RONY CRISTIANO

Bifurcation Analysis in
Discontinuous Piecewise-Smooth
Systems: Applications in Power

Electronics

FLORIANOPOLIS
2018






Federal University of Santa Catarina
Postgraduate Program in

Automation Engineering and Systems

Bifurcation Analysis in Discontinuous
Piecewise-Smooth Systems: Applications
in Power Electronics

Thesis submitted to the Postgraduate Program
in Automation Engineering and Systems
of the Federal University of Santa Catarina,
as part of the requirements for obtaining the degree of
Doctor in Automation Engineering and Systems.

Rony Cristiano

Advisor: Prof. Daniel Juan Pagano, Dr.

Florianépolis, 03/September/2018.



Ficha de identificac@o da obra elaborada pelo autor,
através do Programa de Geragédo Automatica da Biblioteca Universitaria da UFSC.

Cristiano, Rony

Bifurcation Analysis in Discontinuous Piecew se-Snooth
Systens: Applications in Power Electronics / Rony
Cristiano ; orientador, Daniel Juan Pagano, 2018.

346 p.

Tese (doutorado) - Universidade Federal de Santa
Catarina, Centro Tecnol 6gi co, Programa de Pés-G aduagdo em
Engenharia de Autonmacdo e Sistemas, Florianépolis, 2018.

I'nclui referéncias.

1. Engenharia de Automacdo e Sistemas. 2. Non-snooth
Dynami cal Systenms. 3. Non-linear Control. 4. Bifurcation
Theory and Applications. 5. Power Electronic Systens. I.
Pagano, Daniel Juan. |l. Universidade Federal de Santa
Catarina. Programa de P6s- G aduagcdo em Engenharia de
Automacdo e Sistenmas. IIl. Titulo.




Rony Cristiano

Bifurcations Analysis in Discontinuous
Piecewise-Smooth Systems: Applications in Power
Electronics

This Thesis has been evaluated and approved for obtaining the
degree of Doctor in Automation Systems Engineering, and was also ap-
proved in its final format by the Postgraduate Program of Automation

Systems Engineering at the Federal University of Santa Catarina.

Daniel J.
—4

Werner Kraus Junior, Dr.
Coordinator

Postgraduate Program in Automation Systems Engineering, Federal
University of Santa Catarina, Florianépolis, Brazil

Daniel J. Pagano, Dr. \‘(FXS)UFSC

Advisor

Examination Committee:

Prof. Joao Caglisdiiiiocha Medrado, Dr. - IME/UFG
S~ .
Prof. Marcelo Lobo Heldwein, Dr. - INEP/UFSC

How\w P—\«u SQJU\,

Prof. Hector Bessa Silveira, Dr. - DAS/UFSC

iii



iv



Dedicated to my mother, Zoé Freitas Pereira Cristiano.






ACKNOWLEDGEMENTS

My thanks to my father Joao Navalte Cristiano and my mother
Zoé F. Pereira Cristiano, my brother Rodrigo Cristiano and my sister

Djema Maria Cristiano, for the support and incentive.

Many thanks to my friend Professor Daniel Juan Pagano, for the

doctoral supervision, teachings and motivation.

I would like to thank the professors Joao Carlos da Rocha Medrado,
Hector Bessa Silveira and Marcelo Lobo Heldwein, for the participating

in the examination committee and contributions to this work.

I want to thank all the collaborators, Enrique Ponce, Emilio
Freire, Luis Benadero, Tiago Carvalho, Durval J. Tonon and Mathieu

Granzotto, for the contributions to this work.

Many thanks to the Professor Enrique Ponce, for the supervision
during the sandwich period in the Department of Applied Mathematics
1T of the Technical School of Engineering (University of Seville - Seville
- Spain), for his friendship and teachings.

My thanks to the Conselho Nacional de Desenvolvimento Cienti-
fico e Tecnoldgico - CNPq, in particular to the Science without Borders

program, for the financial support during the sandwich period.

I would also like to thank the Coordenagao de Aperfeicoamento
de Pessoal de Nivel Superior - CAPES and Postgraduate Program in
Automation Engineering and Systems of the Federal University of Santa

Catarina, for the Doctoral Research Fellowship.

vii






Abstract of thesis submitted to the Federal University of Santa
Catarina as part of the requirements for obtaining the degree of
Doctor in Automation Engineering and Systems.

Bifurcation Analysis in Discontinuous
Piecewise-Smooth Systems: Applications in Power

Electronics

Rony Cristiano

September /2018

Advisor: Daniel Juan Pagano, Dr.

Specialized field: Non-smooth Dynamical Systems and Non-linear
Control

Keywords: DPWS systems, Filippov systems, sliding vector field, first
return map, pseudo-equilibrium, boundary equilibrium, Teixeira singu-
larity, crossing limit cycle, sliding mode control, boost converter, buck
converter, stability, bifurcations.

ABSTRACT: This thesis considers the discontinuous piecewise-smooth
systems in R? (3D-DPWS systems) that exhibit a single discontinuity
surface, typically flat and denoted by . The concept of Filippov’s
solution is used to described the sliding dynamics contained in a re-
gion of ¥ given that it fulfils certain conditions. 3D-DPWS systems
exhibit the classical bifurcations (saddle-node, Hopf, etc.) of smooth
systems and also non-conventional bifurcations, unique to nonsmooth
systems, known as discontinuity-induced bifurcations (DIBs). The gen-
eral objective is to classify and characterize bifurcations in 3D-DPWS
systems. In this sense, this thesis focuses on the qualitative and ge-

ometric analysis of bifurcations and their unfolding, in particular, of
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codimension 1 and 2, involving natural equilibria, boundary equilibria,
pseudo-equilibria, T-singularities (Teixeira singularities), limit cycles
and invariant surfaces. One way to generalize this study is to determine
canonical forms which describe certain required topological configura-
tions, which minimize the number of system parameters and end up
simplifying the calculations and the associated geometry. This thesis
presents varied original contributions, which are obtained from (i) some
case studies considering applications for dc-dc power converters under
a sliding mode control strategy; (ii) a pioneering experimental analysis
with a dc-dc boost converter, showing the effects caused by the TS-
bifurcation (T-singularity bifurcation); (iii) a detailed analysis, with
analytical and numerical results, of local bifurcations in sliding vector
fields, on the boundary equilibrium bifurcations and on bifurcations at
T-singularities; (iv) numerical results on the existence, stability and

some bifurcations of crossing limit cycles.



Resumo de tese submetida a Universidade Federal de Santa Catarina
como parte dos requisitos para a obtencao do grau de Doutor em
Engenharia de Automacao e Sistemas.

Analise de Bifurcagoes em Sistemas Descontinuos
Suaves por Partes: Aplicacoes em Eletronica de

Poténcia

Rony Cristiano

Setembro/2018

Orientador: Daniel Juan Pagano, Dr.

Area de Concentrag¢ao: Sistemas Dinamicos Nao-Suaves e Controle
Nao-Linear

Palavras-chave: Sistemas DPWS, sistemas de Filippov, campo vetorial
deslizante, mapa de primeiro retorno, pseudo-equilibrio, equilibrio de
fronteira, singularidade de Teixeira, ciclo limite de cruzamento, cont-
role por modo deslizante, conversor boost, conversor buck, estabilidade,
bifurcagao.

RESUMO: Esta tese considera sistemas dindmicos descontinuos suaves
por partes em R? (sistemas 3D-DPWS) exibindo uma tnica superficie
de descontinuidade, denotada por ¥ e tipicamente plana. O conceito
de solugao de Filippov é usado para descrever a dinamica deslizante
presente em uma regiao de X cumprindo certas condigoes. Sistemas
DPWS exibem as bifurcacoes classicas (sela-né, Hopf, etc.) dos sis-
temas suaves e também bifurcagdes nao convencionais, proprias dos
sistemas suaves por partes, conhecidas como bifurcagoes induzidas pela
descontinuidade (DIBs). O objetivo geral desta tese é o de classificar e
de caracterizar bifurcacoes em sistemas 3D-DPWS. Nesse sentido, esta
tese apresenta uma andlise qualitativa e geométrica de bifurcagoes e

de seus desdobramentos, em particular, de codimensao 1 e 2, envol-
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vendo equilibrios naturais, equilibrios de fronteira, pseudo-equilibrios,
T-singularidades (singularidades de Teixeira), ciclos limite e superfi-
cies invariantes. Para generalizar este estudo, sao determinadas formas
canonicas que descrevem certas configuragoes topoldgicas exigidas, min-
imizando o nimero de parametros do sistema e simplificando os célcu-
los e a geometria envolvida. Esta tese apresenta contribuigoes originais
variadas, as quais sdo obtidas a partir de (i) alguns estudos de caso
considerando aplicagoes para conversores de poténcia cc-cc sob uma
estratégia de controle por modos deslizantes; (ii) uma anélise exper-
imental pioneira com um conversor boost cc-cc, mostrando os efeitos
causados pela bifurcagdo da T-singularidade; (iii) uma andlise detal-
hada sobre bifurcacoes locais em campos vetoriais deslizantes, sobre
as bifurcagoes de equilibrio de fronteira e sobre bifurcacoes em T-
singularidades; (iv) resultados numéricos sobre a existéncia, estabili-

dade e algumas bifurcagoes de ciclos limite de cruzamento.
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Chapter 1

Introduction

1.1 Motivation and goals

The piecewise-smooth (PWS) systems belong to an important
class of non-linear dynamical systems that have no continuity in the
vector field or in its derivatives. PWS systems are often used in physi-
cal systems and engineering applications to describe phenomena involv-
ing friction, impact, saturation, hysteresis or processes with switching

components.

This thesis is dedicated to the study of mechanisms through which
the system phase portrait loses its structural stability, i.e., bifurcations.
In particular, we are interested in non-standard phenomena which are
unique to PWS systems. Bifurcations in PWS systems have been the
object of study in several works in recent years, but there is not yet a
complete understanding of local bifurcations, so that there is a great
interest in the development of bifurcation theory for these systems.

We will consider the PWS systems in R? which exhibit a two-
dimensional discontinuity surface, denoted by ¥ and typically a flat
surface, where the vector field is discontinuous (we named 3D-DPWS

systems); see [51l [I17]. This discontinuity surface is called switching
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boundaryﬂ Several physical systems such as friction mechanical sys-
tems, power electronics converters and control systems are modelled by
DPWS systems.

An important feature of 3D-DPWS systems is the presence of
different types of equilibrium points (natural equilibrium, boundary
equilibrium, pseudo-equilibrium). In particular, the so-called pseudo-
equilibrium is a point at ¥ where the sliding vector field becomes null,
being reached in finite time by trajectories initiated outside X. In slid-
ing mode control (SMC) processes [122], the desired operating point is
a stable pseudo-equilibrium of the system that belongs to an attrac-
tive region of 3 where the sliding occurs. The output of the pseudo-
equilibrium of this attractive sliding region, induced by the variation
of a system parameter, is usually associated with typical bifurcations
of 3D-DPWS systems such as the boundary equilibrium bifurcations
(BEBs) and the TS-bifurcation, which will be studied in detail in this

thesis.

3D-DPWS systems exhibit the classical bifurcations (saddle-node,
transcritical, Hopf, homoclinic, etc.) of smooth systems and also non-
conventional bifurcations, unique to non-smooth systems, known as
discontinuity-induced bifurcations (DIBs); see [42]. In this thesis the
notion of bifurcation is associated with a qualitative change in the topol-
ogy of the phase portraits of a dynamical system, due to the variation
of one or more parameters. Bifurcations that determine changes in the
number and nature of the equilibria and of the limit cycles of the system

are of particular importance to this study.

The general objective is to classify and characterize bifurcations
in 3D-DPWS systems. Specifically, it aims to: (i) determine a classifi-
cation of BEBs from its unfoldings and from the sliding dynamics at the
boundary equilibrium, considering a family of systems with discontinu-
ous piecewise-linear (DPWL) vector field and that exhibit two parallel

tangency lines on the switching boundary; (ii) revise the theory on the

L Also called switching manifold or discontinuity manifold.
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Teixeira singularity (T-singularity), in order to structure more deeply
the bifurcations at this point, describing the complete characterization
on its unfolding dynamics, and providing new and more efficient tools
for the local analysis of the T-singularity bifurcation (T'S-bifurcation)
in applications; (iii) describe the dynamics and the bifurcations in a
family of systems with two T-singularities, with particular attention
to the possibles degenerate cases of the T-singularity bifurcation; (iv)
establish mechanisms for the birth (or vanishing) of Crossing Limit Cy-
cles - CLCs, considering some case studies; (v) describe the dynamics
and the bifurcations in a de-dc boost, and buck, converters with sliding

mode control.

In this sense, this thesis focuses on the qualitative and geometric
analysis of bifurcations and their unfolding, in particular, of codimen-
sion 1 and 2. We will deal with bifurcations in the sliding vector field
(saddle-node, transcritical, pitchfork, Hopf) [29] [08], boundary equilib-
rium bifurcations [45 51} [67 [78], bifurcations at T-singularities [26] [69]
117, [TT8] and bifurcations of crossing limit cycles [26], 32, 53] [117] (from
the first return map analysis).

One way to generalize this study is to determine canonical forms
that allow it to minimize the number of system parameters. This thesis
determines canonical forms for families of 3D-DPWS systems with spe-
cific configurations, such as the existence of two regular T-singularities
bifurcating from a type of degenerate T-singularity, [I18]. Such canon-
ical forms are used for a detailed study of stability and bifurcations
in each family of systems considered, in particular for the investiga-
tion of the BEBs and of bifurcations at T-singularities, as well as the

associated dynamic phenomena.

For case studies we will consider applications in power electronics,
in which dc-dc power converters are used under a SMC strategy with
washout filter (SMC-Washout); see [91]. Experimental analysis with a
dc-dc boost converter, showing the effects caused by the TS-bifurcation,

are also considered in this thesis. These experimental results were also




4 1. Introduction

obtained in [29]. The power converters exhibit discontinuous models,
the discontinuity being related to their implementation by means of
electronic switches that are designed to be permanently switching be-
tween two discrete states, on and off. Due to this switching character-
istic, sliding mode controllers are considered for the voltage regulation
of power converters since they are naturally suitable for the control
of switched systems [I08]. Although in general they have a piecewise-
linear model, power converters exhibit a complex and varied dynamic

behaviour [121], as we will see in this thesis.

The bifurcation theory [37 [77] contains powerful tools for the
analysis of nonlinear dynamics. From the analysis of bifurcations we
can, for instance, determine the region in the parameter space of a con-
trol system where the control objectives are attained and, thus, design
more efficient controllers capable of inhibiting the undesired dynamics
caused by bifurcations, see [29, [92]. In this sense, the study of bifurca-
tions and the related dynamic phenomena have great relevance in the

fields of applied mathematics and control engineering.

1.2 Piecewise-smooth dynamical systems

Qualitative theory and typical bifurcations of PWS systems are
introduced by Di Bernardo et al. [37], which is an important book in
the literature containing a series of applications (mechanical impact and
friction oscillators, power electronic and control systems with switches)
with numerical results and some experimental ones. Based on it, we
draw attention to the pioneering work on non-smooth equilibrium bi-
furcations of Andronov et al. [3], on border-collision bifurcations of
Feigin [48], on impact oscillators in [8| [97] of Babitskii and Peterka,
respectively, on sliding motion of Filippov [51] and Teixeira [I17] on
singularities of discontinuous PWS three-dimensional systems. More
recent studies in PWS systems with important applications in non-
smooth mechanics are found in [I7, 34, 56, 571 [76], [82] [87]; also in elec-
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trical and electronic devices [12} 20}, [36] (411, 99, [121], in discontinuous
control systems [9], 29, [84], 23], in mathematical biology and medicine

27, (31} 33|, 120].

Regarding bifurcations, there is a variety of interesting works
published in the last two decades, for instance, the detailed work of
Kuznetsov et al. [78] on local and global one-parameter bifurcations
in planar Filippov systems (discontinuous PWS systems); Di Bernardo
& Hogan [42], presenting an important review on the discontinuity-
induced bifurcations in continuous PWS, discontinuous PWS and im-
pacting systems; in addition to other important contributions in the
development of the bifurcation theory in PWS systems, continuous
[52, 85 [T00, T07] and discontinuous [11], 24] 26], [64] [67] O3] [TI8] and
also on bifurcations of limit cycles [32] [53] 54}, 55, [68], [106].

PWS systems are described by a finite set of ordinary differential
equations
i=fD@), zeRYcCR", (1.1)

where R, i =1,2,3,...,m, are open regions separated by borders Xij
of (n — 1)-dimension. The functions f® : R®) — R" and boundaries
¥; are supposed to be smooth and the union of all boundaries ¥;;
and all regions R covers the entire state space of . The non-
smoothness occurs on the switching boundaries ¥;;. Moreover, PWS

systems are classified depending on the type of non-smoothness [37]:

(i) Systems with abrupt discontinuities in states, such as the impact

systems with reverse speed.

(ii) Continuous piecewise-smooth systems (CPWS systems), if the
vector field is continuous but it is not differentiable at some
points, that is, f@(z) = f@(z) but £ (z) # £ (z) for some
x € ¥;5. No sliding motion occurs in CPWS systems. Examples
of this class are the elastic mechanical systems with constraints
in the states, the control systems with constraints on actuators

such as saturation in the amplitude and/or speed of the control
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action and nonsmooth oscillators.

(iii) Discontinuous piecewise-smooth systems (DPWS systems), if
fD(z) # fY9) () for some x € ¥;;. In DPWS systems there can
be sliding motion in a region of 3;; fulfilling certain conditions.
Such systems are also known in the literature as Filippov systems
[78], which are described by a set of first order ordinary differen-
tial equations with a discontinuous right-hand side. As shown by
Filippov in [51], it is possible to construct an appropriate vector
field to describe this sliding motion, called sliding vector field. Ex-
amples of this class are the mechanical systems with dry friction

and the sliding mode control systems.

In this thesis we will consider only DPWS systems in R3 (3D-
DPWS systems) and its applications involving power electronics con-
verters and SMC; see [I08] 123]. In the qualitative analysis of these
systems we dedicate special attention to the constant solutions at 3;;
associated with the equilibria of the sliding vector field, since one of
these equilibria is the desired point of operation in the SMC process. A
point at 3;;, which is an equilibrium of the sliding vector field, is called
a pseudo-equilibrium, because it is not in general an equilibrium of f*)
neither of (). Other invariant sets, such as limit cycles, homoclinic
or heteroclinic connections, are also relevant from the point of view of

robustness issues and global stability.

1.3 Outline of the thesis

In Chapter [2] we start by introducing some definitions, the nota-
tions and the elementary concepts regarding DPWS systems, as well as
tools for the analysis of dynamic behaviour of these systems.

In Chapter [3| we will study the Hopf and Homoclinic bifurcations
that occur in the sliding vector field of switching systems in R3. In

particular, we will analyse a dc-dc boost converter with SMC-Washout
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with the objective of investigating a new mechanism to produce a ho-
moclinic bifurcation, where the closing point of the homoclinic loop is
a two-fold singularity. This is a result known in the literature due to
recent works [12, 29], but here, in this thesis, the approach is more
detailed. This chapter has originated the paper: R. Cristiano, T. Car-
valho, D. J. Tonon and D. J. Pagano. Hopf and Homoclinic bifurcations
on the Sliding Vector Field of Switching systems in R3: A case study
in power electronics. Physica D: Nonlinear Phenomena, 347:12 - 20,
2017.

Chapter [4] is dedicated to the study of 3D-DPWS systems that
present the T-singularity (Teixeira singularity). The T-singularity can
undergo an interesting bifurcation, namely when a pseudo-equilibrium
point crosses the two-fold singularity, passing from the attractive slid-
ing region to the repulsive sliding region (or vice versa) and, simultane-
ously, a crossing limit cycle arises. This bifurcation is denominated in
this thesis as T'S-bifurcation. After carefully deriving a local canonical
form, we will revise some previous works regarding this bifurcation so as
to correct some detected misconceptions. Furthermore, we will provide
by means of a more direct approach the critical coefficients character-
izing the bifurcation, also giving computational procedures for them.
The achieved results on TS-bifurcation will be applied to some illus-
trative examples and also in a dc-dc boost converter under a sliding
mode control strategy and washout filter. The TS-bifurcation and all
its unfolding are known in the literature (see [26]), however, this bifur-
cation had not been correctly described. In this sense, our main goal in
this chapter will be is the restructuring of T'S-bifurcation, providing de-
tailed tools to investigate such bifurcation in application systems. This
chapter has originated the paper: R. Cristiano, E. Freire, E. Ponce and
D. J. Pagano. Revisiting the Teixeira singularity bifurcation analysis.
Application to the control of power converters. International Journal
of Bifurcation and Chaos, 28(9)1850106 (31 pages), 2018.

In Chapter [5] we will consider the model of a de-de boost converter

with sliding mode control and washout filter. This chapter is dedicated
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to the study of local and global bifurcations, in particular focused on
TS-bifurcation and crossing limit cycles (CLCs). Apart from the TS-
bifurcation characterization in this power converter, we will explore
numerically other non-local phenomena like a saddle-node bifurcation
of CLCs. Experimental results that illustrate the effects of the TS-
bifurcation in a real circuit prototype of a boost converter will also be
shown. The experimental identification of the Teixeira singularity in a
real circuit of power electronic is a pioneering result in the literature.
Besides the experimental results we will also present analytical and nu-
merical results on the TS-bifurcation and others bifurcations, helping
us to unravel the dynamical richness of this circuit. Moreover, we will
study global mechanisms for the vanishing (or birth) of a CLC (saddle-
node bifurcation and non-standard homoclinic bifurcation), besides the
existence and stability analysis of CLCs from its birth to its annihila-
tion. This chapter has originated the paper: R. Cristiano, E. Ponce,
D. J. Pagano and M. Granzotto. On the Teixeira Singularity Bifurca-
tion in a DC-DC Power Electronic Converter. Submitted to Nonlinear
Dynamics, 2018.

Chapter[6]contains a detailed analysis of bifurcations in a family of
3D-DPWS systems that have two points of T-singularity. In addition,
from the variation of a system parameter, these T-singularities collide
and then disappear along with the attractive sliding region. In this case,
a fold bifurcation occurs and, at the bifurcation point, appears a type of
degenerate T-singularity. We provide a local canonical form for systems
with 1-degenerate T-singularity (following [69] [118], but providing more
detail on derivation of the canonical form) and its unfolding in two regu-
lar or none T-singularities, along with the pathways to obtain it. Under
certain conditions, there is a pseudo-equilibrium that collides with one
of the T-singularities or, the two T-singularities simultaneously collide
with the pseudo-equilibrium. In the first case a TS-bifurcation occurs
and, in second case, a non regular case of larger co-dimension of this
bifurcation occurs, that we have named double TS-bifurcation. Like

the TS-bifurcation, the double TS-bifurcation also is associated with
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the birth of a crossing limit cycle, but here, it arises from a degener-
ate T-singularity. We will describe the sliding and crossing dynamics
around the T-singularities, regular or degenerate, and also the sliding
dynamics at the pseudo-equilibrium. Moreover, we will prove the ex-
istence, the stability and the bifurcations of crossing limit cycles from
the considered case study. To the best of our knowledge, the present
work is the first one in which the appearance of two T-singularities in
piecewise-smooth dynamical systems is studied. The fold bifurcation
of T-singularities and the double TS-bifurcation are unknown in the
literature, as far as we know, the given names for each are just our

suggestions.

In Chapter @ we will study a family of DPWS systems in R? in
which the vector fields are linear (DPWL systems) on both sides of the
switching boundary, and with two parallel tangency lines containing a
singularity cusp each. Such an adopted model often appears in engi-
neering problems being used to describe the dynamics of discontinuous
control systems such as sliding mode control. We will provide a canoni-
cal form for such systems and then we will simplify the calculations and
the geometry related to the topological configuration on the switching
boundary. We will describe the associated sliding vector field as well as
the dynamic characteristics on the switching boundary from a proposed
canonical form. Also, we will analyse the existence of natural equilib-
ria, pseudo-equilibria and boundary equilibria. Moreover, this chapter
is dedicated to the study of BEBs in R? and of the different types of
boundary equilibria with respect to the sliding dynamics at this point.
The main goal will be the classification of BEBs, explicitly providing
the conditions on the system parameters for the occurrence of each of
the two scenarios, persistence and nonsmooth fold, and also the char-
acterization of the dynamics of its unfoldings in the sliding vector field.
The results obtained on stability and bifurcations will be applied to
two examples in power electronics systems involving the sliding mode

control of de-de buck converters.

Finally, in Chapter 8] we will discuss the main results and con-
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tributions of this thesis to the field of non-smooth dynamical systems
and we will present some proposals for future works. More details on

goals, results achieved and contributions are discussed in each chapter.




Chapter 2

Preliminary Results on
DPWS

In this chapter we present the definitions, the notations and the
elementary concepts regarding DPWS systems as well as the tools for
the analysis of dynamic behaviour of these systems. In particular, we
are interested in three-dimensional DPWS systems with two regions in

R3 separated by a planar surface X.

2.1 Introduction to 3D-DPWS systems

Let us assume two vector fields F¥ : R3 — R3 and a scalar
C* function h : R?® — R with non-vanishing gradient on a C'*° two-

dimensional surface
Y={xeR>: h(x)=0} (2.1)

and so that we have possibly F*(x) # F~(x) for some x € X. This
surface is chosen to be a switching boundary, by dividing the R3-space
into two open regions: R~ = {x € R®: h(x) < 0} and Rt = {x € R3:
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h(x) > 0}, and such that R® = R~ UX U RT. Moreover, we assume
F* = (fif, £, fF) € X7, in which X" denotes the space of C"-vector
fields on R? endowed with the C’r—topologyﬂ with 7 = oo or > 1 large

enough for our purposes.

A 3D-DPWS dynamical system is usually expressed as the set of

ordinary differential equations

F (x), ifxe R,
g JF() i (2.2)
Ff(x), ifx € RT,
where x is the three-dimensional state vector and the “ *” denotes the

differentiation in relation to time t.

The switching boundary ¥ can be partitioned into regions with
different dynamical behaviours (see Figure 2.1)): (i) crossing regions
(XF), where one vector field is pointing to ¥ and the other is pointing
out of the boundary; (ii) attractive sliding region (X,s), where the
vector fields F* and F~ point towards Y from both sides; (iii) repulsive
sliding region (3,,), where both F™ and F~ are pointing out of ¥ from
either sides. Points in such regions are qualified accordinglyﬂ

In order to study the dynamic behaviour of systems on the
switching boundary ¥ we introduce the orbital derivative of h in re-
lation to vector fields F*, in terms of the Lie derivative: Lgih =
(Vh,F*), where Vh is the gradient of smooth function h and (.,.)
denotes the usual inner product. The higher order Lie derivatives are
given by L, h = <VL’FL;1h, F*) forn = 2,3, .... Thus, we can explicitly

determine the sliding and crossing regions as follows:

Yos ={x€X: Lp+h(x) <0< Lp-h(x)}, (2.3)
Yrs={x€X: Lp-h(x) <0< Lp+h(x)}, (2.4)

1This will be considered throughout the thesis, but will no longer be addressed.

2We use the appointment attractive/repulsive sliding region following [45] [ST].
Some authors, as for example [71}[TT7], prefer to qualify as sliding only the attractive
case, being the repulsive sliding named as escaping.
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F* F*
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Ft+ Ft
Dng b
AN Ny
F F

Figure 2.1: Illustrative dynamical behaviours in X: (top-left) Attractive
sliding; (top-right) repulsive sliding; (bottom) crossing.

Y, ={xeX:Lp-h(x) <0and Lg+h(x) < 0}, (2.5)
Yr={x€X: Lg-h(x)>0and Lg+h(x) > 0}. (2.6)

The orbits of system can be constructed by concatenating
standard solutions in R* and sliding solutions on ¥ following the Filip-
pov convex method, see [37, 51, [78] [117] and its explicit definition later
in (2.9). The forward (with positive time evolution) orbit of that
crosses X, goes from R~ to RT through some xo € X} and goes from
R™ to R~ through xq € ¥ . The forward orbit of that intersects
Y at a point xg € X, continues from this point xg on a contained slid-
ing motion in . The forward orbits of through xo € R* never
reach the repulsive sliding region ¥,.5, so that the dynamics in ¥,.; will
not be observed in numerical integration of . But if xg € X,., we
can assume that there is a sliding motion starting at xy that follows
the orbit defined by Filippov’s method.

The Filippov convex method is used to construct solutions in
YasUX,s C X as an extension to solutions of (2.2)); see Figure For

this, we introduce a new vector field, denoted by F?® and called sliding
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vector field, calculated from a convex combination of the vector fields

F*, namely
F'(x) = (1 - a)F (x) + aF " (x). (2.7)

For each x € ¥,,UX,.s C X, the value of « is chosen so that the sliding
vector field F° is tangent to 3, that is

Lpsh(x) = (1 — a)Lp-h(x) + aLp+h(x) = 0,

resulting in

(2.8)

Figure 2.2: Geometric definition of the sliding vector field.

Note that Lp-h(x) — Lp+h(x) # 0 and 0 < a(x) < 1 for all
x € ¥,5UX,s. Replacing (2.8) in (2.7]) we can explicitly determine the
sliding vector field by

_ Lp- h(x)FT(x) — Lp+ h(x)F~ (x) .

F*(x) Lo h(x) — Lp+ h(x)

(2.9)

The solution of (2.2)) with initial condition xg € X5 UX,s C X is
obtained from the sliding system

x = F*(x).
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For an initial condition xg € X,s, the solution is unique in forward
time but it is not unique in backward time; in this case, there are
three possible solutions: each one follows the flow of F* or F~ or F+.
The opposite occurs for an initial condition x¢y € X,,, so that the
solution is unique in backward time, but it is not unique in forward time.
Studies about the existence and uniqueness of solutions of discontinuous

differential equations are found in [7, 50} [51].

Sliding regions are delimited by points where the vector fields F*
are tangent to Y, which are calculated from the tangency condition:
Lg-h(x) = 0 and h(x) = 0, in relation to F~; and Lg+h(x) = 0 and
h(x) = 0, in relation to F*. Then, we define two sets of tangential
singularities:

T, ={x € ¥|Lp+h(x) =0}

and
T_={xeX|Lp-h(x) =0}

one for each vector field involved. These sets of tangency points are
assumed to be smooth curves contained in ¥, and we refer to T (resp.
T_) as the tangency line of FT (resp. F~). Moreover, if F* (resp. F~)
vanishes at x € ¥, then x € Ty (resp. x € T_). Points where one of
the vector fields F* vanishes on ¥ are known as boundary equilibrium
points; see Section and references [37], 44}, [45], [78].

At points x € ¥ such that Ly-h(x) — Lg+h(x) = 0, either both
vector fields F* are tangent to ¥, or one of them vanishes while the
other is tangent to X, or they both vanish, or both are identical; see
singular sliding points in [78]. Points where both vector fields F* are
tangent to X, that is, points x € Ty NT_, are double tangency points
which are classified generically as two-fold singularities; see Section
and references [49] [69] [71], [TT7].

The transverse intersection between the tangency lines T and T
determine four quadrants on ¥ (in a neighbourhood of this intersection
point): ¥.s in Q1, B in Q2, ¥,5 in Q3 and ¥_ in Q4, as shown in
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Figure[2.3(a)l If T_ and T become parallel curves, then only three of
these regions remain on X: (i) sliding mode (3,5 or ¥,,) in the central

region and crossing mode in the regions outside (X7 on one side and

c
YT on the other), as shown in Figure [2.3(b)} (ii) or the opposite case,
with crossing mode in the central region and sliding mode in the outer

regions.

Figure 2.3: Phase portraits (illustrated) of 3D-DPWS systems. In (a) we
have transverse tangency lines presenting a Teixeira singularity at the point
X € T- NT4} and a pseudo-equilibrium at the point X € 3,5. In (b) we have
parallel tangency lines presenting a cusp point at X~ € T- and another at
Xt € T, and also a pseudo-equilibrium at the point X € X4,. For further
information, see next sections.

Figure [2.3] illustrates the geometry of the dynamic behaviour in
typical 3D-DPWS systems near the switching boundary 3. In addition,

the main elements involved are represented in this figure. Chapter [7] of
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this thesis is devoted to the study of 3D-DPWS systems with parallel
tangency lines, while in the Chapter [f] we study those with transversal
tangency lines, in particular, presenting a Teizeira singularity. Both
types of systems are of great relevance to the literature of the field and
they appear as models of many real physical systems; see for instance
[14, 25, 139, @43, 172} [111].

Thus, we have completed the switching boundary of as ¥ =
YsUTUX,, where X3 = ¥,,UX,.¢ represents the set of points at sliding
mode, X, = YT U X7 represents the set of points at crossing mode
and T = T4 UT_ represents the set of tangency points. In Section
the tangency points in Ty are classified according to the type of
contact between the vector fields F* and the switching boundary ;
see [78| 109, 117, [11§].

2.2 Tangential singularities

‘We now introduce the definitions of the tangency points of system
(2.2). Figure shows the dynamic behavior associated with tangency

points and planar representation is shown in Figure [2.5

Definition 2.1. X € ¥ is a fold point of F™ if X € Ty and L%, h(X) #
0, i.e., the contact of F* with ¥ is quadratic. In addition, we say that
X is a visible (resp. invisible) fold if the orbit of X = FT(x), starting
at X, belongs to R (resp. R™) for all sufficiently small |t| # 0, i.e., if
L% h(x) >0 (resp. L%, h(X) <0).

Definition 2.2. X € X is a fold point of F~ if X € T_ and L3 _h(X) #
0, i.e., the contact of F~ with ¥ is quadratic. In addition, we say that
X is a visible (resp. invisible) fold if the orbit of x = F~(x), starting
at X, belongs to R~ (resp. RT) for all sufficiently small |t| # 0, i.e., if
L% _h(X) <0 (resp. L% _h(X) > 0).

Definition 2.3. X € ¥ is a cusp point of F* ifx € T}, L%, h(X) =0,
L3 h(X) # 0 and {Vh(X),VLg+h(X), VL3, h(X)} is linearly indepen-
dent.
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Figure 2.4: Tangency points of F™ and the dynamics involved. Through
the generic cusp point X € T+ emanate two branches of fold points. The right
branch is composed of invisible fold points and the left branch is composed
of visible fold points.

(b) Visible Fold.

(¢) Cusp.

Figure 2.5: Planar representation of the dynamics at the tangency points.
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Definition 2.4. X € ¥ is a cusp point of F~ ifX € T_, L%_h(X) =0,
Ly h(X) # 0 and {Vh(X), VLg-h(X),VLi_h(X)} is linearly indepen-
dent.

A double tangency point appears where both vector fields F™ and
F~ are tangent to X. If the contact between orbits of F* with ¥ is
quadratic, then this double tangency point is classified as a two-fold
singularity (see Figure . If such contact is quadratic on one side of
> and cubic on the other, then it is classified as cusp-fold singularity.
Furthermore, when the contact is cubic on both sides of ¥, it is classified
as two-cusp singularity. The two-fold singularity is a generic point of
3D-DPWS systems (see [51] [7T], [T17]) and a double tangency point of

our interest in this thesis, which is defined with more details below.

Definition 2.5. X € ¥ is a two-fold point ifx € T_NT4, L% _h(X) #0
and L%+h(§) # 0. Moreover, it is assumed that the tangency lines T—

and Ty intersect transversely in X, i.e., the set
{Vh(x), VLp+h(xX),VLp-h(X)}

is linearly independent (regular case). The two-fold point can be clas-
sified into:

(i) Invisible, if Ly, h(X) <0 < Li_h(X) (elliptic case);
(ii) Visible, if Ly_h(X) <0 < Lz, h(X) (hyperbolic case);
(iti) Visible-Invisible, if L% h(X) - L3_h(X) > 0 (parabolic case).

Remark 2.1. An invisible two-fold point is also known as a Teizeira
Singularity and in this thesis will be named as such, or abbreviated as
T-singularity. See Figure . T-singularity is an important point
for the dynamics of 3D-DPWS systems since this typical singularity al-
ways has, in its neighborhood on X, sliding and crossing regions. The
existence of a T-singularity enables the construction of first return ap-

plications that build up in the crossing regions of %, such that this
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T-singularity is a fized point for the associated map. In addition, the
T-singularity behaves as an equilibrium for the sliding vector field, see
[71, [117].

Figure 2.6: Dynamics on X presenting a T-singularity at X. In (a) is the
regular case and in (b) is the 1-degenerate case.

A non-generic contact between the tangency lines T_ and T4,
as shown in the Figure is defined right below (see [69] [118]).
Chapter [0] is dedicated to the study of systems that present this type
of singularity and its unfolding, from which a pair of regular two-fold

points can arise.

Definition 2.6. X € ¥ is a I-degenerate two-fold point if it is a two-

fold point where the contact between Ty and T— is quadratic at X.
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The following lemmas were proved in [117].

Lemma 2.1. Assume that X € T_ (resp. T4) is a fold point of F~
(resp. ) and X & T, (resp. T_). Then, the sliding vector field F* is

transversal to T_ (resp. Ty) at X.

Proof. Note that if Lp-h(X) = 0 and Lg+h(X) # 0 then F*(X) =
F~(x). We define g(x) = Lp-h(x) and so Lg:g(X) = L%4_h(X) #
0. Therefore, F® is transversal to T_ at all the fold points X € T_.
Similarly, F* is transversal to T4 at all fold points X € T}. O

Lemma 2.2. Assume that X € T (resp. T4) is a cusp point of F~
(resp. F*) and X ¢ Ty (resp. T_). Then, the sliding vector field F*
has a quadratic contact with T_ (resp. T4) at X.

Proof. In this case, we have Lg:g(X) = L%_h(X) = 0 and L{.g(X) =
L} _h(X) # 0. Therefore, F* has a quadratic contact with 7" at a cusp
point X € T_. Similarly, F* has a quadratic contact with T at a cusp
point X € T';. O

2.3 Equilibria

In system (2.2)) it is possible to identify different types of equilib-
ria. Below, we give the definitions of this equilibria, see [37], 58] [78].

Definition 2.7. A point X € R3 is a natural equilibrium of ([2.2)) if it
is an equilibrium of the vector field F+ or F~. In addition, we say that

X is a real (admissible) equilibrium if
Ft'(X)=0 and h(X)>0

or
F(X)=0 and h(X)<O.
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Alternatively, we say that X is a virtual (non admissible) equilibrium if
F'X)=0 but h(X)<0

or
F7(X)=0 but h(X)>0.

Definition 2.8. A point X, € R? is a boundary equilibrium of (2.2) if
F'(X,) =0 or F(X3) =0 with h(X;)=0.

Remark 2.2. Note that a boundary equilibrium Xp is always located on
the boundary Ty (or T_) of the sliding region where the vector field FT
(or F~) vanishes, since Lp+h(Xp) = 0 (or Lp-h(Xp) = 0). It is easy
to see from that F*(Xp) = 0, and so the boundary equilibrium is
an equilibrium for both vector fields F* and F* (or F7).

Definition 2.9. A point X € R® is a pseudo-equilibrium of (2.2) if
X € Y5 U X and it is an equilibrium of the sliding vector field F*,

F*(X) = 0,
h(%) = 0.

If the pseudo-equilibrium X behaves as a node, a focus or a saddle for
the dynamics on X, we say that X is a pseudo-node, pseudo-focus or

pseudo-saddle, respectively.

Remark 2.3. In the equilibria calculation of the sliding vector field F?,
we can find X € X UX, . In this case, we say that X is a virtual (non
admissible) pseudo-equilibrium. Moreover, we can also find X € Ty or
x € T, and so X becomes a boundary equilibrium. Whenever X €
Yas U X5 we have a real (admissible) pseudo-equilibrium. In this last
one, both vector fields F™ and F~ are transversal and anti-collinear to
Y at X, that is, there exists o = a(X) (see equation ([2.8)) such that
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0<a<land
FH®) = ——F (%)
(%) - (x)

Thus, the point X can be reached in a finite time from a suitable initial
condition outside X, but in an infinite time from the sliding vector field
Fs.

Remark 2.4. To investigate the stability of the equilibria of a smooth
vector field F (where i = +, —, s) we use the classical theory of smooth

dynamical systems; see [77, [80].

2.4 Sliding vector field dynamics

Consider in system (2.2)) the vector fields as F* = (fli, fQi, f3i)
Assume with no loss generality that the switching boundary of (2.2)) is

Y ={(2,y,2) €R®: h(x,y,2) =z = 0}.

This is possible from a local coordinate change of the form (', 3/, 2') =
(z,y,h(z,y,2)). Then, the sliding vector field of (2.2)) is calculated by
(2.9) and expressed in coordinates x = (x,y, z) as

(fi fs = f f5)(x)
(fS f5 = fo £5)(x)
0

SX — 1
= e

Associated with F* there exists the desingularized sliding vector
field:

s (ﬁﬁﬁﬂwm]
F ) = )

o) Lgﬁ—gﬂmm
for all x € ¥,,. Note that (f; — fi7)(x) > 0 if x € X5, so that Fe*

has the same vector orientation as F?;

dz dy as
=F 1
(dT7 dT) (), (2.10)




24 2. Preliminary Results on DPWS

and
(dx dy dz

= 22 —Fs 2.11
) P ), (.11)
have the same phase portrait in X,4; and it can be C"-extended to the
closure Y., of Ea (see [92], 117])).

We can take advantage of the invariance of ¥ under the flow
determined by F?® and reduce the dimension of the problem by one,
taking z = 0. So, all the analysis of the attractive sliding dynamics
contained in this thesis is based on the two-dimensional system
such that the time scale is redefined implicitly on every solution, by
writing

dt=|(f5 — f)(@,,0)ldr,
whenever (f; — fi)(z,y,0) > 0.

Obviously, systems (2.10]) and (2.11)) are topologically equivalent
for all (z,y,0) € X5, since their orbits are identical and it is the ve-

locity of the motion that makes them different, i.e., the systems are
distinguished only by the time parametrization along the orbits; see
[77], page 42.

Remark 2.5. If x = (7,y,0) € X,s is a pseudo-equilibrium point of
(12.2), then (Z,9) is a standard equilibrium point of (2.10). We study
the stability of (2.2) at X from the two-dimensional system (2.10) at
#7).

Remark 2.6. If T_ and T are transversal at X = (Z,9,0) (a double
tangency point of [2.2)), then fi (X) = f5 (X) = 0 and so (Z,7) is
an equilibrium point of . The interesting point here is that the
sliding dynamics described by X = F*(x) is not defined at X = (z,y,0).
However, this point governs the sliding dynamics around it, acting as
a true equilibrium point from the analysis of the system . In this
case, we assume that F* is C"-extended to a full neighborhood of X in

Y and that X is an equilibrium point of this vector field, see [117].

3Similarly, we define F7(z,y) = —F2%(z,y) for all x € &5 and the repulsive
sliding dynamics is described by (Z—f, Z—f) =F"(z,vy).
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2.5 Discontinuous-induced bifurcations

The classical bifurcations of smooth dynamical systems (saddle-
node, transcritical, Hopf, etc., see, for instance [65] [77, 89, 119]) also
occur in DPWS systems. In addition, DPWS systems exhibt other
bifurcations that do not appear on smooth systems, known in the liter-
ature as Discontinuous-Induced Bifurcations (DIBs), see [37, [82]. The
DIBs are unique bifurcations of PWS systems. Such bifurcations occur
when an invariant set of the system (equilibrium point, limit cycle, etc)
crosses or touches tangentially the switching boundary ¥ in state space;
see [24], 35, B8], 40, (4T, [44] and references therein.

An overview of the current state of the art in the analysis of DIBs
of piecewise-smooth systems is found in [42]. This reference presents a
classification of the most common types of DIBs involving non-trivial
interactions of the equilibria of flows (and fixed points of maps) with

the manifolds in state space where the system is non-smooth.

We highlight the DIB so-called Boundary Equilibrium Bifurcation
(BEB). Boundary equilibrium points represent intermediate situations
between real and virtual equilibrium points; see Figure 2.7] The topo-
logical changes from real to virtual equilibrium points (or vice versa),
due to changes in some system parameter, can lead to a BEB; see
[45] [60] [78]. There are others DIBs, such as the Grazing bifurcation
of limit cycles, that occurs when a limit cycle intersects tangentially a
switching boundary, and Sliding bifurcations of limit cycles that occur
when a limit cycle develops an intersection (tangential or transversal)
with a sliding region; see [35], 36, [43].

A new bifurcation, typical of 3D-DPWS systems, has recently
drawn attention to its variety of unfolded dynamics and its compoundﬁ
bifurcation characteristic; see [26] 29 [30, [49]. This bifurcation occurs

at a T-singularity and involves simultaneously a pseudo-equilibrium

4We say that the TS-bifurcation is a compound bifurcation since it is associated
with a bifurcation of the sliding vector field and a bifurcation of the first return
map, occurring simultaneously at the same point. See Chapter E}
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transition from ¥, to 3,5 (or vice versa) and the birth of a non-smooth
limit cycle in R3-space, composed of two segments of orbits, one for
each vector field F* and F*, transversely intersecting the switching
boundary 3 at two crossing points, one point on T and the other
on X7 . We name such a phenomenon 7'S-bifurcation; and the limit
cycle that arises from this bifurcation, we call it crossing limit cycle
(CLC); see Figure In this thesis we consider the T'S-bifurcation as
a DIB, as well as other bifurcations that occur due to the presence of

the discontinuity manifold.

In the next two subsections, let us give a brief introduction on
the BEB and the TS bifurcations. For this, consider the system (2.2))

conditioned to the parameter u € (—¢,¢), written as

%o {F_(X, w), if h(x,p) <0, (2.12)

F(x,pn), if h(x,p) >0,

so that the state space is composed of ¥(u) = {x € R3 : h(x, u) = 0},
R=(p) = {x € R?: h(x,u) < 0} and RT(p) = {x € R® : h(x, ) > 0}.
Finally, we deal with bifurcations of the sliding vector field (sliding
bifurcations).

2.5.1 On boundary equilibrium bifurcations

The appearance of a boundary equilibrium in a DPWS system
represent a codimension-one DIB known as BEB. A BEB is classified
according to two possible scenarios [37), 03], that take into account only
the positions of the equilibria involved in relation to the boundaries of

their respective vector fields:

(i) The persistence scenario is observed when a natural equilibrium
turns into a pseudo-equilibrium. In this case, if the natural equi-
librium is real (resp. virtual), then the pseudo-equilibrium is

virtual (resp. real).

