝ ❇♦❞✐❡s✳ ❏✳ ❈♦♠♣♦s✳ ▼❛t❡r✳✱ ✈✳ ✹✱ ♥✳ ✶✱ ♣✳
✸✻✕✻✶✱ ✶✾✼✵✳

❚❘❊❋❋❚❩✱ ❊✳ ❊✐♥ ●❡❣❡♥stü❝❦ ③✉♠ ❘✐t③s❝❤❡♥ ❱❡r❢❛❤r❡♥✳ ■♥t❡r♥❛t✐♦♥❛❧
❑♦♥❣r❡ss ❢ür ❚❡❝❤♥✐s❝❤❡ ▼❡❝❤❛♥✐❦✱ ♣✳ ✶✸✶✕✶✸✼✱ ✶✾✷✻✳

❲❆◆●✱ ❍✳❀ ◗■◆✱ ◗✳ ❍✳ ❍②❜r✐❞ ❋❊▼ ✇✐t❤ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ❛s
tr✐❛❧ ❢✉♥❝t✐♦♥s ❢♦r ❤❡❛t ❝♦♥❞✉❝t✐♦♥ s✐♠✉❧❛t✐♦♥✳ ❆❝t❛ ▼❡❝❤✳ ❙♦❧✐❞❛ ❙✐♥✳✱
❚❤❡ ❈❤✐♥❡s❡ ❙♦❝✐❡t② ♦❢ ❚❤❡♦r❡t✐❝❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s✱ ✈✳ ✷✷✱
♥✳ ✺✱ ♣✳ ✹✽✼✕✹✾✽✱ ✷✵✵✾✳

❲❆◆●✱ ❍✳❀ ◗■◆✱ ◗✳✲❍✳ ❋✉♥❞❛♠❡♥t❛❧✲s♦❧✉t✐♦♥✲❜❛s❡❞ ✜♥✐t❡ ❡❧❡♠❡♥t
♠♦❞❡❧ ❢♦r ♣❧❛♥❡ ♦rt❤♦tr♦♣✐❝ ❡❧❛st✐❝ ❜♦❞✐❡s✳ ❊✉r✳ ❏✳ ▼❡❝❤✳ ✲ ❆✴❙♦❧✐❞s✱
✈✳ ✷✾✱ ♥✳ ✺✱ ♣✳ ✽✵✶✕✽✵✾✱ ✷✵✶✵✳
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▼✉✐t♦s ♣r♦❜❧❡♠❛s ❞❡ ❡♥❣❡♥❤❛r✐❛ ❡①♣r❡ss♦s ♥❛ ❢♦r♠❛ ❞✐❢❡r❡♥✲
❝✐❛❧ ♦✉ ♥❛ ❢♦r❛ ✐♥t❡❣r❛❧ sã♦ r❡s♦❧✈✐❞♦s ✉♥✐❝❛♠❡♥t❡ ✈✐❛ ❛♣r♦①✐♠❛çõ❡s
♥✉♠ér✐❝❛s✱ ❞❡✈✐❞♦ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ♣❛r❛ ❛ ❞❡r✐✈❛çã♦ t❡ór✐❝❛✳ ❆ té❝♥✐❝❛
❧❛r❣❛♠❡♥t❡ ✉t✐❧✐③❛❞❛ ♣❛r❛ r❡s♦❧✈❡r ❡st❡s ♣r♦❜❧❡♠❛s é ▼ét♦❞♦ ❞❡ ❊❧❡✲
♠❡♥t♦s ❋✐♥✐t♦s ✭▼❊❋✮ ❛ q✉❛❧ ❝❛r❛❝t❡r✐③❛✲s❡ ♣♦r ❞✐s❝r❡t✐③❛r ♦ ❞♦♠í♥✐♦
❞♦ ♣r♦❜❧❡♠❛ ❜❡♠ ❝♦♠♦ ♦ ❝♦♥t♦r♥♦ ❞❛ r❡❣✐ã♦ ❛ s❡r ❛✈❛❧✐❛❞❛✳