(ii) The monsmooth fold scenario is observed when both a natural
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equilibrium and a pseudo-equilibrium collide and disappear. In
this case, if the natural equilibrium is real (resp. virtual), then

the pseudo-equilibrium is also.

Each of them can present varied dynamic phenomena from the combi-

nation of stability and dynamics of the equilibria involved.

In Figure we visualize the persistence and nonsmooth scenar-
ios described above, with respect to the system . For this, we
assume that X(u) is an equilibrium related to vector field F~ and X(u)
a pseudo-equilibrium, both continually dependent on p. In the persis-
tence scenario, for u < 0, we have that X is real and X is virtual, that is,
X € R~ and x € ¥_; for u = 0, they collide giving rise to a boundary
equilibrium at the point of collision X(0) = X(0) =0 € T_; for p > 0,
the equilibrium X becomes virtual and X becomes real, that is, X € RT
and X € Y,5. In the nonsmooth fold scenario, for u < 0, we have that
both X and X are real; for u = 0, they collide giving rise to a boundary

equilibrium at 0 € T_; for g > 0, both X and X become virtual.
To distinguish between the persistence and nonsmooth fold sce-

narios, we use the BEB—TheoreHﬂ found in [45, O3], which is given

below.

Theorem 2.1. Assume that for un = 0, an equilibrium branch of the
vector field F~(x, u) crosses the switching boundary h(x,u) =0 at the
origin, this point being regular, that is, A = DxF~(0,0) is a nonsingu-
lar matriz. Furthermore, suppose that the crossing is transversal, that
is, if M = D,F~(0,0), N = D,h(0,0) and CT = Dxh(0,0), then

—h(x =N-CTA "M +£0
d/,L (X(M),/},) H:O 7é b

and the nondegeneracy condition CTA='B # 0, where B = F¥(0,0),
is satisfied. The following statements hold:

(a) The persistence scenario occurs if CTA™1B > 0.

5The Proof is given in the cited references.
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(b) The nonsmooth fold scenario occurs if CT A=1B < 0.

Furthermore, it was also proved that if the vector field of refer-
ence is F, then, the persistence scenario occurs if CTA™'B < 0 and
nonsmooth fold if CTA='B > 0.

Collisions of equilibria with boundaries have been the subject of
investigation of many works in the last years and they have been iden-
tified in mathematical models of a wide variety of physical systems; see
for instance [13] [75], [0, 102, [114] 126]. For two-dimensional DPWS
systems there is a complete classification of the BEBs and their unfold-
ing, see [22], 35, 45, 51, ©60) [64), 67, [78]. For three-dimensional DPWS
systems, the BEBs present a greater complexity of phenomena, with
many possible geometric combinations. We still do not find a classifi-
cation in the literature that is similar to the two-dimensional systems
for the three-dimensional ones, although there are recent studies fo-
cused on the study of phenomena linked to BEBs as, for example,
[19, 29, 61, 62, (104}, [105).

In Chapter [7] of this thesis, we give the starting point for the
classification of BEBs in 3D-DPWS systems from a proposed canonical
form to a typical family of these systems, where we present a two-
parameter analysis of the BEBs and sliding dynamics. In addition,
we provide the conditions on the system parameters under study for
a BEB to occur, classifying them into BEB persistence or nonsmooth
fold. Also, we give a complete description of the sliding dynamics. The
results obtained are applied in two practical examples involving the

sliding mode control of buck power converters.

2.5.2 On the TS-bifurcation

The TS-bifurcation in 3D-DPWS systems is a codimension-one
local DIB. Figure [2.8 shows some of the possible scenarios of the TS-
bifurcation. In Figure (a) we have supercritical cases, where a stable

pseudo-node in ¥,s for p < 0 crosses the T-singularity becoming a
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(a) Persistence case.
Rt
T
” s hIp

R, pd |
n<0

(b) Nonsmooth fold case.

Figure 2.7: Illustrative scenarios of boundary equilibrium bifurcations. The
blue line represents the branch of natural equilibria and the red line represents
the branch of pseudo-equilibria, being that the real is in the solid part and
the virtual is in the dashed part. The point O is a cusp for u # 0 and a
boundary equilibrium for g = 0.
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pseudo-saddle in ¥,s for 4 > 0. In Figure b) we have subcritical
cases, where an unstable pseudo-node in ¥,s for 4 < 0 crosses the
T-singularity becoming a pseudo-saddle in ¥,s for p > 0. In both
supercritical and subcritical cases, the CLC that arises along with a
pseudo-node has saddle dynamics, while the CLC that arises along
with a pseudo-saddle can have a node or a focus dynamics, stable or

unstable. For more details, see Chapter [4

Below, we give a definition for the T'S-bifurcation in 3D-DPWS

systems, from simple topological conditions on X.

Definition 2.10. 3D-DPWS system (2.12)) undergoes a TS-bifurcation
for p = 0, if there is a two-fold point X(u) and a pseudo-equilibrium
point X(p), defined for all u € (—¢,¢€), such that X(0) = X(0) and

d - d ~
@LF+h<x<u>,u>@LF7h<x<u>,u){#zo <0, (2.13)
along with
L% h(%(0),0) <0, LE-h(X(0),0) > 0. (2.14)

Note that Lg+h(x(0),0) = Lp-h(x(0),0) = 0, because x(0) =
x(0) is a two-fold point. Condition indicates that, for p # 0, the
functions LT (u) = Lg+h(X(p),p) and L™ () = Ly-h(X(p), 1) have
opposite signs, and its graphs are transversal at u = 0. Therefore,
X(p) € Eps(p) for g1 < 0 (or the opposite) and x(u) € 3gs(p) for p >0
(or the opposite). Condition ensures that the two-fold X is of the
invisible type for p = 0, i.e., X(0) = X(0) is a T-singularity. For a small
perturbation in the parameter yu, from the critical value u = 0, we can

ensure that X(p) remains a T-singularity for |u| # 0.

The TS-bifurcation exhibits different dynamic scenarios with a
total of ten possible combinations between the types of dynamics in-
volving the pseudo-equilibrium and the CLC. All these scenarios are
completely studied in [26] and revised in Chapter 4] where we given
the local conditions for the occurrence of each one. The Chapters [4] [f]

and [6] are devoted to the study of TS-bifurcation and the consequences
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uw<0 w>0
A\
w/

(a) Supercritical cases: (above) for u > 0 there appears a pseudo-saddle
in ¥,s along with a stable CLC of node dynamics; (below) the stable
pseudo-node in X,s along with an unstable CLC of saddle dynamics
that exists for p < 0 disappears for p > 0.

uw<0 uw=20

AT T
}ﬁ%%@%

(b) Subcritical cases: (above) for p > 0 there appears a pseudo-saddle
in Y45 along with an unstable CLC of node dynamics; (below) the
unstable pseudo-node in ¥, along with an unstable CLC of saddle
dynamics that exists for 4 < 0 and disappears for u > 0.

Figure 2.8: Some possible scenarios for the TS-bifurcation. (a) supercritical
cases; (b) subcritical cases. The blue point is the T-singularity, the red point
is the pseudo-equilibrium, light gray region is X,s, dark grey region is g5,
white regions are v+ and the (non-smooth) limit cycle in green-color is the
CLC.
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on the dynamics of the system produced by it.
In Chapter

implications on the dynamics of a power electronics control system,

| we present a case study on TS-bifurcation and its
where we determine the existence, the stability and some global bifur-
cations of CLCs created in the T-singularity. This study is based on the
numerical analysis of the solution of closing equations and the charac-

teristic multipliers associated to the first return map; see [3}, 20} [7'7, [117].

In Chapter [6] we study a degenerate case of TS-bifurcation in
which the T-singularity is non regular at the critical value u = 0 of
the bifurcation parameter. In this case, the T-singularity is classified
as 1-degenerate invisible two-fold (Q2 singularity in [I18]), that is, the
tangency lines 74 and 7_ of invisible folds touch the T-singularity
with quadratic contact. This bifurcation is characterized by the si-
multaneous collision between a pair of regular T-singularities and a
real pseudo-equilibrium point, such that the pseudo-equilibrium per-
sists but the pair of T-singularities disappear after the collision, de-
termining a pitchfork bifurcation in the sliding dynamics. We named
this bifurcation double TS-bifurcation. Moreover, we present a case
study on stability and bifurcations of CLCs created from a degenerate

T-singularity.

2.5.3 Bifurcations in the sliding vector field

For 3D-DPWS systems as , the sliding dynamics is inves-
tigated from a two-dimensional sliding vector field, which is smooth
at all points of attractive/repulsive sliding region. Thus, we can use
the known tools of the bifurcation theory for two-dimensional smooth
systems. In addition, the sliding vector field can display the classical

bifurcations of equilibria and limit cycles. See references [2] [77), [88] [89].

We call the bifurcations that occur in sliding vector field as slid-
ing bifurcations. In all chapters of this thesis we will study local sliding
bifurcations such as saddle-node, transcritical, pitchfork and Hopf. De-

tailed applied studies on sliding bifurcations in power electronics, such
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as the transcritical, saddle-node, Hopf, Bogdanov-Takens, homoclinic,
and their pecularities due to the boundaries of the sliding region, are
found in [28] 29, [08]. We also cite the works [70}, 118} [124], which contain
important results on sliding bifurcations at a double tangency point,
being that the most interesting case is when this double tangency is of
the T-singularity type.

In Chapter [3] we will carry out a case study, from the de-de boost
converter model with SMC-washout, on the Hopf bifurcation of sliding
vector field. Furthermore, we will show that the limit cycle that is
born in the Hopf bifurcation disappears when it touches the two-fold
point of the invisible-visible type, creating a homoclinic loop closes at
this two-fold point. Such a mechanism of vanishing of this limit cycle
is natural, since the a two-fold is a saddle equilibrium of the sliding

vector field.

2.6 Power converters and control

One of the emerging topics in electrical engineering is the efficient
design of dc-dc power converters, nowadays based in the extensive use
of discontinuous models. The discontinuous character of these models
comes from their implementation by means of electronic switches that
are designed to be permanently changing between its on and off states.
In each configuration, the device has behavior (approximately) linear
and, thus, we are naturally dealing with piecewise-linear dynamical
systems (DPWL systems).

Examples of de-dc power converters are: buck, boost, buck-boost,
Cuk, Zeta; where the control action is constituted by a single switch
acting as a control input, see [I08] and references therein. In the case
of boost converters, for example, the goal is to pass from a low voltage

to a higher voltage needed to feed some particular load device.

In this Section we present the boost converter model under a

sliding mode control strategy using a washout filter, which is described
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by a 3D-DPWL system. This system will be studied in Chapters
and Bl

2.6.1 Modelling of the dc-dc boost converter

The behavior of a de-dc boost converter can be studied using the
circuit topology depicted in Figure We consider some simplifying
hypotheses for this circuit: (i) the semiconductor devices are assumed
to be ideal, i.e., free of loss and state switching at time zero; (ii) the ca-
pacitor is considered ideal, i.e., it has no loss or self-inductance; (iii) the
inductor has only one resistor and one series inductance that can be con-
sidered constant. Using the Kirchhoff’s circuit laws, the dynamic model

of the system, operating in Continuousﬂ Conduction Mode (CCM), is

given by
diy, .
E = Vvin — Tt — uvc,
dvc . Vo
C— =uif, — —
dt LR

where ve > 0 is the capacitor voltage, iy, > 0 is the inductor current
and u = 1—q € {0, 1} is the control action, representing the two possible
positions of the electronic switch S, open when v = 1 (¢ = 0), closed
when u = 0 (¢ = 1). The variable Vi, represents the input voltage, rp,
gives the equivalent series resistance of the inductor, R is the resistive

load, C and L are the circuit’s capacitor and inductor, respectively.

The analysis of the model becomes easier if the system is normal-
ized as follows: take a new time 7 such that t = 7v/LC, and introduce

the new variables
(z,y) = Zl, [L ve
9 y - ‘/in C 9 ‘/in I

6In power electronics, this continuous qualifier makes reference to the fact that
the current is not allowed to be zero, nothing to do with the continuity of the vector
field. In this case, the converter operates with a non-null inductance current at any
time, i.e. i, > 0.
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and parameters

1 /L
b=rp % and a=z\

thus, obtaining the boost converter model in dimensionless normal form

t=1—br—uy (2.15)

Uy = ur — ay, (2.16)

for > 0 and y > 0, where u = {0,1}, b > 0 (it can be considered in

some cases b = 0, i.e., with ideal inductance) and a > 0.

rr L D
—AAN—TRR—
L g g

ORI R T S £

Figure 2.9: Topology of a dc-dc boost converter.

Note that for u = 0, the system has a stable equilibrium point at
(z,y) = (1/b,0), and since b is usually rather small, this leads to a big
current with zero voltage, which is completely undesirable. Otherwise,

for u = 1, the standard stable equilibrium point appears at

(z,y) = _a L
Ve Txa1+ab)’

where the asymptotic value achieved for y is 1/(1 + ab) < 1.

Our goal is, by the use of an adequate and repeated interchange
between these two possibles values of u, to boost the voltage across the
load looking for a pseudo-equilibrium point with y = y,., where y, > 1

is the desired normalized reference voltage. Although it is theoretically
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possible to keep the problem in this two-dimensional setting, the use of
a third state variable turns to be a more efficient approach, as explained

below.

2.6.2 Adding the washout filter and the sliding mode

controller

We will introduce a washout filtering process for the current in
the inductor, as illustrated in Figure [2.10(a), see [112] and references
therein. Such washout filter works as a high pass filter that blocks
steady state inputs while passing transient inputs, and it leads to a new
state variable zp. The filtered value of iy, can be written as i, — zp

where zp satisfies the dynamic equation

d

% = wr(iL — 2F), (2.17)
and wp is the parameter responsible for cut-off frequency of the filter,
being that it is always less than 1/v/LC rad/s which is the approximate

natural frequency of the system.

. ga
3
+k+ H U
. 1 zp  VC i J | >
17, ) 1 f -
‘/ref
(a) Washout filter. (b) Sliding mode controller.

Figure 2.10: Control diagram. The control law is u = %(1 + sign[H]) and
the filtered inductor current given by ir = ir, — zr represents the difference
between the inductor current i;, and the filtered signal zp.

For the creation of the desired operating (pseudo-equilibrium)
point with ve = Vier > Vin we use a sliding mode controller. For

this, we choose (see [91]) an appropriate scalar function H : R?® — R,
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namely
H(ip,ve,z2r) = vo — Vet + K(ip — 2F),

where K > 0 and Vi are, respectively, the control parameter (to
be adequately tuned) and the reference voltage parameter. Now we
have to impose a control law as follows: to keep open the switch
(u=1) while H(ir,vc, zr) > 0 and to keep it closed (u = 0) whenever
H(ir,ve, zp) < 0, see Figure 2.10|(b).

We also apply a normalization to the washout filter equation
, taking the new variable and parameter:

L
zZ= é—lF ol and w=wprpVLC,
respectively; and, then we obtain
zZ=w(z —32). (2.18)

In addition, we defined the switching boundary as

Y ={(2,9,2) €R®: h(z,y,2) =y — y» + k(z — ) = 0}, (2.19)

sz\/% and y, = “//rief

are, respectively, the normalized parameters of control and reference

where

voltage; and such that h(z,y,%z) = H(iL,ve, 2r)/Vin.

To improve the visualization of phase portraits and simplify the
calculations a little more, we introduced another variable change to
rewrite the switching boundary as a horizontal plane. Such a
form is obtained by defining

z=y—yr+k(z - 2),

and so the washout filter normalized equation (2.18)) is rewrite as
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Z=(u—kbzr+ (w—a—uk)y—wz+k—wy,. (2.20)

In this case, the switching boundary is the horizontal plane given

by
Y ={(z,y,2) € R®: h(z,y,2) = 2 =0}

and the control variable is

u= %(1 + sign[z]). (2.21)

Then, we get the control process normalized model described as

the 3D-DPWL system given by

o {F+(x), %fz >0, (2.22)
F(x), if z <0,
1—bxr—y 1—bx
Ffx)=| z-ay |, F(x)=|-ay |,
5 (%) fs (%)

where x = (z,y, z) and
fix)=010-kb)r+ (w—a—ky—wz+k—wy,
f3 (x) = —kbx + (w — a)y —wz + k — wy,.
The sliding vector field on ¥ associated to the system (2.22) is
calculated according to (2.9)), obtaining

ba? — x + ay® — wy(y — yr)
—k(ba® — x + ay®) +wr(y —yr) |
0

1
F*(z,y,0) = m (2.23)

provided that ky — x # 0. The desired operating point for boost con-

verter is one of the pseudo-equilibria X* = (Z%*, y,.,0) , where
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i 1+/1—4aby?
rr=—>0,
2b
for all a < ﬁ. In some cases, we can consider ideal inductance with
b =0 (rr = 0). Thus, there is a single pseudo-equilibrium, namely
X = (ay?, yr,0).
More details on the dynamics of the boost converter with SMC-
Washout are given in the Chapter

For the implementation of the proposed sliding mode control, we
must replace the signal function in the control law (2.21)) by the hys-

teresis function; see [47]. In this case

1, if z>—
T (2.24)
0, if z<e¢

for some € > 0 chosen in order to be small. The hysteresis works as
follows: a trajectory with u = 1 holds this value until it reaches the
plane z = —¢, then switch to v = 0; in the continuation, a trajectory

with u = 0 holds this value until it reaches the plane z = ¢, then switch
to u = 1; see Figure 2.11]

2(rp u=0
- €
6 /\ ‘ /\
o7 N/ N
R
>T ¢ |
u=1

Figure 2.11: Behavior illustrative of the evolution of the variable z over
time t, when there is sliding with hysteresis.

Considering Figure then for u = 1 we have 2t = —2¢/7F < 0
and for u = 0 we have 3~ = 2¢/7~ > 0, where 7% > 0 are the respective

time for each mode. Note that 2* = Lp=h(x), therefore we can write
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Lp+h(x) = —2¢/77 <0 and Lg-h(x) = 2¢/7~ > 0. In this case, there
is an « according to equation (2.8)), with 0 < @ < 1 and

Tt

Tt+7

so that the Filippov sliding vector field (2.7) can be written as the

average vector field

7T F(x) + 7TFT(x) '

Fr(x) = T+ 7t

Figure shows simulation results of the sliding vector field
(2.23) along with the complete system with hysteresis (2.15)), (2.16]),

(2.20) and (2.24). In[2.12|(a) we visualize the time response referring to

the normalized variables of voltage (y(7)) and current (z:(7)). Observe
the permanent oscillations centered on the reference value y = y,. (and
also at z = x,.) indicating the presence of a limit cycle around the oper-
ating point (see illustration from (y, z)-plane in ub In“ b) the
sliding dynamics is visualized in the (z,y)-plane, where the trajectory
in black color is the solution (z(7),y(7)) of x = F*(z,y,0) and in green
color is the solution (z(7),y(7)) of the complete system with hystere-
sis, for the same initial condition (2(0),y(0), 2(0)) = (1,1,0). Note that
the solution of x = F*(z,y,0) is the average solution of the complete
system with hysteresis. In fact, since we can define two sliding vector

fields, one on the plane z = € and another on the plane z = —¢, namely

F°(z,y,e) = F°(z,9,0) + eG(z,y,0),
F(z,y, —¢) = F*(2,y,0) — eG(z,y,0),

w

where G(z,y,0) = ;5 [y — = 0]", then

F® (ZIJ y,O) (FS(.I‘,y7€) + Fs(x’y7 _6))'

1
2

Remark 2.7. In this thesis, all simulation results of 3D-DPWS sys-
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tems, such as the boost converter with SMC-Washout, are taken with
the application of a small hysteresis range. Thus, the sliding dynam-
ics is induced and it arises naturally when a trajectory of the system
reaches the attractive sliding region on the switching boundary. There-
fore, the operating point is, actually, a (non-smooth) limit cycle with

small amplitude around the pseudo-equilibrium point, see Figure[2.13

ol

y(T) 2.01 ¢
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; TITVTVTVTY) |

199

35 355 36
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T

(a) Simulation in time.

0.75 0.8 0.85 0.9 0.95 1 1.05 1.1
x

(b) Simulation in state space.

Figure 2.12: Comparison between the ideal (in black color) and hysteresis
(in green color) sliding dynamics, referring to the SMC-Washout boost con-
verter system . Parameters: b=0, w=1,y, =2, k=5and a = 1/5.
The red dot indicates the pseudo-equilibrium located at x = (0.8,2,0). Hys-
teresis range: ¢ = 1/10.
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2.6.3 A brief description on sliding mode control

Discontinuous feedback control systems as the sliding mode con-
trol (SMC) have been exhaustively explored in many works, see [123]
and references therein. The sliding mode controllers are naturally suit-
able for switched systems such as de-dc power converters, see [108]
and references therein. Such systems are efficient for controlling com-
plex non-linear dynamic plants operating under uncertainty conditions,

which is a common problem for many technology processes.

We consider the affine control system
x =f(x) + g(x)u (2.25)

where x € R™ and the functions f(x) and g(x) # 0 are smooth and the
control signal u is supposed to be a scalar discontinuous function. We
assume a smooth non-constant scalar function h : R” — R that defines

the switching boundary (discontinuity manifold)
Y ={xeR":h(x) =0},

is supposed to be regular, that is, Vh(x) # 0,Vx € ¥, and splitting
the state space into two open regions R~ = {x € R" : h(x) < 0} and
Rt = {x € R": h(x) > 0}. Accordingly, the switching control law is

u, namely as

w = u(x) = { u”(x), if h(x) <0, ie. x€ R, (2.26)

ut(x), if h(x) >0, i.e. x € RT,

where v~ and u* are scalar smooth functions of x (typically constant
ones) to be later specified. System (2.25) endowed with the control law
(2.26)) constitutes a discontinuous dynamical system that, depending

on the state, uses one of the two different smooth vector fields

F*(x) = f(x) + g(x)ut(x). (2.27)
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Example 2.1. Regarding the boost converter with SMC-Washout de-

scribed by equations (2.15)), (2.16), (2.20) and (2.21), we obtain £(x) =

T
F~(x), g(x) = [*y T 0} ,u” =0andut =1.

We define the rate variations of the value of i along the different
orbits when extended continuously to the boundary of the open regions
R*, that is, for all x € R— = R~ U Y. the orbital derivative of h or Lie

derivative is

Lg-h(x) = %h(x(t)) = <Vh(x),F7(x)>.
Similarly, the corresponding case is obtained, for all x € R+ = RT UX.
Note that ¥ = R— N RT. This is the tool used to study the dynamic
behavior of the control system in the neighborhood of the switching
boundary 3, which determines the sliding and crossing regions, see
definitions in —. It is a fact that we are mainly interested in
the attractive sliding region ¥, where the two vector fields from both

sides out of X push orbits towards 3.
From (12.3]) we can also write ¥, as

{x€¥:—Lgh(x)u” < Lgh(x) < —Lgh(x)u™}.

Note that if Lgh(x) < 0 (resp. Lgh(x) > 0) then we must take v~ < u™
(resp. u~ > u™) so that the attractive sliding region defined above can

exist.

Example 2.2. Again regarding our example under study, we obtain
Leh(x) =z — ky <0 for all x € .5 and therefore the choice u= =0

and ut =1 is appropriate.

According to Filippov’s method [51], which is the most natural
way of obtaining the sliding dynamics induced by the discontinuous
vector field ([2.25)-(2.26), we must consider the sliding vector field F*
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defined in (2.9)), which clearly simplifies to

5(x) — Leh(x)
F*(x) = f(x) — g(x) Leh(x)’ (2.28)
since Lgh(x) # 0. It is also usual to introduce the notation
F(x) = £(x) + g(x)teq (2.20)
where ¢
Leh(x) __ (Vh(x). £()) 20

Yl T T Tgh(x) T (Vh(x),g(x))

is the so called equivalent control, see [122]. Note that the transversality

condition Lgh(x) # 0 is a necessary condition for the existence of ueq.
Remark 2.8. The equivalent control for our example under study is

—bkx + (w—a)y + k — wy,
ky —x '

Ueq(aj, y) =

The Filippov’s method (convex combination) and Utkin’s method
(equivalent control) are algebraically equivalent. However, there are
some special cases where the two methodologies lead to different results,
see [15], 122].

As usual, we search for a stable operating point X belonging to X,
which should be a point where the vector fields F* are anti-collinear
and transversal to X, that is, there is a point X € ¥ and A > 0 such
that FT(x) = —AF~(X). This point is called pseudo-equilibrium and
it is a sliding vector field equilibrium, that is, F*(X) = 0. In terms
of the equivalent control, we say that X € ¥ is a sliding vector field
equilibrium if there is a u~ < %eq < u™ (supposing that u~ < u™) such
that f(X) = —Ueqg(X).

The condition X € X, is essential for the sliding mode control
process. In this sense, it is important to know the boundaries of the
region X, (which occur on the tangency lines Ty and T-), what are

the phenomena associated when the operating point exceeds one of
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these boundaries, and what is the condition on system parameters that
ensures X € X,s. The bifurcations that we are going to study in this
thesis, as the boundary equilibrium bifurcation and T'S-bifurcation, are

associated to the breach of this condition.
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Chapter 3

Hopt and Homoclinic
Bifurcations in a Boost

Converter

In this chapter we study the Hopf and Homoclinic bifurcations
that occur in the sliding vector field of switching systems in R3. In par-
ticular, a de-dc boost converter with sliding mode control and washout
filter is analyzed. This device is modelled as a three-dimensional DPWS
system, characterized by the existence of sliding movement and re-
stricted to the switching manifold. The operating point of the converter
is a stable pseudo-equilibrium and it undergoes a subcritical Hopf bifur-
cation. Such a bifurcation occurs in the sliding vector field and creates,
in this field, an unstable limit cycle. The limit cycle is connected to the
switching manifold and disappears when it touches the visible-invisible
two-fold point, resulting in an homoclinic loop which itself closes in
this two-fold point. The study of these dynamic phenomena that can
be found in different power electronic circuits controlled by sliding mode
control strategies are relevant from the viewpoint of the global stability

and robustness of the control design.
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3.1 Introduction

Switching power electronic devices are strongly non-linear and can
be modelled as piecewise smooth dynamical systems. It has been shown
that this class of systems can exhibit various types of complex phenom-
ena, including the classic bifurcations (Hopf, Saddle-Node, Homoclinic,

etc.) and bifurcations induced by discontinuity [37].

In case where the dynamical system is discontinuous piecewise
smooth, orbits can be confined to the switching manifold. This phe-
nomenon is known as sliding motion and this class of systems is called
as DPWS systems (or Filippov systems) [51]. The occurrence of such a
phenomenon has been reported in various applications involving sliding
mode control. Here we highlight the applications in power electronics
converters [23, [O1] 02, 08| [113).

In this Chapter, we study the Hopf and Homoclinic bifurcations
that appear in the sliding vector field of three-dimensional DPWS sys-
tems. For this study we consider the model of a dc-dc boost power elec-
tronics converter with sliding mode control and washout filter (SMC-
Washout) to reject load changes [02]. These bifurcations on the sliding
vector field are analogous to the standard continuous case, and will
be called Sliding Hopf and Sliding Homoclinic bifurcations. However,
sliding homoclinic bifurcations differ a little from the standard case,
since the closing point of the homoclinic loop is not on a saddle equi-
librium point, but in a visible-invisible two-fold singularity that has
dynamics saddle in the sliding region. Moreover, the homoclinic bi-
furcation exhibited here is of codimension-one and is obtained when a

single parameter is varied.

Dynamical systems that have a two-fold singularity possess a very
rich and complex dynamics. In [26] [68] [69, [71] two-fold singularities
are studied and in [25] 9] applications of such theory in electrical and

control systems, respectively, are exhibited.

The Hopf bifurcation is a local bifurcation in which an equilib-
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rium point of a smooth dynamical system loses stability when a pair of
complex conjugate eigenvalues crosses the imaginary axis of the com-
plex plane. In this case, an unstable limit cycle (subcritical Hopf) or

stable (supercritical Hopf) arises from an equilibrium point.

The Homoclinic bifurcation is a global bifurcation that occurs
when a limit cycle collides with a saddle equilibrium point. The exis-
tence of an homoclinic orbit implies global changes in system dynamics.
On two-dimensional systems studied by Andronov et al. [2], the exis-
tence of an homoclinic orbit causes the sudden appearance of a limit
cycle with same stability of the homoclinic orbit. In the same way, we
can say that Homoclinic bifurcation is the mechanism by which a limit
cycle, created for example from a Hopf bifurcation, is destroyed. More
details about the Hopf and Homoclinic bifurcation in smooth dynamical
systems, can be found in [59, [77), B8] [95].

In the literature there are several works on Homoclinic bifurca-
tion and Hopf bifurcation analysis in nonsmooth dynamical systems
[11, 18, [35, [78], B3] 85, 107, 128], where the bifurcations studied are
induced by the discontinuity. For example, in Kuznetsov et al. [78],
are study “Pseudo-Homoclinic” bifurcations where a standard saddle
equilibrium point may have an homoclinic loop containing a sliding
segment. In Dercole et al. [35], a bifurcation of codimension 2 where
a limit cycle that arises from an equilibrium point associated with a
Boundary Equilibrium Bifurcation, is analysed. On the Sliding Hopf
and Sliding Homoclinic bifurcations we highlight the pioneering works
of Ponce and Pagano [91], 98], identifying the occurrence of such bifur-
cations in a boost converter model, and recent studies with application
in systems compose by interconnected power converters in an islanded
direct current (DC) microgrid, in the works of Cristiano et al. [29] and
Benadero et al. [12]. In both the analysis is partial, without delving

into these subjects. Here, we will analyze them in more detail.

The main contribution of this chapter is the characterization of a

new mechanism to produce a homoclinic bifurcation, where the closing
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point of the homoclinic loop is a two-fold singularity. A rigorous analy-
sis of the Sliding Hopf and Sliding Homoclinic bifurcations is presented.

In order to do that, a case study in power electronics is considered.

This Chapter is organized as follows. The modelling of the boost
converter with SMC, the analysis of the tangential singularities and the
dynamics of the sliding vector field are shown in Section[3.2] The occur-
rence of Sliding Hopf and Sliding Homoclinic bifurcations are shown in
Section 3.3} From the analysis of stability and bifurcations, in Sections
and we present some results about the attraction basin and the
set of values of the parameters for a correct performance of the control

system under study.

Previous results on Filippov theory in Chapter [2| are important

for the development that follows.

3.2 Dynamics of boost converter with
SMC-Washout

In this Chapter we consider the model of a dc-dc Boost converter,
operating in Continuous Conduction Mode (CCM), with sliding mode
control and washout filter (SMC-Washout). Such a model was intro-
duced in Chapter [2], Section see Figures and We assume
the dimensionless model given in (2.15))-(2.16)-(2.20), but with ideal

inductance, that is b = 0 (equivalent to 1, = 0).

Then, we take

T = 1—uy
= uxr—ay (3.1)
w(@ —ky) + (w —a)y —wz +k —wyr,

where (x,y,2) € R? are the state variables and the parameters are
w € (0,1] (normalized filter parameter), y, > 1 (normalized reference

parameter), k > 0 (normalized control parameter) and ¢ > 0 (normal-




3.2. Dynamics of boost converter with
SMC-Washout 51

ized resistive load parameter). We stress that « > 0 is the normalized
inductor current, ¥y > 0 is the normalized output voltage and z € R

depends on the filtered current.

The control variable u is defined as
1 .
u= 5(1 + sign[z]) (3.2)
and the switching manifold as
S = {(2,5,2) € R® : h(a,y,2) = z = O},

System (3.1]) with the control law (3.2)) can be represented by the
dynamical system

Ft=0-y2z—ay fi) if 2>0
<x,y,z>—{ (1—yz—ayf5) L (33)

F~=(1,—-ay, f3) if z<0
where

f;(xayvz):x+(w_a’_k)y_wz+k_wyra
f3 (2,9,2) = (w—a)y —wz+k —wy,.

3.2.1 Tangential singularities

The tangential sets of F™ and F~ are given, respectively, by the

straight lines:

T, ={(z,y,0) eX:x=(a+k—w)y —k+wy,},

T:{(gc,y,O)EZ:y:I{/’_Wsr7 fora;ﬁw}.

The next result summarizes the possibilities of tangential singularities

according to the parameters a, y,., k£ and w.

A straightforward calculation shows that the point X, = (z¢, ye, 0)
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with

wlyr —=1) +a(l + (a+k - w)(k —wy))
(a+k—-—w)(k—w)+1
_(a+k—w)(k—wy)+1
e latk-wk-w +1°

Te =

is a cusp singularity, since L2F+h(§0) = 0 and the third Lie derivative
evaluated at the cusp point is given by Ly, h(X.) = w(l —y,) <0, i.e.,
the trajectory of F* passing through the cusp point X.. departs from X.
The point X, separates T into two branches of fold singularities. The
branch of visible fold singularities for y < y. and the branch of invisible
fold singularities for y > y..

Since Li_h(Xy) = a(k — wy,) for all Xy € T_ we get that all
points in T_ are invisible fold singularities if k > wy,, or visible fold

singularities if k < wy,..

The double tangency point, X, is given by T N T, i.e.,

X = s
a—w a—w

~ (k(k —yw) k—wy, 7 0), (3.4)

The point X is a two-fold singularity if a # a.(k) or a fold-cusp singu-
larity if a = a.(k), for all k # wy,., where

k) = 7 [k - (3.5)

k —wy,)
1+ (k= wy) (20 + (4 + (w — 2k)2)(k — wyr))}

Table shows the kinds of double tangency points according to
the parameters (a, k). Following, choosing w = 1 and y, = 3/2, we
represent Table in the plane of parameters (a, k) shown in Figure
Taking a point (a, k) in one of the regions V-1, V-V, I-V or I-1,
we obtain a double tangency fold of the type visible-invisible, visible-
visible, invisible-visible or invisible-invisible, respectively. While, for

points (a, k) on the curve a = a.(k) the double tangency is of the kind
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fold (invisible in part I-C or visible in part V-C) on one side and cusp
on the other. For each one of the kinds cited, we illustrate (on the
side) the geometry involving the “invisible” and “visible” dynamics of

the vector fields F+ and F~ around the double tangency pointﬂ

Kind of tangency (legend) \ Region on the plane (a, k) ‘
Two-Fold Visible-Invisible (V-I) | a.(k) < a < w for k < wy,
Two-Fold Visible-Visible (V-V) | a < a.(k) for k < wy,
Two-Fold Invisible-Invisible (I-I) | w < a < a.(k) for k > wy,
Two-Fold Invisible-Visible (I-V) | a > a.(k) for k > wy,
Fold Invisible-Cusp (I-C) a = a.(k) for k > wy,
Fold Visible-Cusp (V-C) a = a.(k) for k < wy,

Table 3.1: Kinds of tangential points according to the parameters (a, k).

Remark 3.1. Observe that, for practical reasons, r > 0 and y > 0.
As a consequence, for X given in (3.4), either a > w and k > wy, or
a <w and k < wy,.

3.2.2 Sliding vector field and pseudo-equilibrium

The sliding vector field is calculated from the equation (2.9) in
background Chapter [2] resulting in

. r—ay? +wyly — yr — 2)

F°(x) = Py —k(x —ay?®) —wz(y —yr —2)| » (3.6)
0

whose equilibrium point is

X = (ay?, yr,0). (3.7)

1In the expressions Visible-Invisible, Visible-Visible, Invisible-Visible, Invisible-
Invisible, Fold Invisible-Cusp and Fold Visible-Cusp, the first description refers to
the vector field F~ and the second to the vector field F+. For example, Visible-
Invisible indicates a two-fold whose quadratic tangency is visible to F~ and invisible
to F1, or even, Fold Invisible-Cusp, where the double tangency is quadratic invisible
to F~ and cubic to Ft.
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V-l

Figure 3.1: Kinds of the double tangency point in the (a, k)-plane, according
to Table[3.1] The quadrants {k > wy,} N {a < w} and {k < wy-} N {a > w}
are not considered in our study according to Remark

This is the operating point of the boost converter controlled by
the proposed SMC-Washout. The washout filter is responsible for the
elimination of the output voltage dependence in relation to the changes
of the parameter a produced by load changes of R. In this way, after a

perturbation on a, the output voltage maintains the desired value v,

Now, we proceed to analyze the parameter conditions to obtain
a pseudo-equilibrium q real and located in the sliding region. In order

to do that, the following conditions

Ly-h(X) =k — ay, > 0,
Lp+h(X) = —(yr — 1)(k — ay,) <0,
must be verified for x € ¥,,. We remember that the parameter y, > 1.

Therefore, if kK — ay, > 0 (respectively, k — ay, < 0) then X € 3,
(respectively, X € ;) and if £ — ay, = 0 then X coincides with the
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double tangency point X given in (3.4)).

In sliding mode control it is necessary that the pseudo-equilibrium
(i.e., the operating point) remains in the sliding region ¥,s. So, the

control parameter k£ must fulfill:
k> aysy. (3.8)

Moreover, the pseudo-equilibrium must be stable and whenever possi-
ble, without to exhibit an unstable limit cycle around it in order to

enlarge the stability region.

In order to analyze the stability of the pseudo-equilibrium X, we

use the planar sliding vector field F** given by

s —z+ay? —wyly — yr
F*(z,y) = ( ) . (3.9)

k(z — ay?) + wa(y — yr)

The pseudo-equilibrium X in reduced coordinates is denoted by X, =
(ay?,y,). This point is an equilibrium of F% and its stability can be

extended to the pseudo-equilibrium X since it satisfies the condition

(3-8)-
The Jacobian matrix of the normalized sliding vector field (3.9)

evaluated at the point X, is given by

(&) = ( -1 (2a — w)y, ) .

ko ayr(wy. — 2k)
The determinant and trace of J(X;), are given by

Det[J (Xs)] = wy,(k — ay,.),
Tr['](is)] =-1+ a'yr(wyT - Qk)

Imposing the condition (3.8)) on the parameter k, then Det[J(X;)] > 0.
Therefore, the pseudo-equilibrium X, when in X,,, can be a pseudo-

node or pseudo-focus, stable or unstable. In this case it will be stable
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if and only if, Tr[J(X;)] < 0, i.e., kK must be chosen such that it fulfill,
in addition of (3.8)), inequality

awy? —1

k> (3.10)

2ay,
Remark 3.2. If k < ay, the pseudo-equilibrium X is on the repulsive
sliding region X5 and it is a pseudo-saddle, because Det[J"*(Xs)] =
Det[J(Xs)] < 0, where J™® is the Jacobian matriz of the planar sliding
vector field defined on 3,5 as F"*(x,y) = —F*(x,y).

More precisely, in order to distinguish if X is a pseudo-focus or a
pseudo-node we have to analyze the sign of the discriminant A of the

characteristic polynomial of J(X;). Explicitly,

A = Tr[J(X,)]? — 4Det[J (X,)]
=409’k — 4y, (w + alawy? — 1)k + (1 + awy?)>.

This expression is a polynomial of degree two in the variable k. The

solutions of A = 0 are given by:

wE w1+ 2a2y2) (w — 2a)

ki =k 3.11
+ H+ 2a2yT ) ( )
where 2 4
awy; —
kg = ———— 3.12
" 20y, (3.12)

Note that k > kg satisfies the stability condition (3.10) and k = kg
implies Tr[J(X;s)] = 0. Furthermore, the roots ki of polynomial A =0

exist only for a < %7 otherwise we will have A > 0 for all k.

In Table we summarize these results on the dynamics of the

sliding vector field at the pseudo-equilibrium point X. These stability

conditions were obtained considering that y,. > %, otherwise X is

always stable for all & > ay,. This condition on the parameter y,

assure us the existence of a Bogdanov-Takens bifurcation (BT) at points
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(a—,yra_) and (at,yray) of the (a, k)-plane (see Figure[3.6)), such that

ay = (wT:I: wQE—S). 3.13
Ty, \“Y y (3.13)
| Kind of dynamics | Conditions under the parameters (a,k) |
pseudo-saddle k < ay,
stable pseudo-node k > ay, and a > %, or

k>ky and a < 3, or

ayr < k < k_ and

ap <a<zUl0<a<a_
unstable pseudo-node | ay, < k < k_ and a_ < a < a4
stable pseudo-focus k_ <k <kyand

ar <a<jyUl0<a<a_,or
kg <k<kyanda_- <a<ay
unstable pseudo-focus | k—- < k < kg and a_ < a < a4

Table 3.2: Kinds of dynamics of the sliding vector field at pseudo-
equilibrium point X, according to parameters (a, k).

The Hopf and Homoclinic bifurcations corresponding to the slid-
ing vector field of the boost converter system with SMC-Washout are

studied in the next Section.

3.3 A Sliding Hopf bifurcation followed by

a Homoclinic loop at the two-fold point

In this section we analyze two bifurcations that occur in the sliding
vector field . First a Sliding Hopf bifurcation takes place giving rise
to a unstable limit cycle C'. Second, C' persists when the parameter k
varies (from k = 1.375 to k = 1.573, for the case w =1, y,, = 4, a = 0.2,
see simulations in Figures[3.2}{3.3|and the bifurcation diagrams in Figure
, and then it collides with the two-fold point, which behaves like a
saddle. This collision produces an homoclinic loop destroying the limit

cycle.
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3.3.1 Sliding Hopf bifurcation

In previous section, we proved that X is an unstable focus when
k_ < k < kg and a stable one when kg < k < k4, since a_ < a < a.

Then we can state the following result:

Proposition 3.1. If k = kg and a € (a—,ay), where ay are given

in (3.13) and kg is given in (3.12)), then a subcritical Hopf bifurcation
occurs at X = (ay?,y,,0) in the sliding vector field (3.6]).

Proof. For this proof, we consider the planar sliding vector field (3.9)
that is topologically equivalent to (3.6) in ¥,s and the point X; =

(ay?,y,) equivalent to the pseudo-equilibrium X in X.

The following necessary conditions to get a Hopf bifurcation are
satisfied for k = kg

N 1 20 — 9202
Det[J(XS)]‘k - w( +wy2ra yZa?) <0
—ky a

since a— < a < ay. Then let us consider the system

@ =u+to(w(+y)—alv+2y))
(3.14)
0 = —vw(u+ ay?) + k(—u+ av(v + 2y,)),

obtained from a translation of (3.9) in such a way that X; is translated

to the origin.

According to [2] (see page 253), if the number

- : 94212
7 B w3 (ay2(w—2a)—1)3 (3\/57“/‘)( 2(1 k yr
yr(2a—w) elevple 2=

+a(2k® + KPwy, + k — 2wy,) + w(k + wyr)))
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is not null, then a Hopf bifurcation occurs at the origin in the planar
analytic system . In fact, the number o, also known as Lyapunov
coefficient, is the first non null coefficient of the Taylor’s polynomial
expansion of the displacement map d(x) = ¢(x) — x, where p(z) is the
first return map associated to (3.14)) (see [59] for details). Moreover, we
have o > 0 for all a € (a_, a) and, thus, a subcritical Hopf bifurcation
occurs when k = kg. Therefore, a unique unstable limit cycle bifurcates
from the point X in the sliding vector field (see Figures [3.2(a)

3.2(c)). So Proposition is proved. O

Figures|3.2(a)| and [3.2(c)|show the phase portrait of the boost con-
verter with the SMC-Washout given by (3.3)), on the switching bound-
ary ¥ and in the (x,y,z)-space, respectively. On both we note the

existence of an unstable limit cycle C C X,s around the stable focus
X € Y4s. The red closed curve, the blue point and the green point
represent the limit cycle C, the pseudo-equilibrium point X and the
two-fold point X, respectively. While the red solid denoted by I' indi-
cates the basin of attraction of the pseudo-equilibrium X (more details
in Subsection [3.4). Figure [3.:2(b)]shows the response time from simula-
tion results, where we observe that for an initial condition outside the
region delimited by the limit cycle C the system is unstable (solution
represented in blue color), and only for conditions within this region
is that the system stabilizes at the desired operation point (solutions
represented in green and orange color). The parameter values used in

the simulation are: w =1, y. =4, a = 0.2 and k = 1.5.

3.3.2 Sliding Homoclinic bifurcation

The unique limit cycle C, that emerged from the Sliding Hopf
Bifurcation of Subsection persists until the homoclinic loop occurs
at the two-fold point. This is the subject of the next proposition.

Proposition 3.2. The limit cycle C emerges from the Sliding Hopf Bi-

furcation in Proposition[3.1], when the parameter k assumes the critical
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(a) Dynamics on X. (b) Response time.

(c) Three-dimensional basin of attraction of the
pseudo-equilibrium point displayed in red color.

Figure 3.2: Unstable limit cycle in the nonsmooth vector field (3.3]) and the
corresponding basin of attraction for w =1, y» =4, a = 0.2 and k = 1.5.

value k = kg . It persists when the parameter k varies from k = kg
to k = kyc, where ko stands for the critical value of parameter k
needed to connect the limit cycle with the two-fold point, until to touch

the homoclinic loop at the two-fold point and then disappears.

Proof. According to Table the double tangency point X is a visible-
invisible two-fold singularity whenever a.(k) < ¢ < w and k < wy,.
Note that the sliding Homoclinic bifurcation curve in plane—(a, k) is

contained in the quadrant a— < a < a4 and yra— < k < yray (see
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Figure . As ay < § and a_ > a, then the double tangency point
is classified as visible-invisible two-fold when the sliding Homoclinic

bifurcation occurs.

Moreover, we consider the point X in reduced coordinates given
by Xs = (k¥,¥), where § > 0 is the y-coordinate of the double tangency
point X given in . The point X, is an equilibrium of the planar
sliding vector field F**, whose dynamics in its neighborhood on ¥, is

saddle type whenever the pseudo-equilibrium is located in ¥,,, because
Det[J(Xs)] = —w(k — ayr)y: <0

for k > ay,. Thus it is natural that the homoclinic loop passes through
this point.

Since the two coordinates of system have no roots in common
and the cycle emerged from Proposition[3:1]is unique, we are able to use
the Perko’s Planar Termination Principle (see [94,[96]). More precisely,
the parameter k represents the Hopf bifurcation parameter and this
principle guarantee that this family of periodic orbits is unbounded or
terminates at a critical point as shown in Figure So, we conclude
that the family of periodic orbits persists until reach a saddle point

defined by the separatrices of X,, which is a visible-invisible two-fold

point, giving rise to a homoclinic loop. See Figures [3.3(a)| O

The previous proposition states the existence of homoclinic bifur-
cation for the planar sliding vector fields F¢*. Note that this vector field
is smooth and therefore the homoclinic orbit posses the two-fold point
Xs as a- and w-limits, which is reached when t — —oo and ¢t — +o0,
respectively. However, the trajectories of the vector fields F* and F~
reach the two-fold point in a finite time. This is an important issue and

a difference between the smooth and piecewise smooth world.

Figures [3.3(a)| and [3.3(b)| illustrate the phase portrait of (3.9)

and the simulations of the boost converter with SMC-Washout given
by (3.3), respectively. In Figure [3.3(a)| we observe the homoclinic loop




62 3. Hopf and Homoclinic Bifurcations in a Boost Converter

451

(a) Dynamics on X.

(b) Three-dimensional basin of attraction of the
pseudo-equilibrium point displayed in purple color.

Figure 3.3: Homoclinic loop at the two-fold point and the corresponding
basin of attraction for w =1, y, =4, a = 0.2 and k = 1.573.

(purple curve) passing through X, that is a saddle equilibrium point of
F2* and is the closing point of the homoclinic orbit. In Figure
the purple solid represents the basin of attraction I' of the pseudo-
equilibrium X; and X (green dot) is a visible-invisible two-fold singu-
larity of the model. The parameter values used in the simulation are:
w=1v9-=4,a=02and k= 1.573.
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Remark 3.3. The homoclinic loop Lq is simple since

k(2a — w)(wy, — k)

a—w

oo =V -F* =TrJ(Xs)] = —1#0.

We say that a separatriz cycle is called stable or unstable if the
displacement map d(s) satisfies d(s) < 0 or d(s) > 0, respectively, for
all s in some neighbourhood of s = 0 where d(s) is defined.

As shown in [2] (see page 304), if Lo is simple (0o # 0), the
homoclinic loop Ly is stable (unstable) if and only if oo < 0 (09 > 0)
and besides that there exists some neighbourhoods V. of Ly and V of
F? (in a Ct-norm) such that for all vector field g € V has at most one
limit cycle in V. with the same stability of Lg.

Moreover, as expected, from this homoclinic loop can arise from
an homoclinic bifurcation only one limit cycle, as proved in [2] (see page
309).

3.4 A brief comment about the basin of

attraction

An important part of the local stability analysis is the determina-
tion of the basin of attraction (see [10]), because it reveals the region in
the state space where for any initial condition the system reaches
its equilibrium point. The basin of attraction, here, is defined as the
subset of R3 formed by all the initial states xo = x(79), 7o > 0, that
reach the switching boundary ¥ on the sliding region ¥, (in finite
time 7 = 7, > 79), and remain confined to X (for all positive time
7 > 71) sliding under the dynamics of F*, tending asymptotically to
the pseudo-equilibrium X = x(c0). Note that the pseudo-equilibrium
can be reached in finite time from some initial condition outside X.

The knowledge of the basin of attraction for different values of

the control parameter k is of great importance for the control design,

because it allow us to find a value for k in which the basin of attraction
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of the pseudo-equilibrium is as large as possible. However, the complete
analysis of the attraction basin is a difficult task and in general is
not analytically solvable. This is a very comprehensive topic and we
leave the complete analysis out of this work. What we will do next in
this subsection is a previous analysis on the subject from the results
obtained with the analysis of the sliding Hopf and sliding Homoclinic

bifurcations present in the previous subsections.

We present the case shown in Figure where the presence
of a limit cycle C' € ¥, creates a solid I with cylindrical shape repre-
senting the basin of attraction. In this case, the boundary of the basin
of attraction is formed by all initial states that reach ¥, exactly on
the unstable limit cycle C. Note that our set of initial states for the

boost converter to reach the operating point is reduced to the interior
of the solid T.

The area in ¥, delimited by the unstable limit cycle around the
stable pseudo-focus, represents the basin of attraction confined to .
We have seen in the previous subsections that this area persists with
the increase in the value of parameter k (for a fixed value of a). The
basin of attraction in X, becomes larger when we increase the value of
k. This increase can be observed by comparing the Figures and
and also, numerically verified from the bifurcation diagrams in
Figure which indicate an amplitude of limit cycle C, in both state
variables, increasing as a function of k. These arguments lead us to
a basin of attraction in R?® which increases along with k, as seen of
Figure to Figure [3.3(b)l where the solids denoted by I' represent

the basin of attraction in each case.

From this previous analysis, it is clear that the basin of attraction
containing the largest possible part of R? will be obtained for some value
of k after the sliding Homoclinic bifurcation and the disappearance of
the unstable limit cycle C. However, further studies are needed to find
the optimal value of k£ that maximizes the attraction domain, so we

leave this task for a future work.
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3.5 Choice of control parameter from the

bifurcation analysis

The bifurcation diagrams of Figure show the displacement in
the z and y coordinates of the points of pseudo-equilibrium and dou-
ble tangency and the variation of amplitude of the limit cycle C' as
a function of the parameter k. These numerical results are expected
according to the analysis of bifurcations discussed in the previous sub-
sections, where we prove that, by varying parameter k in an increasing
way, the system undergoes a subcritical sliding Hopf bifurcation
followed by a sliding Homoclinic bifurcation. Moreover, we verified
through the analysis of the bifurcation diagrams that the amplitude of
C' is an increasing function of k, starting (with zero amplitude) in the

Hopf and disappearing (with maximum amplitude) in the Homoclinic.
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Figure 3.4: Bifurcation diagrams showing the Hopf and Homoclinic sliding
bifurcations in (z, k) —plane and (y, k)—plane, considering k as the bifurcation
parameter, for w = 1, y» = 4, a = 0.2. The dashed and solid lines represent
unstable and stable equilibria, respectively. While the dotted line represents
the unstable limit cycle.

In Figure is shown: the dotted curve representing the ampli-
tude of the unstable limit cycle C'; the straight line representing the

coordinates x and y of the pseudo-equilibrium X, which is an unstable
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focus in the dashed part and a stable one at the solid part; the dashed
curve represents the coordinates x and y of the two-fold singularity X,
which has characteristics of a saddle (unstable) equilibrium in the vec-
tor field sliding; the black points indicate the subcritical sliding Hopf
bifurcation (Hsyp), where the unstable limit cycle born; and the sliding
Homoclinic bifurcation (HC), where the unstable limit cycle collides

with the two-fold singularity X and disappears.

5 HC

Figure 3.5: Bifurcation diagram in (x,y, k)—space considering k as the bi-
furcation parameter. The “uLC” stands for unstable limit cycle, while PE
and DT indicate the branch of pseudo-equilibrium and double tangency, re-
spectively.

Figure illustrates the displacement of the pseudo-focus X, of
the two-fold singularity X and of the unstable limit cycle C, in rela-
tion to the parameter k. The pseudo-focus X is unstable before the
subcritical sliding Hopf bifurcation (Hg,p) and stable after it. The un-
stable limit cycle surrounds X and there exists for k& € (1.375,1.573). It
disappears, for k = 1.573, colliding to X in an homoclinic loop (HC).

We summarize the dynamics on the diagram of Figure [3.6] where
it can be observed that: the two points denoted as BT, given by

(a—,yra_) and (a4, yray) with ax given in (3.13)), represent Bogdanov-
Takens bifurcations of X; the blue curve, given by k = kg (a) with kg
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defined in , stands for the subcritical sliding Hopf bifurcation
(Hsup) of X; the red curve, of equation k = ay,, indicates the tran-
scritical bifurcation (T) involving the two-fold singularity X and the
pseudo-equilibrium X; the purple curve, numerically obtained, repre-
sents the sliding Homoclinic bifurcation (HC) of limit cycle C; and the
green curve point out the transition of the pseudo-equilibrium X from

node to focus.
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Figure 3.6: Bifurcation set in (a, k)—plane.

A given value of the parameter pair (a, k) on region 1 means that
X is a pseudo-saddle, on region 2 stands for an unstable pseudo-node, on
region 3 means that it is an unstable pseudo-focus, on region 4 implies
that it is a stable pseudo-node and on regions 5 and 6 denotes that it is
a stable pseudo-focus (on region 5 there exists an unstable limit cycle).
Moreover, on region 1 we get X € X, and on regions 2, 3, 4, 5 and 6
we get X € Y.

The results obtained in this work on Sliding Hopf and Sliding
Homoclinic bifurcations can be used in the control design of a boost
converter. More specifically, our analysis can be used to find the val-
ues (a, k) that make the operating point locally stable, and from this,
to choose the “best” value of k from a prior knowledge of the varia-

tion range of the load parameter a. Following our analysis, the value
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searched for £ must be in region 6 of Figure [3.6] namely the safe oper-
ating region of the system (3.3)).

3.6 Conclusion

In this Chapter, by means of a case study in power electronics
(boost converter controlled by a sliding mode control), we proved the
existence of two different sliding bifurcations: (i) Sliding Hopf and (ii)
Sliding Homoclinic. The Sliding Hopf bifurcation occurs in the sliding
vector field and is analogous to the standard case. The limit cycle that
arises from the Sliding Hopf bifurcation is unstable and it is confined
to the switching manifold. The Sliding Homoclinic bifurcation occurs
when the limit cycle disappears by touching visible-invisible two-fold
point, whose dynamics in the sliding region is of the saddle type. The
homoclinic loop has a sliding segment which itself closes at the two-fold
singularity.

The result of the bifurcation analysis was summarized in the
(a, k)-plane bifurcation set showed in Figure This methodology
is useful to choose an appropriate value for the control parameter k in
order to ensure the system stability at the desired operating point and
prevent the birth of a limit cycle around it, even after a change in the

load parameter a.

The mechanism described in the case studied in this work, from
which a sliding limit cycle collapses when it touches a two-fold point is a
dynamic phenomenon that is specific to nonsmooth dynamical systems.
Further studies will be conducted in order to prove and to characterize
this collapse mechanism for general nonsmooth dynamical systems in
R3.




Chapter 4

Teixeira Singularity
Bifurcation Theory
and Application Method

In the 1990s Teixeira [I17] showed that for a discontinuous piece-
wise smooth dynamical system in R3, whose state space is divided in
two open regions by a plane acting as the switching boundary, there
generically appear two lines of quadratic tangency, one for each involved
vector field. When these two tangency lines have a transversal intersec-
tion, such a point is called two-fold. If furthermore both tangencies are
of invisible type, then the two-fold is known as Teixeira singularity (T-
singularity). The T-singularity can undergo an interesting bifurcation,
namely when a pseudo-equilibrium point collide with the two-fold point,
passing from the attractive sliding region to the repulsive sliding region
(or vice versa) and, simultaneously, a crossing limit cycle arises. This
bifurcation is named TS-bifurcation. After deriving carefully a local
canonical form, we revisit the previous works regarding this bifurcation
so correcting some detected misconceptions. Furthermore, we provide

by means of a more direct approach the critical coefficients characteriz-
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ing the bifurcation, also giving computational procedures for them. The
achieved results are applied to some illustrative examples, within the
realm of discontinuous piecewise-linear (DPWL) systems. This family
acts like a normal form for the TS-bifurcation, since DPWL systems
are able to reproduce all the unfolded dynamics. The study of the
TS-bifurcation in a de-dc boost power converter under a sliding mode
control strategy is addressed. Apart from being a relevant application,

it allows to show the real usefulness of the analysis done.

4.1 Introduction

Several physical systems such as mechanical systems with fric-
tion, electronic power converters and control systems are modelled by
ordinary differential equations with discontinuous right-hand sides, also
called Filippov’s systems, see [5I]. Other relevant references involving
PWS systems are for instance [3, B7, [76, 82]. A generic singularity
of these discontinuous systems for dimension greater than two is the

so-called Teixeira singularity [I17, [I18] (or T-singularity).
The T-singularity is a generic point in 3D-DPWS systems defined

by the aggregation of two different vector fields, one on each side of a
given switching boundary, appearing at the transversal intersection of
the corresponding fold lines. More specifically, it is assumed that in
both fold lines the tangency is of invisible type, so that it is possible to
have orbits that cross the switching boundary with recurrent behavior,
see [117].

The possible degeneration of the T-singularity and its associated
bifurcation behavior have been the subject of several papers, see [26]
49, 69, 71, [TT8]. No doubt, the most complete analysis can be found in
[26], where a detailed description of the different dynamics associated
to the bifurcation unfolding is given. However, it turns out necessary to
revisit these previous works correcting some misconceptions; in doing

so, we will provide by means of a more direct approach the critical
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coefficients characterizing the bifurcation, also giving computational

procedures for them, paving the way to practitioners.

In this chapter, we start in Section by including the complete
derivation of a canonical form for 3D-DPWS systems having the T-
singularity, see Theorem In the subsequent Remark we put
in evidence the differences of the canonical form in Theorem [A.1] with

respect to the proposed one in [26].

In Section we include all the theoretical results needed to
characterize the Teixeira singularity bifurcation (T'S-bifurcation). First,
for the transcritical bifurcation affecting the pseudo-equilibrium point
of the sliding dynamics, we obtain the coefficient kg in Theorem [4.2
see Subsection [I.3.1] This coefficient is given explicitly in terms of
the entries of the derived canonical form in Theorem [4.I] putting in
evidence that only the linear parts given in — are needed.
Next, in Subsection the crossing dynamics bifurcation is analyzed
by defining in a natural way two half-return maps. Such maps turn to
be involutions [I16], so that the composition of these two half-return
maps leads to a reversible first return map, see Section 3.1 in [I0T].
The fixed points of such first return map, excluding of course the T-
singularity point, represent crossing limit cycles (CLCs), so that the
stability analysis of the fixed points can be naturally extended to the
CLCs. This reversible character is very relevant when studying the
bifurcation for the crossing dynamics behavior and had not been rec-
ognized; therefore, the bifurcation had not been correctly termed. For
instance, regarding the associated return map, authors spoke of “a de-
generated (codimension-three) Bogdanov-Takens bifurcation” in p. 433
of [26] when actually one deals with a non-degenerated (codimension-

one) reversible Bogdanov-Takens bifurcation.

In Subsections[4:3.2]and [£:3.3] we tackle the topological determina-
tion of degenerate T-singularity, in relation the crossing dynamics, and
the complete characterization on its unfolding dynamics. We achieve

these results by a direct use of the two half return maps taking advan-
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tage of its involutive character. This approach avoids to build the first
return map by composition of the above half-return maps, and leads
to a direct study of the degeneration and the existence of fixed points
and their stability without needing the derivation of a normal form for
the map. On the contrary, in [26] authors adopt the usual approach of
making nonlinear changes of variables to obtain a normal form for such
first return map, so that they were not able of giving explicit expres-
sions for all the normal form coefficients. Moreover, it is not clear that
such changes of variables do preserve the reversibility of the map. Our
approach provides two coefficients obtained from the Taylor expansions
of the two half-return maps, namely o and p, allowing the topological
determination of the degeneration (see Theorem and the complete

characterization of its unfolding (see Theorem |4.4).

Regarding the problems we are interested in, Section [£.4] is de-
voted to the explicit computation of coefficients o and p for the specific
case of discontinuous piecewise-linear (DPWL) systems, a rather com-
mon situation in applications. Thus, thanks to Lemmas and
such computation can be made directly from the entries of the canoni-
cal vector field. We remark that even our analysis starts from general
cases, not necessarily being DPWL systems, such family of DPWL sys-
tems acts like a normal form for the bifurcation under study and so it

deserves a specific treatment.

In Section[4.5] thanks to the previous theoretical results, we study
some illustrative examples that reproduce the different dynamic scenar-
ios for the TS-bifurcation. In particular, in Subsection we revisit
an example already studied in [26] by numerical simulation, and show
how our theoretical results go further. The computations needed to
put a generic 3D-DPWL system into the canonical form of the The-
orem are detailed in Section since they are needed in Section
In Section we introduce a real application regarding electronic
power converters, which apart from being our main motivation, con-
stitutes by itself an example within the realm of applied dynamical

systems.
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Previous results on Filippov theory in Chapter [2| are important

for the development that follows.

4.2 Derivation of a canonical form

Without loss at generality, we assume in R3 that the switching

boundary is the first coordinate planeﬂ
Y= {x=(z,y,2) €R®: h(x) =z =0},

and that the T-singularity is located at the origin; more general situa-
tions can be recast to this situation after some elementary transforma-

tion. We will use for our piecewise-smooth system the notation

o [FO =00 (0, da<o
FH(x) = (f*(x), g% (x),r¥(x)), if x>0, '
where the X = ‘fl—’t‘ and we assume a transversal intersection at the origin

of the two quadratic tangency lines. More precisely, we require

(H1) The conditions Lr+h(0) = f£(0) = 0 hold (there is tan-
gency at the origin from both sides of X).

(H2) The two-fold is of invisible character, namely

L5_h(0) = (f; -g~ +f -r7)(0) >0,
L2F+h(0) = (f&|r gt + 1 -r)(0) <O0.
Note that if we define

fi(y’ Z) = fi(()’y’ Z)a

1We have now chosen as switching boundary the first coordinate plane in order
to facilitate the comparison of our results with those found in [26].
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then from (H1) we see that fi(070) = 0 and from (4.2]) we get

(.]?(070)7]?}(070)) = (fyi(o)vf;t(o)) # (070)7 (4'3)

so that by invoking the implicit function theorem we conclude the local

existence of two smooth curves

Ti:{(x,y,z):x:O,fi(y,z):O}

of fold tangency points, intersecting at the origin. To ensure the transver-
sality of the two lines T4 at the origin, we only need the linear inde-
pendence of the two gradient vectors in 7 but following the usual
convention in all previous works [26] [71] [74], TT7], we suppose in the
conditions to assure that the curves Ty are tangent to the coordinate
axes at the origin, namely

(H2') £(0)=0,£(0)>0,r(0) >0,

Yy )Tz

and
£5(0) <0,g(0) > 0,£5(0) = 0.

Resorting now to the implicit function theorem, we can parame-

terize the tangency lines in a neighborhood of the origin in the form

T, ={(z,y,2) : 2 =0,y = o1 (2)},

so that f* (¢, (2),2) =0 and ¢ (0) = ¢’ (0) = 0; similarly,

T-={(z,y,2) :x=0,2=¢_(y)},

so that f_(y,go_(y)) =0 and ¢_(0) = ¢ (0) = 0. It turns very
convenient to introduce a change of variables in order to get that the
tangency lines 7'y and 7 coincide with the second and third coordinate

axis, respectively.
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We introduce so the near-identity change of variables

u = x,
vo= y—pi(2),
w o= z—p_(y),

so that, by the inverse function theorem, we locally obtain

r = u,
y = ’U+1Z}+(’U,’LU),
z = w4+ Y_(v,w).

Obviously, we have ¥4 (0,0) = 0, and also

ag;i (0,0) = %(0,0) =0. (4.4)
Therefore, we get
i = (w0 + Py (0,0),w + P (v, w),
b= g (2)F=gT(u v+, wt) -
— Pl (0w o),
W= 2=l (g =1 (vt Y, w A yo) -

— ¢ (v vg) g (u v+, w ),

where in the two last components the arguments of ¢4 are omitted for

brevity. For convenience, the above system is rewritten as

u = fi(uavaw)a
Vo= f]i(u,v,w),
W o= 7 (u,v,w),

where
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and
77(0) =17 (0) — ¢’ (0)g~ (0) =1~ (0) > 0.

We see that, for w in a neighborhood of 0, we get

f+(0707w) = er(qu/)—i-(va)aw +1/)—(Oaw)) = f+(¢+(z)7z) =0,

and so the new tangency line T coincides with the axis v = 0; similarly,

for v in a neighborhood of 0, we get

f_(O,U,O) = f_(O,’U + ¢+(U70)7¢—(Ua0)) = f_(y,cpf(y)) =0,

and so the new tangency line 7 coincides with the axis w = 0.

The above change of variables allows us to write
fA+(O,U,U)) = 7’Up+(’U,w)7 (45)
so that

f+(u,v,w) = f+(u,v,w) - f+(0,v,w) —I—f"’(O,v,w) =

= [ (u,0,w) — vp* (v, w),

where f*(0,v,w) = 0 for all (v,w) in a neighborhood of (0, 0).
Anagolously, we have

F70,v,w) = wp™ (v,w), (4.6)

and so

f(u,v,w) = f‘(u,v,w) - f_(O,v,w) —|—f_(0,v,w) =

J (0, w) + wp” (v, w),

where f~(0,v,w) = 0 for all (v, w) in a neighborhood of (0,0). It should
be also noticed that the invisible character for the two-fold leads to the
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inequalities p*(0,0) > 0. Effectively, by introducing the functions

qi<v7w) = fi(0>v7w) = fi(07v + ¢+(an)7w + "/}7(”71‘)))7

we obtain from (4.4) and (H2’)

8;} (0,0) = £;7(0) - <1+¢+(o o)) +£5(0)- W =-(0,0) = £(0) <0,
and
94~ ot o~

50 (0.0) = £,(0) - =(0,0) +£(0) - (1+8w(0 0)) = £7(0) > 0,

and then, using (&.5) and (&.6), both p*(0,0) > 0 follow.

Summarizing, after the above computations, we arrive at the sys-

tem )
i o= fr(u,v,w) —vpt(v,w),
v = gt (u,v,w), (u>0)
W= T(u,v,w),

and A
u = f‘(u7v7w) +wp~ (v, w),
v = g (u,v,w), (u < 0)
o= 7 (u,v,w),

where jgi((),v,w) = 0 for all (v,w) near (0,0), p=(0,0) >0, g7(0) >0
and 7~ (0) > 0.

We are now ready to apply a reparameterization of the time ¢,
different on each side of ¥, along with a rescaling of variables to achieve
the aimed canonical form. Thus, for v > 0 we define a new time 7
such that

dry +(

U, v)
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while for u < 0 the new time 7_ is chosen to satisfy

dr_ _ 77(0
a p(wv)y | — ==

(4.8)
r=u, Y=

After applying such time reparametrization along with the above change

of variables, we have achieved the following local canonical form.

Theorem 4.1. Under hypotheses (H1) and (H2’), it is possible to
rewrite system (4.1)) in the canonical form

F- ; 0
FT(x), ifz >0,
where the vector fields F* : R3 — R3 are
[y, 2) —y [ (@,y,2) +2
Frx)=1| ¢*(xy2) |, F&=| g(zy2 |, (410
r*(2,y,2) r(z,y,2)

with f£(0,y,2) = 0 for all (y,z) in a neighborhood of (0,0), and
g+ (0) =1 (0) = 1.

The detailed derivation of this canonical form is included here
in order to be able to cope with real applications and not only with
academic examples. It will be useful later, when we tackle the analy-
sis of sliding and crossing dynamics regarding the degeneration of the
T-singularity. The required changes in the original vector field, intro-
duced to get the canonical form, become simpler in the specific case of

piecewise-linear systems, and are summarized in Section [4.6]
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We remark that by introducing in (4.9)-(4.10) the parameters
vy =r1(0), v_ =g (0),

we see that at the origin the two vector fields turns out to be

0 0
FH(0) = . F(0)= |v_|,
V4 1

so that they become anti-collinear when v; < 0, v— < 0 and
vypv_ —1=0.

This suggests to introduce the parameter
e:=v4v_ — 1,

so that, as it will be shown later, the vanishing of this parameter is

associated to a degeneracy of the T-singularity.

Remark 4.1. Comparing Theorem [[.1) with the local form near the T-
singularity given in p. 427 of [26], we observe that the quoted authors

proposed the approrimation

—y + O(z, |y, z|1?)

Fre) = | 1+0(x) |
vi -+ O(xI) )
2+ 0, 1y, 2I1)

F(x)= | o +O0(xl)
1+ O(x)

They did not give explicitly the changes needed to arrive at (4.11) but
in any case the non-specified terms in the first components are not in
agreement with their own statement that the fold lines Ty are located on

the coordinate axes y and z. In other words, the key property assuring




4. Teixeira Singularity Bifurcation Theory
80 and Application Method

that f*(0,y,2) = 0 for all (y,z) in a neighborhood of (0,0) was not
ensured, as is in Theorem[{.1], being crucial for the remaining analysis.
For instance, the structure of the half-return maps deduced in Appendizx
B of [26] comes from the involution condition and assume that such
return maps preserve the y and z axis, respectively, in contradiction
with the proposed approrimation. Furthermore, the quadratic terms
y?, yz and 2% appearing in the first FE-components of would
invalidate the formula (A.1) given for their coefficient as controlling
the sliding bifurcation, corresponding to our coefficient kg in .

<
FS
. *& %= F-(x)
x=F"(x) Eg’ Yus
s b(NT,
b
Q ol
<X

/1

Figure 4.1: Dynamical behavior of a DPWS system in R? near an invisible
two-fold point (T-singularity).

For system (|4.9))-(4.10)), and focusing our attention to a neighbor-
hood of the origin, it is now easy to distinguish on ¥ different regions

regarding the crossing and sliding dynamics (see Figure [4.1)), namelyﬂ

Yus = {(z,y,2) €ER®: =0, y > 0and z > 0},
Srs ={(z,9,2) €R’: £ =0, y<0and z <0},
S, ={(z,y,2) €R’: =0, y>0and z <0},
Ej:{(%yaz)€R3: =0, y<0andz > 0}.

First, we define the attractive sliding set Y., as the subset of ¥ where

2Such sets are calculated as (2.3), (2.4), (2.5) and (2.6, respectively.
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the vector fields F* point towards ¥ from both sides, that is,

LF+h(07y7Z) =-y< 07
Lg-h(0,y,2) =z > 0.

In this positive quadrant, to determine the solution of (4.1]) starting at

points of X, it is usual to introduce the sliding vector ﬁelcEI

F(0,y,2) + 2F*(0,y, 2)
Y+ z

F*(0,y,2) = 2 , (4.12)
where F* is to be evaluated for x = 0 and is obtained from the convex
combination of F* and F~ that is tangent to 3, see [78]. We remark
that the time reparameterizations — lead to a new time in
the Filippov vector field that preserves their orbits. If for some point
X € Y, the vector fields F* are not only transversal to ¥ but also
anti-collinear, then the point is an equilibrium for F*® and is called a
pseudo-equilibrium of system , see [58].

The repulsive sliding set ¥,., corresponds to the region where F*
are pointing out of ¥ from both sides. The solution of (4.1)) starting at
point x € ¥, also follows the solution of F* given in (4.12]).

The crossing set . determines the region where one of vector
field is pointing to ¥ and the other is pointing out of the boundary. If
an orbit of starting at a point x € R~ = {(x,9,2) € R3 : 2 < 0}
falls on X, then it crosses ¥ to enter the other part of the space (Rt =
{(z,y,2) € R®: 2 > 0}). In this case, the crossing set is denoted by
¥.F. The opposite situation can also happens (see Figure, and then
the crossing set is denoted by X .

As it will be shown, the degeneracy of T-singularity is the orga-
nizing center for the unfolding of the bifurcation behaviour, which we
call TS-bifurcation. This bifurcation implies that a pseudo-equilibrium
point crosses from the attractive sliding region to the repulsive slid-

ing region (or vice versa). Simultaneously with such a passage of the

3The sliding vector field is calculated as (2.9).
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pseudo-equilibrium point, a closed orbit composed by two arcs, each
one defined by one of the vector fields F*, is born crossing the mani-
fold ¥ in two points and without any sliding segments. This limit cycle

that arises from the TS-bifurcation is called crossing limit cycle (CLC).

In Figure one of the possible dynamic scenarios for the bi-
furcation is sketched, taking e as the bifurcation parameter. In the
case of the picture, a stable pseudo-node in ¥, for € < 0 crosses the
T-singularity becoming a pseudo-saddle in ¥,¢ for € > 0, and a CLC

with stable dynamics emerges for € > 0.

% = F*(x) Q % =F(x)
—

x =FT(x)

(c)e>0

Figure 4.2: An illustrative scenario of the bifurcation at the T-singularity.

Next, in Section we review the dynamics around the Teixeira
singularity for DPWS dynamical systems, regarding first the sliding

dynamics and next the crossing dynamics.
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4.3 Compound bifurcation analysis

In this section, starting from the canonical form given in -
we analyze the TS-bifurcation regarding both the sliding and
crossing dynamics, computing the coefficients that generically charac-
terize the different possibilities for the bifurcation. This bifurcation is
compound in the sense that involves two different bifurcations, each
one depending on different entries of the canonical form. We start by
considering the pseudo-equilibrium bifurcation undergone by the slid-
ing vector field that can be thought as a transcritical bifurcation; next
we study the reversible Bogdanov-Takens bifurcation for maps associ-
ated to the generation of limit cycles, which use points belonging to the
crossing regions.

To facilitate the effective application of our analysis, we write
the canonical form obtained in Theorem by emphasizing the linear

terms, namely

ffe—y+z-00)
F'x)= | 1+g/z+gfy+g52+0(2) (4.13)
v +riz+riy+riz+0(2)

and
fiz+z+x-0(1)
F (x)=|v_+giz4+g9y+952+0(2)], (4.14)
l+riz+ryy+rsz+0(2)

where fli, gli, g2i, gg—L, Tli, r2i, r?jf are given constants, being v4 the

bifurcation parameters.

4.3.1 Sliding dynamics
From (4.12)) with vector fields (4.13])-(4.14)), we obtain the sliding

vector field
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0
F*(0,y,2) = ﬁ vyt z+g,9> + (95 +95)yz + 992>+ 0(3)
y+orztryy?+(ry +r3)yz 132 +0(3)
(4.15)
We observe that this vector field is not defined for points in 3 located in
the straight line y + z = 0. These points are at crossing regions, where
the sliding vector field is not to be used, but note that the T-singularity
at the origin is a singular point for it.

We recall that equilibrium points X = (0,7, 2) € X of the sliding
vector field are called pseudo-equilibrium points for system —
. As the relevant pseudo-equilibrium points must be not located
at the crossing regions, if §2 < 0 then x € ¥ UX_ is called virtual and
only if yz > 0 then x € ¥,, U X, is a real pseudo-equilibrium point.

To facilitate the analysis of the sliding vector field, it is convenient
to make a desingularization by redefining implicitly the time scale on
every solution, namely by writing dr = |y + z|d7, where it is assumed

y—+ 2z # 0. With this change, we arrive at the desingularized dynamical

systems
dy —, 2 + - +.2
d—?:v,y—i—z—i—ng + (95 +95)yz + g3 2° +O(3),
(4.16)
d
6T;:y—|—11_~_,2'—|—7'2_(1;2—|—(7’§"—|—1"3_)yz—|—7‘§"z2—|—O(3),
for y + 2z > 0, and
dy -2 + = + .2
EZ—[U%U‘*‘Z‘FQQ + (95 +93)yz + 952 + 0(3)],
(4.17)
d
=== [yt vz eyt 4 (5 gy 122+ 03)]
for y + 2 < 0.

If X = (0,9, 2) is a pseudo-equilibrium point of (4.9))-(4.10), then,
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depending on the sign of ¥ + Z, the point (¥,2) is an equilibrium of
system (4.16)) or (4.17)), but in any case we must have that it fulfills the

equations

vy+ztly 2|G Z +O@3) =0, (4.18)

y+v+z+[y Z}R Z +0(3) =0, (4.19)
where - - - -

G= 53 53] and R= :‘3 :;] (4.20)

If (7, 2) is an equilibrium of type node, focus or saddle, then the pseudo-
equilibrium X is said to be a pseudo-node, pseudo-focus or pseudo-
saddle, respectively. Note that thanks to the desingularization, the

point (0,0) is always an equilibrium for systems (4.16)) and (4.17)), even
(0,0,0) is not a proper equilibrium of F*.

Remark 4.2. For the analysis of sliding dynamics, we can just con-
sider the vector field ([4.16) as defined in the whole R? looking for the
possible equilibrium bifurcation near the origin and taking into account

that we must reverse the time when passing to the zone y + z < 0.

From (4.18)-(4.19)), we note that for all values of parameters v_
and vy the origin is a solution. Since the Jacobian matrix at the origin

J(0,0) = [”1‘ 1],

Ut

is

we can surmise for v_v; — 1 = 0 the existence of another bifurcating
branch of solutions. Using the parameter e = v_v; — 1, and assuming
vy # 0 and fixed, then

1
vo=te (4.21)
Ut
and we can state the following result about the bifurcation undergone

by system (4.16]) when € = 0.
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Proposition 4.1. Assuming in system (4.16|) that the parameter v_ is
given as (4.21), where vy is fized, and that the coefficient

ks = [—mr 1} (v+G — R)

_1}*] £0, (4.22)

where the matrices G and R are given in (4.20), the following state-

ments hold.

(a) System (4.16) undergoes a transcritical bifurcation for e = 0, so
that, apart from the trivial solution, there exists another branch
of equilibria (y(e),z(e)) with (g(0),z(0)) = (0,0) and

7 (0).7(0)) = (+ "),

Iis’ KRS

(b) For the particular case where vy < 0, the emanating branch
(Y(e),Z(e)) is located at the quadrants with yz > 0. If kg > 0
(ks < 0) then in passing from € < 0 to € > 0 the origin passes
from being a saddle to a stable node, while the nontrivial equi-
librium (g,%) passes from being a stable node in the first (third)
quadrant to be a saddle in the third (first) quadrant.

Proof. Since the parameter vy is fixed, by applying the implicit func-
tion theorem at (y,2) = (0,0) to the equation , which does not
depend on v_, we can assure for any solution with |Z| small the expan-
sion

y=—v.z+O0(Z?). (4.23)

Using (4.21), multiplying (4.18]) by vy and subtracting (4.19)), we get

the scalar equation

I vo@)=0. (4.24)

G+ (7 2] (0GR !
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Substituting (4.23)) in (4.24)) we obtain the equation
—vy 2+ kg2t + 22P(Z,6) = 0,

with kg given in , being ¢ a smooth function defined at a neigh-
borhood of (Z,e) = (0,0) satisfying ¢(0,0) = 0. After removing the
trivial solution z = 0, we desingularize the equation, and from the hy-
pothesis kg # 0 we can apply to it the implicit function theorem at
(z,e) = (0,0) to solve for z. We get

Statement (a) comes now directly after using the expansion (4.23]) to

get the local parametrization of the bifurcating branch.

The nontrivial branch of equilibria (y(g),z(g)) uses for |¢| small
the quadrants with yz > 0 when §'(0)z’(0) > 0, that is, when v < 0.
In such a case, according to statement (b), if kg > 0 (kg < 0), then the
nontrivial equilibrium is in the first (third) quadrant for e < 0, being
in the third (first) quadrant for € > 0.

To show all the assertions of statement (b), it remains to analyze
the stability of the equilibria (0,0) and (y(¢),z(e)) of system (4.16).
Denoting by J;;(y,z) the entries of its Jacobian matrix J(y,z) in a

generic point (y, z), we have

Jny2) =v+[1 0|G Z +[y <|c (1) +O@2) =
—v_+ly 2| (@+6T)| | +0@),
and similarly,
Jaly,2) =1+ [y 2| (G+GT)[[] +00),
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|1
In(y,2)=1+[y 2| (R+RT)| | +0(),
o |0
Jaa(y,z) = vy + [y z} (R+R") +0(2).

Using (4.21)), the Jacobian matrix of system (4.16)) at the origin is

14¢ 1
J(O7 0) = Uf v )
+

so that det J(0,0) =€, and

1+vi+ €

trace J(0,0) = ” .
+ +

For the nontrivial branch (y(e), z(¢)) we also have

140t

U+

trace J (y(¢), 2(¢))

+ O(e),

while, after substituting the first terms of its expansion in €, we get

det J (§(e), 2(e)) = & + U+Z—; [-u 1] (G +GT) (1) e+
+ ig—; {—mr 1} (R+RT) || e—
- % [—v+ 1} (G+GT) | |e—
- % [—v+ 1} (R+RT) (1) e+ 0(g?).

We claim that det J (§(¢), 2(¢)) = —e + O(e?). In fact, we see that the
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above expression is equivalent to

e— [_U+ 1} (G+GT) | et
Ks
1 —
+—[-o 1 (B+ET) | e 4062 =
RS
_ _21}7‘*‘[_@ 1}6‘ U+ 5—}—1[—1} I}R T €+O(82):
Ks + 1 Rs *
9 _
=c— P {_v+ 1} (v+G — R) o 5+O(52) = _5"'_0(52)’
S

where we have substituted the definition (4.22)) of the criticality coeffi-

cient kg.

Under the assumption v; < 0, we conclude that for ¢ < 0 the
point (0,0) is a saddle while (y,%) is a stable node. On the other
hand, for € > 0 the point (0,0) is a stable node and (7, Z) is a saddle.

Statement (b) is shown and the proof is complete. O

From Proposition we see that when € = 0 we have X(0) =
(0,0,0), i.e., X collides with the T-singularity. Assuming vy < 0 and
v_ < 0, in changing the sign of ¢, one pseudo-equilibrium passes from
the region Y, to X, or vice versa. Note that in the case kg < 0, when
¢ < 0 the pseudo-node X in ¥, is unstable, because in this case the
point (y(e),z(e)) is actually an equilibrium for system and not
for system . Taking this observation into account, we can state

our first main result, whose proof is now immediate.

Theorem 4.2. Consider vy < 0 constant and € = v_vy — 1. Assume
that the criticality coefficient defined in (4.22)) satisfies kg # 0. System

(4.9)-(4.13)-(4.14) undergoes for e = 0 a pseudo-equilibrium transition
from Xos to X5 (or vice versa) in its sliding dynamics. More precisely,

there ezists for |e| > 0 small, one pseudo-equilibrium point

X(e) = (0,y(e), 2(e))
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such that

and the following statements hold.

(a) (Supercritical case) If kg > 0, then for e < 0 the point X(g) € s
is a stable pseudo-node, being X(¢) € X,5 a pseudo-saddle for
e>0.

(b) (Subcritical case) If kg < 0, then for e < 0 the point X(g) € ;s
is an unstable pseudo-node, being X(€) € Xys a pseudo-saddle for

e > 0.

We emphasize that the expression (4.22) characterizing the sliding

dynamics bifurcation depends only on the coefficients of linear terms

in system (4.9) with vector fields given in (4.13)-(4.14]).

4.3.2 Crossing dynamics

As it will be shown at once, the sliding dynamics bifurcation stud-
ied in Theorem is generically accompanied by the generation of a
CLC having two points at ..

In order to analyze the possible existence of CLCs, we consider
a trajectory ¢ (7) of system — with initial condition xg =
(0,90, 20) € XF, such that for 7 = 7 the trajectory transversally re-
turns for the first time to ¥ at the point x;3 = (0,y1,21) € X7, i.e.,

¢T(11) = x1. Accordingly, we define a half-return map P, such that

Py (yo,20) = (y1,21). Next, for system (4.9)-(4.10), we consider the
trajectory ¢~ (7) with initial condition x; = (0,y1,21) € X7

-, such
that for 7 = 75 it returns transversally to the plane z = 0 at the
point x2 = (0,y2,22) € X7, that is, ¢~ (72) = x2. We also define a
half-return map P_ such that P_(y1,21) = (y2, 22), see Figure
Clearly, when xy = x5 system - exhibits a closed orbit that

crosses the plane x = 0 at the points xg and x;, which belong to the
crossing regions, as shown in Figure [4.3(b)]
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T, T,
>0 >§2\\ <0 z>0 x\ <0
x=F'(x) SN F*=F (x) % =F*(x) /-0\\ x=F (x)
5> )
2 \ “ P N o
+ 0 o + o
o\ N ¢ EMZ\T’
o N
SN \;{
) | X N |
= s
Yy - Yy =

(a) (b)

Figure 4.3: Determining the existence of CLCs via the half-return maps.

We will analyze the existence and stability of CLCs by studying
the fixed points of the first return map, which can be obtained after the
composition of the above two half-return maps. We know from [I16]
that both half-return maps are involutions; furthermore, each one must
leave invariant the corresponding tangency line. Thus, these half-return
maps possess a certain structure in their coefficients; in particular, the
fact that in a neighborhood of (y, z) = (0,0) we have P, (0, z) = (0, 2)
and P_(y,0) = (y,0) imposes expansions of the form

ool |y
_l’_

Iy 1
chy? + chyz + cfyz
1 Y* + Chyz + c3yz

y-l—z
z

-2 - -2
ClyY” + CpYz + Ci32

-2, - — .2
Co1Y” + CoYy2 + Cy32

Gy + iz
@y + 4z

P+(yvz) = [

2

+ O(4),

2

q11Y + G127
421Y + Go27

P(%Z)=[é ﬁ]

+z +0(4),




4. Teixeira Singularity Bifurcation Theory
92 and Application Method

where the letters [, ¢ and ¢ are used for coefficients of linear, quadratic
and cubic terms, respectively. If we impose now that both maps are

involutions and we exclude the trivial case in which both maps are equal

to the identity, we get that Ij =1, = —1, along with the conditions
+ + + l;r + +
12 = C3 =Y, d21 = ?(qQQ —q11)s
L leh T B, + +
C11 = 5 (@11)% = 5(2023 —cp) + 7(‘122 —q11);
and
_ _ N _
gy = €91 =0, G2 = — (911 — 422),

B I~ _ _ i, _ _ q -
Co3 = % —(422)*, = 5(2611 ~ ) + #@11 ~ Gsa)-

The effective computation of all these coefficients for system (|4.9)-
— is still a pending task. The specific case of DPWL system
is done in Section [{:4] and the used ideas there can be extended to the
general case with some additional work. We advance however that in

any case we have lj = —2v,, and I] = —2v_.

When v_ = 1/v;4, we see that the linear part of the first return

map turns out to be

1 —2/v, -1 0\ (3 -2/
o -1 ) \=2v. 1) \ow, -1 )7

with 1 as double eigenvalue and [1,v4]7 as the only eigenvector. To
analyze the topological type of this degeneration, we study the possible
existence of local invariant manifolds and the dynamics on them. Such
local manifolds must be tangent to the above eigendirection. Thus,

we can assume for the local invariant manifolds to be the graph of a
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function

z=a(y) = viy + azy® + azy® + O(y*)

with v4 < 0, so that after building the composition (P_ o Py)(y, z), we

must have
(’g7 a(g)) = (P, © P+)(y,a(y)),

and this condition allows to define the iteration function governing the

dynamics on the local invariant manifold, namely

7= aly) =y +ay® + asy® + O(y").

We can assure that the above composition of half-return maps is well-
defined in a wedge-shaped neighborhood around the eigenvector [1, v, ]|

within Ej.

b

Taking advantage of the involution property for P_, we can write

instead
P~ (§,a(g)) = P-(§,a(§)) = Py(y,a(y)),

arriving to the equivalent condition

P_(a(y),ala(y))) = Py (y,a(y)), (4.25)

where all the coefficients of P_ are evaluated for v_ = 1/v;. By con-
struction, equation (4.25) is satisfied up to first order term in y. Com-
puting the second order terms in y, and imposing their cancellation in

both coordinates, we get the two equalities

1
— (2a3 + q¢f;v4+ — qouv? +vias) =0,
v+( 2 T 411U+ — gop¥% + 2) (4.26)

2a9 + qﬂm_ — qQ_Qvi +vyag =0,

which are clearly redundant, and do not allow to solve for as and as.

We can state so the following remark.

Remark 4.3. The second order terms of half-return maps do not suffice

to determine the degeneracy of the T-singularity, according to what is
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stated later, in Remark[{.4)

If we compute for (4.25) the third order terms in y, and im-
pose their cancellation in both coordinates, we get two new equalities,

namely

20, (4a3 + Bazas + 2(asqy; — 2a245; — (47,)? + az)vi+
+
+2(chy — €5 — 230203 + 11 (¢35 — ¢11)v5 — 26304) =0

and

(4(13 + dasag + 2«:;‘1 + 2a2q;'2 + ((];'Q(q;r2 - qf'l) — 4qy5a2 + 203)v4+

N —

+2(cy — ey — 205p02)v7 + 2(q35)"07) =0,

where we see that there appear the new unknowns az and 3. Fortu-
nately, they can be removed after a simple combination of both equal-

ities to get

dasay — 2(q3y — 110+ )az — 2c5;—
- (z(qﬁ)Q - Qﬁq;z + (932)2)”-% +2(cq; —co — CTQ + 0;3)7)—2%_ (4.27)
— ((q11)° — 411432 + 2(q3)* v} — 2¢i3vf = 0.

Solving any of the equations (4.26]) for s, we have

1 _
Qg = —— (2(12 + QE'U-&- - QQQUi)
Ut

and substituting in the previous expression, we get a quadratic in as,

namely
8aj +2 ((2; + a3)v+ — (41 + 202)07) az + 2cfv4+

(
+ (2(q{ )2 Q1+1QQ+2 + (QSFQ)Q)Ui —2(cy —Cyp — Cl+2 + c%)vi—i— (4.28)

11
((Q11)2 — 11922 t+ 2(92_2)2)1’1 + 201_31’3- =0.
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On the other hand, if we solve any of the equations (4.26)) for as, we

have

V4 —
ag = 5 (042 JFQB *QQ2U+) ,

leading by using (4.27) to a quadratic in ag, namely

2005 + ((201) — a)vy + (a1; — 2030)07) 2 + 2¢5, +
+ (2(q11)? = 2¢1 a5 + (435)%)v4—
—(2(cy; —cop — CB + ‘33_3) - ‘11_1‘1;? - q2_2q;'2)v_2;_+

+ ((17)% = 2411435 + 2(435)* )0 + 2c30% = 0.

This second quadratic is the more relevant one to characterize the local

dynamics of the degenerated T-singularity, by using the sign of its roots.

We rewrite it in the form
203 — oo +p =0, (4.29)

where
0 = =2¢f, + 435 + (245 — q11)v+ (4.30)

and
1
= (2c3; + (2(a17)? — 2471035 + (g35)%)v4—
— (2¢1; — 2¢5 — 2¢f, + 2¢85 — 44y — 45030+ (4.31)
+ ((a11)? = 201103 + 2(g32) v + 2c30%)

Both quadratics (4.28) and (4.29)) have equal discriminant up to a con-

stant positive factor, namely
© = —8p = —-— [16c; + (12(a1))* ~ 1207103 + T(030)°) v~
—16(ct; — 3 — ¢fy + cfy)ot +
+ (danyafy + 801142 + 2011435 + 4032450+ (4.32)
+ (T(a1)? — 124134 +12(43)*) v + 160t
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Therefore, depending on the sign of ©, we have none (6 < 0), one (0 =
0) or two (© > 0) local invariant manifolds. We can state the following
result, which is valid for any 3D-DPWS system having a T-singularity,
once expressed in its local canonical form, as stated in Theorem
See Figure [£.4]

(a) (b)

Figure 4.4: The three main topological types for the T-singularity at its
degeneracy regarding the crossing dynamics: (a) center; (b) saddle; (c) node.