◆♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✱ ❛ ❞✐s❝r❡t✐③❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ ♠❛t❡♠át✐❝♦
❞❡ ❋❊▼✲❍❋❙ ❞❡s❡♥✈♦❧✈❡✉✲s❡ ❡♠ ❋❖❘❚❘❆◆✱ ❧✐♥❣✉❛❣❡♠ ❡st❛✱ ❞❡s❡♥✈♦❧✲
✈✐❞❛ ❛ ♣❛rt✐r ❞❛ ❞é❝❛❞❛ ❞❡ ✶✾✺✵ ❡ ✉t✐❧✐③❛❞❛ ❛té ♦s ❞✐❛s ❛t✉❛✐s ❡♠ ♠✉✐t❛s
❛♣❧✐❝❛çõ❡s ♦♥❞❡ s❡ ❢❛③ ♥❡❝❡ssár✐♦ ✉♠❛ ❛❧t❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❡①❡❝✉çã♦✳ ❊st❛
❞✐s❝r❡t✐③❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ ♠❛t❡♠át✐❝♦ ♣❛r❛ ✉♠❛ ❧✐♥❣✉❛❣❡♠ ❞❡ ♣r♦❣r❛✲
♠❛çã♦ ♥ã♦ é tr✐✈✐❛❧✱ ✉♠❛ ✈❡③ q✉❡ ♣r♦❜❧❡♠❛s ❝♦♠♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦s
❞❛s ❢✉♥çõ❡s ❞✐❢❡r❡♥❝✐❛s ♣♦❞❡♠ ✈✐r ❛ s✉r❣✐r ❞❡✈✐❞♦ ❛ ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡
❣❡♦♠étr✐❝❛✱ ❛❧é♠ ❞❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❞❡s❡♥✈♦❧✈❡r ✉♠ ❝ó❞✐❣♦ r♦❜✉st♦✳

❈♦♠♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❙❡çã♦ ✷✳✹ ❞❡ ❞✐s❝r❡t✐③❛çã♦ ❞♦ ♣r♦❜❧❡♠❛
❡♠ ❡❧❡♠❡♥t♦s ✜♥✐t♦s✱ ♥♦ ❋❊▼✲❍❋❙ ❞♦✐s ❝❛♠♣♦s ❞❡ ❞❡s❧♦❝❛♠❡♥t♦s sã♦
❛ss✉♠✐❞♦s✱ ❛ss✐♠ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ♥❡❝❡ss✐t❛✲s❡ ❞❡s❡♥✈♦❧✈❡r ❞✉❛s ❧✐✲
♥❤❛s ❞❡ ❝á❧❝✉❧♦✱ ♦✉ s❡❥❛✱ ❞✉❛s ♠❛❧❤❛s ❛ s❡r❡♠ ❛❝♦♣❧❛❞❛s✳ ◆❛ ❋✐❣✉r❛ ✷✾
♣♦❞❡✲s❡ ♦❜s❡r✈❛r ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❞❛s ♠❛❧❤❛s ❞♦ ❋❊▼✲
❍❋❙✱ ♦♥❞❡✿ ✭❛✮ r❡❢❡r❡✲s❡ ❛ ✉♠ ♠♦❞❡❧♦ ❣❡♦♠étr✐❝♦ tr✐❛♥❣✉❧❛r ❣❡♥ér✐❝♦✱
✭❜✮ ❞❡❝♦♠♣♦s✐çã♦ ❞♦ ♠♦❞❡❧♦ ❣❡♦♠étr✐❝♦ ❡♠ ✉♠❛ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r ✉s✉❛❧
❞❡ ❋❊▼ ❡ ✭❝✮ ❞❡❝♦♠♣♦s✐çã♦ ❞♦ ♠♦❞❡❧♦ ❣❡♦♠étr✐❝♦ ❡♠ ✉♠❛ ♠❛❧❤❛ tr✐✲
❛♥❣✉❧❛r ❝♦♠ ✉♠❛ s✉❜❞✐✈✐sã♦ ❛♣❧✐❝á✈❡❧ ❛♦ ❋❊▼✲❍❋❙✳