Theorem 4.3. Consider system (4.9)-(4.13))-(4.14)), where the parame-

ter v_ = 1/vy, being vy < 0 and fized, and assume that the half-return

maps P_ and Py are given, so that the values o and p as defined in

(4.30) and (4.31) are known. The following statements hold.

(a) The origin is a fived point for the composition P_ o Py whose
linearization is non-hyperbolic having non-semisimple double one

etgenvalue.
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(b) If 0 < 8p then the origin is of elliptic (center) type.

(¢) If p < 0 then the origin is of hyperbolic (saddle) type. If 0 < 8p <
o2 then the origin is of parabolic (node) type.

Remark 4.4. In the above theorem, we have used for the topological
type (see Figure of the fized point the terms elliptic (center), hy-
perbolic (saddle) and parabolic (node) because it is usual to study maps
near fized points by resorting to unit-time shifts along orbits of au-
tonomous differential equations, see [77]. In fact, in our case, a planar
model differential equation would be

U=,

(4.33)
¥ = nu + auv — bu®,

where the condition ab # 0 is needed in order to get a determined topo-
logical type, and n is the unfolding parameter. Note the reversibility
(u,v,t) = (—u,v,—t). This model corresponds with a normal form
for the reversible co-dimension one Bogdanov-Takens bifurcation of the
origin, see Section 4.1.2 in [60]. It is easy to study the non-hyperbolic
origin for n = 0, concluding that for b < 0 we have a nonlinear saddle
(hyperbolic type), while for b > 0 two cases arise. If a®> — 8b > 0 then
we have a nonlinear node (parabolic type), being the case a?> — 8b < 0
corresponding to a nonlinear center (elliptic type). Thus, the reversibil-
ity property clarifies the bifurcation problem, compare with Section 3.2
and Appendiz D in [20].

We remark that in our approach we have avoided the temptation
of computing the normal form for the map P = P_ o Py near the
organizing center, so following an alternative way to the usual analysis,
as appearing in [26, [77]. We have taken advantage of the structure of
the map P, being the composition of two involutions that allow us to deal
with the reversibility property in a more direct way. Furthermore, we
can so give in Theorem[[.3 the explicit expressions for the coefficients

o and p in terms of the data.
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4.3.3 Existence and stability of bifurcating CLCs

In looking for bifurcating crossing limit cycles, we must compose
the two half-return maps Py and P_ by forcing the equality

(P- o Py )(y0,20) = (Y0, 20),

that is (y2,22) = (yo,20). However, it is more direct to write the

condition

P—‘r(yOaZO) = P—_l(yanO) = P—(y0720)7

where the second equality comes from the involution property of P_.
Thus, suppressing the subscript 0 for coordinates, and rearranging

terms, we will work with the equations

0=—2y+2v_z+qy* — ayz — q122° + ¢y + (4.34)
+(cfy — e )Pz — cppyz? — 2 + -
0=—2v4y+22+431” + a5yz — a2° + (4.35)

+ chy’z + (cfs — cop)yz” — 2’ 4+

Apart from the origin, which corresponds with the T-singularity,
we see that a fixed point, leading to a CLC, can bifurcate when v_v —
1 = 0. This fact suggests to introduce again the parameter ¢ = v_v; —1
and do a new bifurcation analysis assuming all parameters fixed except-
ing v_, to be defined as in .

We start by considering . A standard application of the
implicit function theorem allows to assure the existence of a smooth
function p(y, e) such that z = y - p(y, &), with p(0,0) = v;.. Computa-

tions give

_ y
p(y:€) = v — (@ — @ (e)vr) 5 + [-2¢8) + 0 (20, — ada)vs +

+ (2c55(e) — 2¢f, + 2¢d5 — 2455 (2)ai; — a52(€)ady) v —

~2cp(eo-(epd] L+ -
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After substituting this expression for z in (4.34]), we can desingularize
it to get
0=2e— (q¢f; — a1 (e)vy) ey + Qe)y® + - - (4.36)

where
1
Qe) = T [2¢3; + (2(a17)? — 241035 + (435)) v+
+ (=211 (8) + 2c55(e) + 2¢fy — 285 + 11 (€) gy + a2 (e)gdy) Vi +
+ (411(6)* — 241, (8) 4 (e) + 2455(€)%) v + 2ci3(e)v + O(e)] -

Clearly, from we can apply the implicit function theorem at
(y,€) = (0,0) to solve for ¢ getting that for the emanating branch we
have the expansion

e=ro-y: +0®°),

where the criticality coefficient is

Q(0) 1
Ty T 1o, [2¢3 + (2(11)% — 241105 + (435)%) v+
+ (—20;1(0) + 2052(0) + 20?2 - 202+3 + 411 (O)erl + q272(0)q§5) Ui""

+ (411(0)% = 2437 (0)g55(0) + 2¢55,(0)%) v + 2c15(0)v]

Note that 4k = p, as given in (4.31). In short, if we assume v, < 0
then depending on the sign of k& we have a subcritical or supercritical
bifurcation of non-trivial fixed points (we are focussing our attention

in the one with y < 0, but clearly there is another one with y > 0) and

2(y) = vy -y + Oy,
e(y) = ke - y* + O(y?).

To characterize the topological type of the new fixed point and its
stability, we must compute the derivatives of the Poincaré half-return
maps, and evaluate them at this branch of non-trivial fixed points.
Computing DP(y) = D (P- o P1) (y,2(y)), we get that the expansions
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for its determinant and trace share the coefficient of the first degree

term, namely

det DP(y) = 1+ oy + doy® + O(y°),

(4.37)
trace DP(y) = 2 + oy + t2y* + O(3°).

where
0 = =241 + a3 + (242(0) — 411 (0)) v+,

as in (4.30)), and the second degree terms are

1 _ _
d> = 5 [6(¢1)” = 5411 (a82 — an (0)v+ + 2055 (0)v4) +

_ _ 2
+ (q;2 —q11(0)vy + QQ22(O)U+) } )
1
=g~ [8cf + (2(a11)? — 3¢ 103 + 3(a30)?) v+
=+ (_801_1(0) =+ 832_2(0) + SCTQ - 80;3 —qq (O)QIFH'
+10g5,(0)g3; + 247, (0)g5) v3 +
+ (3¢11(0)” — 441, (0)5,(0) + 45, (0)%) v} + 8cpz(0)v] .

Furthermore, it turns out that do — t2 = 8k = 2p. Recall that

the standard stability conditions for fixed points of maps in R? are
(i) |det DP] < 1, and
(ii) |trace DP| < det DP +1

at the fixed point, see Figure [4.5] Therefore, if we assume o # 0,
then we conclude from that to satisfy (i), the stability of the
bifurcating fixed point requires ¢ > 0, since y < 0 at the bifurcating
point. Checking (ii), we get

1+ (t2 — dg)y2 + O(ys) =1-2py> + O(y3) <1,

what also requires k¢ > 0.

The topological type of the fixed point can be determined by
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Figure 4.5: The stability region for the fixed point of the return map deter-
mines a triangle in the (trace, det)-plane. The degeneracy of the T-singularity
corresponds with the labeled vertex A. Each side of the triangle corresponds
with the indicated bifurcation.

computing the value of the discriminant

(trace DP(y))? — 4det DP(y) = [0? + 4(ta — d2)] y* + O(y®) =
= (0% = 8p) > + O(*).

Clearly, when p < 0 the bifurcating fixed points has two real eigenvalues
A1 and A9 with 0 < A\; < 1 < Ag, so that its topological type is a saddle.
When p > 0 we have a node or a focus depending on the sign of 2 —8p.
Lastly, when o vanishes, we have a degeneracy whose characterization

should require much longer computations.

Remark 4.5. It should be noticed that 0> —8p = O, as given in (4.32)).
Thus, we see that the topological type of the new fixed points is inherited
from the topological type of the degenerate T-singularity.

We can summarize all the above analysis in the following result,
which amounts a complete characterization of the bifurcating CLC from

the T-singularity.
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Theorem 4.4. Consider vy < 0 constant and € = v_vy — 1. Assume
that the non-degeneracy conditions o # 0 and p # 0 hold, where o and

p have been defined in (4.30) and (4.31), respectively. The following
statements hold.

(a) By varying v_, the system (4.9)-(4.13)-(4.14)) undergoes fore =0
a bifurcation leading to the appearance or disappearance of a CLC.

Such a CLC bifurcates from the origin for p-e > 0 small.
(b) The bifurcating CLC' is stable whenever o > 0 and p > 0.

(¢) The topological type of the corresponding fized point for the first
return map s saddle, node or focus depending on whether p < 0,

0 < 8p < 02 or 8p > 02, respectively.

We remark that Theorem provides a characterization of a spe-
cific Takens-Bogdanov bifurcation for maps, since we are dealing with
a reversible map resulting from the composition of the two involutive
half-return maps. The above assertions about bifurcating fixed points
have a one-to-one correspondence with the existence and stability of
bifurcating equilibria of the normal form in Remark (see
Section 4.1.2 in [66]).

To apply later the above results in a convenient way for DPWL
systems, we need before a procedure for computing the coefficients of

the half-return maps P4 and P_, which is obtained in the next section.

4.4 Computing the half-return map coeffi-
cients for 3D-DPWL systems

As indicated before, we give in this section the expressions for the
coefficients of the return maps in terms of the entries of system (|4.9))-
(4.10) when we are dealing with a piecewise-linear system, an important

case in real applications, see Section [4.7]
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We start so from the strictly linear version of the vector fields

(ET3)-(ETD), namely

[z —vy
Frx)=|1+gfo+giy+giz (4.38)
v++rfx—|—7‘;y+7‘;z

and
frz+z

F (x)=|v_4+gio+goy+gsz|: (4.39)
1+riz+ryy+ryz
and to analyze this issue, it is convenient first to obtain a reduced

canonical form that alleviates a little bit the required computations.

Lemma 4.1. The study of crossing dynamics and in particular the

existence of CLCs for system (4.9), with vector fields given in (4.38])-
(4.39), can be done by considering the reduced canonical form

. {f‘(x), ifx <0, (4.40)

| Fr(x), ifz >0,

with x = (z,y, z) € R? and the linear vector fields F£:R3 — R3 are

ffz—y fro+z
Frx)=|1+gfz+giz |, F (x)= |v_+giz+gyy|, (441)
v+ T gz 1+ x+ryy

where the new entries i, G, and 75 are related with the old ones by

the relations

A=+,
g =g+ 9 —rigs, (4.42)

~+ _ A+ +,.+ +. .+
=)+ firy —ryry,
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and

fi =f +r3,
g =91 —f195 +9295, (4.43)

=1y = firg +7r595
Proof. 1t suffices to do the non-smooth continuous change of variables
(#,9.2) = (v,y + g3 @, 2 + 73 )
when z > 0, along with
(%,9,2) = (x,y — g3 T,z — 13 T)

when = < 0. This change reduces to the identity for z = 0 and so it

does not alter coordinates in X.

Therefore, any crossing orbit and its transformed by the above
change hit the manifold at the same points. This means in particular
that crossing limit cycles are mapped into crossing periodic points with

the same crossing points. O

Note that from Lemma [£.1] we achieve a reduced canonical form
with 4 parameters less, namely g5, 73, g3 and 73 . Also note that the
change of variables needed in its proof does not preserve the sliding

dynamics and therefore is only useful for the study of CLCs.

In order to find the explicit expressions for the coefficients of each
half-return map, we must determine the solution of system ({4.40)-(4.41])
for £ > 0 and for < 0. Such solution for x > 0 can be obtained from

the variation of constants formula

.
x(1) = e Txq +/ eyt =
0

=M Txo + (/ eA+Sds> vt (4.44)
0
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where
fif =1 0 0 0 ()
AT =gt 0 gf|, xo=|w|, vi=|1]|, x(r)=|y(n)],
70 rf 20 vy z(7)

being yo < 0. It will suffice to have the Taylor’s series approximation
until the fourth order terms for (4.44]), namely

7_2 7_3 ,7_4
(r) = xat (vl TAT+ AT DY) M4OG), (1.45)

where M = ATxo + vT and I is the identity matrix of order 3.

From the first component of (4.45) we can determine an expres-
sion for the flight time 7, = 7 (yo, 20), which depends on yo and zo,
such that z(7) = 0. The third order polynomial approximation for

the time 7 is given by

7+ (Y0, 20) = a10y0 + a20yg + a11Y0z0 + azoyy + a21y5z0 + ar120%g + -+

(4.46)
where
aip = 723
25t +
aso = g(fl — 295 v4),
ail = 2g3+7

2 - ~ -
aso = —5 (2(fi")? = 337 = (5FF + 3)givs +8(g7v4)?)

4 ~
a21 = 59;(39;74 - ffr —7“3+)>

a1z = —2(g7)%

Now, substituting ([4.46]) in the second and the third component
of system (4.45)), the half-return map (y1,21) = P+ (yo, 20) satisfies
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Y1 = —Yo + a11¥6 + vo(cyg + chhyozo) + O(4),
21 = —201yo + 20 + Yo(d51 Y0 + d3220) + Yo(C31¥5 + Caayoo + C5325) + O(4),

where we see that [ = —2v,, and we get for the quadratic terms

4 (f1 + 93 U+)

+
d22

2
43, = v (g, — a) = g(fl — 293 vy + 3h] )1}_,_,

*2(7”3 — 93 ”+)

along with the equalities

) - ~
i1 = —vsch + (61)* = —¢ [2(f1+)2 +(fi +3hi)g3ve — 4(g§,*v+)2} ,
sz =3 (fl "‘293 +_T3)9;v
ch =2 {3+ [207F)7 — 857 + OhE G+ 0] v

597 (Fif +3hT)03 + 8(g7) " }

= vy (cfy — 2cf3) + a5 (0 — 411) /2
2 ~
= 5 I3 U+ 309) = 208 (7 + 5h)o ] + (e,
3_ = 29; (7"3_ — 93 U+) 93 ‘122,

for the cubic ones.

The computations for the map P_ are totally similar. We use
again the formula given in (4.44)), this time with

f 0 1 0 0
Aizgl_gz_o’xlzyl’vzy_,

rnory 0 z1 1
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and compute the approximation up to third order of the return time 7_
spent by the trajectory ¢~ (7) that starts in x; = (0,41, 21) to arrive
at the point xo = (0,y2,22). This is done by solving the equation
2(7—) = 0 so that, after the evaluation at such a time for the other two
coordinates of the solution, we determine the image of the half-return

map (y2, 22) = P_(y1,21), namely
Yo =y1 — 2v_z1 + z1(q11y1 + ¢1221) + zl(cl_lyf + Ccptr 21 + 01—32%) +0(4)

2o = —21 + quz% + z1(cny121 + c&)z%) +O0(4).

Here [ = —2v_, along with the coeflicients for the quadratic terms

41

_ _ _ 2 /s _ _
G120 = V—(aa — q11) = 3 <f1 —2hyv_ + 39, ) U,

72(92_ - 7‘2_”0_),

2/
da2 g(f1 +r2v_),
and the following ones for the cubic terms,
¢y = 2hy (95 —ryv-) = =Ty 4y

1o = V—(Cop — 2¢17) + q11(q1; — 22)/2

|92 (7 +397) — 2y (F77 + 593 Jo-| +4(rz v-)2,

N

¢ = 5 {397 — [2070)? + 377 + 695 (F7 +97)] +

+5h5 (fi7 + 395 )v® — S(T;)%i} ,

e

_ 2 /4 _ _ _

Con = —3 (f1 — gy +2h, v,) Ty ,

_ _ _ 2 = s _ _

Cpz = v_Cqy — (g33)° = ) [Q(fl )27y (ff + 395 Jv— — 4(r; Uf)ﬂ .

Just by using the above expresions in (4.30) and (4.31]), we can
state the following result.
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Lemma 4.2. Assume in (4.38)-(4.39) that vy < 0 and all the pa-
rameters are fized, excepting v_. At the critical value v— = 1/vy the

bifurcation of a crossing limit cycle predicted by Theorem [{.4) is ruled
by the values

2 _ ~ _ ~
o(v) = 5 (v+ (oF + 307 +2/7) — 3k — 15 — 27

4 7 _ _ i - -
p(v+) :E [91 (v4)* + ((92 )+ o3 — 9295 — 7 ) (v4)°~
- (ff’g{ +gyry — 293y + frrd + g;r;) (v4)*+

+(5F + Ffrg —raed + 07)2) ve =]
where the entries fli, gﬁt, and Fli are given in (4.42)-(4.43).

Thanks to the above results, the application of Theorem [44] is

straightforward, as shown next.

4.5 Examples

In this section, we study a couple of examples to illustrate the
easy application of the achieved theoretical results. Both examples do
not have a physical meaning but are useful to better understand the
developed methodology. Later, in Section we tackle the analysis of
a boost power converter, which is our final goal.

4.5.1 Example 1

Consider the DPWL system

X—{(Z7U’1)’ ifz <0 (4.47)

B (—y,Lay+bz+vy), ifx>0
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with x = (x,y, z), where v_, v; < 0 and we take sign(a) = sign(b). This
system is already in the canonical form (4.38])-(4.39) with coefficients
fif=r=0,7 =aand rf =b, and gijE =r; =0forie{1,2,3}.

Regarding (4.20)), here the matrix G vanishes and we have
0 0
R - [ ‘| ’
a b

ks = avy — b.

so that from (4.22)) we get

According to Theorem [4.2] we have that for ¢ = v_v; — 1 small,

(i) if a, b > 0 then kg < 0 (subcritical case) so that X(e) € X, is an
unstable pseudo-node when v_v; < 1, being a pseudo-saddle in

Yas When v_vy > 1,

(i) if a, b < 0 then kg > 0 (supercritical case) so that X(g) € X5 is
a stable pseudo-node when v_v; < 1, being a pseudo-saddle in

Yrs when v_vy > 1.

In fact, from (4.15]) we see that

0
vy +z )

1
_y+z

F*(x)
y+vyz+ayz + bz?

so that the pseudo-equilibrium point is located exactly at

x(e) = (0’ “la— bgu_)v_’ a —Ebv—) 7

which, after the substitution v_ = (1 + ¢) /v, coincides with the ex-
pression given in Theorem

Regarding the crossing dynamics bifurcation, we apply first Lemma
obtaining that all the new entries are null excepting Ff = —ab. Hav-
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ing in mind that 7§ = b is also non-vanishing, we obtain from Lemma
that 0 = —2b, while

4b(a + buy.)

p= 3U+ '

We see that for v; < 0 we have

. . a
sign(p) = sign (—vs — 7).

so that p < 0 for —a/b < vy < 0, being p positive for vy < —a/b. The

condition 8p < o2 translates to

bla+bvy) <g — v >0
E 8 AT

Therefore, according to Theorem [£.4] we conclude that for ¢ =

v_vy — 1 small,

(i) the bifurcating CLC has dynamics of saddle type when
a
—g <vyg < 0

and arises for v_v; < 1;
(ii) the bifurcating CLC has dynamics of node type when

_8e <8
50 b

and arises for v_v; > 1, being stable (unstable) when b < 0
(b>0);

(i4i) the bifurcating CLC has dynamics of focus type when

vy < —8£
B
and arises for v_vy > 1, being stable (unstable) when b < 0

(b>0).
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Sadde v v, <1

Figure 4.6: Bifurcation set in (v_, v+ )-plane for system (4.47).

(a) CLC stable node (b) CLC unstable node

Figure 4.7: Simulation results of system for parameter values v_ =
—0.85 and v; = —1.3. (a) when a = b = —1 the bifurcation leads to a stable
CLC (sCLC); (b) when a = b = 1 we have an unstable CLC (vCLC'). In both
cases the CLC has dynamics of node type, the blue point is a pseudo-saddle
and the red point at the origin is the T-singularity.

In Figure we summarize the crossing dynamics bifurcation,
by indicating the dynamical type of the bifurcating CLC; the arrows
mark the direction in which one must cross the curve v_v; =1 to get
the new limit cycle. Such a curve is divided in three parts, depending

on the type of dynamics of the CLC when it is born. Two cases where




4. Teixeira Singularity Bifurcation Theory
112 and Application Method

the CLC is of node type are shown in Figure [£.7]
Clearly, the bifurcation set in Figure is to be completed. In

particular, the point (v_,v) = (—a/b, —b/a) should be a co-dimension
two bifurcation point, since there is a transition between parabolic
(node) character and hyperbolic (saddle) character. This kind of re-
versible co-dimension two Bogdanov-Takens points is analyzed in [I]
for two-dimensional smooth differential systems. The translation of
such analysis would lead to the existence of a bifurcation curve ema-
nating from such a point, where saddle-node bifurcations of CLCs take

place.

4.5.2 Example 2

As our second example, we study a DPWL system introduced in
[26], defined by the vector fields

11T — Y 3T+ 2
Fr(x)=| —z—-3y+1 and F~(x) = | -2y +v_ |,
as2y — 2z + vy r+3z+1

where v_,v4 < 0 and aq1,a32 € R. Again, this system is already in

the canonical form (4.38)-(.39) with coefficients f,;" = a1, g7 = —1,
93:73,9;:7’f:0,r;‘:a32,r;:72,f1_:3,g1_:gg)_:O,
gy =2,y =1, 75 =0and ry =3.

Here, from (4.20) we have

-2
G 0 . R= 0 3 ’
-3 0 as2 -2

so that from (4.22) we get

rs(vg) = [_U+ 1] [—3va—+a32 23] l?—] B

=2+ (3 + (132)114,_ + 311_2,'_ — 2’0:_3,'_.
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After applying Lemma we obtain the new entries ffr =ai1—3,
g5 = —1-3an, 7 = (a11 +2)asz, f; =6, §; =0 and 7, = —8.

Therefore, we get from Lemma [4.2

4
O'(U+) = g (3'U+ — a1 + 6)

pl) = g [12(04)° +203 4 1) (0 + 301 = anr o = asm(an +2)].

To apply Theorems [£.2] and [£.4] without requiring a long discussion, let
us consider just the bifurcation point corresponding to v_ = vy = —1.

Then, we have

:‘is(—l) =4 — aso,

(1) = % (3 an)

p(—1) = % lags (a1 +2) — San +9].

Therefore, we see that the sliding bifurcation changes its character
when asy = 4. Regarding the crossing bifurcation, we detect the exis-
tence of the hyperbola aszs = (5a11 —9)/(a11 +2) in the plane (a;1, as2)
where p = 0, separating the saddle and node cases for the bifurcating
CLC. Furthermore, after computing the expression o2 — 8p, we detect
another hyperbola, namely 6azy = (24a11 + a?; — 45)/(a11 + 2), which

separates the node and focus cases for the bifurcating CLC.

Regions CLC type
1 and 6 | saddle (unstable)

2 and 7 unstable node
3 and 8 unstable focus
4 and 9 stable focus

5 and 10 stable node

Table 4.1: The topological type of the CLC that bifurcates from the T-
singularity, with reference to Figure
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320 10 0 10 20 30
’ ) ap

Figure 4.8: By selecting the two parameters a11 and as2, one can obtain
the ten possible scenarios for the T'S-bifurcation for the specific degeneracy
that appears for (v—,v4) = (—1,—1). Regarding the sliding bifurcation,
supercritical cases occurs in the regions from 1 to 5 and subcritical ones from
6 to 10. For the involved crossing dynamics, see Table

In Figure we show a partial view of the bifurcation set in
the parameter plane (a11,asz), where all the ten possible scenarios for
the TS-bifurcation appear, according to Table .1} Comparing these
results with the numerical simulations summarized in Table 1 of [26],
we see that we obtain algebraic expressions delimiting the ten possible

scenarios, also detecting possible co-dimension two points.

For instance, when a;; = 3 the point (v_,vy) = (=1, —1) should
be a codimension-two bifurcation point, since there is a transition from
stable to unstable focus (elliptic) character. The analysis in [I] for
two-dimensional smooth differential systems, adequately translated for
maps, should confirm the existence of two new bifurcation curves em-
anating from such a point; one for Neimark-Sacker bifurcation points
(leading to an invariant closed curve associated to dynamics on a torus)

and the other for homoclinic bifurcation points, see [16].

These two examples show the ability of our theoretical results in
predicting the local dynamical behaviour around the T-singularities. In
Section below, we present the transformations in the states and in
the time scale, in order to obtain the canonical form —, from
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a general discontinuous piecewise-linear (DPWL) system. The results
of this section will be useful for the unfolding of Section [4.7] where we

analyze a real application problem in power electronics.

4.6 TS-bifurcation in 3D-DPWL systems:
a computational procedure
In the applications regarding 3D-DPWL systems, the general sit-

uation is to have three vectors w—, wt, v € R?, with v # 0, two 3 x 3

square matrices A~ and A" and a scalar § € R, such that

o F (x)=Ax+w", if vIix+6§<0, (4.48)
Ft(x)=Atx+w?t, if vix+d>0,
and A™x +w~ # Atx + w generically, when vI'x + § = 0.
The switching boundary is then the plane
Y={xeR®: h(x)=vlix+§=0} (4.49)
and therefore, the tangency lines areﬁ
T-={xe¥:v'F (x) =0}, (4.50)
T, ={xe¥:vIFT(x) =0} (4.51)
For x € T_ the tangency is of the visible (invisible) fold type i]ﬁ
vIATF~(x) <0 (> 0). (4.52)

Analogously, for x € Ty the tangency is of the visible (invisible) fold
type if
vIATFT(x) > 0 (< 0). (4.53)

4Note that Lp+h(x) = .
5Note that L%i h(x) = vT ATF*(x).
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If the fold tangency lines 7_ and T intersect transversally at
one point X € X, then this intersection point represents a two-fold
singularity. When both tangencies are of invisible type, this point is
a T-singularity; see [69]. Note that from (£.49), and (£51)), a

T-singularity is a solution of the equation

vT é
vIiA=| x+ |[viw™ | =0. (4.54)
v A+ vTwt

Thus, a natural first hypothesis is the following.
(A1) The set {vT ,vT A= vT AT} is linearly independent.

Note that hypothesis (A1) guarantees the transversality of T_
and T, along with the uniqueness of the two-fold point X, solution of
(4.54). As a second hypothesis, we assume the needed condition to

have invisible tangencies from both sides.

(A2) At the two-fold point X, the conditions v A"F~(X) > 0 and
vIATF*(X) < 0 hold.

If we assume 6 = 0 and v’ = (1,0,0) then vI'x + 6 = 2. So, we

would start from the system

A~ - if
,_{ x+w—, if 21 <0 (4.55)

) Atx4+wt, if 23>0
_ T + _ + + =17 @
where x = [z1 x2 z3]', w* = [w] wy wi]", the dot “” denotes the

derivative in relation to the time variable ¢ and

+ + +

apy Q1 Qi3

+ _ | =+ + +
AT = |ay ayn ay
+ + +

a3y A3y 033
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Hypothesis (A1) translates to

vT 1 0 0
— T -] — - — | -+ -+
A:=det |vI A7 | =det [a]; a]y aj3| = apai3 —ajza)y, #0.
T A+ + + +
viA aj1 G2 Qg3

(4.56)
Thus, system (4.55) has a double tangency point in the transverse in-
tersection of the tangency lines contained in the plane z; = 0, defined
by the sets

Ty = {(0,29,x3) : aﬁxz + CL{E?)J}?, + wli =0},

if and only if A # 0, as defined in (4.56)). These tangency lines are

obtained using the equations (4.50)-(4.51), assuming v = (1,0,0).
We have so the two-fold point located at (0,%2,73) € Ty NT-.

We summarize in the next two lemmas the explicit changes needed
in this DPWL case to arrive at the canonical form of Theorem 41l In
the Lemma below, we propose first an invertible change of coordinates
to place the double tangency point at the origin of R® so that the
tangency lines 7_ and T become the second and third coordinate
axis, respectively. We also impose that the new region with attractive
sliding be the quadrant corresponding to positive values of the last two

coordinates.

Lemma 4.3. Assuming Hypothesis (A1), the affine change of coordi-

nates
T 1 0 O T 0
To| = 0 Qo (O3 @ + aq |, (457)
z3 0 B2 B3] |z B1
with B B N
AW — a2 W a a
o = 43 1A13 1’0[:%7%3_%’
and B ~ B
By = a1oWy ;%2“’1 By = *212 and Bz = a127
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transforms system (4.55)) into the system

. G (7,9,2z), if T <0
@52 = {G‘*Ex,i,zi, z; >0 (4.58)
where ) )
ST+ 2z
G (2,9.2)= |piT+p U +p3Z+by

|1 T+ Y +p3Z+ by
and

[ srf -y 1

G'(z.7,2) = |piT+psy+piz+05

L4 T+ a5 7 + g5 7+ b |
with the coefficients
51i = aﬁa
171i = —agyafy — a3i1a;r3v
P%t =A (a22a2ﬂ3 + a2352ﬂ3 a32a2a3 afo,tga?ﬁz) )
Py = A (a3 — agai + (agy — agz)asfs) ,
qfi = _a2i1a1_2 - a§t1a1_3v
qu =A (aétzag aé%ﬂ% (‘I?j,% - a2i2)a2ﬂ2) )
q;,t = (0330!253 =+ a32a2a3 aétgaaﬁz - a2i35253)
by = A (w3 Bs + azpa1 83 + 335183 — wias — agaras — azzasfi)
bg,f = (w ag + a32a1a2 + a33a261 — w; 62 — a220¢162 — agigﬁlﬁg) .

Proof. As indicated before, we want to transform the tangency lines

Ty so that in the new variables (z,y, z) we have

a1a%2 + a13%3 + Wy =Z (4.59)
ajyre + afzrs +wl = —7. (4.60)

Solving for (za,x3) we get the change of variables (4.57), where the
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expressions for o; and ; are as shown in the statement of the Lemma.

Note that from (4.57)) and (4.59)-(4.60) we can deduce that

] P R SRR A | | B

and

«a
[af[2 aﬁ] " +wt=o0.
b
Taking into account these equalities, the new entries for the vector field
come easily after making the change given in (4.57)). O

After the application of Lemmal4.3] we have got a new system that
have the tangency lines 7" and 7'y at the y- and z-axis, respectively, so
that the double tangency is now at the origin. Note that in the
Hypothesis (A2), regarding the conditions to have an invisible two-fold

gives now

LEL_h(0) =b; >0
LE+h(0) = —b] < 0.

In the Lemma below, we indicate the additional invertible change of
coordinates along with the time scaling needed to rewrite the system
(4.58)) in the canonical form of Theorem 4.1

Lemma 4.4. Assuming Hypothesis (A2), that is by > 0 and by > 0,

the invertible change of coordinates

(E,g,Z) = (x,w+y,w_z)
along with the non-uniform time scaling T = w4t for x > 0, and T =
w_t for x < 0, with wy = /by and w_ = /by, transforms system

(4.58)) into the system

%= {F_(x)7 ifx <0, (4.61)

Ft(x), ifz >0,
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with the vector fields

iz —y
Ft(x)=|1+gfe+gfy+giz ], (4.62)
_v++rfx+r2+y+7"§z
[ frz+z
F (x)= |v-+giz+goy+g52|- (4.63)

| 1+riz+ryy+rgz

In system (4.61), x = (z,y,2) is the state vector, the dot “”
denotes derivatives in relation to the new time T and the new coefficients

are
+ — + + +
_bg _ b +_ 5 +_ D2 +_ 93
Vp=——, V_o=—"—, J1 = G = s =~
W_wy W_W4 W4 w4 W4
- pl— — p3_ — ql_ — q2_w+ + p1
g1 = y 93 = ) =5, Ty = ) 1= T2
W_wy Wi w= w= wi
+ + ¥
+ _ P3w— +_ 4 +_ 2
93 = 7 » 't = y To =
wi W_wy w_

L. d
Proof. Note that (Z,7,%z) = wy — (z,wy,w—z) and wy > 0. Thus, we

dr
rewrite (4.58) as
d _
W (r,wry,w_2) = G~ (x,wiy,w_z) for =<0,
T

d
W (r,wiy,w_2) =G (r,wyy,w_z) for z>0.

Then, the vector fields F¥ are easily obtained by writing

~ ST 11 B
F (X) = dla‘g |:w_7 w_w, ) wg_:| -G (x,w+y,w_z)
and
N CT1o1 1 .
F (X):dlag Ty T 9 -G (x7w+y,o.),z);
wi wiw_wy

and the new coeflicients come directly. O
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Remark 4.6. From the transformations proposed here, we can inves-
tigate the occurrence of the TS-bifurcation in 3D-DPWL systems such

as , using the canonical form (4.61)-(4.63). Note that the vec-
tor fields (4.63) are the linear version of the vector fields (4.13))-(4.14)).
Therefore, the general system (4.48) undergoes a TS-bifurcation if it is

possible to rewrite it in canonical form (4.61)-(4.63) and if there ex-

ists a solution of the equation ¢ = v_vy — 1 = 0 for some parameter
of such that v_(0) < 0, v4(0) < 0 and ks(0) # 0, where kg
18 given in . Such a statement is in agreement with the defini-
tion of TS-bifurcation gien in[2.10. Then, we use the Theorem[{.3 to
classify the TS-bifurcation in subcritical or supercritical case and the
Theorem [[4) to determine the stability of the CLC bifurcating from the

T-singularity. For this, we resort to the coefficients o and p given in

Lemma[.3

Next section is dedicated to a case study in order to apply the

results previously obtained.

4.7 Application in a boost converter with
SMC-Washout

For this case study, we consider the model of a dc-dc boost con-
verter, operating in Continuous Conduction Mode (CCM), with sliding
mode control and washout filter (SMC-Washout). Such a model was
introduced in Chapter 2] Section [2.6] see Figures 2.9 and

We assume the dimensionless model given in (2.15))-(2.16])-(2.18 H
with the scalar function h(x) : R* — R such that the switching bound-

ary is
Y={x=(z,y,2) ER®: h(x) =y — y, + k(z — 2) = 0}, (4.64)

where gy, > 1 is the normalized reference parameter and k > 0 is the

6For simplicity, we use z instead of Z as in (2.18).
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normalized control parameter (to be adequately tuned).

Then we get the control process model described as the three-

dimensional DPWL system

o {Fi‘(x), ?f h(x) > 0, (165)
F~(x), if h(x) <0,
with
1—bxr—y 1—bx
Frx)=| z—ay |, F(x)=| -ay |,
w(r — z) w(z —z)

where x = (x,y,2) € R?® are the state variables and the parameters
are w € (0,1] (normalized filter parameter), a > 0 (normalized resistive
load parameter) and b > 0 (normalized inductor resistance parameter).
We stress that > 0 is the normalized inductor current, y > 0 is the
normalized output voltage and z € R depends on the filtered current.
The goal is to have a pseudo-equilibrium point fulfilling the con-
trol objective y = y, > 1 and adequately located in the region X,
in order to get a robust operating point. Although the model seems
elementary, the computations in general are cumbersome, so that we

will adopt a simplified version.

Remark 4.7. From now on, we take y. = 2, a > 1, and k > 2 for
definiteness. To facilitate the remaining computations, we also assume

b =0, that is, an ideal inductance, and w = 1.

According to Remark and Section since vI' = Vh =
[k, 1, —k] the subset of 3 corresponding to ¥, is defined by the in-

equalities
k(l—y)+z—ay—k(z—2)<0<k—ay—k(z—2z2),
or equivalently,

k—2+4+z—(a+k—-1)y<0<k—2—(a—1)y,
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where the elimination of z is possible from (4.64)), which implies
—k(z—2)=y—2

on X. We note that all the points in X, satisfy x — ky < 0. According
to (4.12)) the corresponding sliding vector field is

klz — ay?* —y(2 — y)]
klz(2 —y) + k(ay® — 2)]|

He = k) (2 —y)(z —ky)

where z — ky < 0. By construction, the plane ¥ is invariant for this
vector field. The only pseudo-equilibrium point is obtained on the
parabola & = ay? for y = 2, that is at X = (4a, 2, 4a), which belongs to
Yas whenever k > 2a (the restriction k& > 2a is a key condition for the
efficiency of our boost converter). In the following we will show that

TS-bifurcation is associated with violation of this restriction.

Figure 4.9: Projection on the (z,y)-plane of the notable elements used
for the boost converter control design. The point X (the operating point)
is within the attractive sliding region X¥,s. In the degeneracy, such a point
collides with the T-singularity X to enter the repulsive sliding region 3,.
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If we calculate the tangency lines of each vector field F+ according
to (4.50)-(4.51)), then we see that such tangency lines can be written as

T ={xe¥: (1-ay+k—2=0},
T, ={xeX: z4+(1l—-a—kly+k—2=0},

and they correspond with the boundaries of ¥,s. See Figure for
a geometric view of the projection on the (z,y)-plane of such notable

elements.

Hypothesis (A1) of Section is clearly true, since the matrix

vT k 1 —k
vIiA=| = | =k —a k
v At 1—-k —a—-k k

is non-singular whenever k£ # 0 and a # 1. In this case, a two-fold

singularity occurs at the point X = (ky, 9, 2), with

k—2 1+k2)5—2
>07 2:%

y:a—l

To check Hypothesis (A2), we use inequalities (4.52)-(4.53)), and
so we need

1
vIATF~ (%) = [k, —a,k] | —ag | >0
&3
and
1—-9
VIATFY(RX) =1 —k,—a—k, k] |2 —ag| <O,
&2

so that, after some standard computations, it can be proved that the

point X is an invisible two-fold singularity (T-singularity) if and only if

ak—2)>0, (k—2)a*—(k—3)a—(k—1)<0.
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Therefore, we have a T-singularity for all (k, a) such that
k> 2 (4.66)

and

k—3++/(k—32+4(k—2)(k—1)3
2(k — 2) '

Under conditions (4.66|) and (4.67)) the system (4.65]) can be rewrit-
ten in the canonical form (4.61))-(4.63). For this, we follow the scheme

of Section [4.6] and the transformations indicated in Lemma [A.3] and

l1<a<

(4.67)

Lemma [4:4] Previously, we transform the switching boundary ¥ into
the plane z; = 0 for a new state space (ry,72,73) € R3, using the

invertible coordinates change

.’E1—$2+kx3+2

(:E,y,z) = < k ,1’2,(E3) .

We obtain for the new parameters

; _1-a?*(k—2)—a(3 -3k +k?) ; _(a—k)(k—2)
T (a—1)wiw_ T wiw_
along with
- 1 k-1
fl =T f1+ = - 9
w_ kw,
4 a—1 L k-1
7”1 = — s ’]"3 = s
kw_wy W4
_ _ _ _ 1
gy =11 =719 =0, 91:*]%)7&47
_ a*k+a(l—k+kYH) -1 _ a
= T = ——
I3 (a —1)kwy ’ 3 w_’
L kK +(a—-2k+1 + . KFHa-1k+1
9t = k2w ’ 92 = kw, ’
. (*+(a—2)k+2—-aw- | a-1
g3 = — , Ty = 5

(a— 1wt w_
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where the two conditions

k—1)3+ (k—3)a— (k—2)a?
w? =a(k—2)>0, wi:( it )la ( Ja > 0,
a—

are guaranteed from Hypothesis (A2).
Before applying the Theorems and [£4] we investigate first
what is the bifurcation curve in the (k,a)-plane of parameters. We

obtain from a direct computation that
v_vy —1=(2a—k)j=0,

i.e., the bifurcation condition in original parameters is k = 2a, as sus-
pected. Moreover, we check that, for all a > 1
2a(1 —a) —1+ 2a — 6a?
U+’k:2a =—— <0, v | _,,=—F7— <0
Wy WiW—
Therefore, the TS-bifurcation occurs for kK = 2a with ¢ > 1 and the

sliding bifurcation is supercritical, since

2

gy =———5 >0
K;S'k_Qa (1—2(1—'—6(12)%

Therefore, close enough to the T-singularity (k ~ 2a = v_vy =~ 1),
we have a stable pseudo-node in X5 for k¥ > 2a (v_v; < 1) and a

pseudo-saddle in ¥, for k < 2a (v_vy > 1).

Regarding the crossing bifurcation, we obtain

o _ 2(4(1 4 a) + (4a — 1) + 24a3)
k2o 3((1— a)? + 5a2)3

>0

and
8

p|k=2a = 3(1— a)? + 5a2)? >0,

so that the bifurcating CLC for k < 2a is stable. By checking that for
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all a > 1 we have

o? — 89| _ 4(576a° + 768a° + 64a” + 112a* — 112a® + 56a — 23) _
k=2a 9((0, _ 1)2 + 5a2)3

_ A4(576a° + 768a® + 64a* + 112a%*(a — 1) + 33a + 23(a — 1))

N 9((a —1)2 + 5a2)3

>0,

we conclude that it is of node type.

I
\M‘\\Hl\HH\“A‘H\”

'\r [

L
0 20 40 60 80 100 120 140 160 180 200
T

Figure 4.10: Normalized time-domain responses of a boost converter with
SMC, modeled by — and simulated with b = 0, w = 1, y, = 2,
k = 2.5 and initial (normalized) resistive load a = 0.7, changing to a = 1.4
after 7 = 70 s. The dashed line indicates the operating point required for the
converter, but not reached when the normalized resistive load (a) exceeds
the value 1.25.

We finish our study by emphasizing the importance of the achieved
results: once the control parameter k > 2 is fixed, our theorems allow
us to predict not only the parameter region where the control strategy is
adequate (2 < 2a < k) but also the undesirable dynamic consequences
of possible changes in the load (whenever 2a > k) that lead to desta-
bilizing the operating point, by getting an oscillating voltage around it

(see Figure [4.10)).

In Figure [£.11] some simulation results are presented where we vi-

sualize the passage of the stable pseudo-node from the attractive sliding
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(a) k> 2a (b) k = 2a, birth of the CLC

(¢) k < 2a, stable node CLC

Figure 4.11: Phase portraits of a supercritical TS-bifurcation occurring in
the boost converter with SMC, modeled by — and simulated with
b=0,w =1, yr =2, a = 1.5 and for three different values of k: (a) k = 3.3,
(b) k=3, (c) k=2.5.

region to the repulsive sliding region, becoming a pseudo-saddle, and
the emergence of the CLC with dynamics of stable node type. Fig-
ure shows the solution in time of the state variables (normalized
voltage and current) of boost converter. After 7 = 70 s, the (nor-
malized) resistive load changes from a = 0.7 to a = 1.4, and so the
converter leaves the desired operating point (pseudo-equilibrium) and
tends to operate at a periodic orbit (CLC). In this case, for a = 1.25
the boost converter, of equations —7 undergoes a supercriti-
cal TS-bifurcation.
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4.8 Conclusion

A computational procedure that allows to characterize the de-
generacy of Teixeira singularity for generic DPWS systems has been
developed and illustrated with some examples. An application to a sim-
plified, non-trivial model of power electronics, showing the relevance of

having such algorithm at our disposal is also included.

Although the dynamic consequences associated to the Teixeira
singularity were known after Filippov’s impressive work [51] and had
been reported with much more detail in [26], the computational pro-
cedure obtained in this Chapter fills a gap not only from the practical
point of view but also in some theoretical aspects. A canonical form
for DPWS systems has been proposed and derived in detail. The topo-
logical type of the degeneration has been characterized and the need

for third order terms in return maps has been clarified.

It has been emphasized the need of putting the analysis in the
context of Takens-Bogdanov bifurcations for reversible maps, whose
nonlinear degeneracies and the corresponding higher co-dimension bi-
furcations ask for future work, see [I] for planar smooth flows. In par-
ticular, the possible existence of invariant tori (quasi-periodic behav-
ior) and homoclinic tangles (chaotic regimes) for the crossing dynamics

around the T-singularity deserve new research efforts.
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Chapter 5

TS-Bifurcation and
Crossing Limit Cycles in

a Boost Converter

The electronic circuit of a dc-dc boost power converter under
a specific sliding mode control strategy is analysed. This circuit is
modelled as a discontinuous piecewise-linear three-dimensional system,
whose state space is divided in two open regions by a plane acting as
the switching boundary. This system displays sliding motion confined
to the switching boundary and limited by two straight lines where lie
the points of tangency, one for each involved linear vector field. Such
tangency lines can intersect transversally on a invisible two-fold point
known as Teixeira singularity (T-singularity). Our goal is to investi-
gate an interesting bifurcation that occurs on the T-singularity, involv-
ing both a pseudo-equilibrium point and a crossing limit cycle. This
bifurcation, named TS-bifurcation, occurs when a pseudo-equilibrium
point, capable of moving between the attractive and repulsive sliding
regions as a result of the change in a parameter, collides with the T-

singularity. Simultaneously, a limit cycle arises from the T-singularity
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and crossing the switching boundary in two points. Apart from the T'S-
bifurcation characterization in the dc-dc converter, we have numerically
detected other non-local phenomena like a saddle-node bifurcation of
crossing limit cycles. Experimental results to illustrate the effects of
the TS-bifurcation on the circuit of a power electronic converter are

also shown.

5.1 Introduction

Power converters are electronic circuits associated with conver-
sion, control and conditioning of electric power. Basically, the oper-
ation of these power electronic circuits involves cyclic switching be-
tween different linear topologies under a feedback control strategy, see
[46, 73}, 121]. Accordingly, electronic circuits such as switched power
converters are naturally discontinuous systems and they can be consid-
ered as switched systems or discontinuous piecewise-smooth (DPWS)
dynamical systems. Recently, stability analysis methods for switching
mode power converters has received significant attention in the litera-

ture, see for instance [4] Bl [6] and the references therein.

The DPWS systems have as main characteristic the sliding motion
confined to the switching boundary and occurring under certain condi-
tions; see [51} [78]. The occurrence of sliding motions has been reported
in the literature involving sliding mode control (SMC) with applica-
tions in power electronics converters; see the references [12, 23, 9T]. The
sliding mode dynamics is governed by a sliding vector field, obtained
according to the Filippov convention, for more details see [78] and pre-
vious Chapter The sliding vector field is restricted to the switch-
ing boundary and its equilibrium points are called pseudo-equilibrium.
Typically, in applications such as SMC, a pseudo-equilibrium is the de-
sired operating point. The operating point is naturally reached when
the pseudo-equilibrium is in the attractive sliding region. This con-

straint on the pseudo-equilibrium gives relevance to the analysis of the




5.1. Introduction 133

sliding region boundaries and what would happen when the pseudo-
equilibrium goes through these boundaries, which are constituted by
points where one of the involved vector fields is tangent to the switch-
ing boundary; see [117].

In this context, a generic singularity of these discontinuous sys-
tems for dimension greater than two is the so called Teixeira singular-
ity [25] 26, 116, [117], or simply T-singularity. The T-singularity is a
generic singularity in 3D-DPWS systems defined by the aggregation of
two different vector fields, one on each side of a given switching bound-
ary, appearing at the transversal intersection of the corresponding fold
lines. More specifically, it is assumed that in both fold lines the tan-
gency is of invisible type (see Section in Chapter [2), so that it is
possible to have orbits that cross the switching boundary with recurrent
behaviour, see [I17]. In short, we speak of T-singularity as meaning an

invisible two-fold point.

Other relevant references involving the possible degeneration of
Teixeira singularity and its associated dynamical behavior in control
systems and power electronic circuits, are for instance [25, [29]. In
these works, the sliding region boundaries on the switching boundary
are tangency lines that cross transversally at a point of double tan-
gency classified as invisible two-fold singularity, creating two sliding
sectors, one attractive and another repulsive, and both connected only
by the two-fold singularity. The transition of a pseudo-equilibrium be-
tween the attractive and repulsive sliding regions, passing mandatorily
through the invisible two-fold singularity, is one of the main features
for a bifurcation at this point, from which there arises a limit cycle
that intersects transversally the switching boundary at two points on
the crossing regions, see [26], [49].

The bifurcation described in the previous paragraph is named as
TS-bifurcation, and the isolated limit cycle originated from this bifurca-
tion is called crossing limit cycle (CLC). The TS-bifurcation is the main

subject of this chapter. It will be proven, for the first time, the occur-
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rence of this bifurcation in a de-dc boost converter controlled by a SMC
with a high-pass washout filter (SMC-washout), modelled by a discon-
tinuous piecewise-linear three-dimensional system (3D-DPWL system).
We will show that the T'S-bifurcation occurs under two different forms,
named in this thesis as supercritical and subcritical. In supercritical
cases the pseudo-equilibrium is stable only when it is within the attrac-
tive sliding region, while in subcritical cases the pseudo-equilibrium is
unstable in both attractive and repulsive sliding regions. These topics

are addressed in detail in next sections.

The identification of the Teixeira singularity in a real circuit of
power electronic is one of the main contributions of this chapter, as well
as the analytical, numerical and experimental results on bifurcations,
helping us to unravel the dynamical richness of this circuit. Among
other contributions that can be highlighted in this chapter we can stress
(i) a proof of the coexistence of two CLCs, one stable originated in the
supercritical case and another unstable arising from the subcritical case;
(ii) the numerical identification of global mechanisms for the vanishing
(or birth) of CLC (saddle-node bifurcation and non-standard homo-
clinic bifurcation); (iii) the existence and stability analysis of the CLC
from its birth to its annihilation; and (iv) the proposal of a method
to investigate the TS-bifurcation, which can easily be applied to other
physical systems modelled as 3D-DPWL systems and that exhibit the
Teixeira singularity.

This chapter is organized as follows. In Section the TS-
bifurcation is investigated starting from a case study in power elec-
tronics: a boost converter closed-loop controlled by means of a SMC-
Washout. In that section, the occurrence of a T'S-bifurcation is shown
on a 3D-DPWL system that models the boost power converter. Ex-
plicit conditions on system parameters for the occurrence of both su-
percritical and subcritical TS-bifurcations are given. In Section [5.3
a numerical analysis based on the theory of closing equations and the
first return maps (see [3| 20, [77, [117]) is introduced to get the location
and stability of the possible CLCs, where we also detect other global
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bifurcations. Experimental results proving that the T'S-bifurcation phe-
nomenon appears in a real circuit prototype of a boost converter are
shown in Section[5.4l In Section[5.5] we conclude with a short summary

of the obtained results and some final remarks.

Previous results on Filippov theory in Chapter [2| are important

for the development that follows.

5.2 Applied analysis to the TS-bifurcation

In this section we prove the occurrence of a TS-bifurcation in a
3D-DPWL system that models a boost power converter controlled by a
sliding mode control strategy. Such a model was introduced in Chapter
] Section 2.6] and in this current Chapter, we begin by reviewing
this modelling and, then, we proceeded with study of its equilibria,

dynamics and bifurcations.

5.2.1 Modelling and control of a dc-dc boost con-

verter

The basic topology of a boost converter is shown in Figure [5.1
where R, L, C, r, and Viy, are the resistive load, the inductance, the ca-
pacitance, the inductor resistance and the voltage source, respectively.
The voltage vout = vo is equal to the one across the resistive load R
and is the system output, which must be regulated at a desired value
Uout > Vin. To obtain the specified voltage value at the output, a con-
trol strategy by sliding modes based on the use of a high-pass washout
filter is implemented, as illustrated in Figure It is chosen in order
to reject load perturbations (see [79] and [127]).

The model of the closed-loop boost converter, operating in Con-
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tinuous Conduction Mode (CCM), is given by

di .
Ld—tL =Vin —rpir — uve (5.1)
dvc . (e
- i 2
C g UL (5.2)
dz .
T:‘ :wF(ZL—ZF), (53)

where vo > 0 and i7, > 0 are the instantaneous capacitor voltage and

the inductor current, respectively.

d}( vc(t)T::C ve §R

(a) DC-DC boost converter.

iR
+XF H |— u
) J
V;"ef
(b) Washout filter. (c) Sliding mode controller.

Figure 5.1: Topology of the boost converter with Sliding Mode Control
(SMC) and a washout filter. The control function is u = 1(1 + sign[H]). In
the schemes, the filtered inductor current given by ir = i1, — zp represents
the difference between the inductor current iz, and the filtered signal zp.

The filtered inductor current, denoted by the new variable zp, is
the output of the washout filter modeled by equation (5.3]), where wg
is the cut-off frequency of the filter (see [91]). Also, the control law
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u € {0,1} is defined as
1 .
u=5(1+sign[H]),

such that v = 1 implies that the switch S is off, and u = 0 when it is
on (see Figure[5.1). The control surface is chosen as

H(ir,ve,zr) = v — Veet + K (i, — zp) =0, (5.4)

where K > 0 is a control parameter, to be suitably adjusted, and
Viet > Vin is the reference voltage (desired voltage value at the output).
The control objective is to regulate the output voltage vo such that
ve & Viet > Vin, ensuring robustness of the system under parameter

variations, mainly produced by load changes in R.

State and Time Variables Parameters

Z‘L £ o V;ef
Vi V C ey

_ v _ 1L
Y=w ““Rr\VC

Z:UC_‘/;ef"“/K(iL_ZF) b= K

bZTL

w=wpVLC

\]

I
i
a
h\%]h\Q

Table 5.1: Normalized new variables, parameters and time.

The equations (5.1))-(5.3) are normalized by applying the change
of variables, time and parameters, given in Table Thus, we obtain

the following dimensionless dynamical system

T = 1—bxr—uy
ur — ay (5.5)
2 = (w—kbz+ (w—a—uk)y—wz+k—wy,
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where (z,y,z) € R? are the new state variables and the new parameters
are w € (0,1}, y» > 1,a>0,b> 0 and k > 0 (the dot “-” indicates
derivatives with respect to the normalized time 7). We highlight that
x > 0 is the normalized inductor current, y > 0 is the normalized
capacitor voltage and a > 0 is the normalized load parameter.

Now, for the normalized system , the control law is defined
by u = (1 + sign[z]) and the switching boundary is ¥ = {h(z,y,z) =
z = 0}. So, system can be represented by the following DPWL

system

L Fr(z,y,2), if 2 >0
(@5,2) = {1 P2 EEZD (5:6)
F(z,y,2), if 2 <0
composed by the two linear vector fields
1-bx—y 1—-bx
Ft(x)=| z—ay and F~(x) = | —ay |,
15 (%) fs (%)
where x = (z,y, z) and
fi=0-kbz+ (w—a—k)y—wz+k—wy, (5.7)
fe = —kbr + (w—a)y —wz + k — wy,. (5.8)

5.2.2 Natural equilibria

The vector field F~ has an equilibrium at the point

__ 1
X = (ba07 _yT') .

It is a stable node since the eigenvalues are real and negative, namely

{—a,—b, —w}. Moreover, this is a real equilibrium since

h(X™)=—y, <0.
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The vector field FT has an equilibrium point at

xt=(ayt, 5", 9" —yr),

where
1

_Jr: .
1+ ab

)

It is a stable node (for a > 2+4b) or a focus (for a < 2+b) since the eigen-
. b —b\2
values have negative real part, namely {_a; + (“T) -1, —w} .

Moreover, this is a virtual equilibrium point because
h(i+) = g+ -y <0

(remember that y, > 1).

As X~ is always a real equilibrium and xT is always a virtual

equilibrium, no boundary equilibrium bifurcations can occur in (5.6).

5.2.3 Dynamics on the switching boundary

In order to analyse the dynamic behaviour of system on the
switching boundary X, we calculate first and second order Lie deriva-
tives of the scalar function h(x,y,z) = z with respect to the vector
fields F*, through the formulas

LFih - fSia
Lish = (Vff FE).

The switching boundary X is partitioned into four different regions

Sas = {x € 1 ff (2,4,0) <0 < fy (2,,0)},
Srs = {x €3 f5 (2,5,0) <0< ff (2,5,0)},
Y. ={xeX: fi(z,9,0) <0and f5 (z,y,0) <0},
SE={xeX: f;(2,y,0) > 0and f; (z,y,0) > 0},
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separated by tangency lines

T = {xe%: f; (2.4,0) = 0},
Ty = {x €S fi (x.9.0) = 0},

which contain all the tangency points of the vector fields F~ and FT
with X, respectively.

The double tangency point is at the transversal intersection of the
lines T4. Then, system has only one point of double tangency,
given by

x = (ky,7,0), (5.9)
where )
~ — WYr
= 7 5.10
V= e (5.10)
provided that
a# w — bk?.

There is no double tangency points if @ = w — bk? and k # wy,., since
then the tangency lines T~ and T become parallel. In the case a =
w — bk? and k = wy,., the lines T~ and T are coincident. Both cases
are not of our interest, since in the first case there is no point of double
tangency and the second is not a regular case. Moreover, the double
tangency point must be in the first quadrant with respect to the (z,y)-
axes in the plane z = 0, since it is required iy, > 0 (z > 0) and v > 0
(y > 0) due to operating constraints of the circuit. The double tangency
point X will be a two-fold whenever LZ_h(X) # 0 and L%, h(X) # 0

(see Definition [2.5)).

The sliding vector field on X associated to the dynamical system
(5.6) is calculated according to (2.9)), getting

ba? — x + ay® — wy(y — yr)
—k(bz® =z + ay®) + wz(y — yr)
0

F°(z,y,0) =

ky —x
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provided that ky — x # 0. Pseudo-equilibrium points of (5.6)) are easily

obtained by solving the vector equation
F*(z,y,0) = (0,0,0)7,

which reduces to the quadratic bz? —  + ay? = 0 plus the condition

Yy = yr. S0, we have two pseudo-equilibrium points, namely

x* = (7F,y,,0), (5.11)
where
- 14+ /1 — 4aby?
PRl el TN} (5.12)
2b
for all a < agy with )
= —. 5.13
5w = o2 (513)
For a = agy a collision occurs between them, i.e., Xt = X, and

for a > agny both pseudo-equilibria disappear in a fold or saddle-node
bifurcation. Figure illustrates this collision through the variation of

the parameter a.

Ya
Yoo a < asn
y X X~ =x* X+
" a =asN
Yt fo .
1+ G > asn
i >
0 1 1
2b b

Figure 5.2: Fold bifurcation of pseudo-equilibria. Pseudo-equilibria are
the points of intersection between the straight line y = y, and the ellipse

bz? —z + ay® = 0. Takeym:,/ﬁ.

Figure shows a portrait of ¥ in (x, y)-plane, where we assume
w < a < agy and k > wy,.. The slope of the straight line ky — 2z = 0




5. TS-Bifurcation and Crossing Limit Cycles in a Boost
142 Converter

varies with the parameter k, and so the double tangency point X(k)

moves on the ellipse
T —wyy — b’ + (w—a)y? =0 (5.14)

for y > 0, where the maximum value for its y-coordinate is given by

-1
a—w
Ymaz = |:2b0.)yr (1 + 1+ W)] .

The double tangency point X(k) is able to collide with the pseudo-
equilibrium point X~ or X, located at the intersection of y = ¥, with
this ellipse, since under such condition equation coincides with
the quadratic equation that defines pseudo-equilibria. From this, the
pseudo-equilibria transition between sliding regions can occur, leading

to a TS-bifurcation.

Y)
Ymaw”
Yr +
1A
k—wyr
atk—w
i, 1
! >
0 1 k—wy, 1 T
2b bk b

Figure 5.3: Topological configuration on ¥. We assume w < a < asny and
k > wy,. Both pseudo-equilibria X+ are located at the intersection of the
(dashed-line) y = y, with the (dashed-line) ellipse. The double tangency
point X moves on the dashed-line ellipse by varying the parameter k, since it
must also belong to the straight line x — ky = 0.
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Note that, from expressions (5.7) and (5.8)), all the points x be-
longing to X, fulfill the condition

fe(x) = fff(x)=ky—z>0.

On the other hand, if x € ¥, then f; (x)— f3"(x) = ky—2x < 0. On the
straight line ky—x = 0 we have f; (x) = f3 (x), and then x is a crossing
point if f3 (x) = f3"(x) # 0, while the point x = X is a double tangency
point (assuming a # w — bk?) when f; (x) = f5"(x) = 0. Although the
sign of ky — = is not enough to locate points in the different regions
of 3, it is sufficient in the case of pseudo-equilibria, which are always
in one of the sliding regions or on the point of transition between the

sliding regions, as proved in proposition below.

Lemma 5.1. (On the position of pseudo-equilibria) Assuming
W7bk27éa§aSN,

the points X* = (%, y,,0) and X = (ky,7,0) are well defined, being §
given in (5.10) and T* given in (5.12). The following statements hold.

(i) If TF < ky, then X* € ¥s.
(i) If * > ky, then X € X,,.

(iil) If 2% = ky, then X* =X = (ky,, y,,0).

Proof. To simplify the analysis, we think of the parameter a as a func-

tion of the coordinate #*, by writing a = (1 — b2%)/y2. Then,
*)

by eliminating this parameter in the expressions of Lg-h(X*) and

Lg+h(X%), we obtain

Lp- h()"i:t) — (1 — b’f:l:)(kyr — Ei)
Yr
LF+h(ii) _ (07*F + yr — 1) (kyr — ii) )
Yr
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Note from that 0 < Z* < 1/b and remember that y, > 1, b > 0
and k > 0. Then Lp- h(XF)Lp+h(xF) < 0 if % # ky,, and for 7+ <
ky, (resp. * > ky,) we have Ly h(X*) > 0 and Lg+h(Xx*) < 0 (resp.
Lg-h(x*) < 0 and Lg:+h(X*) > 0). If 2% = ky, then Ly h(X*) =
Lp+h(X*) =0, that is, X = X. The proof is complete. O

The sliding dynamics defined on the plane z = 0 and restricted
to the sliding regions can be extended to the boundaries 7, and T_, as
follows. Starting from the sliding vector field F*, we construct a two-
dimensional system whose dynamics is equivalent to F? in the attractive
sliding region ¥,,. For this, we define the desingularized sliding vector
field F% = (ky — x)F*, provided that ky —x > 0. Then we discard the

third component, which is null, to get the planar sliding system

i =ba® —x+ay® —wy(y — yr), (5.15)
§ = —k(bz® -z + ay?) + wr(y — y,). (5.16)

We can also determine a planar sliding system with dynamics

equivalent to that of F® in the repulsive sliding region ¥,.s. For this, just

take the opposite sign in equations (5.15))-(5.16]), since for (z,y,0) € 2,
we have —(ky — x) > 0. Then, for ky — z < 0, we must consider the

system

i=—bx® + 2 —ay® +wyly —y), (5.17)
§ = k(bz? — 2+ ay?) — wxz(y — yr). (5.18)

Clearly, equilibria of (5.15)-(5.16) are also equilibria of (5.17])-
(5.18)), obtained by solving the system of equations

, (5.19)

bz? — z + ay? —wyly—y,) =0
0. (5.20)

—k(ba® - + ay®) +waly —y,) =

Note that the pseudo-equilibria X* = (z*,y,,0), once expressed in
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reduced coordinates are the points p* = (zF,y,), with Z* given in

(5.12), so that they are of course equilibria of ([5.15)-(5.16]). In order

to determine the stability of the pseudo-equilibria X%, it is much easier
to work with the equivalent planar sliding systems, and we proceed as

follows.

(i) Ifx* = (2%, y,,0) € Yus then we must consider the planar sliding

system (5.15))-(5.16]) and its respective Jacobian matrix

~+ _ _
Jas(%i,yr)<k2bx L “)yr>.

(1 —2b3%) wa® — 2aky,

In this case, the determinant and trace of J,s are given by

Det[Jos (TF,y,)] = w(l — 2b3%F) (ky, — TF), (5.21)

Tr[Jus (FF, y,)] = (w + 20)TF — 2aky, — 1. (5.22)

(ii) If x* = (z%,9,,0) € %,, then we must consider the planar
sliding system (5.17)-(5.18]) and its respective Jacobian matrix
Jos(TF,y,) = —Jus(TF,y,). In this case, Det[J,,(zT,y,)] =

Det[J,s (%, y,)] and Tr[J,s(TF, v, )] = —Tr[Jas(ZF, 4,)].

For all @ < agy the z-coordinate of the pseudo-equilibrium x~
fulfils 7~ < ﬁ. In this case, if = < ky, then X~ € ¥, and Det(J,5) >
0. Thus X~ is a pseudo-node or a pseudo-focus when in ¥, being
stable whenever Tr(J,s) < 0, that is, for k > kj with

On the other hand, if = > ky, then X~ € X,.; and Det(J,.s) < 0, that
is, X~ is a pseudo-saddle in X,,.

Regarding X, we have z+ > . In this case, if ZT < ky, then
xT € 3,5 and Det(J,s) < 0. Thus, it is a pseudo-saddle when in 3.

If Xt € X,, then it can be a pseudo-node or a pseudo-focus, since
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Det(J,s) > 0. Clearly, X" is always an unstable pseudo-equilibrium of

3D system (5.6)). But for the planar sliding system (5.17)-(5.18]), it can

be a stable equilibrium if Tr(J,s) < 0, that is, for k < k;} with

(w+2b)zT — 1

ki =
" 2ay,

From the previous analysis, we can give the following statements
regarding the stability of the pseudo-equilibria X*. Note the condi-
tions that make stable the pseudo-equilibrium point X, the one to be

selected as the desired operating point.

Proposition 5.1. We assume a < agy and k # kfl The point X~
is a pseudo-saddle when in X, and a pseudo-node (or pseudo-focus)
when in Yqs. The point Xt is a pseudo-saddle when in X, and a
pseudo-node (or pseudo-focus) when in X,s. Therefore, X is always
an unstable pseudo-equilibrium while X~ is a stable pseudo-equilibrium
whenever the control parameter k is selected such that k > T~ [y, and
k>ky.

We study next several bifurcations that can lead to situations
where the above proposition cannot be applied. Sliding bifurcations in
a boost converter with SMC-Washout were also analyzed in [28] 29],

but for different models of the boost converter.

5.2.4 Partial analysis of sliding bifurcations

Regarding the sliding dynamics, three different one-parameter bi-
furcations can appear: the saddle-node of equilibria, the Hopf bifurca-
tion, and the transcritical bifurcation.

Recall that the pseudo-equilibria X* exist for a < agy, as given
by (5.11)-(5.12) and (5.13)), and that they are inside of sliding regions
if ky, # T+. For a = agy they collide, i.e., there exists only one
pseudo-equilibrium point and the determinant in goes to zero,

because then 7+ (agy) = 1/(2b). Moreover, at a = asy we have a
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non-vanishing Tr(J,s) = (wy. — k)/(2by,), provided that k& # wy,.
Therefore, if k # wy, and k # 1/(2by,) then at a = agy a saddle-node
bifurcation occurs for the sliding dynamics. The sign of the expression
ky, — 2% (asn) implies that for k < 1/(2by,) such bifurcation occurs
in ¥, while for k > 1/(2by,) it occurs in X, (see Lemma[5.1)). In the
first case, for a < agy and near the critical value agy, the point X~ is
a pseudo-saddle while the point Xt is a pseudo-node, both in ¥,,. In
the second case, for a < agy and near the critical value agy, the point

X~ is a pseudo-node and the point XV is a pseudo-saddle, both in ;.

A Hopf bifurcation occurs in X4 for k = k; > =~ /y,, since
Tr(J,s) = 0 and Det(J,s) > 0. This bifurcation is related to the
pseudo-equilibrium X, so that (i) for k£ > k7 and near the critical value
kp;, we have X~ an unstable pseudo-focus; (ii) for & < kj; becomes a
stable pseudo-focus and an unstable limit cycle arises around it, entirely
contained in ¥,s. Another Hopf bifurcation occurs, but now in X,
and for k = k}; < 2% /y,, since Tr(J,s) = 0 and Det(J,5) > 0. This
bifurcation is related to the pseudo-equilibrium X, so that (i) for k >
k;} and near the critical value k;rp we have that XT is an unstable
pseudo-focus; (i) for k < kj; it becomes a stable pseudo-focus and an
unstable limit cycle arises around it, entirely contained in X,.;. Both
bifurcations are subcritical ones but the full analysis of these Hopf

bifurcations is out of the scope of this work and will be done elsewhere.

Regarding the transcritical bifurcation, and assuming w — bk? #
a < agn, there are two cases. One of the cases involves the pseudo-
equilibrium X~, and it occurs at ¥~ = ky,, while the other involves
x* and occurs at ¥+ = ky,, provided that the trace is not
null. Both cases are related to a pseudo-equilibrium transition from
Yrs (TF > ky,) to Bus (FF < ky,), being the transition point the
double tangency point X, as given in —. See Lemma

Note, from equations — and —7 that the points

x*t = (z*,y,,0) depend only on the parameter a, while the point
X = (ky,y,0) depends on the parameters a and k. Thus, we rewrite
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Lemma, [5.1| with respect to these two parameters, as follows.

Lemma 5.2. System (5.6) undergoes a pseudo-equilibrium transition

from Eus to Xy (o1 vice versa) for a = ars(k), where

ars(k) = k(l_ybkyT) (5.23)

In addition, regarding the critical value

1
20y,

ke (5.24)

we have ars(k) < ars(k.) = asy = 1/(4by?) for all k, and the follow-

ing statements hold.
(i.1) x~ =X for all (k,a) such that wy, # k < ke and a = arg(k);
(i.2) X~ € ys for all (k,a) such that k < k. and ars(k) < a < agn;

(i.3) X~ € g5 for all (k,a) such that a < arg(k) or k > ke and

a < asn;
(ii.1) x* =X for all (k,a) such that wy, # k > k. and a = ars(k);
(ii.2) XT € Xus for all (k,a) such that k > k. and ars(k) < a < agn.

(ii.3) XT € X5 for all (k,a) such that a < arsg(k) or k < k. and

a S asn -

(iii) X~ =xT =X for k = k. # kwy, and a = ars(ke).

Proof. From Lemma if 7+ = ky, then X* = X. Thus, solving the
equation b%k?y? — ky, + ay? = 0 with respect to a, we get expression
(5.23). We note that

4by? (ars(k) —asn) = (1 — 2bky,)* > 0,
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so that the inequality ars(k) < ars(k.) = agny holds. At the critical

k
S
1)

implying the following situations: (i.1) if k¥ < k., then 2~ (arg) = ky,

value a = arg we have that

1
~+
-~ (1+
7 (ars) 2b<

@\(GTS) = Yr,

and so X~ = X; (ii.1) if & > ke, then * (ars) = ky, and so xT = X; (iii)
if k = k., then 7~ (ars) = T (ars) = ky, and so X~ = X" = X, since
ars(k.) = agn. Note that the constraint k # wy, ensures that X(k, a)
is defined for a = ars(k), since arg(wy,) = w — bk%. See equation
(5-10).

If we define the functions g*(a) = 7*(a) — ky, for all a < agn,
then we get g% (ars) =0,

+ o ke asnN
g (a) - 2b I
dg~ Yy
A r 0

da (a) 1_ _a > Y

asnN
dg* Yy
—_— — L < 0.
(=
asnN

Then, we can conclude that: (i.2) if k¥ < k. and arg(k) < a < agn,
then 7 (a) > ky, and so X~ € ., (i.3) if a < agg or k > k. and
a < agn, then 27 (a) < ky, and so X~ € X,,; (ii.2) if & > k. and
ars(k) < a < agn, then T7(a) > ky, and so x* € X,q; (ii.3) if
a < arg or k < k. and a < agy, then 77 (a) < ky, and so X € 3.
See Lemma [5.1] The proof is complete. O

We already know the stability of the pseudo equilibria X* (see
Proposition |5.1)). Note that a change from saddle to node occurs when
X~ (resp. xT) pass from X, to Xgs (resp. Xas to 3Bys). Furthermore, at
the critical point T~ = ky, (resp. T+ = ky,) the determinant in
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is null and X~ = X (resp. X" = X). In fact, the double tangency point
X is an equilibrium of the de-singularized sliding vector field —
, and it is possible to show that its character changes from node
to saddle after colliding with X~ or XT.

Effectively, the double tangency point X = (k¥, 9, 0), in reduced
coordinates, is represented by the point q = (k¥,7), which is also an
equilibrium point of — In fact, multiplying equation
by k and adding we obtain w(z — ky)(y — y») = 0. Choosing

x = ky, and substituting in ([5.19)) we have that
y [(bk* + a — w)y + wy, — k] = 0. (5.25)

Thus, the non-trivial solution of equation gives by the y-coordinate
in and the z-coordinate is obtained directly from x = ky. We
can study the stability of this equilibrium from the determinant given
by

Det[J(q)] = wy,(a — ars)7,

where J denotes the Jacobian matrix of planar sliding system ([5.15])-
(5.16), evaluated at q = (k¥, ).

Consider the equilibria p* = (%, y,.) (mirroring pseudo-equilibria)
and q = (ky,y) (mirroring the double tangency point) of planar sliding
system —, and assume that the trace in is not null at
a = arg. A collision between the equilibria p~ and q (resp. p™ and
q) occurs for wy, # k < k. (resp. wy, # k > k.) and a = ars(k),
so that p~(ars) = q(ars) = (kyr,yr) is a non-hyperbolic equilibrium.
Moreover, for a # arg and near the critical value arg, both equilibria
p~ and g coexist, being one of them of node type and the other of
saddle type, and interchanging such types at the value a = aprg. Then,
under such conditions, for a = arg a transcritical bifurcation in the

sliding dynamics occurs.

1The trivial equilibrium point of (5.15)-(5.16)) is always in a crossing region or
collides with the double tangency if kK = wy, (then, X = 0). We do not worry about
this trivial equilibrium.
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asnN

w+b

Figure 5.4: Bifurcation set in plane (k,a). For values (a, k) in the shaded
region the point X is a T-singularity, while the double tangency goes to infinity
at the dashed semi-parabola, where the denominator in goes to zero.
At the point C, the point X becomes a two-cusp. The black horizontal line
a = asn indicates a saddle-node bifurcation (SN) for the pseudo-equilibria
%*, which arise for @ < asy. The parabola in red color (light and dark parts)
marks the transition of the pseudo-equilibria between the sliding regions.
The dark part of this parabola, within the shaded region, indicates the TS-
bifurcation, which is related with X~ in its left-branch (7'S™) and with x*
in its right-branch (T'S™). At the point P there occurs a sliding pitchfork
bifurcation. The green line stands for a sliding Hopf bifurcation of X, to be
studied elsewhere.

We summarize our analysis in the bifurcation set of Figure[5.4] In
the black horizontal line a = agy there occurs the saddle-node bifur-
cation (SN) of the pseudo-equilibria X*, which are defined for a < agn
and such that X~ (agy) = X" (asn). To the left of P-point this bifur-
cation occurs in ¥,s and to the right of P-point occurs in X,5. At P
we have a degenerate case where X* = X. If we take k = k. then for
a < agy = ars, and near to the value agy, three hyperbolic equilib-
ria appear in the sliding dynamics, equivalent to the pseudo-equilibria
X~ € Y45, XT € Xy (both node equilibria) and to the double tangency
point X (saddle equilibrium), so that for a > agy only X persists, as in
a Pitchfork bifurcation.

The parabola of equation a = arg(k), represented in red color
(light and dark parts) in Figure depicts the transition of the pseudo-
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equilibria between the sliding regions. From Lemma [5.2] we conclude

the following.

(i) For k < k. and ars(k) < a < agy (to the left of the red parabola
left-branch) we get X~ € ¥,5. For a < apg(k) or k > k. and
a < agy (to the right of the red parabola left-branch) we get
X~ € Ygs-

(ii) For k > k. and ars(k) < a < agn (to the right of the red
parabola right-branch) we get X € X,,. For a < arg(k) or
k < k. and a < agy (to the left of the red parabola right-branch)
we get X € X,.

(iii) At @ = ars(k) we get X~ = X for k < k. (red parabola left-
branch), X = X for k > k. (red para-bola right-branch), and

X~ = X" =X for k = k., provided that k # wy,.

Still in relation to Figure for all values (a, k) in the shaded
region the double tangency X is a T-singularity, since L%_ h(X) > 0 and
Lz h(X) < 0. From this, we can note that the boost converter system
presents all the types of two-folds defined in Deﬁnition besides
other cases such as the two-cusp that occurs at the point C' and the
cusp-folds that appear for (k,a) on the blue line (L3_h(X) = 0) and
also on the orange line (Lg, h(X) = 0).

We have seen already that the transition of a pseudo-equilibrium
between the sliding regions induces in the sliding dynamics a transcrit-
ical bifurcation. This bifurcation involves a pseudo-equilibrium (X~ or
x1) and the double tangency point (X), with associated equilibria in the
sliding dynamics. When the double tangency is indeed a T-singularity
(invisible two-fold), this sliding bifurcation is also associated to the
birth of a limit cycle that crosses the X-plane in two points, one in each
crossing region ¥.F, as shown below. Such a crossing limit cycle, which

does not contain sliding points, makes this bifurcation more aggressive.

Among all the bifurcations studied, the transcritical bifurcation

is the most interesting for the scope of this work. If we focus our
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attention to the case where X is a T-singularity, then our (k,a)-plane
in Figure [5.4] could be reduced to the shaded part, where the parabola
in red color (dark part) indicates the occurrence of a TS-bifurcation.
We have two distinct scenarios: a supercritical case (7°'S™) involving
the pseudo-equilibrium X~ and another subcritical (7'S™) involving the
point X,

In the sequel, we study the TS-bifurcation, proceeding in two
steps. First, in next subsection, we finalize our analysis of the sliding
dynamics with the TS-bifurcation theorem and its proof. Later, in
Section we analyze the crossing dynamics and the birth of CLCs,

as well as global bifurcations related to the vanishing of CLCs.

5.2.5 The TS-bifurcation

The value of the parameter a can change during the operation of
the boost converter since the load represented by the impedance R can
vary. For this reason, in what follows, we consider this parameter as
the main bifurcation parameter. Note that both pseudo-equilibria x*
and the double tangency X, given in and , respectively, have

their coordinates parameterized by a.
We assume b < b,4,, Where

T+ 252 — wy,
W T W (5.26)

2y,

bmam
1

1
<
2yr( Y 1+ w2y£ + wyr) 2wy72‘ ’

so that we can assure that 1 — 4b(b + w)y? > 0. Accordingly, we also

introduce the values

1—+/1—4b(b+ w)y?
by = Qby( Jur _ (5.27)

_ 2(b+ w)y, > (b+w)y

14 /1 —4b(b+ w)y?
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and
1 —4b(b+ w)y?

1+
ky = —.
? 2by, by,

(5.28)

Apart from k. given in , which separates the supercritical
and subcritical cases, the values k; and ko are important for the analysis
of T'S-bifurcation, since they indicate the lower and upper limits for k,
respectively, of the domain of the function a = arg(k) for which a TS-
bifurcation is possible (see Figure . Thus, a TS-bifurcation occurs
at a = apg(k) for all k # k. such that k1 < k < ko. We remark
that if the condition b < b4, is not met, then the T'S-bifurcation will
not occur, since then for a = arg the double tangency cannot be of
invisible two-fold type (a T-singularity). Theorem summarizes the
TS-bifurcation in system for the boost converter.

Theorem 5.1. Consider system (5.6) with b < bpa. and k # k. such
that k1 < k < ko, where ke, bmaz, k1 and ko are defined in (5.24)),

(15.26)), , and (5.28) respectively. The following statements hold
for a near the value aps defined in (5.23)).

(a) (Supercritical TS-bifurcation). If k1 < k < k. then for a = ars
the system undergoes a TS-bifurcation, so that there exists € > 0
such that for arg —e < a < arg the pseudo-equilibrium X~ € Yy
and is a stable pseudo-node, while for ars < a < ars + € the

pseudo-equilibrium X~ € X5 and is a pseudo-saddle.

(b) (Subcritical TS-bifurcation). If k. < k < ko then for a = ars
the system undergoes a TS-bifurcation, so that there exists € > 0
such that for ars —¢ < a < ars the pseudo-equilibrium X € X,
and is an unstable pseudo-node, while for ars < a < ars + € the

pseudo-equilibrium X+ € X, and is a pseudo-saddle.

Proof. Remember that y, > 1. To prove the occurrence of a TS-
bifurcation we follow Definition [2.100 The critical value arg of the

bifurcation parameter a comes from Lemma Recall also from such




5.2. Applied analysis to the TS-bifurcation 155

lemma that args(k) < asny if k # k.. Thus, we can assure that the

+ are defined for all @ in a neighborhood of ars.

pseudo-equilibria X
Moreover, the inequality arg(k) > w — bk? holds for all k& > k;, since
it is equivalent to the inequality k > wy,, which is true from (5.27).
Thus, we can assure that the double tangency X is defined for all a in
a neighborhood of arg, and that its coordinates are positive, because
k1 > wy,. Note also that, from the last inequality in , the value

aTs(k) > 0 for all k& < k».
Checking condition (2.13)), we get

d - d ~
%LF_ h(X*(a), a) %LF+ h(X*(a),a)

2 -1 -1
_ Y (bkyr ) (bkyr + yr) <0,

(1-%)

since k. # k < kg < 1/(by,). Therefore, the pseudo-equilibria X* (a)

a=arts

pass from the attractive to repulsive sliding regions (or vice versa) as
the parameter a varies around its critical value arg. This transition

was already known from Lemma We must also check the condition
(2.14), namely the inequalities

Li_h(X(ars),ars) =
— kb (bkyy — 1) (k — k) (k — ko) > 0,
L3 h (X(ars),ars) =

= (bky, — 1+y,) (kb(k — k1) (k — ko) —k* —1) <0,

which have been calculated at a = arg. The first inequality is true
under the hypothesis b < b4 and k1 < k < ko, and for the same
reasons the second inequality is also true. Therefore, X is a T-singularity
for a = arg.

By using Lemma the TS-bifurcation involves the pseudo-
equilibrium X~ in the supercritical case, since X~ (arg) = X(arg) for

all k1 < k < k.. In addition, for a > arg we have X~ € X,, and
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for a < ars we have X~ € X,;. On the other hand, it involves the

pseudo-equilibrium X* in the subcritical case, since X* (arg) = X(arg)

for all k. < k < ky. In this case, for a > arg we have XT € ¥, and for

a < ars we have Xt € 3.

Finally, we analyze the stability of pseudo-equilibria when they
are close enough to the bifurcation condition. From the determinant

and trace of the Jacobian matrix, given in (5.21)-(5.22)), we obtain the
following result of stability, assuming that |a —arg| is sufficiently small.

(a) Under the hypotheses of supercritical case, we get

Det[J,s(Z7, yr)]

:0’

a=artrs

d ~
7D -
da et[Jas (m 7?/7“”

Tr[Jas (@7, yr)]

=—wy? <0,

a=ars

a=ars

— ok (—byr(k — ) (k — Eo) + “g) —1<0.

Therefore, for a < arg the point X~ is a stable pseudo-node,

becoming a pseudo-saddle for a > apg.

(b) Under the hypotheses of subcritical case, we get

Det[‘]T'S (ff+a yr)] = 07

a=ars

Dot )]

T‘r[*]rs(-%+7 yr)]

= _wyg < Oa

a=arTs

a=ars

= 2k (<bye (b = )k — ko) + “27) + 1> 0,

Therefore, for a > arg the point XT is a pseudo-saddle, becoming

an unstable pseudo-node for a < arg.

The proof is completed.

O

In next section, it will be shown that the T'S-bifurcation predicted




5.3. Numerical analysis of bifurcating CLCs 157

by Theorem is accompanied by the birth of a crossing limit cycle
(CLO).

5.3 Numerical analysis of bifurcating CLCs

In this section, simulation results of the boost converter with
SMC-Washout modeled by the dynamical system are shown in
Figures 5.5 and [5.6] From Figure [5.5] it is possible to visualize the
TS-bifurcation for the supercritical case and the emergence of a CLC
(T's) with stable node dynamics. Figure illustrates the subcritical
case, where it is possible to detect the emergence of a CLC (T',) with

saddle dynamics.

In order to investigate the existence and stability of the CLC we
will analyze numerically the dynamics in the crossing region, using the

closing equations and the theory of first return maps (see [20]).

5.3.1 Closing equations and solutions

System (5.6)) can be rewritten as

A~ b, if 0
D (5.29)
Atx+b, if 2>0
where
—b 0 [ —b -1
A" =10 —a , AT = 1 —a ,
kb w—a —w 1-kb w—a—-Fk —-w
. _
x= |y| and b= 0
z Lk — wyr
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(¢) a=1.25>ars

Figure 5.5: Simulation results of system (5.6)) for the supercritical case.
The green and red points indicate the T-singularity and pseudo-equilibrium
X, respectively. Simulation parameters are w = 1, y. = 2, b = 0.01 and
k= 2.5.

Note that F*(z,y,2) = A*x +b. As system (5.29) is piecewise-linear,

we can write explicitly the flow in each zone, namely

BE(r,x) =% + A T (x — %),

where
1 _a
b 1+ab
= _ <+ 1
X =10 and X" = 36
1
—Yr Ttab _ Yr

are the equilibria of (5.29)) for z < 0 and z > 0, respectively.
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(¢) a=1.73>ars

Figure 5.6: Simulation results of system (5.6) for the subcritical case. The
green and red points indicate the T-singularity and pseudo-equilibrium X,
respectively. Simulation parameters are w = 0.6, y» = 1.33, b = 0.08 and

k = 6.

In what follows, we assume the existence of a CLC that crosses

Y = {z = 0} at the two points

Lo I1
X0= |yo| and x; = [y1],
0 0

so that xg € B} and x; € X,. We denote the flight times E| spent by

2The flight time is the time required for a trajectory, started in X, to return to
3.
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the closed orbit using each vector field F~ (zone z < 0) and F* (zone
z > 0) by 7_ and 7, respectively. A trajectory of starting in xq
is determined by the vector field F* until the time instant 7., when
it comes back to touch the plane z = 0 at the point x;. Similarly, a
trajectory of starting in x; is determined by the vector field F~
until the time instant 7_, touching again the plane z = 0 at the point
Xo. Therefore, the point xq is mapped into x; by the flow of in
zone z > 0 and the point x; is mapped into x¢ by the flow of in

zone z < 0.

Accordingly, we write the closing equations as follows

x; =X+t T (xo —X1), (5.30)

Xo=X +et T (x1 —X7). (5.31)

These equations form a system with 6 nonlinear equations with 6 un-
knowns. The vector of unknowns is (zo,yo,1,¥1,7—,7+), and it is
required that f3(z0,40,0) > 0 (xo € ), fif(21,41,0) <0 (x1 € X))
and 74 > 0, where f; and f; are the functions given in and
7 respectively. The following result is straightforward and is given

without proof.

Proposition 5.2. Assume that the dynamical system (5.29) has a CLC
that transversely intersects the plane z = 0 at the points X; € ¥, and
Xo € XF, with flight times T > 0 and T— > 0 in the zones z > 0

and z < 0, respectively. Then, the values Xo, X1, To and T_ satisfy the

closing equations (5.30) and (5.31)).

5.3.2 First return maps and stability of limit cycles

In this section the stability of CLCs is analyzed. Assuming that
we have a transversal orbit in z > 0 joining the points xo = (xq, ¥o,0) €
¥t x1 = (x1,y1,0) € X7, we can ensure that there is an open set
Uy C P12 (X7F) in the neighbourhood of (¢, o), and an open set U; C

P15 (X7) in the neighbourhood of (x1,y1), where P15 is the canonical
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projection on the plane z = 0, and an application 7 : Uy — R such
that @ (75 (z0,%0),%0) = x1 = (x1,41,0) with (z1,31) € Uy for all
(z0,y0) € Uy. So, the half-return map in reduced coordinates, in zone
z > 0 to be denoted by P, is defined by

P+ : Uy — Uy

(zo,%0) = (21,91) = G4 (%0, Yo, 7+(Z0,Y0)),

where G (z,y,7) = P12(®1(P12x, 7)) corresponds to first two coordi-

nates of the flow. We will need also the function
g+ (l’, Y, 7_) = P3((I)+ (]P12Xa T))7

where P3 is the standard projection on the z-axis. This last func-
tion implicitly defines the required flight time 7 by imposing that, for
(z0,y0) € Uy, we have

9+ (0, Y0, T+(70,%0)) = 0. (5.32)

Analogously, we can ensure that there is an open set Vy C P12 (27)
in the neighbourhood of (z1,41), Vi C P12 (XF) in the neighbourhood of
(z2,y2), and an application 7_ : Vj — R such that ®—(7_(z1,41),%x1) =
X3 = (Z2,Y2,0) with (z2,y2) € Vi for all (z1,y1) € Vo. So, the half-
return map in reduced coordinates, in zone z < 0 and denoted by P_,
is defined by

P_ Vb — V1
(r1,91) > (22,92) = G_(z1,y1,7—(T1,51)),

where G_(z,y,7) = P12(®~ (P12x,7)) corresponds to first two coordi-

nates of the flow. We will need also the function
g- (3?, Y, T) = ]P)?)(q)_(]?l?x: T))a

where Pj3 is the standard projection on the z-axis. This last func-
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tion implicitly defines the required flight time 7_ by imposing that, for
(z1,11) € Vb, we have

g— (21,91, 7—(21,91)) = 0. (5.33)

Thus, based on the conditions stated above and assuming U; C
Vo, we define the function that describes in reduced coordinates the

complete first return map P as

P : Uy —
(z0,90) = P =P_oP, = (x2,y2)

The fixed points of the first return map, excluding of course the
T-singularity, represent CLCs, so that the stability analysis of the fixed
points can be naturally extended to the CLCs. A CLC is born when
a fixed point bifurcates from a T-singularity, in a reversible Bogdanov-
Takens bifurcation with two eigenvalues equal to 1; see Chapter
Note that, if (Zo,¥o) is a fixed point of the map P = P_ o Py, then
(%o, 0,0) € B}F and it is a crossing point of the CLC with the plane
z = 0. Consequently, (Z1,%1) is a fixed point of the map P, o P_ such
that (Z1,91,0) € X7 and it is the other crossing point of the CLC with
the plane z = 0. The Jacobian matrices are obtained directly from

0G

DPi(p) = e (p) +

where by differentiating (5.32)) and ([5.33)), we obtain

99+ 99+ Ots

or P) A(z,y)’ (5-34)

=0,

so that

Ors _ (09= ' 0=
O(z,y) o < or (p)) Az, y) (P). (5.35)
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By substituting (5.35]) in (5.34) we obtain

DPL(p) = 5 5(p)-
- (%gf(p)> 866} (p) 8?1?2) (p), (5.36)

where p = po = (%0, %0, 7+(0,%0)) or p = p1 = (v1,y1,7-(T1,91)),
respectively.

Now from (5.36)), we can calculate the matrix
DP = DP_(p1) - DP; (po),

where the eigenvalues of matrix DP are the characteristic multipliers

of the limit cycle T'.

Remark 5.1. In order to compute the above expressions in the model
of the circuit, we consider the case b # w and a < 2+ b. This is a
consistent physical hypothesis and it is sufficient to reproduce all the

possible different behaviors.

Coming back to the computation of the solutions for equations
and , we note that the eigenvalues of matrices A~ and A+
are {—a, —b,—w} and {a £ if, —w}, respectively, where 2a = —(a +
b) and 28 = /4 — (a —b)2. By defining p(r4) = €™+ cos[3r4] and
q(t4) = e*™+ sin[B1]/ B, equations and are rewritten as

)

[x1] = G+(x0ay077—+) =

Y1
o L,
Yo 1+ab 1+ab

1+ab] , (5.37)
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T
l 0 :G—(Cﬂhylﬂl):
Yo
v |3 0
= N(71_ — + , 5.38
ol (5.39)
0= g-‘r(IOa 34077'-&-) =
=v(1y)(xo —XT) + Trab Yrs (5.39)
0=g_(r1,y1,7-) =u(r_)(x1 — X ) — ¥r, (5.40)
where
-p T+)+ (a + a)q(T —q(T
Mir — [P0 (@t o)) (r+)
q(r4) p(74) — (a+ a)q(ry)
e b7 0
N(T_) = 0 e—aT- ’
u(r)"'=10 1 -1 |ev ],
| O 0 1 | [e7v"
_011 C12 (13 _P(7'+)
V(T+)T C21 C22 (23 q(m4) |
L 0 0 1 e ¥
k(b(a —w) +1)
1= N e
(w+a)2+p
_ E((a=b)(bla—w)+1) — 2w) L1
S (R EEayE) ’
_ k(bla-—w)+1)
C13 = (w—l—a)z—i—BQ )
kw
co1=1-
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k(2(1 + ab) — (a + b)w)

Cop=a+ o+ )
- 2((w + )2 + 4?)

=
SRR ER

From equations (5.37)) and (5.38]), we write
(0, 90) = (Zo(4, 7-), Yo (74, 7-))

and
(3317y1) = (&:\1<T+7T*)7§/\1<T+’T*)>

as functions of the flight times 7 > 0 and 7_ > 0, so that

1
b, 5.41
). ew
_a_
1+4+ab
| , (5.42)
1+4ab
WhereX:I—NM,Y:I—MN,M:I—M,]V:I—Nand]is

the identity matrix of order 2.
We define

X0 = (To(74,7-),90(74,7-),0) € BF
and
X1 = (21 (74, 7-),01(74,7-),0) € X7

as the natural coordinates in R? of the crossing points.