◆ã♦ é tr✐✈✐❛❧ ❛ ❣❡r❛r ❛ ♠❛❧❤❛ ❤í❜r✐❞❛ ♣❛r❛ ✉♠❛ ❣❡♦♠❡tr✐❛ q✉❛❧✲
q✉❡r✱ ✉♠❛ ✈❡③ q✉❡ ♣❛r❛ ♦ ♠ét♦❞♦ ▼❊❋ ❜❡♠ ❝♦♠♦ ♣❛r❛ ❋❊▼✲❍❋❙ ❢❛③✲s❡
♥❡❝❡ssár✐♦ ❣❡r❛❧ ❛ ♠❛tr✐③ ❝♦♥❡❝t✐✈✐❞❛❞❡ ❞♦s ❡❧❡♠❡♥t♦s ❞♦ ♠♦❞❡❧♦✳ P❛r❛
t❛❧✱ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ❛ r♦t✐♥❛ ✧❝r❡❆❘❊❙❚❆✶✧ q✉❡ ♣❛r❛ ❝❛❞❛ ❛r❡st❛ ❞❡
❝❛❞❛ ❡❧❡♠❡♥t♦✱ ✉t✐❧✐③❛♥❞♦ ♦s ❞❛❞♦s ❞❡ ❝♦♥❡❝t✐✈✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ♦r✐❣✐♥❛❧
❞♦ ▼❊❋✱ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦s ♥ós✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s✱ ❣❡r❛ ❛
♥♦✈❛ ♠❛tr✐③ ❝♦♥❡❝t✐✈✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ❤í❜r✐❞❛✱ ✭✷✾✮✳
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(b) (c)
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❋✐❣✉r❛ ✷✾✿ ■❧✉str❛çã♦ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦ ♠♦❞❡❧♦ ❣❡♦♠étr✐❝♦ ✭❛✮ ❡♠
✉♠❛ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r ✉s✉❛❧ ❞❡ ❋❊▼ ✭❜✮ ❡ ❡♠ ✉♠❛ ♠❛❧❤❛ ❛♣❧✐❝á✈❡❧ ❛
❋❊▼✲❍❋❙ ✭❝✮✳

❆✳✶ ▼❆❚❘■❩ ❈❖◆❊❈❚■❱■❉❆❉❊ ❍❮❇❘■❉❆ ❉❖❙ ◆❖❱❖❙ ◆Ó❙ ■◆✲
❚❊❘◆❖❙ ❆❙ ❆❘❊❙❚❆❙ ❉❖❙ ❊▲❊▼❊◆❚❖❙

P❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦♥❡❝t✐✈✐❞❛❞❡ ❤✐❜r✐❞❛
❢❛③✲s❡ ♥❡❝❡ssár✐♦ ❝♦♥s✐❞❡r❛r ❛s s❡❣✉✐♥t❡s ♥♦♠❡♥❝❧❛t✉r❛s✿

� ♥❡❧❡♠ = ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❡❧❡♠❡♥t♦s❀

� ♥♥♦s = ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♥ós ❞❛ ♠❛❧❤❛ ♦r✐❣✐♥❛❧ ❞♦
▼❊❋❀

� ❝♦♦r = ❝♦♦r❞❡♥❛❞❛s ♥♦❞❛✐s ❞❛ ♠❛❧❤❛ ♦r✐❣✐♥❛❧ ▼❊❋✳

� ♥♠❛① = ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ s✉❜❞✐✈✐sõ❡s ❞❛s ❛r❡st❛s❀

� ♥❞✐✈ = ♥ú♠❡r♦ ❞❡ s✉❜❞✐✈✐sõ❡s ❞❛s ❛r❡st❛s❀

� ◆◆❖❙❤✐❜r = ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♥ós ♥❛ ♠❛❧❤❛✱ ✐♥❝❧✉✐♥❞♦
♦s ♥♦✈♦s ♥ós ❤í❜r✐❞♦s❀