Substituting (5.41) and (5.42)) in (5.39) and ([5.40), we obtain the

non-linear equations
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where we use v .= Det [X]-(V— [0 0 1}), u = Det [Y]-(u— [0 0 ID,
and the points Xg = X - Det [X] and X{ = X; - Det [Y] to avoid a cum-
bersome denominator.

Thus, if (74,7-) is a solution of the system equations (5.43)-
(5.44), such that 7, > 0, 7 > 0, then the dynamical system
has a CLC that transversely crosses the plane z = 0 at the points Xg
and X; with the flight times 7, and 7_ in the zones z > 0 and z < 0,

respectively.

By using (5.36]) it is not difficult to arrive at the following propo-
sition that allows us to analyze the CLC stability of the system (5.29).

Proposition 5.3. Let " be a CLC of system , transversely in-
tersecting the plane z = 0 at the points Xg = (Tg,Yo,0) € T and
X1 = (Z1,71,0) € ;. We denote by 74 > 0 and 7— > 0 the flight
times of I' in the zone z > 0 and z < 0, respectively. We define the

Jacobian matrices

1
DP = M(T
+(p0) V/(?+)(§O — i+) (T+)X
A 10
O P Ll Rt O ISP P
To — ayo 0 0 7
1 ~
DP_(p1) = N(7-)x

where po = (Zo, Yo, 7+), P1 = (T1,91,7—), I is the identity matriz of

order 2. The eigenvalues of matriz
DP = DP_(p) - DP; (po),

are the characteristic multipliers of the limit cycle T'.
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Example 5.1. By selecting b = 0.01, w =1, y. = 2, k = 2.5 and

a = 1.238, system — has two solutions in the positive quad-
rant, (7,7 ) = (0.84,2.24) and (77/,7") = (0.87,5.18). This case
is shown in Figure where for each of the two solutions listed in
Table the respective fized points and the restriction on the posi-
tion of these fized points are given. In this example, two CLCs of
system were detected as shown in Figure (a). For the first
(T's), we have pg = (10.53,0.32,0.84) and p1 = (8.5,5.17,2.24), then,
the characteristic multipliers are {0.923,0.011}. In this case, the limit
cycle T's has a stable node dynamics. For the second (I',), we have
po = (19.31,0.02,0.87) and p1 = (15.02,9.26,5.18), consequently, the
characteristic multipliers are {1.88,0.0002}. In this case, T'y, has a sad-

dle dynamics.

| F7)
a
P ) =0
T— 3l
: 7.7
Al (T4,7-) =0
o ; ‘ ‘
0 0.2 04 06 08 1

Figure 5.7: Numerical analysis of the existence of CLCs in the example
The intersecting points between the two curves (in red and blue-color) given

by (5.43)) and (5.44) denote the presence of two CLCs.

5.3.3 Stability and bifurcations of CLCs

For a more comprehensive view of the evolution of a CLC with
respect to variations in the parameter a, we represent the points (Zo, 7o)
and (Z1,71) in the plane z = 0 but with the T-singularity placed at

the origin by choosing new variables (u1,us) in such a way that the
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Constraints satisfied:

Solutions Fixed point o o
olutions fxed points fgi(wmymo) > va?,i($17y170) <0
BN %o, Jo) = (10.53,0.32) ff=988>0, f; =0.16>0

1) = (0.84,2.24) (T0:90) = : 3 I3

(7, 72) = (084,2.24) (575 = (8.5,5.17) fH=-536<0, f5 =—094<0

A~ Zo,To) = (19.31,0.02) T =193>0, f; =001>0
"7y = (0.87,5.18)  (Z0:F0) = (1931, 3 I3
(7 72) = (087.5.18) (G 75)) = (15.02,9.26)  ff = —102 <0, f; — —2.1<0

Table 5.2: Case study in the example

tangency lines T_ and T, become the new coordinate axes. See Figures
[.8(b) and [5.9(b). Such normalization is obtained by defining

(ulau2) = (7f;(xay50)7f3_(x7yao))

For the subcritical case, the simulation of system shown the
existence of a CLC (I',,) with saddle type dynamics (see Figure [5.6]a)).
The numerical analysis of the existence and the stability for the CLC
I',, is shown in Figure In Figure a), we visualize the bifurcation
diagram for the parameter a in the (a,us)-plane, showing the saddle-
node bifurcation of pseudo-equilibria (SN) and the TS-bifurcation (TS).
The saddle-node bifurcation occurs at a = agy = 1.76 and involves
the stable pseudo-node X~ € X,, (sPN-X,,) and the pseudo-saddle
xt € M, (PS-X,,), indicated by the branch of pseudo-equilibria in
purple-color and red-color parts, respectively. The TS-bifurcation oc-
curs at a = args = 1.63 and is classified as subcritical, involving the
pseudo-equilibrium X*. It is caused by the transition, through the T-
singularity, of the pseudo-saddle in ¥, (PS-X,s) when a > arg, to
become a unstable pseudo-node in ¥,s (uPN-3,;) when a < ars. The
curve in green-color, relative to the crossing points (Zo, 9o) and (Z1, 1),
indicates the range of existence of the CLC, regarding the parameter
a. The CLC T',, bifurcates from the T-singularity at a = 1.63 and per-
sists until a = 0.72, i.e., I, exists for 0.72 < a < 1.63. At a = 1.63 a

non-standard homoclinic bifurcation occurs.

In Figure (b), there appear the locus of the CLC crossing points
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1 I
0.8 0.4 a < arg a>ars
06 o2 - Las
04 t‘ a=1.63=ars
0.2 0 T
-0.2 a=0.72
-02 —> —
P
-0.4 -04 pINN
-0.6
-06
-0.8
a < ars
-1 -0.8
0.6 0 . . 63 1. 2 ‘10 8 -6 -4 -2 0 2 4 6 8

(a) Bifurcation diagram in the (a,u2)- (b) The locus of CLC crossing points
plane considering a the bifurcation pa- (green color) and of pseudo-equilibria
rameter. (red color) in the (u1,u2)-plane.

0.5

(c) The characteristic multipliers A 2
of 'y, in the (a, A)-plane.

Figure 5.8: Numerical analysis of the existence and stability of the limit
cycle I'y, for parameters w = 0.6, y, = 1.33, b = 0.08, k = 6 and 0.72 < a <
1.63.

and the pseudo-equilibria, both in the normalized plane (u1,us), as
the parameter a varies. Such curve (in green-color) is drawn by the
intersection points of I';, with the plane z = 0, in ¥} and X7 (SFP-Z}
and SFP-X7 in Figure a), respectively). The CLC I', disappears
when it touches the tangency line 7_ at a visible tangency point of
F~. The locus of the pseudo-equilibria (in red-color) is drawn by the
pseudo-equilibrium position near the bifurcation. Recall from Theorem
that XT € ¥, is a pseudo-saddle for a > arg, while X* € X, is
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sPN-Y,4

ur o

1 11 116119 1.25 1.‘35 15 _—325 -20 -15 -10 -5 0 5 10 15

a uy
(a) Bifurcation diagram in the (a,u1)- (b) The locus of CLC crossing points
plane considering a the bifurcation pa- (green and blue color) and of pseudo-
rameter. equilibria (red color) in the (u1,us2)-
plane.

S A\‘Y[m

1.16 1.19 1.25 13 1.35

(c¢) The characteristic multipliers A1 2
of I's (blue) and TI', (green) in the
(a, A)-plane.

Figure 5.9: Numerical analysis of the existence and stability of the limit
cycles I's and T', for parameters w = 1, y» = 2, b = 0.01, £k = 2.5 and
1.16 < a < 1.35.

an unstable pseudo-node for a < arg.

In Figure c) we can visualize the characteristic multipliers of
Iy, from his birth to his disappearance. The CLC I',, has always saddle
dynamics, since for all 0.72 < a < 1.63 the characteristic multipliers
A1,2 are real, with 0 < Ay < 1 < Mg, so that when a = arg = 1.63
we have A\1 = Ay = 1, and when a = 0.72 we have \; = 0.049 and
Ao =129.4.
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For the supercritical case, the simulation results of system
show the existence of a CLC (I's) with stable node dynamics (see Figure
C)).The results of numerical continuation in the parameter a for the
CLC I’y are shown in Figure

In Figure a) we give the bifurcation diagram in the (a,u;)-
plane, showing a saddle-node bifurcation of CLCs (SN,,) and the TS-
bifurcation (TS). The SN, bifurcation occurs at a = asn,, = 1.35
and involves the stable CLC I'y with node dynamics (sNFP-XF and
sNFP-X7) and the unstable CLC T, with saddle dynamics (SFP-Z}
and SFP-Y7 ), indicated by the branch of the fixed points with blue and
green parts, respectively. The TS-bifurcation occurs at a = arg = 1.19
and is classified as supercritical, involving the pseudo-equilibrium X~ ;
as we already know, it is due to the transition through the T-singularity
of a stable pseudo-node in ¥,s (sPN-X,s) when a < arg, to become
a pseudo-saddle in ¥, (PS-X,;) when a > aps. The branch in blue
and green colors, related to the crossing points (Zo,%0) and (Z1,71),
indicates the range of existence of the CLCs, regarding the parameter
a. The stable CLC T'; bifurcates from the T-singularity for ¢ = 1.19 and
persists until a = 1.35, i.e., ['y exists for 1.19 < a < 1.35. The unstable
CLC T', exists in the interval 1.16 < a < 1.35, and such a periodic
orbit can be shown to appear after a T'S-bifurcation for another value
of the control parameter k, in the subcritical case, but still persists for
the value of k£ used in this example.

Figure b) shows the locus of crossing points and the pseudo-
equilibria, both in the normalized (uj,us)-plane, as the parameter a
varies. Regarding the crossing points, the intersection points of I'y
appear in blue, while the ones of I';, appear in green. The locus of the
pseudo-equilibria (in red) gives the pseudo-equilibrium position near
the bifurcation. From Theorem the point X~ € X, is a stable
pseudo-node for a < arg while X~ € X, is a pseudo-saddle for a >
ars.

Figure [5.9(c) shows the characteristic multipliers of I's, from his
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birth to his disappearance. The CLC I'y has always stable node dy-
namics, since for 1.19 < a < 1.35 the characteristic multipliers A; 2
are real with |[\| < 1 and |A2| < 1. When ¢ = arg = 1.19 we have
A1 = X2 =1 and when a = agy,, = 1.35 we have A\; = 6.4 x 10~* and
Ao = 1. In Figure d) we visualize the characteristic multipliers of
I',,, always of saddle dynamics, since the characteristic multipliers A; 2
are real with 0 < Ay < 1 < A9. For instance, when a = 1.35 we have
A =64x10"%and Ay =1, and A\; = 1.5 x 10~% and Xy = 121.6 when
a=1.16.

Example 5.2. Simulation results of system , with parameters b =
001,y =2, w=1, k=25, fora=1.238 are shown in Figure(a)
and, for a = 1.35, in Figure (b) Here, we wvisualize one non-
hyperbolic CLC (T, ), created by the collision between the stable node
CLC (Ts) and the saddle CLC (T',), in a saddle-node bifurcation of
CLCs.

5.4 Experimental results

This section is dedicated to validate the analytical and numeri-
cal results on the TS-bifurcation obtained in previous Sections [5.2] and
by means of experimental results obtained with a boost power
converter controlled by the SMC-Washout controller proposed in Sub-
section The experimental setup is shown in Figure a) and
the boost converter circuit in Figure [5.11|(b).

The experimental parameters values are: L = 1.5mH, r; = 0.49),
C = 10pF, Vi, = 11V, Viee = 13V, wp = 5000rad/s and K = 27.5Q.
The applied hysteresis band is £1V. The resistive load R has an initial
value of 21€).

Figures|s.11{(c) and d) show the oscilloscope signals obtained
from the experimental circuit corresponding to voltage vo (in orange-
color), current iy, (blue-color), filtered current ip = 2.75(if, — 2zF)

(purple-color) and reference voltage Vier (green color) signals, for re-
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(a) Saddle (green) and stable node (blue) CLCs for
a=1.238.

(b) Non hyperbolic CLC for a = 1.35.

Figure 5.10: Saddle-Node bifurcation of CLCs. Simulation results for b =
001,y =2, w=1, k=25

sistive loads of R =21 and R = 7 (2, respectively.
Notice that in Figure ¢), the current and voltage signals are

periodic, i.e. the converter operating point is not an equilibrium point
as expected for SMC. Instead, there appears a limit cycle with rather
small amplitude around the stable pseudo-equilibrium within the at-

tractive sliding region. This is due to the presence of a hysteresis band,
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(a) Experimental setup.

(b) Boost Converter

Tek Sl Trig'd M Pos: 00005 MEDIDAS Tek Sl Trig’d M Pos: 00005 MEDIDAS
¥ CH % CH
: 1 RMS : RMS
1 13y 161y
CH2 CH2
RMS RMS
852mY 2 444y
CH2 = CH2
w) Pico a Pico CIER U ARRRRRRREY O URN PXERE " SRR 40 'Y Pico a Pico
= 240mY > 1.04v
17 o v/ V CH1
1 Pico a Pica : Pico a Pico
1 sy : 2389
- 1 CHe = : CH4
4 RMS : 4 RMS
- NI ] 1380v b 1.30v
CHT S00VEy CH2 200mVBy M 50.0us CH2 . -336mV CHT S00VEy CH2 1.00vBy MS50.0us CH2 . -336mV

CH3 1.00vBy CH4 S00mYEy 22-Jul-1514:33 8.13613kHz CH3 1.00vBy CH4 S00mVEy 22-Jul-15 14:42 3.81076kHz

(c) Oscilloscope signals: R =21 (d) Oscilloscope signals: R =7 Q

Figure 5.11: Experimental results: a) Laboratory setup; b) boost converter
circuit; ¢) and d) oscilloscope signals corresponding to voltage ve (in orange-
color), current iz, (blue-color), filtered current ir = 2.75(ir — zr) (purple-
color) and reference voltage Vier (green color), for R = 21 Q and R = 7,
respectively.

used in practice to implement the sliding control law with a limited
switching frequency [108].

In Figure d), the resistive load is changed from R = 21 to
R =74, so that the converter undergoes the T'S-bifurcation, appearing
a large CLC.

Experimental and simulation results obtained from the circuit
and from the controlled model are compared in Figure [5.12] In Fig-
ure a), the blue dot stands for the position of the stable pseudo-
equilibrium, in (iy,ve)-plane for R = 21 Q, and calculated by the ana-
lytical model. In the same figure, the small limit cycle in purple-color
represent the dynamical behavior of the converter, when operating with
the hysteresis band SMC.
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==
=

H(ig,ve,ip) >0

H(ig,ve,ip) <0

Figure 5.12: Experimental (in purple color) and simulation (black color)
results for R = 21Q and R = 7Q, in (a) the (i1, vc)-plane; (b) the (ir,ve, ir)-
plane. The different geometric elements used in the analysis are represented.
The red dot stands for the pseudo-equilibrium point and the black dot for
the T-singularity.

The change in the load value from R = 21 ) to R = 7 {2 moves
the pseudo-equilibrium (blue dot) from the stable sliding region to the
repulsive sliding region (red dot), becoming unstable. Consequently, a
CLC arises from a TS-bifurcation, leading to the big limit cycle shown
in Figure (in purple-color for the experiment and in black-color for
the numerical simulation).

From the values of the original control system parameters given
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by —, according to Table we obtain the dimensionless sys-
tem parameters given by : b =0.033, y, = 1.182, w = 0.61 and
k = 2.25. The initial normalized load is a = 0.58 (R = 21 ), and
it changes to a = 1.75 (R = 7 Q). Thereby, the hypotheses of the
Theorem [5.1F b = 0.033 < byee = 0.217 and ky; = 0.78 < k = 2.25 <
12.82 = k., with bpqz, k1 and k. calculated by (5.26)), (5.27) and (5.24)),
respectively, are satisfied. Then, the bifurcation critical value is found
at a = ars = 1.735 (Rrs = 7.06 Q). The TS-bifurcation occurs as
in the supercritical case, since k1 < k = 2.25 < k.. Now, by applying

the CLC stability analysis of the previous section, we obtain the points
po = (4.79,0.48,0.96) and p; = (4.06,2.16,0.85). Thus, the charac-
teristic multipliers are given by {0.965,0.057}, implying a CLC with

stable node dynamics.

Obviously, the presence of such limit cycle is not desired and,
therefore, it is not acceptable from the practical point of view of control
engineers that design the SMC. Thus, it is very important to determine
the occurrence of this dynamical phenomenon, as well as, others that
can be occur in the operation of the power converter when load changes
are carry out. In this way, avoiding undesirable dynamical phenomena
such as the TS-bifurcation, it is possible ensure the robustness of the

designed control system.

5.5 Conclusion

In this Chapter, a dc-dc boost converter controlled using a slid-
ing mode control strategy was modeled as a DPWL system with two
zones in a three-dimensional space split by a flat surface. The main
contribution of this Chapter was to prove that, under certain condi-
tions on the circuit parameters, the analyzed model can display a TS-
bifurcation. This bifurcation can occur in two different forms, named
as supercritical and subcritical. The supercritical case is considered

the most important, since it involves the desired operating point for
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the boost converter. As a consequence of the TS-bifurcation, a CLC
arises from the T-singularity, which in the supercritical case was de-
tected with stable dynamics of node type, while in the subcritical case
is of saddle type. The supercritical and subcritical cases do not occur
simultaneously. However, the two CLCs that arise from each of these
cases can coexist. The two CLCs are born for different critical values
of the bifurcation parameter, but they may disappear simultaneously

in a saddle-node bifurcation of periodic orbits.

Experimental results obtained on a boost converter specially built
in our laboratory allow us to prove the occurrence of a supercritical T'S-
bifurcation on the circuit. Such bifurcation can be induced varying the
value of the resistive load, in such a way that it changes the position
of the operating point and its stability from stable to unstable. This
change is critical and creates a stable CLC, which can have a large

amplitude with catastrophic effects for the converter.

Thus, the analysis of the existence of TS-bifurcations becomes
essential in the design and control of converters, since this is a dynamic
phenomenon that is not desired and not easy to detect. Therefore, it is
of great relevance to know the parametric conditions for the occurrence

of this bifurcation and so to establish safeguards in order to avoid it.
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Chapter 6

Dynamics and

Bifurcations in Systems
with Double

Teixeira Singularity

This Chapter contain a detailed analysis of bifurcations in a family
of 3D-DPWS systems that have two points of T-singularity (Teixeira
singularity). In addition, from the variation of a system parameter,
these T-singularities collide and then disappear along with the attrac-
tive sliding region. In this case a Fold bifurcation occurs and at the
bifurcation point appears a type of degenerate T-singularity. Under
certain conditions there is a pseudo-equilibrium that collide with one
of the T-singularities or the two T-singularities simultaneously collide
with the pseudo-equilibrium. In first case a T'S-bifurcation occurs and,
in second case, a double TS-bifurcation occurs. Both bifurcations are
associated with the birth of a crossing limit cycle. We describe the

sliding and crossing dynamics around the T-singularities, regular or
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degenerate, and also the sliding dynamics at the pseudo-equilibrium.
Moreover, we present a case study where we prove the existence, sta-

bility and bifurcations of crossing limit cycles.

6.1 Introduction

Discontinuous piecewise-smooth (DPWS) systems are often used
to model mechanical systems with friction, switched electronic systems,
discontinuous control systems and others. In many of these models the
vector fields involved are non-linear and can thus have more complex
and varied phenomena; see for instance [29] [T10]. In particular, in this
Chapter, we will deal with a specific class of DPWS defined in R? by
two polynomial vector fields of degree two, separated by a flat switching

boundary.

One of the most intriguing phenomena concerning 3D-DPWS sys-
tems occur in the presence of a T-singularity. In fact, this typical
singularity always presents in its neighborhood sliding (attractive and
repulsive) and crossing regions. The existence of such regions permits
some recurrence around the T-singularity (at the crossing regions) and
non-uniqueness of trajectories passing through the T-singularity (at
the sliding regions). In particular, the occurrence of non-uniqueness of
trajectories produce some phenomena non observed in smooth vector
fields. The literature contemplates many exotic behaviors around a
single T-singularity, see |21, [26] 68, [69, [71] [[17]. Despite of this, we do
not know any work in the literature that deals with 3D-DPWS systems

presenting two or more T-singularities.

In previous chapters, we have studied 3D-DPWS systems that
present one T-singularity and a bifurcation interesting occurring at
this point, called T'S-bifurcation. Such a bifurcation is of codimension-
one and involves the collision of a real pseudo-equilibrium with a T-
singularity, caused by the pseudo-equilibrium transition from attractive

sliding region to repulsive sliding region (or vice versa). Associated with
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this bifurcation, there is the birth of a crossing limit cycle arising from
the T-singularity.

Now, in this Chapter, we consider 3D-DPWS systems that have
two T-singularities and which exhibit the fold bifurcation of these T-
singularities, a codimension-one bifurcation responsible for annihilation
(or generation) of a sliding region or, in the less interesting case, a cross-
ing region. In this bifurcation occurs the collapse of both T-singularities
in a single point, giving rise to the I-degenerate T-singularity. More-
over, such systems exhibit the TS-bifurcation and also a non regular
case of this bifurcation, involving the simultaneous collision between
the two T-singularities and a real pseudo-equilibrium point, such that
the pseudo-equilibrium persist but the pair of T-singularities disappears
after the collision. Named double TS-bifurcation, this is a codimension-
two bifurcation and also is associated with the birth of a CLC, but
here it arises from the 1-degenerate T-singularity. In the double T'S-
bifurcation, the bifurcation point is the 1-degenerate T-singularity with

vector fields anticolinear at this point.

As consequence of our study, some classical bifurcations (saddle-
node, transcritical and pitchfork) are observed in the sliding vector
field. Some of these bifurcations of the sliding vector field are asso-
ciated with the birth of a CLC. We describe the stability and some
global bifurcations (saddle-node of limit cycles and a non-standard ho-
moclinic) of CLCs, from the analysis of the first return map. Moreover,
under certain conditions, we are able to establish an upper bound of the
number of CLCs that can coexist. We have also identified the presence
of invariant (non-smooth) cones with vertex in one of the regular T-
singularities, which bifurcate from an invariant (non-smooth) ellipsoid
with vertices at the two regular T-singularities.

TS-bifurcation is little known in the literature, see |26} [29] and
Chapter [ While that the fold bifurcation of T-singularities and the
double TS-bifurcation are unknown in the literature, as far as we know,

the given names for each are just our suggestions. In this Chapter, we
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have described the unfolding dynamics of the double TS-bifurcation
and also of the fold bifurcation de T-singularities, characterizing and
classifying the different scenarios involving each one. These are the

main results of this Chapter.

This chapter is organized in the following way. In Section we
establish the problem and present a local canonical form, which de-
scribes the desired dynamic behaviour. The dynamics of sliding and
crossing around the T-singularities, regular or degenerate, is investi-
gated in the Section [6.3] as well as bifurcations involving such singular-
ities. In Section is performed a two-parameter analysis of bifurca-
tions in the sliding vector field associated with the canonical form. The
results of sliding bifurcations obtained in this section are applied to an
example in Section Also in Section [6.5] it is described the birth
of limit cycles around the T-singularities, upper bound, local dynamics
and bifurcations. Finally in Section we present a brief conclusion

and some remarks.

Previous results on Filippov theory in Chapter [2] are important

for the development that follows.

6.2 Derivation of a canonical form

Let us consider a generic 3D-DPWS systems expressed by

F~(x), ifxe R~
g F 0, ifx (6.1)
Ff(x), ifxe RT,
such that the R3-space is divided into two open regions: R~ = {x €

R? : h(x) < 0} and R = {x € R® : h(x) > 0}; separated by a
switching boundary defined by ¥ = {x € R® : h(x) = z = 0}, where
x = (x,y,z). We assume that the components of the two vector fields
F* : R® — R3 are smooth functions denoted by fii : R? = R, for
i=1,2,3.
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Remark 6.1. The contact type of the wector fields F+ with ¥ are
provided by the directional Lie derivatives: Lg+h = (Vh,FT), where
Vh = (0,0,1) (gradient of smooth function h) and {.,.) denote the
canonical inner product. The higher order Lie derivatives are given by
Ly h= (VL%ih,Fi> forn=2,3,.... So we get

Lph = fi,

ofF ofE ofF
2 _ pt 3 + 3 + 3
Lpsh =1y or +f Oy + s 0z’

which will be necessary for the course of this Chapter.

6.2.1 The unfolding of 1-degenerate two-fold sys-

tems

Generally there are two curves in R3-space where orbits of
are tangent to X, one for each involved vector field. We assume that
the system displays such tangency curves, which we denote by
T4. In this work, we are interested in systems whose tangency curves
T+ have a quadratic contact (non-transversal intersection) at a point
of ¥, which we denote by X, for a critical value of a parameter, let’s
say p. In addition, for a small perturbation on u, from its critical value
= pe, Ty are displaced passing to have two points of transversal
intersection or no contact, like a fold bifurcation. Figure [6.1]illustrates
this scenario in the ¥-plane. Moreover, we will analyze only the cases

involving tangential singularities of the invisible fold type.

< e = He > e

T, n< p T, =K T, =
\/ T ¥ T- N—
r— e Xo Xy

Figure 6.1: Fold bifurcation of double tangency points on X.
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Note that the tangency conditions Lg+h(x,y,0) = 0 leads us
to f?)i(:my,O) = 0. In this case, we assume that both the graphs of
the implicit equations f3i(a:,y, 0) = 0 are smooth curves in the (z,y)-
plane, and that both (or at least one) equations are dependent on one

parameter, denoted by i, and then we define

ﬁ(xvy) = fgft(l',y,())

The tangency points sets T4 are, consequently, dependent on p and

determined by

Then we established our hypothesis with respect to (6.1)).
(H1) There is a point (z,y, u) = (Z,¥; ptc), in the (z,y, u)—space,

+ + P
where is fulfilled 82’2;2’5) # (0,0), afﬂa(;’y) # 0 and/or dfuai(;’y) £ 0.
In addition, the equations
= B
“w (ll?, y) - Oa 6.2
fu(z,y) =0, (6.3)
o 0f of: of

or Oy (z,9) 9y 5 &y) =0, (6.4)
are satisfied at (z,y,u) = (Z,7, p.) and Det [Q] # 0 (determinant of
Q), where @ is matrix Jacobian of the equations system —.
We assume, without loss of generality, that (Z,7, u.) = (0,0,0).

The hypothesis (H1) ensures that for ;1 = 0 occurs at the ori-
gin (0,0) a non-transverse intersection between the tangency lines Ty,
which are smooth curves at (0,0). Moreover, the constraint Det [Q] # 0
ensures a single solution of the equations system (6.2)-(6.4) in the
neighborhood of the origin of (z,y, u)-space, and so the graphs of
ﬁf(:my) = 0 are tangents with quadratic contact at (z,y) = (0,0).
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Then, Ty and T_ are tangents with quadratic contact at 0 whenever
1 =0 and system (6.1)) has at 0 a 1-degenerate double tangency point.

See Figure[6.2]

Figure 6.2: Illustrations of a 1-degenerate double tangency point at 0.

From here, we rewrite system (/6.1]) in a canonical form according

to the following theorem.

Theorem 6.1. Under hypothesis (H1) it is possible to write any sys-
tem as (6.1)) in the form

F- ) 0
(.’II,y,Z) — { i(l‘vyaz)v ZfZ < (65)
F#(m,y7z), ZfZ>O,

with vector fields defined by

¢ +p,(x)
B0 =| b g (6.6)
pw—1y+e x? + 7, (%)

and
¢t +pf(x)
Fl(x)= bt + gt (x) , (6.7)
e (ap—y+eta?+rf(x))

where ¢ # 0, a # 1, e # e~ and pff, qff and rf are polynomial

functions of (z,y,z) and p-parameter, such that pg(O) = qoi(O) =
ar:i: Br;‘f: Bzrf

rff(O) =0 and 5t = b = 2 =0 for p = 0 and (z,y,2) =

(0,0,0).

Proof. See Appendix [6.7] O
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System — has at the origin of its state space a degenerate
double tangency point, whenever o = 0. If b* # 0 this double tangency
point is classified as a singularity of the 1-degenerate two-fold type (or
Q2-Singularity, see [I18]). In addition, we can say that this system
belongs to the family of 1-degenerate two-fold systems for 4 = 0 and
to the its unfolding for p # 0.

We fix = 0. Applying now the implicit function theorem to the

equations

-y + e_xZ + ’/‘0_(.13, Z/,O) = Oa
—y+eta? +rd(z,y,0) =0,

we can parametrize the tangency lines in a neighborhood of 0, getting

T-(0) = {(z,y,2) €T: y= e z? +0(3)},
Ty (0)={(z,y.2) €Z: y=et2?+ 0(3)}.

We observed three different cases with respect to the concavity of the
tangency lines Ty at the point of non-transverse intersection between
them, as illustrated in Figure [6.2l Both cases are equivalent, so let’s
look only at the one where the tangency curves have opposite concavi-

ties at 0, that is, the cases where ete™ < 0.
We now look at the sliding and crossing regions on X, keeping

= 0. Figure shows the four possible topological configurations

on ¥ according to the coefficients € and e*. Since the cases in Figures

[6.3(b)[ and [6.3(d)| have only one type of crossing region, they do not

present first return map and are left for another works. The results
for the case in Figure can be obtained directly from the case in
Figure (or vice-versa), just take the time with opposite signal.
Figure presents a configuration on the switching boundary
3. in a critical state. From this, the displacement of the tangency lines
T, destroys the 1-degenerate two-fold point and a pair of regular two-

fold points may arise, making possible the formation of the attractive
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(c)e>0,et <0,e”>0 (d)e<0,et<0,e” >0

Figure 6.3: Possible configurations on X for 1-degenerate two-fold systems.

sliding region ¥,,. Figure illustrates such scenario from the varia-
tion of the parameter u, responsible for the displacement of T\, being
this the case of our interest in this Chapter. Here, we are considering
e>0,et>0,e” <0anda <0, thus 0 € ¥, for p >0 and 0 € X,
for u < 0, since LF;h(O) = p and LF:h(O) = eap.

(a) p<0 () p>0

Figure 6.4: Attractive sliding region annihilation (generation).

Following with our analysis, we still want that the tangencies at
the origin of (6.5)-(6.7)), for u = 0, to be of the invisible fold type.
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Then, we must have

ngh(O) = —ebt <0,

L _h(0) =—b~ >0,
0

resulting in eb™ > 0 and b~ < 0. If we assume ¢ > 0, b+ > 0 and
b~ < 0, then 0 is a 1-degenerate T-singularity. In addition, we can say
that there is a neighborhood of 0, for any |¢| small, where the tangency
points at T are of the invisible fold type. In this case, a pair of regular

T-singularities arises for p > 0 (resp. p < 0),if a <1 (resp. a > 1).

6.2.2 Regular and 1-degenerate T-singularities

In this subsection, we turn system 1) into a local canonical
form of 1-degenerate two-fold systems and its unfolding, with invisible

tangencies, according to the theorem below.

Theorem 6.2. Consider the domain K = {(z,y,2) € R3 : 2% + y* +
22 < 8}, with & > 0 arbitrarily small. We assume et > 0, e~ < 0,
e>0,b" >0 and b= < 0. For any x € K and |u| small, system

(6.5)-(6.7) can be rewritten as

X:{F”(X) if 2<0 (6.8)

F:[(x) if 2>0
with the vector fields

c1 +pi(x)
F,(x)= —1+q(x) (6.9)
e1 (p—y—2?+r(x)

and
2 + pa(x)
Fl(x)= 1+ g2(x) , (6.10)
o (—kp — y + ka? + r2(x))
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acting on the switching boundary ¥ = {x € K : h(x) = z = 0}. The

functions p1a, qi2, T12 are polynomials of (x,y, z), such that pi2(0) =
2

012(0) = 112(0) = 0 and 2120 = 27200) _ 0r12(0)

dent on parameters: (ci,co,pu) € R3, k>0, 1 >0 and g5 > 0.

= 0. It is depen-

Proof. See Appendix O

Proposition 6.1. System 1D has a pair of T-singularities
located at

X (p) = (@ (1), 7 (1), 0), (6.11)

such that
TF(p) = £+ O(), (6.12)
T () =0+ O(u?), (6.13)

whenever p > 0.
Proof. All point (z,y,0) satisfying both equations

fl(xay) ::u_y_xQ +T1($7y70) = Oa
fQ(xay) = *k,LL - y+ ka +r2(x,y,0) = Oa

it is a double tangency of (6.8)-(6.10). We rewrite the system above
doing f1 — fo = 0 and also kf; + fo = 0, getting

(1+k)p=04+Ek)x*+ (ry — 1) (z,9,0), (6.14)
1+ k)y = (kr1 +r2) (x,¥,0). (6.15)

Since k > 0 and 712(0) = 87«32;8(0) = 8231;2(0) = 6%2;0) = 0, then for any
solution of (6.14)-(6.15) with |z| small we can assure the expansions

=22+ 0(z%), (6.16)
y=0+0(z?). (6.17)
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Note that there is real solution only for u > 0. It is easy to see that

solutions of that reach the origin when p = 0 are expressed by

, for any |u| small. Replacing in we obtain .
Double tangency points X () and X~ (p), defined for p > 0,

are classified as T-singularities (invisible two-fold). This is expected

because
Li,,h(x,y(x),O) =& + 512+ 0(@?) ~ e >0,
L2 h(w,y(2),0) = =25 + 537+ O(a?) ~ —&2 < 0,
where s1o are any real coefficients. So our proof is complete. O

Therefore, in system — (6.10) there are two regular T-singularities

for ;1 > 0, with coordinates X*(u) given in (6.12)-(6.13). For p = 0
both collide at the origin, that is, X*(0) = (0,0,0). In this case, the

origin of 1' is a 1-degenerate T-singularity.

6.2.3 Regions of sliding and crossing

The attractive/repulsive sliding regions and the crossing regions
are denoted respectively by Ya,(1), Lrs(1t) and F (1), both dependent

as the parameter p.

At point (0,0,0) we have
LF; h(oa Oa 0) = E&1M,
LF;f'h(O’ 0, 0) = —62/{/1,,
therefore, (0,0,0) € X45(p) for g > 0 and (0,0,0) € X,5(p) for p < 0.
This is an important result and from it we will explore the dynamics

around the origin. First, we calculate the tangency lines 7_ and T, in

a neighborhood of the origin and for any || small, namely

Ty(p) ={(z,9,0) € K :y =k (—p+2°) + O(z?)}, (6.18)
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and
T (p)={(z,9,0) e K:y=p—2>+0(2%)}. (6.19)

After, to determine the regions of sliding and crossing on X, we disre-

gard the terms of greater degree in the expansions of T4.

So, the attractive sliding region can be represented as

Yas(p) = {(z,9,0) € K 1 k (2* — p) <y < p—2°}, (6.20)

defined only for x> 0 and such that 0 € ¥,4(u). The repulsive sliding

region is defined for any p and is expressed as
Em(u):{(x,y,O)6K:—m2+u<y<k(—,u+3:2)}, (6.21)

such that 0 € ¥,.4(u) only for pn < 0. If g > 0, then ¥, is defined in
two sub regions on opposite sides of the y-axis. The crossing regions

are defined for any p and are given by

SHp) ={(z,9,0) e K1y <k(2® —p) and y <p—2*}, (6.22)
2o (p) ={(z,9,0) e K:y>k(2®>—p) and y>p—2*}. (6.23)

Origin is never a crossing point.

The two vector fields (6.9)-(6.10) calculated at the origin and for
@ = 0 turns out to be

C1 C2
F,(0)=|-1| and FJ(0)= |1
0 0
So that are anti-collinear whenever co = —c;. We can say then, that

for 4 = 0 system 1} has a possible pseudo-equilibrium point
at 0, along with a 1-degenerate T-singularity. Moreover, for u # 0
and ¢; = —cy such pseudo-equilibrium may remain at the origin or be

moved to a nearby point, as we’ll see in the Section [6.4]
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6.3 Fold bifurcation of T-singularities

In this section we consider system — in a reduced form.
Then we analyze the dynamics around the T-singularities points looking
for bifurcations involving the collision between them, followed by the
disappearance of the attractive sliding region (as illustrated in Figure
. Our goal is to characterize the dynamics around a T-singularity,
in the cases regular and 1-degenerate, from the analysis of bifurcations
in the sliding vector field (sliding dynamics) and in the first return map
(crossing dynamics).

For this, we assume in system — that e10 = k =1 and
p12(X) = q12(x) = r12(x) = 0, and we redefine ¢; = c_ and ¢y = cy.

The resulting system is

F = (c_,—1,—y — 2 if
(o‘c,y,z')z{ p(@yz) = (e =iy —attp), i z<0 g )

Ff(z,y,2) = (cy,1,—y+a*—p), if 2>0’

where x = (z,y, 2) € R? is the state vector and (ci,c_,u) € R? is the

vector of parameters.

6.3.1 Topological configuration on X

For the system (6.24]) we have

LF;h(I7y70) = —Yy—- I2 +:u‘7
LFIh(m,y, 0) = —y + 22 — p.

There are two tangency lines on the X, whose graphs are parabolas
defined by

T,(u) = {(m,y,z) eX:y= —a® + M}’ (625)
{(z,y,2) €2 : y=2a*—pul}. (6.26)
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The tangency points (z,y,0) € Ty are of the invisible fold type when-

ever the inequalities

L%; h(z,y,0) =1—2c_x >0, (6.27)

Li,jh(:c, y,0) = =14+ 2ci 2z <0, (6.28)

are fulfill.

The tangency sets T4 intersect transversally at two points with

coordinates
% (1) = (£/7.0,0), (6.29)

provided that x4 > 0. For 4 = 0 we have x™(0) = x(0) = (0,0,0),
such that the contact between T and T4 is quadratic (non-transverse)
at the origin. And there is no contact for y < 0. In search of the T-
singularities, we must ensure that inequalities - are fulfill at
the points X* (p) for p > 0. The trivial case occurs when ¢_ = cy = 0,
since all point in T4 is of the invisible fold type. In other cases we will

assume |u| < ¢ depending on the positive value

. 1 1 }
c=ming —,—5 ¢ (6.30)
{ 4c2 7 4ck

Thus the phase portrait of system displays regular T-singularities
at both points X*(p) for 0 < p < ¢ and 1-degenerate T-singularity at
the origin (0,0,0) for u = 0.

Note in Figure that from the decreasing variation of the pa-
rameter y through the critical value o = 0, occurs the collision between
the two points X*(u), followed by the disappearance of both, chang-
ing the sliding and crossing regions on the switching boundary . We
see the disappearance of the attractive sliding region (X,,) and the ex-
pansion of the repulsive sliding region (X,;) that pass the contain the
origin. The two crossing regions (X3) persist for ;1 < 0, but without

transition points between them.
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Defined only for p > 0, the attractive sliding region is given by
Yas() = {(z,9,2) €Y a? —p <y < —2* + pu}. (6.31)

The region 3,4 contains the origin (0, 0, 0) and is completely surrounded
by tangential singularities of 7_ in y > 0 and 7’y in y < 0. The points
X* are at the corners of X, so that they are the unique points of
transition between the attractive and repulsive sliding regions. While

the regions of repulsive sliding and crossing, given by
Srs(p) ={(2,y,2) €T —2® + p <y < a® —p}, (6.32)
and

S5 ={(z,y,2) €8y < —a®+p and y <z’ —p},  (6.33)

So(p) ={(z,y,2) €Ty >—a®+p and y>a2® —p},  (6.34)

respectively, are defined for all u.

Following the literature of the area, as for example [26, 117, 11§],
we will analyze in next subsections (separately) the sliding and crossing
dynamics, where the T-singularities are equivalent to the equilibria of

sliding vector field and fixed points of first return map.

Remark 6.2. In next subsections we assume in system (6.24) that
cr #0 and |p| < ¢ with ¢ given in (6.30)).

6.3.2 Sliding dynamics

It has been proven in [II8] that the 1-degenerate T-singularity
of systems as is a saddle-node equilibrium of the sliding vector
field and the center manifold is tangent to 75 and to 7_. Here we
also prove these facts. Moreover, we prove that the collision of two
T-singularities produces in the sliding vector field an one-parameter

bifurcation of saddle-node type.
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The sliding vector field F}, associate to the system (6.24)), calcu-
lated from the Filippov’s method (see [51], [78]), is given by

(c— +ep)(p—a?) + (c- —cy)y
—2y
0

Fu(%yaz) = m

Assuming p > 0, for all (z,y, z) € Xss(p) the inequality
2(:“ - $2) = LF;h(‘xa y70) - LF:[h(xvyv 0) >0

is true.
The sliding dynamics is confined to plane z = 0, and so can be

described by the planar sliding system

dx

e N [ R CHE ) (6.35)
;L?T/ _ 9y, (6.36)

provided that (x,y,0) € X,s(u). According to [I15], the sliding vector
field can be smoothly extended to the boundary of ¥, and then we can
expand the domain of - to its limits, 7. To facilitate our
analysis, it is appropriate to assume the system — defined
throughout R?, remembering that for (z,y,0) € ,4(u) we have the
same vector field but with reversed time.

System does not present pseudo-equilibria when we take
c— # —cy, since the sliding vector field F}, has no equilibrium point for
this parameter setting c+. In addition, for 4 > 0 the sliding dynamics is
governed only by the T-singularities X* (11), whose reduced coordinates
(£4/1,0) are equilibria points of planar sliding system —.
These two equilibria points collide at the origin (0,0) for 4 = 0 and
then disappear of the phase portrait for p < 0.

Proposition 6.2. Consider the planar sliding system (6.35))-(6.36) de-
fined throughout R? and with parameter c+ fized such that c_ # —cy.
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Then, a Saddle-Node bifurcation occurs at the origin (0,0) when the
parameter p assumes the critical value p = 0. Moreover, the following

statements hold.

(i) For p > 0 there are two hyperbolic equilibria points, of coordinates
(£y/1,0). Taking c— < —c4 (resp. c— > —cy), the point to the
left (resp. right) of the origin is a stable node equilibrium and the

point to the right (resp. left) is a saddle equilibrium.

(ii) For p = 0 the origin (0,0) is the unique equilibrium, a non-

hyperbolic of the saddle-node type.

(iii) For p < 0 there are no equilibria.

Proof. The equilibria of system ([6.35))-(6.36)) must fulfill the equations

(- +ep)(p—2%) + (c- =)y =0,
—2y =0.

It is easy to see that for p > 0 there are two equilibria, a with coordi-
nates (—/i,0) (to the left of the origin) and another with coordinates
(v, 0) (to the right of the origin). At critical value p = 0, both equi-
libria collide and the system now has a single equilibrium, at the origin
(0,0). And for u < 0 there are no equilibria, since ;1 — 22 = 0 has no

real solution.

To evaluate the stability of the equilibria we consider the Jacobian

matrix given by

Jas(f(ﬂ)70) _ (2(6_ +OC+)CE(,U,) C__20+> |

where Z(u) represents the xz—coordinate of the equilibria, and whose
eigenvalues are A\; = —2 < 0 and A2(Z(p)) = —2(c— + ¢4)Z(p). Taking

c_ < —cq and p > 0, for the equilibrium point to the left to the
origin, i.e. with Z(u) < 0, we have Ay < 0 and therefore is a hyperbolic
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stable node equilibrium. While the equilibrium point to the right, i.e.
with Z(u) > 0, is a hyperbolic saddle equilibrium, since Ay > 0. Note
that case c_ > —c4 only reverses the sign of A2(Z()), and so, the node
equilibrium is to the right of the origin and the saddle to the left. In the
case i = 0 we have A(0) = 0 and the origin (0,0) as a non-hyperbolic
equilibrium point whose dynamic is a blend of saddle-node. So our

proof is complete. O

In the Proposition[6.2] we assume (6.35)-(6.36)) defined throughout

R? to simplify, since the attractive sliding dynamics is preserved. How-
ever, to extend the bifurcation results to the complete system
we must discard points in the crossing regions ¥F and change the sign
of the time variable when in the repulsive sliding region 3,s. Then the
Saddle-Node bifurcation proved in the Proposition will involve only

unstable equilibria when seen from the region 3.

Figure[6.5]illustrates the sliding dynamics on the switching bound-
ary ¥ of system (6.24)), assuming c_ < —cy (fixed) and p ranging from
u > 0to u < 0. This variation on the parameter p destroys the
attractive sliding region ¥,s(u) along with the T-singularities points
X*(u). These phenomena create in the sliding vector field a Saddle-
Node bifurcation that occurs at the 1-degenerate T-singularity located
at X~ (0) =x1(0) = (0,0,0) for u = 0.

From the eigenvectors associated with the eigenvalues A\; and )\ét

of the planar sliding system ([6.35)-(6.36)), given by v; = (1,0) and

+ C- —C+

va (W) = (j:2(c_ +c+)\/ﬁ2’1) ’

respectively, we can observe that the eigenspaces generated by v; (1)
and vj (1) extend through the crossing regions. In fact, since we are
assuming |u| < and, then, 1/vy (1) > 2/f and 1/v3 () < —2\/H,
where 1)2jE denote the first coordinate of v2i. While the eigenspace gen-

erated by vy, given by S1 = {(z,y,2) € ¥ : y = 0}, is an invariant set
1With ¢ given in
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being attractor for the part in 3., and repulsive in X,;. Moreover, the
center manifold for p = 0, defined by straight line S7, is tangent to the
parabolic lines Ty (0) of tangency at the origin, since both curves have
zero slope in it. See Figure

=}
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Figure 6.5: Saddle-Node sliding bifurcation in the system (6.24)), assuming
c— < —C4.

In the cases where c_ = —cy, in the planar sliding system (6.35)-
there are infinite equilibria on the straight line y = 0. This
situation is a critical point of stability exchange between the equilibria,
since its eigenvalues are \; = —2 < 0 and \f = —2(c_+cq)(£y/m). So,
for ¢ > —c, the equilibrium point (—,/z,0) is a saddle and (,/z, 0) is
a stable node, and the opposite if ¢ < —cy (see Proposition .

Based on the analysis performed so far, we can say that in 3D-

Filippov systems with two T-singularities, the collision between them,
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followed by the disappearance of the attractive sliding region and of
the T-singularities themselves, creates a bifurcation of the type saddle-
node in the sliding vector field. However this is only true when there
are no pseudo-equilibria into the attractive sliding region, as in the
case c_ # —cy4 here studied. In the Section we will analyze what
can happen in the sliding dynamics when there is a pseudo-equilibrium

inside it.

6.3.3 Crossing dynamics and the first return map

In order to analyze the crossing dynamics of system , fol-
lowing [117] we use the associated first return map, which we know
that T-singularities are fixed points on this map. For this, we consider
an orbit of system through the point xo € X} such that for
t = t; > 0 the orbit transversally returns to ¥ at the point x; € X7 .
And its continuation through the point x; € X7 such that fort =t5 > 0
the orbit transversally returns to X at the point xo € XF. The point
x1 = (21,¥41,0) as a function of xg = (z9, yo,0) is determined by the
half-return map (z1,y1) = P+ (2o,¥0), and the point x3 = (z2,y2,0)
as a function of x; = (21,y1,0) is determined by the half-return map
(x2,y2) = P_(%0,y0). So, the first return map (z2,y2) = P(zo, o),
which determines the point x, as a function of xq, is obtained by
P_o P,. See Figure[6.6}

The orbit-solution of system (6.24) for z > 0, with initial condi-
tion at the point xg = (zg,%0,0) € T, is defined by flow & of the
vector field F. Then, for all initial condition xy we have

g (t, XO) = (C+t + xo,t + Yo, 2zt (t, X0, yo))
where
1
2t (t, 20, v0) = Et [2¢% % + 3(2c420 — 1)t + 6(2 — yo — )] -

To determine the return time of ®* to the switching boundary ¥ we
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Figure 6.6: Determining the first return map.

solve the equation 27 (¢,xg,50) = 0 for ¢ > 0. Denoted by ¢, the

solution to the return equation is

1/2 —cymo — \/(1/2 —cx0)? — 4/3¢3 (2§ — yo — 1)
2/3c¢4 7

t1(xo,y0) =

defined for all (zg,yo) € Do = {(x,y) € R?: f(z) <y < 22 — u}, where

1
+

In this case, for t = t1(xq,yo) we have & (t1,%¢) = x1 = (71,91,0) so
that (z1,y1) € Io = {(z,y) € R? : y > 2% — pu}.

The two-dimensional map Py : Dy — I is give by

Py (x0,90) = (w0 + cyt1(w0,y0), Yo + t1(zo, yo))-

This map determines the points (21, y1) of return of the orbits of system
(6.24) to X, from the initial conditions (zg, yo), so that the equation

T1 — CyY1 = To — C+Yo (6.37)

is satisfied. Furthermore, P, is dependent on the parameter p, so that
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for all (xg, yo, 1) in an neighbourhood of (0,0, 0) we can represent it by

the expansions

21 = 20 — 2¢4y0 — 2¢4 (1 — x3) + cym(xo,y0, 1) + O (3)
y1 = —yo — 2(u — ) + m(zo, yo, 1) + O (3),

where m(zo, yo, 1) = —4%* (3zo — 2¢c4(yo + 1)) (yo + ).
On the other hand, the orbit-solution of system (6.24) for z < 0,
is defined by

flow &~ of the vector field F~. Then, for all initial condition x; we

with initial condition at the point x; = (z1,¥1,0) € X7

c

have
O (t,x1) = (c—t+ 1, —t +y1, 2~ (t,21,71))

where
_ 1 2,2 2
27 (t,x1,y1) = _Et [2¢2¢% 4+ 3(2c_x1 — 1)t + 6(z] +y1 — )] -

To determine the return time of &~ to the ¥ we solve the equation
27 (t,x1,y1) = 0 for t > 0. Denoted by t2, the solution to the return

equation is

1/2 —c_ a1 — \/(1/2 —c_x1)?2 —4/3¢2 (23 +y1 — p)
2/3c2 ’
(6.38)
defined for all (z1,y1) € D1 = {(z,y) € R? : —2? + p <y < g(z)} with

to(r1,91) =

1
9(z) = o7 (~4cta® —12c 2+ 3+ 16¢2p) .
Cc_

In this case, for t = ta(z1,y1) we have @~ (ta,x1) = X2 = (22, y2,0) so
that (z2,12) € I = {(x,y) € R® : y < —2® 4 pu}.

The two-dimensional map P_ : D; — I is give by

P_(z1,y1) = (1 + c—ta(@1,91),y1 — ta(w1,91)).
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This map determines the points (23, y2) of return of the orbits of system
(6.24) to ¥, from the initial conditions (x1,y1), so that the equation

To+C_Ys =21 +C_Y1 (639)

is satisfied. Furthermore, P_ is also dependent on the parameter u, so
that for all (x1,y1, 1) in an neighbourhood of (0,0,0) we can represent

it by the expansions

@y =1+ 2c_y1 — 2 (p—af) — c_n(z1, 41, 1) + O (3)
yo = —y1 +2(n — 27) + (@1, y1, 1) + O (3)

where A
C_
n(x1,y1, 1) = ——3 (Bz1 4+ 2¢—(y1 — 1)) (y1 — ).

Both maps Py and P_ are involutions (see [116]) at 7% and T,
vespectively, since Py (z0,23 — 1) = (w0,23 — 1), P (1, 2% + 1) =
(21, =21 + p), P(20,0) = (0. 40), P2(21,41) = (¥1,91) and

Det[DP (w0, 2% — )] = —1,
Det[DP_(xy, —23 4+ p)] = —1,

where D P, denote the Jacobian matrices given by

DP. (zg, 2§ — p) = <1 i c(+a§xo) ij??i?(lj)”) 0
1+ c_p(z1) c—(c-p(z1) + 2)> , (6.41)

DP_(xy,—a} + p) = < —B(z1) —1—c_B(x1)

with a(zo) = 4 and Bler) = 48

Based on the conditions stated above, we can ensure that there
is an open set Do. C Dg in neighbourhood of (xg,yo) and Iy. C Iy in
neighbourhood of (x1,y1) such that Py(x0,y0) = (21,y1) € Io. for all

(z0,Y0) € Do.. Analogously, we can ensure that there is an open set
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D;. C Dy in neighbourhood of (z1,41) and I;. C I; in neighbourhood
of (x9,y2) such that P_(z1,y1) = (z2,y2) € I1. for all (z1,y1) € Di..
In addition, we can establish (zg,40,0) € X} and (z1,91,0) € X7,
such that the points in Dy, and D;. are crossing points. So, assuming
Iy, C Dy, we define the function that describes the first return map
P : (Dge,pt) = (I1e, pT) by composition P = P_ o Py, where p* =
(£4/1,0). The explicit form for the first return map P is obtained by

P(xo,y0) =

xo + C+t1(x07 yO) + Cit%(mO’ yo)] (6 42)

Yo + t1(2o, yo) — t9(z0,Yo)

with t9 = to(Py(20,%0)), which can be represented by the expansions

Ty =20 — 2(c_ +cy)yo — 2(cy +3c_)(u— x3) +rE Hrg + O (3),
y2 = yo + 4(n — x) + 1§ Gro + O (3), (6.43)

for all (1,1, 1) in an neighbourhood of (0,0, 0), where rl = [xo 9o u]
and H = (hz]) (resp. G = (gz’j))a for i = 1,273, with hlj =415 = h23 =
go3 = 0 and

hor = —4(c® +4de_cq + %),

8
has = =(¢® +3c% ey +5e_cf +c3),

3
hg1 = —4(c— + c4)(Be- + c4),
16
has = 3(3031 +6¢® cy +5e_ct + ),
h _ 8 2 2) 2
33 = 5(30_ +2c_cq + ) (3c- +cy),
g21 = 4(6— + 30-0—)7
8
go2 = *g(CZ_ + 30_C+ +403_),
g31 = 12(c— +cy),
16

g32 = —?(302, +6c_cy +4ct),
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8
933 = —5(902, +9c_cy +4ct).

We consider the crossing dynamics of system (6.24)) described by
map P. The fixed points are displayed in the following proposition.

Proposition 6.3. With respect to the fixed points of the first return

map P, we have:

i) Assuming c_ # —cq, for p > 0 there are two fized points at
(—+/1,0) and (\/i,0). In the critical case c = —cy, for >0
there are infinite fived points belonging to the ellipse defined by

I'={(z,y,2) € ¥:32> + 45 y* — 6cyay —3u=0}.  (6.44)

ii or 1w = 0 there 1s a single fived point at and for u < 0 there
ii) For p=20th gle fived p (0,0) and for p < 0 th

are no fized points, both cases for all cy.

Proof. The fixed points of map P must satisfy the equations (zg,yo) =
P(zg,yo0), which can be reduced to

C—‘rtl(‘TOv yO) = 7C—t(2)($07 y0)7

tl(x07 yO) = t3($07 yO)

In this case we have two possibilities: (a) If c— # —cy then the fixed
points must satisfy the equations t;(z,y0) = 0 and t3(z0,y0) = 0,
that is, yo = 22 — p and yo = —22 + p, respectively. Therefore, there
are two fixed points at (—./x,0) and (\/z,0) for u > 0, a single fixed
point at (0,0) for g = 0 and there are no fixed points for p < 0. (b)
Now, if c. = —c4, then the fixed points must satisfy the equation
t1(20,v0) — t9(z0,y0) = 0, which can be reduced to equation in
provided that g > 0. Therefore the ellipse I' determines on 3 an
invariant set for the crossing dynamics. When g assumes the critical
value p = 0, this ellipse disappears and the origin becomes the only
fixed point, since it is the only point to fulfill equation in . So

our proof is complete. O
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Remark 6.3. The non-trivial fized points (£,/11,0), for p > 0, are
equivalent to T-singularities of with reduced coordinates, while
for i = 0 the trivial fixed point is equivalent to 1-degenerate T-singularity
with reduced coordinates. When c— = —cy and p > 0, besides the fized
points equivalent to T-singularities, there are other infinite fized points

belonging to the set I which, except for points (+./p,0), is completely

_3_

contained in the crossing regions for 0 < p < 125
=

The stability of the non-trivial and trivial fixed points is proved

in the following proposition. See Figure

Proposition 6.4. Assume c < —cy (resp. c— > —cy). With respect
to the stability of the first return map P, we have:

a) For pp > 0 the point fized (—/11,0) is a saddle (resp. center) and
(/11,0) is of center type (resp. saddle).

b) For pn = 0 the origin is a parabolic fized point originated by the
collision between the two non-trivial fixed points of saddle and

center types.

Proof. We assume c_ < —cy. Note that for the fixed points (£,/1,0)
and (0,0), we have 1 = z( in the Jacobian matrices DPy given in
-. Then, the Jacobian matrix of the map P is defined by
DP(%,0) = DP_(&,0) - DP4(&,0), applied at the point (&,0), where &
represents the x-coordinate of the fixed point. So, we get

DP(#,0) = o(#) 1422(5¢— +cy(1+2c_1)) —2(c— + e+ (1 +4c_2))
e —8&(1 + (c— + ¢4)) 1+428(5cy +c (14 2c,2))
(6.45)

where o(2) = m > 0, and then we calculate the corre-

sponding determinant and trace, namely

Det[DP(i,0)] = 1,
Te[DP(&,0)] = 2q(&) = 2+ 16(c_ + 4 )30 ().

1
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In equation of trace, we have ¢(0) = 1,0 < ¢(y/i) < 1 and ¢(—/p) > 1.
Therefore, for 1 > 0 the non-trivial fixed point with £ = —,/pp < 0is a

saddle, since its eigenvalues are

p+(2) = q(2) £ Vq(2)? - 1, (6.46)

such that p_py = 1,0 < p_ < 1 and p4 > 1. While the fixed point
with & = /i > 0 is of center type (elliptic), since its eigenvalues p4
are complex conjugate such that |p1| = 1. When the parameter u
assumes the critical value p = 0 both non-trivial fixed points, of the
saddle and center types, collide at the origin. In this case the origin is
the only fixed point of map P and its eigenvalues are p+ = 1. So, the
trivial fixed point is parabolic, called 1:1 resonant. For the opposite
assumption, c_ > —cy, the exchange of stability occurs between the

non-trivial fixed points. So our proof is complete. O

6.3.4 Invariant surfaces connected to T-singularity

Assuming ¢ = —cy and p = 0 the map P has a single fixed point,
located at the origin of its phase portrait, and Jacobian matrix with
double eigenvalue 1. We take equations — and the straight
line given by x = {(z,y, 2) € ¥ : x = ¢y}, containing the trivial fixed
point. Then, for all (zg,y0,0) € x we have also (z1,y1,0) € x and
(22,92,0) € x. In this case, any trajectory of the system started
at the point (g, yo,0) € x, crosses the switching boundary ¥ a finite
number of times circulating the origin, always at points belonging to
the x, until the point (z2,y2,0) € x leaves the domain of P and so the
trajectory not crosses the ¥ anymore. On the straight line x we can
ensure, from the equation (6.43), that y» —yo = —4c3y2/3+ 0O (3) <0
(remember that yo,y2 < 0) and, thus, any trajectory started at the
point (x,y,0) € x near the origin, moves away from the origin. See

Figure [6.7]

In addition, for initial conditions outside x, the evolution of the
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Figure 6.7: Phase portrait of system (6.24) for an initial condition at kx,
with parameters gy =0 and c— = —c4 = 1/4.

Figure 6.8: Invariant (non-smooth) ellipsoid present in the system (6.24)
for £ >0 and c- = —cy.

map P occurs on parallel lines to x. So, an trajectory of (6.24)) through
of any parallel line to x that crosses the repulsive sliding region X,

spirals around the ¥, ; moving away from it.
Continuing with ¢ = —c,, for a small positive perturbation on

the parameter p from the critical value u = 0, the trivial fixed point

bifurcates and gives rise to infinite fixed points belonging to the set I'
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given in (6.44). So, in addition to the fixed points (+,/z,0) € (T-NT%.),
there are other infinite fixed points belonging to crossing region XF. A
fixed point in the region X} implies the existence of its corresponding
in the region ¥, and so there is a limit cycle that transversely crosses
> at these two points. Crossing limit cycles in 3D-Filippov systems
with an unique T-singularity have been recently studied in the works
[26], 63].

In the case shown in Figure the phase portrait of system
displays infinity CLCs through the I', with nonlinear center dynamics.
These centers create an ellipsoid in the state space of the system 7
such that its interior determines the basin of attraction for 3,,, and
its surface is invariant to the flow of (6.24)). The presence of attractive
sliding region >, inside and repulsive sliding region X, outside the

ellipsoid, makes it unstable, as shown in Figures

Now, taking fixed c4 such that c_ # ¢4, for a small positive per-
turbation on the parameter p from the critical value p = 0, the trivial
fixed point bifurcates and gives rise to two non-trivial fixed points,
(—v/#,0) and (y/11,0), one is saddle and the other center (see Fig-
ure . The Jacobian matrix calculated at the fixed points, given in

(6.45), has the eigenvalues p(Z) given in (6.46) and the eigenvectors
uy (2) = (us(2),1), where

(cy —c )i+ +/(cy + ) (1 +2c_2)(1 + 2¢43)2
28(1+ (c— + c4)T)

us (&) = (6.47)
and & = &(u) # 0 represents the x-coordinate for each fixed point.
Note in the denominator of (6.47) that 1+ (c_ +c4)Z > 0, because we
are assuming 0 < u < ¢ (see Remark which lead us to

1 < 1 < 1
2e ] e[ +lex] = feo +exl’
-1 -1 -1
> = )
e |~ Te[+lex] = Jeo +ex]

for c_ < —cq,

i) = VI < Ve =

T(p) = -V >—Ve=

for c_ > —cy,

1
2‘C+

provided that |c_| > |ey| (if || < |es| we must use y/c = - in
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the above expressions). From it is possible to prove that the
eigenvectors of the fixed point saddle are in the region of crossing 371,
just check that u(#)? < o2z for all 0 < g < c. In this case, one of
the eigenvectors leaves the crossing region when the double tangential

singularity is no longer of the invisible two-fold type.

Y-,

Figure 6.9: Crossing dynamics for ¢ > 0, assuming ¢ < —cy.

Figure illustrates the crossing dynamics described by first re-
turn map P, calculated from , presenting two fixed points for
@ > 0, one saddle and the other center. It is important to note the map
P is defined only in the crossing region ¥}. In order to get the crossing
dynamics in ¥ we must calculate the inverse map P~! = P, o P_.
Both maps have same fixed points and with same stability, however,
the stable (W*) and unstable (WW*) invariant manifolds have their sta-
bility exchanged. In other words, the branch for the unstable manifold
in region X1, defines the stable manifold in region 37, see [63} [68], [71].

For a neighborhood around the fixed point saddle, the map P;
(resp. P_) takes the branch of W* from region ¥} (resp. X_) to the
branch of W* in the region X7 (resp. X1). Such connections between
the branches of W* in X1 and ¥, produce an invariant cone with

vertex at the T-singularity, which contains ¥, in its interior. While,
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the connections between the branches of W* in ¥ and 3, produce
an invariant cone containing 3, in its interior (see Figure . The
existence and stability of this non-smooth cones is proved in [71], where
we find that the cone surrounding the sliding region ¥, is unstable

while the other surrounding 3.,.; is stable, both asymptotically.

Figure 6.10: Invariant (non-smooth) cones present in the system (6.24) for
pw=1>0and c- =cy =—-1/4 (c— # —cy).

In the system one of the two regular T-singularities is al-
ways related to the fixed point saddle for all c_ # —cy and p > 0.
Therefore both stable and unstable cones persist for all c_ # —c, , so
that the point of connection between them exchange of T-singularity
following the fixed point saddle from the exchange of the signal of
c— + c4. In addition, when ¢ = —c; and p > 0 the vector fields

Ff{ and F, are anti-collinear at the regular T-singularities, since

F:(i\/ﬁv 0, O) = _F;(i\/ﬁa 0, O) = (C+7 1, —u),

so that a bifurcation occurs and the unstable and stable invariant
cones (hyperbolic) give way to the unstable invariant ellipsoid (non-

hyperbolic) connecting the two T-singularities.
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We have seen in this section that the system does not
present isolated pseudo-equilibrium point in the sliding regions and
also fixed point in the crossing regions. In this case, both sliding and
crossing dynamics are governed only by T-singularities when they ex-
ist, such points being the equilibria of the planar sliding system and

also of the first return map. If in system (6.24) we added terms of
+

> we can find

higher degree in the components of the vector fields F
pseudo-equilibrium points in the sliding regions and fixed points in the

crossing regions. Such facts will be discussed in the following sections.

6.4 Two-parameter sliding bifurcations

Let us now see the bifurcations in the sliding vector field associ-

ated with the canonical form given in (6.8)-(6.10).

6.4.1 Equilibria of the sliding vector field

The dynamic behaviour of the system at z = 0 is described
by a sliding vector field, namely
(f 7 = 5 17) (@)
0

s 1
F*(z,y,0) = L(z.y)

where ff(xuy) =C +p1(3373/70)7 f1+($7y) = C2 +p2(x7ya0)7 f{(-’ﬂ,y) =
-1+ Q1(x,y70)7 f;(:c,y) =1 +q2(x7y30),
fS_(xay) =é&1 (,u‘iyil‘2 +”"1(‘ra/y70)) )

f?j_(x7y) = &2 (_k,u —y+ k’l‘2 + TQ(xay7O)) s

and L(ﬂ?,y) = (f?j - f;) ($7y> = (51+k52)ﬂ_(1+k)$2+81’r‘1($,y,O)_
527'2(1'7:%0)' As f;(xay) = LE;Lh(:L'7y70) and f;(l’,y) = L;“h(xay70)v
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then we have L(z,y) < 0 for all (z,y,0) € %, L(z,y) > 0 for all
(z,y,0) € ¥4s and L(x,y) = 0 only for (z,y,0) € T4 N T,ﬂ

Following the standard analysis we take the first two components
of F* multiplied by singularity L(z,y) > 0 and write a two-dimensional

system given by

dx

= s i =5 10) (), (6.48)
% = (fs f = f5 f2) (), (6.49)

@dt, which has the same phase portrait that F* in

Yas- To simplify, let us consider the system ([6.48)-(6.49) defined in
the whole R2, looking for the possible equilibria bifurcations near the

where dr =

origin. We recall that for the repulsive sliding dynamics (in X,s) we
must take the equations (6.48)-(6.49) with reversed time.

It is important to remember that for p > 0 there are two points of
double tangency in the system , and these points, with reduced co-

ordinates, are equilibria of planar sliding system ([6.48))-(6.49)), because
f3 (z,y) = fi (x,y) = 0. We denote such equilibrium points by p*, so
that p*(u) = (2* (1), = (). For any p > 0 and small, coordinates of

pT in (z,y)-plane can be expressed by (6.12)-(6.13)), as calculated in
the previous subsection (see Proposition . Then, for g4 = 0 there

are two equilibria colliding at the point (0, 0).

Remark 6.4. We define here a new parameter,
v=cy+cy, (6.50)

where ¢y is considered fized and co is a parameter that can be disturbed

m system , as well as .

We will show below the necessary and sufficient conditions to

have a third equilibrium at (0,0) such that for a small disturbance in

2The others possible zeros of the L function are located in crossing regions, not
being important in this moment for the sliding dynamics.
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vector of parameters (v, ), from the critical value (v, u) = (0,0), this
equilibrium is moved (smoothly) from the origin to some point near of
the origin.

We denoted by (Z(v, i), y(v, ) the equilibria manifold, which
fulfills (2(0,0),%(0,0)) = (0,0) and equations

do(V)p + dipZ + dia(p,v)y + O(2) =

0
dl,u + dgluf + doo (,u)ﬂ—!— 0(2) 0, (652)

where

do(v) = c1(eak — &1) + e1v,

dl =£&1 — Egk‘,

Op2 Op1
d11—€13x( ) te ek (0),

g2 oq
d21—€1a()+ 2k0()

0 0
dia(v, ) = ( 61;2 (0) 4 2k ;;1 (0)) w—erv +ci(er +e2),

daa(p) = —(e1 +e2) + <z—:1aaqy2(0) + Qk%qyl (0)) 1

Equations (6.51))-(6.52)) is obtained from the (6.48))-(6.49)), doing

(gf, gf) (0,0). We are presenting only the linear terms, but we also
consider the quadratic and cubic terms.

Since da2(0) # 0, then we can apply the implicit function theorem
at (Z,y, 1) = (0,0,0) to the equation (6.52]), which does not depend on

v, we can assure for any solution with |(Z, u)| small the expansion

~ €1 —Egk

y= mu+0(l(iau)l2)- (6.53)

After, we substitute (6.53) in the equation (6.51)), getting

apy + kW)pE — avd® + o(v)p® + O(|Z, p)|*) =0, (6.54)
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o e1e2(1 + k) >0,
€1+ €2
5(0) = a <3(p16;: ) 0) + 018((]18; q2) (0)> ’
(0) = aill—f;k (3(1716;- p2) (0) + Cla(qla_;; q2) (0)) _

Assuming ko = @ # 0 and p # 0, we can apply to (6.54]) the implicit
function theorem at (Z,v,u) = (0,0,0) to solve for z. Therefore, we

get
. 1
B, p) = v —oop+ O(|(v, W), (6.55)

where oy = %. The corresponding y(v, u)—coordinate is directly

obtained by substituting (6.55]) in equation (|6.53)), namely

& — g9k

y(v, ) = p—— p+O(|(v, w)?). (6.56)

For the case 1 = 0 the equation (6.54)) is is reduced to
—av + (V)T + O(F%) = 0,

such that n(0) = —x(0). Thus the coordinates (zZ(v,0),y(v,0)) can be
directly obtained from (6.55|) and (6.56]) with p = 0.
Remark 6.5. If e = exk and v = 0, then (z(0,u),y(0, 1)) = (0,0)

for all p, because

Cc1 —C1
- _ + _
F,(0)=| -1 and F(OM(O) = 1
eakp —eokp

are anti-collinear, being also transversal to 33 for u # 0 or tangent when

n=0.

We denote by p(v, 1) = (Z(v,1),y(v, 1)) the equilibrium point
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whose coordinates in (z, y)-plane are expressed by (6.55))-(6.56)). There-
fore, if the condition

d(p1 + p2)

Ko = T(O) +C1

I(q1 + q2)

5 (0) #0 (6.57)

is satisfied, then system (6.48)-(6.49) has at least three equilibrium
points: p* with coordinates given in — and defined for all
1 > 0; and also p, with coordinates given in — and defined
for all (v, ) in a neighborhood of (0, 0).

The following lemma summarizes the stability results of the equi-

libria of (6.48)-(6.49). We consider 7% and ji defined by
7 (k) = £roy/i + O(u)

for © > 0 and
1
a(v) = ?ﬁ +0®W?). (6.58)
0

Lemma 6.1. On the equilibria stability of system (6.48))-(6.49).

(al) If v > v (u), then p~ is a saddle equilibrium. If v < vT(u), it

s a stable node equilibrium.

(a2) If v < v~ (u), then p* is a saddle equilibrium. If v > v~ (u), it

s a stable node equilibrium.

(a3) Suppose kg > 0 (resp. ko < 0). If p < f(v), then p is a stable
node equilibrium (resp. saddle). If p > fi(v), it is a saddle (resp.
stable node).

Proof. We already know the equilibria of the planar sliding system
(16.48)-(6.49). We then proceed to the analysis of the hyperbolic stabil-
ity of these equilibria.

From the Jacobian matrices of (6.48])-(6.49)), denoted by J and
applied at the equilibria p* (existing only for p > 0), we get the equa-
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tions of the determinant and trace, namely

Det[J(pF)] = 2e162(1 + k) /it [2v + (k0 + m10) /i ] + O(u?),
Te[J(5%)] = —(e1 + 2) + O(u?),

respectively. Note that the trace is negative and that the eigenvalues
are real (since Tr[J(pT)]? — 4Det[J(p*)] > 0) in a neighborhood of
(0,0), in the (v, u)-plane of parameters. Applying the implicit function
theorem at (v, 1) = (0,0) to equations Det[J(pT)] = 0, we can assure
for any solution with || small, the expansions v = T (u) = Fro/1t +
O(p). Moreover, for v < v (u) (resp. v > v (u)) and p > 0 we
get Det[J(p~)] > 0 (resp. Det[J(p~)] < 0). Analogously, for v >
v (p) (vesp. v < v~ (p)) and p > 0 we get Det[J(pT)] > 0 (resp.
Det[J(pT)] < 0). From this, it is easy to see that the statements (al)
and (a2) of the Lemma are true.

For the equilibrium point p, the equations of the determinant and

trace are approximate in a neighborhood of (v, 1) = (0,0) by

- 1
Det[J(p)] = —e182(1 + k)ko (u — H21/2) + 8110 4 Soop® + O(|(v, y)|3),
0

Tr[J(p)] = —(e1 +€2) + O(v, ),

respectively. Note that, just as pT, the trace is negative (g1 + 2 > 0)
and the eigenvalues are real. Applying the implicit function theorem at
(v, ) = (0,0) to equation Det[J(p)] = 0, we can assure for any solution
with || small, the expansion p = a(v) = HigVQ + O(v3). Supposing
ko < 0, then: (i) for p < f(v) we get Det[J(P)] < 0; and (ii) for
> i(v) we get Det[J(p)] > 0. The case ko > 0 has determinant with
opposite sign. From this, it is easy to see that the statement (a3) of
Lemma [6.1] is true. O
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6.4.2 Bifurcations Analysis

In previous subsection we have analyzed the conditions of exis-
tence and stability of the equilibria p* and p. From this, we can
conclude about the bifurcations in system (6.48])-(6.49)), as follows:

(bl) The equilibria p* () are defined only for y > 0, and p*(0) =
p(0) = (0,0), Det[J(0,0)] = 0 and Tr[J(0,0)] < 0. If & > 0 and
v < 0 (resp. v > 0), then p~ is a stable node (resp. saddle) and
p' is a saddle (resp. stable node). If v = 0, then both equilibria
are saddle for p > 0.

(b2) Assume v < 0 (resp. v > 0). The equilibria p~(u) (resp. p*) and
p(v, u) are defined for all i in a neighborhood of p = fi(v), so that
B (i(1)) = Blv, (1)) = (~v/#0,0)+O(1?), Detl.J(5)] = 0 and
Tr[J(p7)] < 0. If u < fi(v), then p~ (resp. p*) is a stable node
and p is a saddle. If u > fi(v), then p~ (resp. p™) becomes a
stable node and p becomes a saddle.

(b3) Suppose v = yu with v an any constant. For > 0 we have that
pT are saddle equilibria, separated by p which is a stable node
equilibrium. For p = 0 these equilibria collide, so that pT(0) =
p—(0) =p(0,0) = (0,0), Det[J(0,0)] = 0 and Tr[J(0,0)] < 0. For
i < 0 the equilibria p* disappear, while p persists and becomes
a saddle.

From the statements listed above, it is clear that a Saddle-Node
bifurcation occurs for ;4 = 0 and a Transcritical bifurcation occurs for
u = f(v), whenever v # 0. A combination of these two bifurcations
occur for (v, ) = (0,0), so that if we fix v = yu, from the variation of

the p-parameter a Pitchfork bifurcation is observed at p = 0.

The set of bifurcations in the (v, u)—plane of parameters, shown
in Figure for the case kg < 0, summarizes the results about the
bifurcations in system (6.48])-(6.49)), assuming ||(v, )| small. The green
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and brown lines indicate the Trancritical bifurcation (Tb) and Saddle-
Node bifurcation (SNb), respectively. The black point at the origin
indicates the Pitchfork bifurcation (Pb). The (v, u)—plane is divided
into four regions around the origin, such that for each one we illustrate
the dynamics involving the equilibria of —. In these phase
portraits the blue point represents the equilibrium p, while the red

points represent the equilibria p~ (on the left) and p™ (on the right).

Figure 6.11: Bifurcations local set.

6.4.3 Stability at the pseudo-equilibrium point

The equilibrium point p(v, ), of the planar sliding system (6.48])-
(6.49), composes the first two coordinates of the pseudo-equilibrium
X(v, p) of system (6.8).

Theorem 6.3. Assume kg # 0 and that ||(v, p)|| < & with & arbitrarily
small. System has at x = (p,0) a real pseudo-equilibrium point if
w# a(v). Suppose kg < 0 (resp. ko > 0). If p > f(v), then X € gy
and is a stable pseudo-node (resp. pseudo-saddle). If u < p(v), then

X € ¥, and is a pseudo-saddle (resp. unstable pseudo-node).
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Proof. Since

Lp-h(x(v,p))  =a(p— @) +niwp+nop® + O(3)
Lpr hX(v,p) =—a(p—av)) +ngvp +nap® + O(3)

(v,p)

with fi(v) given in (6.58), a > 0 defined in previous subsection and
n; any coefficients, we can make the following statements. There is a

neighborhood of (0,0) in the (v, u)-plane of parameters, where:

(i) R(v, 1) € Sy (1) for 1> ilv);

(ii) x(v, p) € Eys(p) for p < fi(v).

Comparing the results listed above with the item (a3) of the Lemma
it is easy to see that item (c) of the Theorem[6.3]is also true. Recall

that when the pseudo-equilibrium is in the repulsive region, its stability

is the opposite to that found from system (6.48])-(6.49). O

Therefore, for p = p(v) the system undergoes a pseudo-
equilibrium transition from ¥,s to ¥, (or vice-versa). Moreover, the

transition point is a regular T-singularity of coordinates

X (1) = (p* (1), 0)

(or X () = (p~(u),0)) if v # 0. In the degenerate case p =v =0, a
collision between the pseudo-equilibrium and the pair of T-singularities
occurs, so that for o > 0 the pseudo-equilibrium is in the attractive
sliding region and for p < 0 it is in the repulsive sliding region.

Figure shows a particular case, for e; = ek, v = 0 and
assuming ko < 0. In this case, for © > f(0) = 0 the origin is a stable
pseudo-node in ¥,g, and a pseudo-saddle in ¥, when p < 0.
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(=}

Figure 6.12: Topological configurations on ¥ induced by the pitchfork slid-
ing bifurcation.

6.5 A case study on crossing limit cycles

Let us now, by a simple example, apply the results of the previous
section with respect to sliding bifurcations. From this, we associate such
bifurcations with the birth of a limit cycle without sliding parts, that
is, a crossing limit cycle (CLC).

The system used for the analysis is given by

Fo(x), if 2 <0
w—d Fulo), itz <0 (6.59)
F/, (x),ifz>0
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with
1/4 v—1/4—ax
—(x) — + _
F;,L (X) - -1 ’ Fu,l/<x) - 1 ’
—y—22+pu —y—az+22—p
where x = (x,y,2) € R3, dependent on real parameters v, p and

a. Note that belongs to the family of systems with two T-
singularities given in —, already written in the canonical form.
Thus, in a neighborhood of the origin the topological configuration of
at z =0 is as in (6.8)-(6.10). Then for > 0 and small, system
has two regular T-singularities at points X% (p) = (£,/g,0,0)
and, at X(0) = (0,0,0) there exists a 1-degenerate T-singularity.
Moreover, the tangency lines T4, the sliding regions ¥, and 3,5, and

the crossing regions X1 and 3, are defined as in (6.25), (6.26), (6.31),

(16.32)),(6.33]) and (6.34)), since the third component of the vector field
in (6.59) and (6.24) are identical at z = 0.

6.5.1 Pseudo-equilibrium transition from >, to X,

The system ([6.59) has a pseudo-equilibrium point at X(v) =
(v/a,0,0) if, and only if, a # 0. This pseudo-equilibrium is real when-

ever Z—z — p # 0, since thus the vectors

F,(x(v)) = -1 and FS (0)= 1

) (v,m)
—a T h @ M

PN

1
4

are anti-collinear and also transverse to X. The existence condition
of pseudo-equilibrium point is also calculated from the coefficient kg
defined in , getting ko = —a # 0. So, we can applied the Theorem
to the system (6.59)), to obtain the stability and position of the

pseudo-equilibrium point as follows:

i) Case kg = —a < 0: For u > fi(v) = v*/a® the point X(v) is
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a stable pseudo-node belonging to ¥, while for p < v?/a? the

point X(v) is a pseudo-saddle belonging to %,;.

ii) Case kg = —a > 0: For p > v?/a? the point X(v) is a pseudo-
saddle belonging to X, while for u < v?/a? the point X(v) is an

unstable pseudo-node belonging to ¥,;.

A transcritical bifurcation in the sliding dynamics occurs for all
v # 0 and pu = v%/a%. There are two bifurcation branches, as shown in
Figure with equations vy = Fa,/p, for > 0. This bifurcation is
related to the pseudo-equilibrium transition from 3,5 to X5 (or vice
versa), being the transition point an equilibrium of the sliding dynamics
located at one of double tangency points X*(u) = (+,/z,0,0). Since
the double tangency points are invisible two-fold, then, from the tran-
scritical bifurcation in the sliding dynamics, arises a CLC. In this case
we say that undergoes a T'S-bifurcation for p = v?/a® whenever

v #0.

Example 6.1. Supposing a = p = 1, then a TS-bifurcation occurs
when v = —1 and also when v = 1. Figure[0.13 shows a TS-bifurcation
scenario in the system , where for v = —0.5 > —1 the pseudo-
equilibrium X belongs to 3,5 and is stable (pseudo-node), being moved
to X5 when v = —1.1 < —1 and so becoming unstable (pseudo-saddle).
Along with the pseudo-equilibrium in X,4, arise in the state space of
a CLC with stable dynamics. For v = —1 occurs x(—1) =
X (1) = (-1,0,0), so that the T-singularity point becomes a local at-
tractor of , revealing the stable nature of the CLC that arise from
this point for v < —1.

A pitchfork bifurcation in the sliding dynamics occurs for (v, u) =
(0,0) whenever it is possible v = ~ypu, for an any constant 7. Such
a bifurcation destroys (or creates) the attractive sliding region X,
causing a pseudo-equilibrium transition from 3,5 to X, (or from X,
to 3gs). Here the transition point is a trivial equilibrium of the sliding

dynamics located at a double tangency point classified as 1-degenerate
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Figure 6.13: Simulation of system in the states space and with
parameters a = p = 1: An example of the TS-bifurcation. Green points are
T-singularities, purple point is a pseudo-equilibrium and blue cycle, in figure
(a), is a CLC.

T-singularity of system (6.59).

Example 6.2. Supposing v = 0, then for all p < 0 the phase portrait
of has an unique pseudo-equilibrium point, located at X(0) =
(0,0,0) € X,s and with saddle dynamics if a > 0 (or unstable node if
a < 0). In addition, there are no double tangency points and, conse-
quently, there are no T-singularities and also attractive sliding region
Yas- When =0 the vector fields of become anti-collinear and
tangent to X at the origin, so that the created double tangency point at

the origin is classified as 1-degenerate T-singularity. Continuing, for
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(a)a=1>0 (b)a=-1<0

Figure 6.14: Simulation of system (6.59) in the state space: Examples of
the Double TS-bifurcation. Green points are T-singularities, purple point is
a pseudo-equilibrium and blue/red (stable/unstable) cycles are CLCs.

w > 0 the origin returns to be a pseudo-equilibrium, but now belonging
to Xus and with stable node dynamics if a > 0 (or saddle if a < 0). With
the disappearance of the 1-degenerate T-singularity and the appearance

of two regqular T-singularities, the attractive sliding region Y.s finally

emerges in X. See Figure[6.1)
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The bifurcation that occurs in the system when (v, ) =
(0,0) is named here as Double T'S-bifurcation. For both examples, a =
1 >0and a = —1 < 0, we see in Figure the birth of a CLC.
Such a CLC bifurcates from the 1-degenerate T-singularity and emerges
around the X, (resp. X45) for 4 < 0 (resp. p > 0), in the case a > 0
(resp. a < 0).

6.5.2 Analysis of limit cycles created from the
TS-bifurcation

We use the method proposed in Chapter [4] to prove the existence
and stability of the CLC, local to its birth and assuming the parameters
a = pu = 1. In addition, only one case is considered, which involves the
T-singularity located at point X~ (1) = (—1,0,0), as in the example
shown in Figure [6.13]

System is rewrite in the canonical form according to Sec-
tion of Chapter [4] and the coefficients required for the analysis are

calculated. We have listed below such coefficients:

. — 1+4v . _16(1+v)
T /BG4 3(5+ 4v)’
o =565, p =3.55.

Following Theorem of Chapter 4] a bifurcation occurs for e(v) = 0,
ie., for v = —1, since vy (—1) < 0. Moreover, for any v such that
—5/4 < v < —1, the constraint pe > 0 is satisfied. Therefore the CLC
arises in the phase portrait of for v < —1. Since ¢ > 0 and
0 < 8p < 02, the CLC is born with stable node dynamics. The stable
CLC bifurcates of the T-singularity point at (—1,0,0) when v = —1
and, exists to v < —1. This analysis is local, so that the obtained
results are taken close enough to the bifurcation point, that is, for all
v such that |v + 1| < ¢ with ¢ > 0 arbitrarily small.

We recall, as seen in the previous subsection, that for v = —1 a
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Transcritical bifurcation occurs in sliding dynamics, associated to the
pseudo-equilibrium transition from ¥, (for —1 < v < 1) to X, (for
v < —1). Simultaneously, a bifurcation of the Bogdanov-Takens type
for maps occurs in the crossing dynamics, giving rise to two fixed points
for v < —1, one in I} and the other in X7, indicating the presence of

a CLC.

6.5.3 Analysis of limit cycles created from the
Double TS-bifurcation

In the following we analyze the stability and existence of CLCs
bifurcating from the 1-degenerate T-singularity point of system .
We set v = 0 to place the pseudo-equilibrium at the origin.

We consider an orbit of system through the point xo € ¥
such that for ¢ = ¢; > 0 the orbit transversally returns to ¥ at the
point x; € ¥7. And its continuation through the point x; € X7 such
that for ¢ = t3 > 0 the orbit transversally returns to ¥ at the point

x5 € XF. See Figure

Figure 6.15: Determining the first return map.
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Solution of x = F:LO(X) with initial condition (zg,yo,0) € X7 is

w1
‘T(t) = Zo€ ¢ + Zq(t)a

y(t) =t + yo,
efat a

2(t) = p(t) = 5= la(t) + t]wo +q(t) [yo+p—e tag],

where
(1) = 1+ 16a(1 — at) — 2a(8 + t)e~ " — e—2at
P = 16a° ’
and et 4
e
t P
q(t) P

Suppose thereisat = ¢; > 0such that (z(¢1),y(t1), 2(t1)) = (z1,31,0) €
Y. Then a half-return map is defined by (x1,y1) = Py (x0, Yo, t1) with

1
T = $067at1 + Zq(t1)7 (660)

Y1 = t1 + Yo, (6.61)

0= f(xo, yo,tl) = q (662)

for all t; = t1(x0,y0) > 0 fulfilling the third equation.
The division by ¢(t1) in the equation (6.62)) eliminates the trivial

solution t; = 0, since ¢(0) = 0. In this case f(xo,y0,t1) = 0 is not
defined at ¢; = 0 and lim;, o+ f(20,%0,%t1) = 0 only if yo — x3 — u,
leading to x1 — x¢ and y; — yo. Therefore, all (zg,y0,0) € T4 C Ty
(Y4 is the set of invisible folds to F;,o) is a non-isolated fixed point for
the Pi-map.

The P, -map satisfy the conditions of involution (see [IT6]) at T,
since

Py (o, 25 — 11,0) = (o, 25 — ),
P2 (0,40,0) = (z0, o),
lim Det[DP,(zg,y0,t1)] = —1.

tl—)0+
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This is an important property that should be checked. Here, DP,

denotes the Jacobian matrix calculated by

OP.(ps)  OP4(po) Of (o) <6f<Po>)_1, (6.63)

DPy(po) =
+P0) = Gme) Ot B(zege) \ Ot

where po = (20, Yo, t1) and

P (po) _ [emats O]

8(x07y0) N L 0 1
8P+(p0) _ [ 1 —at T
Ttl = _716 1(1 —+ 4(11’0) ].:| 5
9f(Ppo) [e—ots ¢ 1
= [e L= agg) 1],
d(wo,y0) L 2 <1_e_a’l “ xo) }
Of(po)  —4(1 + 2ax0)(1 + 4azg) + 16ae** 4 (1 + 4axg)?e "
oty 16a(estr —1)2

n 2 + 8a(wg — 2aty — 2) — 2at1(1 + 4axg) + (1 + 4azg)?
16ae—t (et — 1)2 ’

Solution of X = F (x) with initial condition (z1,y1,0) € X7 is

1
x(t) = Zt—i—xl,
y(t) =—t+y,
Lg 1 2 2
z(t) = —4—875 + 1(2 — 1)t — (y1 + a7 — p)t.

There exists a t = to > 0 such that (x(t2),y(t2), 2(t2)) = (z2,y2,0) €
T, given by

ty =6(2—a1) — 2\/5\/12(1 —x1) — 2] — 4(y1 — p),

2
whenever y; < 3(1 — 1) — % + p. This to = ta(x1,y1) determines the

time spent by a trajectory, starting at z = 0, to return to the z = 0.
We called of return time or flight time. To simplify the calculations,

we leave the P_-map dependent on the return time ¢5 > 0.
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2
Given (x1,y1, 1) with g — 23 <y <3(1 — 1) — % + p, there is
at =ty > 0 such that (z(t2),y(t2), 2(t2)) = (w2,y2,0) € XF. Then a
Half-return map is defined by (x2,y2) = P_(x1,y1,t2) with

1
To = th + xq, (664)

Y2 = —ta +y1, (6.65)

1 1
—t2 4= (2 — 2ty —y1 — 23 + 41, (6.66)

0=g(x1,y1,t2) = I8

for any to = ta(x1,y1) > 0 fulfilling the third equation and (z1,y1, 1)
2

fulfilling the constraint p — 2% < y; < 3(1 — 1) — % + p. In this

case g(x1,y1,t2) = 0 is defined at t2 = 0 and g(x1,y1,0) = 0 only
if y3 = —a? + u, leading to 2 = z; and yo = y;. Therefore, all
(r1,91,0) € Y- C T (Y_ is the set of invisible folds to F) is a

non-isolated fixed point for the P_-map.

Matrix DP_ denotes the Jacobian matrix calculated by

_9P_(p1) _ 9P_(p1) dg(p1) (dg(p)\™"
Dpf(pl)_a(xl,yﬁ_ Oty 3(%,2/1)( Ota )  (667)

where p1 = (21,91, t2) and

OP_(p1) _ |1 0 8P_<p1):[; _1}7”
6(‘r1ay1) 0 1 7 at2 *

d9(p1) _ [ 4 g(p) 1 ..
a(xl,yl)_[_Z_le _1}’ Ots = 9712~ t2 = 621)

The P_-map is a involution at Y _, since

P*(xlv_m% + i, 0) = (1‘1,—1'% +/f“)v
Pz(xhylao) = (xbyl)a
DCt[DP_(l‘l,yhO)} =—1.

Based on the conditions stated above, we can ensure that there is
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an open set Dy C X in neighbourhood of (zg, y0,0) € X1 and Iy C &7
in neighbourhood of (z1,y1,0) € X7, where for all (z¢,y0,0) € Dy
there is an unique t = t; > 0 such that Py (xo,y0,t1) = (z1,y1) with
(z1,y1,0) € Iy. Analogously, we can ensure that there is an open
set D1 C X7 in neighbourhood of (z1,y1,0) € 7 and I; C X7
in neighbourhood of (z2,y2,0) € I}, where for all (z1,y1,0) € Dy
there is an unique t = t3 > 0 such that P_(x1,y1,t2) = (z2,y2) with
(z2,1y2,0) € I1.

In addition, we can establish (x¢, yo,0) € 3} and (z1,31,0) € X,
such that the points in Dy and D; are crossing points. So, assuming
Iy C D; we define the function that describes the first return map
P : (Dy,T)— I, by composition P = P_ o P,, where T denoted the

set of values possible for (t1,t2). The first return map P is obtained by
zoe” " + L (aty + e — 1)

P(x0,90,t1,t2) = : (6.68)
Yo +t1 — t2

0= f(:l?o,y(),lfl) (669)
0 = g(z1(wo,t1),y1 (Yo, t1),t2) = g(x0, 0, t1,t2) (6.70)

for all (zg,y0,0) € Dy and (t1,t2) € T.