� ❈❖❖❘❤✐❜r✭✸✱◆◆❖❙❤✐❜r✮ = ❝♦♦r❞❡♥❛❞❛s ❞♦s ♥ós ❤í✲
❜r✐❞♦s❀

� ■❊▲❊❤✐❜r(♥❡❧❡♠✱✸× ♥♠❛①) ❂ ♠❛tr✐③ ❝♦♥❡❝t✐✈✐❞❛❞❡ ❞❛
♠❛❧❤❛ ❤í❜r✐❞❛✳



❆✳✶✳ ▼❛tr✐③ ❝♦♥❡❝t✐✈✐❞❛❞❡ ❤í❜r✐❞❛ ❞♦s ♥♦✈♦s ♥ós ✐♥t❡r♥♦s ❛s ❛r❡st❛s ❞♦s ❡❧❡♠❡♥t♦s✽✶

� ♥♦✐ ❂ ♥ó ❡♠ ❛♥á❧✐s❡❀

❆ s❡q✉ê♥❝✐❛ ❞♦s ♥ós ♥♦ ❡❧❡♠❡♥t♦ ❢♦✐ ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦✿

• ◆ó ❞❡ ✈ért✐❝❡ ❞♦ ✐♥✐❝✐♦ ❞❛ ❛r❡st❛ ✶ ❞♦ ❡❧❡♠❡♥t♦✱ s❡❣✉✐❞♦ ❞♦s ♥♦✈♦s
♥ós ❞❡♥tr♦ ❞❛ ❛r❡st❛ ✶❀

• ◆ó ❞❡ ✈ért✐❝❡ ❞♦ ✐♥✐❝✐♦ ❞❛ ❛r❡st❛ ✷ ❞♦ ❡❧❡♠❡♥t♦✱ s❡❣✉✐❞♦ ❞♦s ♥♦✈♦s
♥ós ❞❡♥tr♦ ❞❛ ❛r❡st❛ ✷❀

• ◆ó ❞❡ ✈ért✐❝❡ ❞♦ ✐♥✐❝✐♦ ❞❛ ❛r❡st❛ ✸ ❞♦ ❡❧❡♠❡♥t♦✱ s❡❣✉✐❞♦ ❞♦s ♥♦✈♦s
♥ós ❞❡♥tr♦ ❞❛ ❛r❡st❛ ✸✳

P❛r❛ ❡♥t❡♥❞❡r ♠❡❧❤♦r ♦ ♣r♦❝❡❞✐♠❡♥t♦ t♦♠❛✲s❡ ❝♦♠♦ ❡①❡♠♣❧♦
✉♠ ♠♦❞❡❧♦ ❝♦♠ ♥ú♠❡r♦ ❞❡ t♦t❛❧ ❞❡ ♥ós ♥♥♦s ❂ ✺✵ ♥❛ ♠❛❧❤❛ ♦r✐❣✐♥❛❧
❞♦ ▼❊❋ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ ✸ ♥ós✳ ❈♦♥s✐❞❡r❛✲s❡ q✉❡ s❡ ❡st❡❥❛ ♥♦ ♣♦♥t♦ ❞❡
❝r✐❛r ❛ ❛r❡st❛ ✷ ❡ s❡✉s ♥ós ✐♥t❡r♥♦s✳ ❊♥tã♦ ♦s ♥ós ✐♥t❡r♥♦s ❛ss✉♠✐rã♦ ♦s
♥ú♠❡r♦s (♥♥♦s✰✶✮✱✭♥♥♦s✰✷✮✳✳✳
✭♥♥♦s✰♥♠❛①✲✶✮✳ ❆ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦ ♥♠❛① ❂ ✸✱ ♦s ♥ós ✐♥t❡r♥♦s ❞❡
♥ú♠❡r♦s s❡rã♦ ❝♦♥s✐❞❡r❛❞♦s ♦s ♥ós ♥ú♠❡r♦s ✺✶ ❡ ✺✷ ♥❛ ♠❛❧❤❛ ❤í❜r✐❞❛✳
❊ss❡s ♥ós sã♦ ✐❣✉❛❧♠❡♥t❡ ❡s♣❛ç❛❞♦s ♥❛ ❛r❡st❛✱ ❡ sã♦ ❝r✐❛❞♦s ❛ ♣❛rt✐r
❞♦ ♥ó ✶ ❞❛ ❛r❡st❛✳ ❖ ♥ó ✶ ❞❛ ❛r❡st❛ é ❛r❜✐tr❛❞♦ ❞✉r❛♥t❡ ❛ ❣❡r❛çã♦✱ ❡
✐♥❞❡♣❡♥❞❡ ❞♦s ❡❧❡♠❡♥t♦s tr✐❛♥❣✉❧❛r❡s q✉❡ ❛ ♣❛rt✐❧❤❛♠✳ ❆ ❝♦♥❡❝t✐✈✐❞❛❞❡
❞♦ ❡❧❡♠❡♥t♦ ✈✐③✐♥❤♦ t❛♠❜é♠ é ❢❡✐t❛✱ ✐♥❝❧✉✐♥❞♦ ♦s ♥♦✈♦s ♥♦s ♥❛ ❛r❡st❛
❝♦♠✉♠✱ ❝♦♠♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✵ ✳

❆ss✐♠✱ ❛ ♥♦✈❛ ❝♦♥❡❝t✐✈✐❞❛❞❡ ❡♠ ■❊▲❊❤✐❜r é ❢❡✐t❛ ❝♦♠ ❛ s❡✲
❣✉✐♥t❡ ♦r❞❡♠ ❞♦s ♥ós ❧♦❝❛✐s✿

• ◆♦ ■ ✱ ♥ós ✐♥t❡r♥♦s ❞❛ ❛r❡st❛ ✶ ✭♥ós ✶✱✷✱✳✳✳✱♥♠❛①✲✶✮

• ◆♦ ❏ ✱ ♥ós ✐♥t❡r♥♦s ❞❛ ❛r❡st❛ ✷ ✭♥ós ✶✱✷✱✳✳✳✱♥♠❛①✲✶✮

• ◆♦ ❑ ✱ ♥ós ✐♥t❡r♥♦s ❞❛ ❛r❡st❛ ✸ ✭♥ós ✶✱✷✱✳✳✳✱♥♠❛①✲✶✮

• ❚♦t❛❧ ❞❡ ♥ós ♣♦r ❡❧❡♠❡♥t♦s ❂ ✸× ♥♠❛①✳

❊♥tã♦ ❝❛❞❛ ❛r❡st❛ t❡♠ ♥❞✐✈ ✰✶ ♥ós✱ ♦✉ s❡❥❛✱ ♦s ✷ ♥ós ❡①tr❡♠♦s
♠❛✐s ♥❞✐✈ ✲✶ ✐♥t❡r♥♦s✳

❆s ❝♦♦r❞❡♥❛❞❛s ❞♦s ♥ós ❤í❜r✐❞♦s sã♦ ❣❡r❛❞❛s ❛ ♣❛rt✐r ❞♦ ♥ú✲
♠❡r♦ ❞❡ s✉❜❞✐✈✐sõ❡s ❞❛s ❛r❡st❛s ♥❞✐✈ ❡ ❛s ❝♦♦r❞❡♥❛❞❛s ♥♦❞❛✐s ❞❛ ♠❛❧❤❛
♦r✐❣✐♥❛❧ ❞♦ ▼❊❋ ❝♦♦r✱ s❡❣✉✐♥❞♦ ❛s s❡❣✉✐♥t❡s ❡t❛♣❛s✿

✶✳ ❈♦♠♣r✐♠❡♥t♦ ❞❡ ✉♠❛ ❛r❡st❛ q✉❛❧q✉❡r ◆❖✲◆❖✷✿

• ❝♦♠♣❳ ❂ ❝♦♦r✭✶✱◆❖✷✮ ✲ ❝♦♦r✭✶✱◆❖✮❀

• ❝♦♠♣❨ ❂ ❝♦♦r✭✷✱◆❖✷✮ ✲ ❝♦♦r✭✷✱◆❖✮❀



✽✷
❆♣❡♥❞✐❝❡ ❆♣ê♥❞✐❝❡ ❆ ✲✲ Pr♦❝❡❞✐♠❡♥t♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♣❛r❛ ❢♦r♠✉❧❛çã♦ ❞❛ ♠❛tr✐③

❝♦♥❡❝t✐✈✐❞❛❞❡ ❤í❜r✐❞❛ ❡ ✢✉①♦ ❞❡ ❝á❧❝✉❧♦s ❞♦ ❋❊▼✲❍❋❙✳

Nó K,  nó 1 da aresta 2

Nó J,

nó 2 da aresta 2 e

nó 2 ou 1 da aresta 1.

Nó I, 

nó 1 ou 2 da aresta 1.

aresta 3 aresta 2

aresta 1

Nó interno 1: n° 51

Nó interno 2: n° 52

❋✐❣✉r❛ ✸✵✿ ▼♦❞❡❧♦ ❞❡ ❣❡r❛çã♦ ❞♦s ♥ós ✐♥t❡r♥♦s ❞❛ ♠❛❧❤❛ ❤í❜r✐❞❛ ❛♣❧✐✲
❝á✈❡❧ ❛♦ ❋❊▼✲❍❋❙✳

• ❝♦♠♣r ❂
√

compX2 ✰ compY 2❀

✷✳ ❈♦♠♣r✐♠❡♥t♦ ❞♦ ✐♥t❡r✈❛❧♦ ❡♥tr❡ ❞♦✐s ♥ós ♥❛ ❛r❡st❛ ❡♠ ❛♥❛❧✐s❛❞❛✿

• ❞❡❧t❛ ❂ compr

♥❞✐✈
❀

• ❢❛t ❂ delta

compr
❀

• ❞❡❧❳ ❂ ❢❛t× ❝♦♠♣❳❀

• ❞❡❧❨ ❂ ❢❛t× ❝♦♠♣❨❀

✸✳ ❱❡r✐✜❝❛ s❡ ❛ ❛r❡st❛ é ❛ ✶✱✷ ♦✉ ✸ ❞♦ ❡❧❡♠❡♥t♦ ◆❊✳

✹✳ ●❡r❛ ♦s ♥ós ✐♥t❡r♥♦s ♥❛ ❛r❡st❛✿

• s❡ ♥❞✐✈ ≥ ✶ ❡♥tã♦✿

✕ ❈❖❖❘❤✐❜r✭✶✱◆◆❖❙❤✐❜r✮ ❂❝♦♦r✭✶✱◆❖✮✰ ♥♦✐×❞❡❧❳❀

✕ ❈❖❖❘❤✐❜r✭✷✱◆◆❖❙❤✐❜r✮ ❂❝♦♦r✭✷✱◆❖✮✰ ♥♦✐×❞❡❧❨❀

✕ ❈❖❖❘❤✐❜r✭✸✱◆◆❖❙❤✐❜r✮ ❂❝♦♦r✭✸✱◆❖✮ ❀



❆✳✷✳ ❋❧✉①♦ ❞❡ ❝á❧❝✉❧♦s ❞❛ ❢♦r♠✉❧❛çã♦ ❤í❜r✐❞❛ ✽✸

❆✳✷ ❋▲❯❳❖ ❉❊ ❈➪▲❈❯▲❖❙ ❉❆ ❋❖❘▼❯▲❆➬➹❖ ❍❮❇❘■❉❆

❖ ✢✉①♦ ❞❡ ❝á❧❝✉❧♦ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦s ❞❡s❧♦❝❛♠❡♥t♦s ❣❧♦❜❛❧ ❞♦
s✐st❡♠❛ ♠❡❞✐❛♥t❡ ❛ ❢♦r♠✉❧❛çã♦ ❤í❜r✐❞❛ ♣♦❞❡ s❡r ❞✐✈✐❞♦ ❡♠ três ♣r✐♥❝✐✲
♣❛✐s ❜❧♦❝♦s✿ ✭✶✮ ♣r♦❝❡ss❛♠❡♥t♦ ❞❛ ♠❛❧❤❛ ♦r✐❣✐♥❛❧ ❞♦ ▼❊❋✱ ✭✷✮ ♣r♦❝❡s✲
s❛♠❡♥t♦ ❞❛ ♠❛❧❤❛ ❤í❜r✐❞❛ ❡ ✭✸✮ r❡s✉❧t❛❞♦s ❞♦ s✐st❡♠❛ ❣❧♦❜❛❧✳

✶✳ ❆ ♣❛rt✐r ❞❡ ✉♠❛ ♠❛❧❤❛ ♦r✐❣✐♥❛❧ ❞♦ ▼❊❋✿

• ●❡r❛r ♥♦✈❛ ♠❛❧❤❛ ❤í❜r✐❞❛❀

• ●❡r❛r ♥♦✈❛ ♠❛tr✐③ ❞❡ ❝♦♥❡❝t✐✈✐❞❛❞❡❀

• ●❡r❛r ❞❛❞♦s ❞♦ ❝❡♥tr♦✐❞❡ ❣❡♦♠étr✐❝♦ ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦❀

✷✳ P❛r❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞♦ ♠♦❞❡❧♦✿

• ●❡r❛r ❞❛❞♦s ❞❡ ❝♦❧♦❝❛çã♦ ❞♦s ♣♦♥t♦s ❞❡ ❢♦♥t❡❀

• ●❡r❛r ♠❛tr✐③ ❞❡ ❛♣r♦①✐♠❛çã♦ ✈✐❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧ ✭Ne✮

• ●❡r❛r ♠❛tr✐③ ❞❡ ❛♣r♦①✐♠❛çã♦ ✉s✉❛❧ ❞♦ ▼❊❋ ✭Ñe✮

• ●❡r❛r ♠❛tr✐③ ❞❡ ❞❡❢♦r♠❛❜✐❧✐❞❛❞❡ ✐♥t❡r♥❛ ❞♦ ❡❧❡♠❡♥t♦ ✭He✮

• ●❡r❛r ♠❛tr✐③ Ge❀

• ●❡r❛r ✈❡t♦r ❢♦rç❛ ♥♦❞❛❧ ge

• ●❡r❛r ♠❛tr✐③ r✐❣✐❞❡③ ❡❧❡♠❡♥t❛r Ke❀

✸✳ P❛r❛ s♦❧✉çã♦ ❣❧♦❜❛❧✿

• ❙♦❜r❡♣♦r ❛s ❝♦♥tr✐❜✉✐çõ❡s ❡❧❡♠❡♥t❛r❡s ♥♦ s✐st❡♠❛ ❣❧♦❜❛❧ ❞❡
❢♦r❛ ✉s✉❛❧ ❞♦ ▼❊❋✱ ❣❡r❛♥❞♦ ❛s ❡q✉❛çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦✿

❑ = ❉❣ ✭❆✳✶✮

• ❖❜t✐❞❛s ❛s s♦❧✉çõ❡s ❞♦ s✐st❡♠❛ ✭❢r❛♠❡✮✱ ✐❞❡♥t✐✜❝❛r ❛ ❝♦♥tr✐✲
❜✉✐çã♦ ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❉❡ ❡ ge❀

• ❘❡s♦❧✈❡r ❛ ❊q✉❛çã♦ ✭✷✳✺✸✮ ❛ ✜♠ ❞❡ ♦❜t❡r ♦s ❝♦❡✜❝✐❡♥t❡s ✐♥✲
❝ó❣♥✐t♦s ce❀

• ❈♦♠ ♦s ✈❛❧♦r❡s ❞♦s ❝♦❡✜❝✐❡♥t❡s ✐♥❝ó❣♥✐t♦s✱ r❡❝✉♣❡r❛r ♦s ♠♦✲
✈✐♠❡♥t♦s ❞❡ ❝♦r♣♦ rí❣✐❞♦ ✭✷✳✻✸✮❀

• ●❡r❛r ♦s ❞❡s❧♦❝❛♠❡♥t♦s ❞♦ s✐st❡♠❛ ✭✷✳✺✼✮

• ❈á❧❝✉❧♦ ❞❛s ❞❡❢♦r♠❛çõ❡s ❡ t❡♥sõ❡s❀
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