A point (Zo,7o) is a fixed point of P-map if there are ; =
t1(Zo,Yo) > 0 and ty = t2(Zo, Yo) > 0 satisfying the equations —
(6.70), such that (%o, o) = P(Zo, g’/\o,a,i}). Trivial fixed points occur
for t; = t» = 0 and are located at the intersections of the tangency
lines T and 7_. More precisely, if g > 0 there are two trivial fixed
points, located at the regular T-singularities of coordinates (£,/1,0,0);
if ;4 = 0 there is only one trivial fixed point, located at the 1-degenerate
T-singularity of coordinates (0,0,0); and if g < 0 there are no trivial
fixed points. In fact, since P(zg, yo,0,0) = (2o, Yo),

Jim f(@o, yo,t1) = yo — x5+ =0,

g(x07y03070) = —Yo — $(2) +u= O,
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that is, the trivial fixed points have coordinates (,/z,0) and (—,/x,0),
whenever g > 0. Any other fixed point (Zg, yo) of P-map, with >0
and fo > 0, must meet (Zo,%0,0) € XF. Such a fixed point in the

crossing region indicates the presence of a CLC in the phase portrait

of system ([6.59)).

Remark 6.6. If (Zo, o) is a fized point of the map P = P_ o Py and
X0 = (T0,90,0) € XF, then Xo is a crossing point of the CLC with
the plane z = 0. Consequently, (Z1,71) is a fixzed point of the map
P = Py o P_ such that X1 = (%1,11,0) € X is the another crossing
point of the CLC with the plane z = 0.

Proposition 6.5. We defined the set

Q={(a,7) €R?:7>0,a#0,¢1(a,7) <0 < Pa(a,7)},

where
1 1-8a 1+em
=—— 6.71
i) = -2+ Ba(l—eor) | T T6(e —1)2" (6:71)
3 14 2e7
¢2(a,7) =24 + a + w'r (672)
For each (a,7) € § there is a p = [i(a, ), where
6+ a(48 4+ ar?) — 3a(1+8 th[%r
Aa,7) = a( at?) — 3a( a)Tcoth[% ]7 (6.73)

96a2

so that the phase portrait of system (6.59) has a CLC transversely in-
tersecting the plane z = 0 at the points Xg = (To,Yo,0) € XT and
ﬁ1 = (51727170) € Xy

c

with coordinates expressed by parametric equa-

tions
. 1+ (a7 —1)e*”
= .74
Zo(a, ) Ja(em —1) (6.74)
48 — 3(1 — 24 —at? — 4e%7 (24 + 24 2
dola,7) = 8 —3( a)T —ar €™ (24 + 24at + at )+ (6.75)

96a(e®™ —1)2
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€297 (48 4+ 3(1 + 8a)T — at?)
96a(e®™ —1)2 ’

Zi(a,7) = —7/4+ Zo(a,T), (6.76)
n(a,7) =174+ 7o(a, 7). (6.77)

Proof. Assume that for given a # 0 and p the system has a
CLC transversely intersecting the plane z = 0 at points X; € ¥, and
Xo € XF, with return times t1 > 0 and 75 > 0 in the zones z > 0 and
z < 0, respectively. Then, the values Zo, Jo, Z1, U1, {1 and ¢y satisfy

the closing equations

(z1,91) = P(20, Y0, 1),
0 = f(o0,Y0,t1)

(20, 90) = P—(z1, 91, t2),
0=g(z1,y1,t2).

Note from (6.61)), (6.64) and (6.65)) that t; = to = y1 —yo = 4(xo — 1).

Then we deﬁned T = t1 = t2 and consequently T = —7/4 + Tp and

Y1 =T+ yg. We use 7 > 0 as auxiliary parameter and we solve the

equations
Fo — 17 = Foe ™7 + 2q(7)
To— —T = Xge -
0 47 0 41177
p(7) 6‘”[ T }A i
0= - 14 To+yo+pu—e Vg,
q(t)  2a q(7) ’
1 1 ~ 2~
0:7£T +4(x072)7'7y0—z3+u,

to (xo,yo, 1) and so we get the searched solutions (6.73), (6.74) and
, defined for @ # 0 and 7 > 0. The constraint Xy € Zj is vi-
olated when Ly h(Xp) = 0 and the constraint X; € ¥, is violated
when LFI’Oh(ﬁl) = 0. So, to have Xy € I} and X; € X, is nec-
essary LF:oh(ﬁl) <0< LF;h(ﬁo). As LF;h(ﬁo) = J5¥2(a, ) and
LF;Oh(;(l) = 91(a,7), then Xg € B} and X; € 3 for all @ # 0 and
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7 > 0 fulfilling 91 (a,7) < 0 < ¥3(a, ). Therefore, for each (a,7) € Q
there is a 1 = fi(a,7) (see equation (6.73))) for which system
presents a CLC in its phase portrait. All CLC has period 27 and
transversely intersect the plane z = 0 at the points X; € X_ and
Xo € X, whose coordinates are expressed by parametric equations

c

(6.74)-(6.77). O

-1 -08 -06 -04 -02 0 1/8 04 06 08 1
a

Figure 6.16: Q-Domain of CLCs in the (a,7)-plane. Regions 1, 2, 3 and 4
are demarcated by solid lines. The curves of green and blue color indicate
a non-standard homoclinic bifurcation, denoted by HC™ and HC™, respec-
tively; the curve of orange color indicates a saddle-node bifurcation, denoted
by SN; the horizontal black line indicates a double TS-bifurcaton, denoted
by DTS.

The set ) defined in Proposition [6.5]is geometrically represented
in the (a,7)-plane of the Figure from the regions 1, 2 3 and 4,
including the borders 2-3 and 3-4. The regions are defined by

Oy ={r>0,a<0and ¢ (a,7) <0},

Qy ={7>0,a>0, ¥s(a,7) > 0and ji(a, 7) > 0},

Q3 ={r>0,a>0, ¢2(a,7) > 0and fi(a,7) <0 < g—u(a,ﬂ},
T

o~

Q={r>0,a>0, and g—'u(a,T) < 0},
T
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and, its borders, are defined by

HCT ={r>0,a<0 :¢1(a,7) =0},
HC™ ={r>0,a>0 :¢(a,7) =0},

~

SN={r>0,a>0 :g—T(aﬂ'):O}.

In Figure for any point (a,7) taken in regions 1, 2, 3 and 4,
including the borders 2-3 and 3-4, there is a CLC. For any point (a,7) on
the green curve, of equation v (a, 7) = 0, the CLC touches the tangency
line T at a visible fold point and then appears a type of homoclinic
loop which is associated with the vanishing (or birth) of this CLCEI For
any point (a,7) on the blue curve, of equation 13(a,7) = 0, the CLC
touches the tangency line T_ at a visible fold point and then appears
a type of homoclinic loop which is associated with the vanishing (or
birth) of this CLCﬂ For any (a,7) on the red curve occurs fi(a,7) =0,
being i1 < 0 in regions 1 and 2 and &z > 0 in 3 and 4. For any point

(a,7) on the orange curve we obtain %(G,T) = 0, that is, this curve

indicates a saddle-node bifurcation of CLCs.
We assume (a,7) € Q@ = Q UQ U3 UNLUSNB. The Jacobian
matrix of (6.68]), denoted by DP, is defined by

DP(a,7) = DP_(p1(a, 7)) - DP(Po(a,T)),
where
ﬁl(aa T) = (/33\1 (a7 T)7 0 (a7 T)7 7)

and
ﬁO(ar T) = (?‘U\O(av T)a gO(av T)a T)'
Matrices DP, and DP_ are given in (6.63)) and (6.67)), respectively.

We denote by pj2 the eigenvalues of DP. It is easy to numerically

verify the following statements.

3The fixed point (z1,y1) leaves the region X2 by a visible fold point at T’ .
4The fixed point (xg,yo) leaves the region pony by a visible fold point at T_.
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(a) For all (a,7) € Q the eigenvalues p;2(a,7) are real, ie., CLC

with saddle or node dynamics.

(b) For all (a,7) € Q1 we obtain p1 2(a,7) > 1, i.e., unstable (node)
CLC.

(c) For all (a,7) € Q2 U Q3 we obtain pi(a,7) < 1 and pa(a,7) > 1,
i.e., unstable (saddle) CLC.

(d) For all (a,7) € £y we obtain p12(a,7) < 1, i.e., stable (node)
CLC.

(e) For all (a,7) € SN we obtain pi(a,7) < 1 and pa(a,7) =1, ie.,
semi-stable (saddle-node) CLC, created by the collision between
a CLC of the stable node type and other of the saddle type.

(f) For any a # 0 we obtain lim, o+ p12(a,7) = 1.

Example 6.3. There is a stable (node) CLC in system when
v=0,a=1 and p = —0.1, as shown in Figure . We solve nu-
merically the equation [(1,7) = —0.1 and we find T = 1.71 as unique
solutiorﬂ Consequently, we obtain the eigenvalues p;(1,1.71) = 0.18
and p2(1,1.71) = 0.37. So, this CLC has dynamics of the stable node
type. The same can be done to verify the stability of the CLC shown
m Figure now for a = —1 and p = 0.5. In this case we

find T = 3.49 as unique solution and, consequently, the eigenvalues
p1(—1,3.49) = 14.3 and p2(—1,3.49) = 34.7. So, this CLC has dynam-
ics of the unstable node type.

From the branch solutions

5(1(7—) = (-/T\O(a" T)a /y\O(a” T)a i‘\1 (@, T)7 ?/J\l (0'7 T)v //Z<Q7 T))7

dependent on the parameter a # 0, we calculate lim,_,g+ £, (7) =
(0,0,0,0,0). So, when 7 — 0% the CLC is approaching its point of
birth, located at the point (0,0,0) € ¥ for 4 = 0 (i.e., located at the

5 Approximated values of 7 and p12.
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1-degenerate T-singularity). We assume |u| small, then a CLC is born
foru>01fa§%andfor,u<01fa>é,since

lim fi(a,7) =0,
o, (e, 7)

: 4
1 —_— =
Jim, e =0
o*n 1—8a
1. _— =
im (a,T) 96

r—0+ OT2

4/\
lim 22 (1/8,7) =

> 0.
r—0+ Ot

1
15360

But until when the CLC persists, ie, what is the interval for p such
that there is a CLC? Is there only one, or can there be more than one

CLC simultaneously for same p value?

In order to answer this questions asked above, let us look at Figure
6.16, Taking a < 0 there is a 7 = 7Ty4.(a) satisfying 1 (a, Tmaz) = 0,
so that 7,4, — 00 when a — 0~ and for a — —oo0 we have T,q.(a) —
16. So, if a < 0 for all 7 fulfilling 0 < 7 < Tyaee(a) there is a CLC
defined. This CLC is unique since fi(a,7) > 0 and %(am) > 0 for all
(a,7) € Q1. In this case, if a < 0 then there is only one CLC for all
€ (0. 11g+ (@), where 1y (@) = i@, Tz ().

Taking a > 0 there is a T = Tinaz (@) satistying ¥9(a, Tinaz) = 0, so
that for each 7 € (0, Tynas) @ CLC is defined. In addition, for a — +oo
we have Tpez(a) — 12 and for @ — 0% we have Tpaq(a) — +o0.

However, if a > 1 then there is 7 = 7,(a) € (0, Tmaz(a)) satisfying

8—’3(@, Tsn) = 0, %(G,Tsn) > 0 and fi(a, Tsn) < 0. We defined pg,(a) =
—fi(a, Ts,) > 0 and then we ensure that for a > —ps, and close to the
critical value —pg,, two CLCs coexist. Both collide when p = —pg,
and disappear for y < —pgy,, as in a Saddle-Node bifurcation of limit

cycles.

Example 6.4. If we fived a = —1, from the equation ¥1(—1, Timaz) =0
we 0btain Tmee = 17.06 and then pg+ = [i(—1,17.06) = 6.33, that is,
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-0.256 - b

-0.326 - . I

0 15.2 17.118.8 23.99

Figure 6.17: Bifurcations diagram in the (7, u)-plane, being 7 =31 — 5o =
—4(T1—%0). The branches are obtained by u = (-1, 7) (red), u = 12(0.09, 7)
(green) and p = [1(0.2,7) (blue-purple), for 7 € (0, Tmaz). A double TS-
bifurcation occurs at point O(0,0). At points 1—7(7',,Lm,ug+)7 Q(Tmawugf)
and R(Tmaa, tty— ), the CLC collapses in the tangency line T_. At S(7sn, ftsn)
a saddle-node bifurcation occurs.

forall u € (0,6.33) the system has a CLCH. This CLC is unstable
with node dynamics, since (—1,7) € Q. See Figure where the red
color curve segment indicates the range of p for which there is a CLC.
Note in Figm"e of stability analysis, that both eigenvalues (real)
have an absolute value greater than 1.

Example 6.5. Another unstable CLC is found if a = 0.09. From the
equation 12(0.09, Tpmar) = 0 we obtain Tmae = 23.99 and then pg— =
1(0.09,23.99) = 1.2, that is, for all u € (0,1.2) the system has a
CLC. This CLC is unstable with saddle dynamics, since (0.09,7) € Q.
See Figure[6.17, where the green color curve segment indicates the range
of u for which there is a CLC. The stability analysis shown in Figure
reveals positive eigenvalues one with absolute value greater than
1 and the other less than 1.

6 Approximated values of Timaz and ug:. ‘We use Figure for an initial condi-
tion choice in the resolution of the equations 11 (—1, Tmaz) = 0, ¥2(0.09, Tmaz) = 0,

$2(0.2, Tmaz) = 0 and 22 (0.2, 745) = 0.
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Figure 6.18: Numerical analysis of stability. The branches are obtained
by vector equations 71(7) = (f(7),p1(7)) (solid branches) and 7>(1) =
((7), p2(7)) (dashed branches), where pi(7) = pi1(a,7), p2(7) = p2(a, 1)

and fi(7) = u(a,7) for the constants a = —1, a = or a = 1 and for all
7 € (0, Tmaz)-

100

Example 6.6. More special case, occurring a Saddle-Node bifurcation
of CLCs, is obtained by taking a = % From the equations 2—2(0.2, Tsn) =
0 and ¥2(0.2, Tmaz) = 0 we obtain 75, = 15.2 and Tpma, = 18.8. The
critical values s, = 11(0.2,15.2) = —0.326 and p,- = 11(0.2,15.2) =
—0.256 are obtained. There is a stable CLC with node dynamics for
all p € (0, psp), since (0.2,7) € Q3 whenever 0 < 7 < Tg,. Also there
is an unstable CLC with saddle dynamics for all i € (pig—, fisn), since

(0.2,7) € Q4 whenever 7o, < T < Traz-

In Figure the blue (purple) color curve segment indicates
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(b) For a = 0.2, » =0 and u = —0.326.

Figure 6.19: Simulations of system in state space. In (a) we visu-
alized two CLCs, an unstable of the saddle type (red) and another stable of
the node type (blue), and in (b) a semi-stable CLC of the saddle-node type
(purple). In both, the green point in X5 represents the trivial pseudo-saddle.

the range of p for which there is a stable (unstable) CLC. Note that
for two different values of T, near to Ts,, we obtain a same value for
w, thus indicating the presence of two CLCs, simultaneously, in the
phase portrait of the system . The stability analysis shown in
Figure reveals two pair of positive eigenvalues, one pair with
both eigenvalues less than 1 and the other pair with one eigenvalue

greater than 1 and other less than 1.
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A Saddle-Node bifurcation of CLCs occurs in system (6.59))| for
any a > ¢ and g = fien(a), where pisy(a) = fi(a, Tsn(a)). Figure
shows simulations of system in state space, where we visualize,
for p = —0.29 > ps,(0.2), the coexistence of two CLCs of opposite
stabilities and then, for u = —0.326 = ps,(0.2), the collision of these
CLCs. Soon after, for p < ps,(0.2), there are no more CLCs in the
phase portrait of .

To conclude this section, from the results of the existence and
stability analysis of CLCs for system (6.59) held here, we state the

following lemma.

Lemma 6.2. We defined the values pisn(a) = —fi(a, Tsn(a)) > 0 for any
a # 0 and 7sp,(a) > 0 satisfying g—E(a,Tsn) =0, pg+(a) = fi(a, Tmaz(a))
for any a < 0 and Taz(a) > 0 satisfying ¥1(a, Tmaz) = 0, and - (a) =
(@, Tmaz(a)) for any a > 0 and Tpae(a) > 0 satisfying Vo (a, Tmaes) = 0,
where Y1 (a,T), bo(a,7) and f(a,7) are given in , and
, respectively. With regard to the phase portrait of system ,
we can state the following.

(a) If a < O then for all pn € (0, puy+(a)) there is an unstable CLC

with node dynamics.

(b) If0 < a < % then for all ju € (0, py-(a)) there is an unstable CLC

with saddle dynamics.
1
(c) If a > g then,

(c.1) for all p € (—psn(a),0) there is a stable CLC with node

dynamics.

(c.2) for all p € (—psn(a), pg-(a)) there is an unstable CLC with
saddle dynamics.

(c.3) both stable node and saddle CLC's coexist for all
1€ (—psn(a),0) if pg-(a) =0, or for all
€ (—psn(a), Hg— (a)) if Hg- (a) <0.

"Keeping v = 0.
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6.6 Conclusion

The analysis performed along the Chapter shows that systems
with two T-singularities can present interesting bifurcations as the fold
bifurcation of T-singularities, the TS-bifurcation and the double TS-
bifurcation. Such bifurcations are said to be compound, since they are
characterized by standard bifurcations occurring simultaneously in the
sliding vector field and in the first return map. We have presented
a detailed analysis of the sliding and crossing dynamics around the T-
singularities, regular or degenerate, and also the sliding dynamics at the
pseudo-equilibrium. From the case study, we have proved the existence

of up to two CLCs, the stability and bifurcations involving such CLCs.
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6.7 Appendix A: Proof of Theorem [6.1

We represent the state variables of system (6.1]) as x = (z1, z2, z3).
From the hypothesis (H1) we write

f:(l‘l,l‘g) = a(')"u + ai"oxl + ag'lxg + U:(xl, x2),

f/:(zla‘TQ) =p+ al_Oxl + 0’0_1552 =+ O—;(Ila zQ)a

+ are polynomial functions of (z1,22), may be dependent on

m
+ +
the parameter p, and such that ai(O) = 8080750) = aaango) = 0. Note

where o

that Uf represent the non linear parts of f} Moreover, the coefficients

of linear part of ]?ff must satisfy

+ - _ o+ -
10001 = Ap1010-

The matrix @ of (H1) is

+ + +
a9 Qg1 Qg
Q=layp an 1|,

a1 az  ag

where a; = 88—;1(0), as = 8877;(0) and az = g—Z(O), and n(xy, g, 1) =
Off oy of, OfF

P P — P gL Since, Det[Q] # 0 then the linear part of f;—L must

be non null. So, we assume that ay; # 0.

The new state variables are:

From this change of variables, we rewrite fff as

~+

fﬂ (l’,y) = aeu—ey—!—&;(m,y),

?,:(x,y) =p—y+o,(zy),
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+ +
where € = % #0and a = %’ Note that € # 0, since the hypothesis
01
~t
(H1) ensures that both the graphs of the implicit equations f, (z,y) =
~t

0 are smooth curves at (z,y, 1) = (0,0,0), that is, 39(’;(;’)0) #(0,0).

We recalculate the matrix @) and its determinant, and we get

0 —e ae
Q=10 -1 1

ap a2 ag

and Det[Q] = e(a — 1)a; # 0. Therefore, we must have ¢ # 1 and a; =

8%6 8%+
— + . — + - 7 + 1 L
ele” —e™) #0, that is, e™ # e™, where e” = -4 and e™ = - 54

for (2,9, 1) = (0,0,0).
Finally, by applying the change of variables given in (6.78))-(6.79)

to the system (6.1)), we rewrite it in a form as in (6.5)-(6.7) of Theorem
0. 1]

6.8 Appendix B: Proof of Theorem [6.2

Consider the system (6.5)-(6.7) rewrite as

d F; ($1,ZE2, 133), ifzg <0
7(x17$2am3) = + .
dr Fi(z1,29,23), ifzg >0,

with vector fields defined by

¢ +py (%)
F, (x) = b™ + g, (%)

u— o+ ez 41, (%)

and
¢t +pf (%)
Fi(x)= bt + g (%) :

e (au — zo + T2} + 1} (x))
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for all x = (x1,22,23) € K and |u| small. We assume that ¢ > 0,
e~ <0,et >0,b" >0and b~ <0, and we defined the coefficients

1—a
= 0
a 1+k:7é ;
a-+k
B_1+k

To write the system (6.5))-(6.7) in the local canonical form given

in —, just apply the change of variables of the state and time,
besides the definition of new parameters according to Table [6.1] The
— +

. . Do Po
new polynomial functions are get by p1 = ——2—, p2 = —F—
—b=v—e’ bty —e=’
4 ag o e
@1 = —p=, G2 =5, 11 = —p= and r2 = 3%

State and time variables Parameters

_ _ c”

t=—-b"71 for z<0 1= -

t=0btr forz>0 51=$>0
+

_ e _ c

xr = e T Cg—bJr —

y=1z2— Bu ga=145>0
N

z =3 k=-<>0

b= au

Table 6.1: Normalization




Chapter 7

Boundary Equilibrium

Bifurcations in a Family
of 3D-DPWL Systems

In this Chapter we study a family of discontinuous piecewise-
smooth systems in R? whose vector fields are linear on both sides of the
switching boundary, which we call 3D-DPWL systems. Furthermore,
we are interested in systems with two parallel tangency lines containing
a cusp point each. This configuration is observed in piecewise-linear
control systems in which the control action is discontinuous such as
the Sliding Mode Control (SMC). We consider a general system of this
class and then derive a canonical form to reduce the number of system
parameters. The general objective in this Chapter is, from the canonical
form, to perform an analysis of the equilibria, stability, sliding dynamics
and boundary equilibrium bifurcations (BEBs). The main result is
the classification of the BEBs and its unfoldings in the sliding vector
field. This and others results obtained on the existence and stability of
equilibria are applied in two practical examples involving the SMC of

dc-dc buck power converters.
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7.1 Introduction

Bifurcations in DPWS systems (or Filippov systems) have mo-
tivated many works over the years. We highlight here the so-called
Boundary Equilibrium Bifurcations (BEBs), see for instance [I3] [44]
45, 55], [67, [78]. The BEBs are part of the Discontinuous-Induced Bifur-
cations (DIBs), occurring generically by varying one single parameter
(codimension-one local bifurcation). The DIBs are unique bifurcations
of piecewise-smooth systems. Such bifurcations occur when an invari-
ant set of the system (equilibrium point, limit cycle, etc), crosses or
touches tangentially the switching boundary ¥ of this system, see [42]

and references therein.

The BEBs can trigger varied and complex phenomena, such as the
birth of periodic orbits with a sliding part or even strange attractors,
see for instance [61]. But, with regard to the position of the equilibria
involvecﬂ in relation to the boundaries of their respective vector fields,
there are two generic scenarios according to [37, [93], both occurring by

a one-parameter bifurcation:

(i) The persistence scenario is observed when a natural equilibrium
turns into a pseudo-equilibrium. In this case, if the natural equi-
librium is real (resp. virtual), then the pseudo-equilibrium is

virtual (resp. real).

(ii) The nonsmooth fold scenario is observed when both a natural
equilibrium and a pseudo-equilibrium collide and disappear. In
this case, if the natural equilibrium is real (resp. virtual), then

the pseudo-equilibrium is also.

The persistence of a single equilibrium indicates that both natu-
ral and pseudo equilibria do not coexist, as shown in Figure In the

nonsmooth fold scenario they collide and disappear, so that they can co-

1See definitions of the typical equilibria of DPWS systems in the preliminary
Chapter[2] Section[2:3} natural equilibrium, pseudo-equilibrium and boundary equi-
librium.
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exist. Undoubtedly, persistence scenario with a real pseudo-equilibrium
is ideal for the applications in sliding mode control systems, however
this is not always possible. To determine which situation occurs for a
given BEB in a DPWS system, we use Theorem 1 statement in [45],
page 1382.

(a) p<o0 (b) p=0

() p>0

Figure 7.1: Boundary node collision in a persistence scenario of BEBs in
system [7.1] The switching boundary is ¥ = {(z,y) € R® : z +y = 0},
dividing the plane into two open regions: RT = {(z,y) € R? : x +y > 0}
and R~ = {(z,9) € R? : £ +y < 0}. The green and blue dots in (a) are,
respectively, the pseudo-equilibrium (real) and the invisible fold. The blue
dot, in (b), is the boundary equilibrium. The red and blue dots in (c) are,
respectively, the natural equilibrium (real) and the visible fold.

For two-dimensional dynamical systems we now know all the un-
folding dynamics of the BEBs, having a total of twelve topologically
distinct cases. The first classification of BEBs was given by Filippov
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in [51], where were determined eight topologically distinct cases for the
generic local dynamics at a boundary equilibrium. An almost com-
plete list of their unfoldings of codimension-one, with ten cases, were
described by Kuznetsov et al. in [78] and, the missing cases, have only
recently been revealed by Hogan et al. in [67]. Other works with im-
portant results that deserve highlight are [22] [35] [45] [60], [64] [93].

Example 7.1. In Figure we see one of twelve distinct cases of
BEBs. Such a generic unfolding is obtained, for example, by the vari-

ation of the parameter p in the system

() = {F*(m,y) =(—dz,—y+up) ifz+y>0 (71)

F(2,y) = (2,1) if t+y<0’

For =0 a BEB persistence occurs at the boundary equilibrium located
at (0,0). Moreover, this BEB has as characteristic the persistence of
the natural stable node equilibrium for p > 0 and of the stable pseudo-
equilibrium for p < 0 (see BNy case in [78]). The nonsmooth fold
scenario can be also observed at a boundary node equilibrium, if we
take —1 instead of 1 in the second component of the constant vector
field F~ (see Remark 4.2 in [67)]).

There are few studies related to BEBs in R3, and the number of
topologically distinct cases of BEBs in 3D-Filippov systems is not yet
known. We highlight here the recent study of Simpson in [105], where
a new normal form is proposed for BEBs in systems of any number of
dimensions, and are provided numerical evidence for the emergence of
chaotic attractors from BEBs. Another recent study, made by Glendin-
ning in [6I], have shown that the Shilnikov mechanism appears natu-
rally in the unfolding of BEBs in R3, which are associated with the
creation of complex orbits near other bifurcations of piecewise smooth
systems.

The bifurcation theory for piecewise-smooth systems is still in
evolution, and in this Chapter we intend to contribute to its devel-

opment by presenting new results with respect to BEBs in R3. For
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this, we derive a canonical form for 3D-DPWS systems of our interest
and we perform a two-parameter analysis on the dynamic behaviour of
these systems. In addition, we given the conditions on the parameters
of the canonical form for a BEB to occur, classifying into persistence or
nonsmooth fold. We also given a complete classification of the sliding
dynamics at the pseudo-equilibrium (even when it becomes a boundary
equilibrium), thus obtaining all the unfolding dynamics of the BEBs,
persistence and nonsmooth fold, in the sliding vector field of systems

reducible to canonical form in study.

The results obtained are applied in two practical examples involv-
ing the sliding mode control of dc-dec buck power converters. For a first
application we use the model of a buck converter with sliding mode
control and washout filter, where the stability and bifurcation of the
pseudo-equilibrium, desired operation point for the converter, are com-
pletely determined from the canonical form. In our second application
we used the model of a bidirectional buck converter feeding a constant
power load, in which case the vector fields involved are nonlinear. From
the linear version of this system around the boundary equilibrium point,
we analyse the BEBs by applying the results obtained with the canon-
ical form. For this second application we also present a partial analysis

of other bifurcations of equilibria and limit cycles that may occur.

This Chapter is organized as follows. In the Section[7.2]we present
the system model which will be the object of study in this chapter, ours
objectives and also main results. In Section [7.3] we derive a canonical
form for 3D-DPWS systems of our interest and then we describe the
associated sliding vector field as well as dynamic characteristics on the
switching boundary. Moreover, we analyse the existence of natural
equilibria, pseudo-equilibria and boundary equilibria. The sliding dy-
namics at a pseudo-equilibrium point is investigated in Section [7.4] In
Section[7.5|we study the BEBs and classify the different types of bound-
ary equilibria with respect to the sliding dynamics in its neighborhood.
The Sections and [7.7] are dedicated to applications of the results

obtained in previous sections.
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Previous results on Filippov theory in Chapter [2| are important

for the development that follows.

7.2 Setting the problem and main results

DPWS systems are often used as models of discontinuous control
systems in various fields of science and engineering such as mechanical,

electrical, biology, among others, see for instance [31], 80, 103, 123}, 125].
In this chapter we study a particular class of 3D-DPWS systems

that describe the dynamics of control systems of the form
% = Px + nu, (7.2)

where x,n € R3, P is a matrix of order 3 and the control signal u is

supposed to be a scalar discontinuous function, piecewise-constant, as

: (7.3)

u~ if h(x) <0
u =
ut if h(x) >0

such that u~ # u™. The scalar function h : R?* — R must be designed to
meet the control objectives, being usually defined as h(x) = k' (x—x,.),
where x,. is the reference vector and k is the control parameter vector.

The control theory for these variable structure systems is well known
and is named as Sliding Mode Control (SMC), see [122].

System — in closed loop is rewritten as the discontinuous
piecewise-linear system (DPWL system) given in . An important
feature of these systems is that they have linear sliding vector field and
thus exhibit, under certain conditions, only a pseudo-equilibrium. Even
presenting linear vector fields, DPWL systems are rich in non-linear
phenomena developed by the interaction of such vector fields with the
discontinuity surface (switching boundary) ¥ = {x € R? : h(x) = 0}.
DPWL systems are widely used in SMC applications, in general for the
study of its dynamic behaviour. Undoubtedly, the bifurcation theory
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[37, [77] presents powerful tools for the analysis of nonlinear dynamics.
From the analysis of bifurcations we can, for example, to determine the
region in the space of system and control parameters where the control
objectives are met, and thus design more efficient controllers capable
of inhibiting the undesired dynamics caused by bifurcations; see for
instance [29] 92].

The desired operating point of discontinuous control systems as
—, is a pseudo-equilibrium. In this sense, it is necessary to
ensure, besides stability, that this pseudo-equilibrium point is real (ad-
missible) and that it remains so after the variation in some system
parameter. BEBs are responsible for the transition from real to virtual
pseudo-equilibrium, and therefore the BEBs analysis should be consid-
ered as an important part of the control project, in order to prevent in

order to prevent the occurrence of such undesired phenomenon.

Our objectives in this chapter are: (i) to describe the dynamic
behaviour of discontinuous control systems as —, reducible to
a canonical form (see at the next section); (ii) to establish the
stability conditions at the pseudo-equilibrium point; (iii) to determine
bifurcation mechanisms associated with BEBs in R? and to classify the
different unfoldings in the sliding dynamics; (iv) to apply the results
obtained in power electronics systems involving the control of dc-dc

buck converters.

Results obtained with respect to the existence, position, stability
and bifurcations of equilibria in canonical form can be applied to
any given system of form , fulfilling the required hypotheses (see
(H1) and (H2) in Section [7.3). The methodology of application in
a given system (see Section passes through the verification of the
required hypotheses, the calculation of the new coefficients and param-
eters from of those that are given (see Theorem and Lemma
and transcription of the general results for the given system (whenever

the required conditions on coefficients and parameters are satisfied).




7. Boundary Equilibrium Bifurcations in a Family of
252 3D-DPWL Systems

Our main results in this chapter are: (i) the classification of BEBs
in 3D-DPWL systems of the form , giving explicit conditions on
the system parameters for the occurrence of each of the two scenarios,
persistence and nonsmooth fold (see Theorem [7.3 and Figure [7.5), and
also the characterization of the dynamics of its unfoldings in the sliding
vector field (see Table[7.1)); (ii) the canonical form and the pathways to
get it, from which it is possible to obtain, following our results, differ-
ent types of BEBs, as we will do in the Section through the study
of a few examples; (iii) the description of the sliding dynamics, pro-
viding the conditions on the system parameters to obtain each of the
types (saddle, node, focus, center) of pseudo-equilibrium and bound-
ary equilibrium (see Theorem and Table [7.1)); (iv) the numerical
results obtained from 4 examples, where we have presented the phase
portraits associated to different types of BEBs and, in our main exam-
ple, we show the birth (or vanishing) of a limit cycle (with sliding part)
from a BEB persistence which involves an unstable pseudo-focus and
a natural stable node equilibrium. Such results of sliding dynamics,
along with the results of the BEBs analysis, allow us to choose prop-
erly the parameters for a correct operation of the control system, even

with small uncertainties and perturbations in its parameters.

Proof of the existence of BEBs in power converters under a SMC
strategy, identification (from the simulated results, guided by the local
analysis of bifurcations) of a stable limit cycle in R3 with a sliding
segment (from a boundary focus collision) and also the identification
of a Grazing bifurcation of limit cycle, are important results in DIBs

applications for 3D-DPWS systems.

7.3 Introducing a relevant canonical form

Consider given a 3D-DPWL system of form

X:{Px—i—n_, if h(x)<0’ (7.4)

Px+n™, if h(x)>0
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where the dot denotes derivative respect to the time ¢, x = (z,vy, 2) € R3
is the state vector, P = (pi;)3 for 4,5 € {1,2,3} and n* = (nf,ni, n3)
are matrix and vector of parameters, and h is a switching scalar func-

tion.

We define the switching boundary ¥ of (7.4]) as being the third

coordinate plane:
¥ = {(z,y,2) € R®: h(x) = z = 0}.

More general situations can be recast to this situation after some el-
ementary transformation. The R3-space is divided by ¥ in two open
regions: R~ = {(z,y,2) € R* : 2 < 0} and R = {(x,9,2) € R3 :
z > 0}; and the state space of is formed by RT U R~ UX. We
define 7~ (x) = Px + n~ as the linear vector field acting on the zone
R~ (2 <0)and F*(x) = Px+n' on RT (2 > 0), both interacting on
Y (2=0).

Switching boundary ¥ can be divided into up to three regions in
which the system , among .5, 25 and Ef; in which the system
displays sliding or crossing dynamics. The transition between the
crossing and sliding modes occurs over two parallel straight lines, where
the orbits of are tangents to . Both tangency lines, denoted by
T_ with respect to the vector field 7~ and T, to FT, are generally
formed by two half-lines of fold singularities (invisible on one branch
and visible on the other) connected by a cusp singularity. See Figure
where we visualize a possible scenario of the dynamics of system
in the neighborhood of X.

Analysis of dynamics and bifurcations in systems modelled by
, with configurations on X described in the previous paragraph and
the one in which the X, is present, are the objective of our study in
this chapter. To begin, below we present conditions on the parameters
of general system to obtain such behaviomﬂ

2See definitions of sliding regions and tangential singularities in background
Chapter
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(H1) The conditions p3; # 0 and/or p3s # 0, and ng —n3 > 0 hold.

In this way, there are tangency lines
T: = {(z,y,0) € ¥ : ps1& + psoy +ni = 0},
and the attractive sliding region ¥,s between them is given by
Yas = {(2,9,0) € X : —n3 < p317 + p3ay < —nj }.

+

* one for each vector field F*(x), such

(H2) There are two points x
that

h(xE) = Lrsh(xF) = L3 h(xE) =0

and Det [Q] # 0, where

Vh(x¥)
Q - VL]:i h(Xé‘:)
VL, h(x})

(H3) At xF we have L%, h(xF) = Det [R*] not identically zero, where

+

P11 P12 1

+ +
R™ = |pa1 p22 Ny

+
P31 P32 N3

Remark 7.1. Note that Lr-h(z,y,0) — Lr+h(z,y,0) = ng —nj >0,
then LF*h(xayaO) > L.F+h(xay70) fOT’ all (‘ray70) € 3.

The next step is to rewrite system in a canonical form, with
reduced number of parameters, where all tangency point of T and of
T_ have coordinates (1,y,0) and (—1,y,0) with y € R, respectively.
Still with respect to the tangency lines Ty, at the points (1,0,0) and
(—1,0,0) a change between visible and invisible fold singularities occur.
Moreover, the attractive sliding region 3,5 is present between such

parallel lines, that is, if —1 < z < 1 then (z,y,0) € X, (see Figure
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[7.2). This canonical form is given below (see Equation (7.5])) and will
be analysed in the next sections, in order to characterize the present
dynamics and the possible BEBs. For simplicity, let us use the same
notation for the coordinates of the new state space, as well as for the

time variable.

The canonical form considered is described by

A b—, if 0
x= X th, be<l (7.5)
Ax+bt, if 2>0
where
aip 1 0 x ay —an
A = |a21 az2 Qa23| X= 1Y, b™ = b2_ and b+ = b;_
1 0 0 z 1 -1

for some parameters aj1, as1, a2z, az3 and b2i. Switching boundary X
remains the same, given by the plane z = 0. The linear vector fields
which interact with ¥ are defined by F*(x) = Ax + b*.

Theorem 7.1. Consider the hypotheses (H1) and (H2) with respect
to system . Then, there are a linear transformation of coordinates
and a rescaling of time, such that the state portrait of is mapped
onto the state portrait of , preserving orientation of all the orbits,

including sliding orbits.
Proof. See Appendix [7.9 O

Remark 7.2. All results obtained from the canonical form (7.5 are
also observed in the general system (7.4). This is our goal. From
the analysis of the canonical form (7.5)), we know the dynamics of the

general system (7.4]).

Figure shows the switching boundary ¥ of system (7.5 and
illustrates the behaviour of their orbits through X. In the next subsec-

tions we will study this system, determining its main characteristics,
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equilibrium points, stability and sliding dynamics.

x = FT(x)

"2

x =F (x)

Figure 7.2: Switching boundary of system (7.5]).

7.3.1 Topological configuration on switching

boundary X

In order to analyse the dynamic behaviour of system (7.5)) on X,
we recalculated the Lie derived of first, second and third order of the

scalar function h(z,y,z) = z with respect to its vector fields, getting

Lg+h(x,y,0) =2 — 1, (7.6)
L h(1,0,0) = ag; + by, (7.8)
and
LF*h(xvya O) =T+ 1a (79)
L%‘— h(f]-v Y, O) =Y, (710)
L{ - h(—1,0,0) = —ag; +b; . (7.11)

The above equations are used to classify the behaviour on X, as follow.

The vector fields F~ and F' are tangents to ¥ at the points of
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the (parallel) straight lines
T-={(z,y,2) €ER*: z=0and z = —1}

and
Ty ={(z,y,2) €R’: z=0and z = 1},

respectively. Regarding to the tangency lines T4, the following classi-
fications hold.

(i) On the tangential singularities at (—1,y,0) € T_: inwvisible fold
for all y > 0; wisible fold for all y < 0; and a cusp tangency for

y = 0, whenever ag; # b5 .

(ii) On the tangential singularities at (1,y,0) € T: wvisible fold for
all y > 0; inwvisible fold for all y < 0; and a cusp tangency for

y = 0, whenever ag; # —bj.

The cusp tangencies are important points of system (7.5)) for our study,
which we denoted by
xF = (£1,0,0).

The switching boundary ¥ is divided into three regions of different

dynamical behaviour. Two crossing regions, namely

S, ={(z,9,2) €R®: z=0and z < —1},

c

where future orbits of ((7.5)) crosses the plane z = 0 towards of z > 0 to
z < 0; and

SE={(@y2) eR®: z=0andz > 1},

C

where future orbits of (7.5)) crosses the plane z = 0 towards of z < 0 to

z > 0. Also, one attractive sliding region, namely

Yos = {(z,9,2) ER¥: z=0and — 1 <z <1},
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such that all future orbit of ([7.5)) that intersects the plane z = 0 in this
region, remains confined to it, sliding according the dynamics of the

vector field

2y
1
F*(r,y,0) = 3 (2a21 — by +b3)x + 20y + by +b3 | . (7.12)
0

7.3.2 Natural equilibria, pseudo-equilibria and

boundary equilibria

The vectors fields F~ and F+ has a single equilibrium point each,
if and only if,
Det [A] = a23 7é 0. (713)

For simplify we define two new parameters, ;4 and v, such that

p=—L¥ h(1,0,0) = —az; — b7, (7.14)
v=—L3_h(—1,0,0) = az —b;. (7.15)

This way, the equilibrium point of F~ has coordinates

% = (—1,@”) . (7.16)

a23
Such point is a real equilibrium for assr < 0, a virtual equilibrium for
as3v > 0, or a boundary equilibrium when v = 0.
On the other hand, the equilibrium point of F¥ has coordinates

%t = (1,0, “) . (7.17)

az3

Such point is a real equilibrium for assp > 0, virtual equilibrium for

asspt < 0, or a boundary equilibrium when p = 0.




7.3. Introducing a relevant canonical form 259

Proposition 7.1. The natural equilibria X of system (7.5) have the
same stability, being hyperbolic and asymptotically stable iff

a23 < O,
a1 + az <0,

(@11 + ag2)(ag1 — ar1a22) + azs > 0.

Proof. Such conditions above are obtained through the direct applica-
tion of Routh-Hurwitz stability criterion to characteristic polynomials
of third degree. O

Sliding vector field F#, given in ([7.12]), is linear and therefore the
system ([7.5]) has a single pseudo-equilibrium point at

%= (”Jr“ﬂ,o) : (7.18)

V—p

iff v # p. The point X is the equilibrium of sliding vector field F*¢, and
is a real equilibriunﬁ for pv < 0; virtual equilibrium for pur > 0; and
becomes a boundary equilibrium for 4 = 0 or for v = 0.

System ([7.5) has only one boundary equilibrium, located at the
point
x, =(-1,0,0) (7.19)

if v =0 and p # 0; or at point
x; = (1,0,0) (7.20)

if w = 0 and v # 0. Note that, the boundary equilibrium x,” comes
up when the equilibrium of vector field F~ collides with the switching
boundary ¥ = {z = 0}, such that x, = X~ = X is equilibrium of
F~ and also of the sliding vector field F*. Analogously, the boundary

equilibrium xb+ comes up when the equilibrium of F* collides with the

3Note that

%‘ < 1 has as solution the region in (v, p)-plane defined by uv < 0.
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switching boundary, such that er = X" = X is equilibrium of F* and
also of F¥. In the degenerate case, when v = p = 0, the system has
the two boundary equilibrium points X;}t, coexistent. But, the sliding
vector field F*® has an infinite number of equilibria on the straight line

segment (contained in ¥) that joining the points x;°.

Remark 7.3. Note that the boundary equilibria xgt have the same co-
ordinates as the cusp singularities x. What happens, is that at the
point (—1,0,0) we have a cusp singularity if v # 0, and a boundary
equilibrium if v = 0. Similarly, at the point (1,0,0) we have a cusp

singularity if p # 0, and a boundary equilibrium if p = 0.

7.4 Sliding vector field dynamics

The sliding vector field is defined for all (z,y) € R? and z =
0, but only makes sense for (z,y) € X, allowing it to be extended to its
borders that are defined by T_ and T'.. Following the standard analysis
of the sliding vector field, we taking only the two first coordinates of
and write a two-dimensional linear system, whose dynamics is
topologically equivalent to in ¥4s. So, the sliding dynamics will
be analysed by

x=J(v, p)x+ C(v, ), (7.21)
where x = (z,y),
0 1 0
S, 1) = | (- s Clpw) =1 wiwl>
l( 2#) a9 _( ;u)

and p and v defined in and , respectively.

There is only one pseudo-equilibrium point in the 3D-DPWL sys-
tem , denoted by X and given in . This point is the equilib-
rium of sliding vector field and, therefore, also is the equilibrium
of planar sliding system (only considering the (z, y)-coordinates).

Dynamics at the pseudo-equilibrium X is then investigated from the
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planar sliding system ([7.21]), based in the eigenvalues of J, given by

1
)\i — 5 <a22 + a%2 + 2(1/ — H)) .

Theorem 7.2. Assume u # v. System (7.5) has a single pseudo-

equilibrium point, namely

%= (”J”ﬂo, 0) .
v—p
Moreover, the following statements hold.

a) If vu < 0, then the pseudo-equilibrium X is real. In the opposite

case it is virtual.
b) If v > p, then X is a pseudo-saddle.

2
c) Assume agss < 0 (resp. aze >0). If v <pu<v+ %, then X is a
stable pseudo-node (resp. unstable); if p > v+ “22, then it is a

stable pseudo-focus (resp. unstable).

d) If azo =0 and v < p, then X is a pseudo-center.

Remark 7.4. An important feature of system (7.5)) is that the pseudo-

equilibrium manifold, given by
M ={(z,y,0) € ¥ :y =0},

is transverse to the tangency lines T+ at the cusp points x* = (£1,0,0),
as shown in the Figure [7.3. Moreover, the sliding vector field is tan-
gent to T_ at x; and Ty at x5, and in the other points of Ty it is
transversal, see Lemma m and , More specifically, all point in T_
such that y > 0 (invisible fold points), is an entry point of F*; while for
y < 0 (visible fold points) it is an exit point of F*. On the other hand,
all point in T such that y < 0 (invisible fold points), is an entry point

of F*; while for y > 0 (visible fold points) it is an exit point of F*.
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Figure 7.3: Dynamics of sliding vector field, assuming a22 < 0 and vu < 0.

In Figure we see some phase portraits of F*, in the cases
where X is a real hyperbolic pseudo-equilibrium. The eigenvectors vy =
(1, A\ /2) are associated with eigenvalues AT, so that the straight lines
generated by vi and v_ have slope with opposite signs whenever X is

a pseudo-saddle, and slope of the same signal whenever X is a pseudo-

node.
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7.5 Two-parameter bifurcation analysis of

equilibria

A boundary equilibrium arises in state space of the system
when one of its natural equilibria collides with the switching boundary
3. More specifically, this critical point arises from the collision between
three particular points: a natural equilibrium, a pseudo-equilibrium
and a cusp singularity. The appearance of a boundary equilibrium
in a 3D-DPWS system represents a codimension-one DIB known as
BEB, and is classified according to two possible scenarios: persistence
and nonsmooth fold. Equilibria analysis in Subsection [7.3.2] indicates
the existence of generic BEBs in system . Here we will analyse
in detail these bifurcations and the sliding dynamics at the boundary
equilibrium.

First we analyse the BEBs involving the equilibrium X of the vec-
tor field F*, taking u as the bifurcation parameter and the remaining
fixed. The equilibrium point X moves on a straight line in R? with vec-
tor equation X (u) = (1, 0, ﬁ), from the variation of the parameter
. Along, the pseudo-equilibrium point X moves on a straight line in X

vtu

with vector equation X(u) = (D_#,O, 0), also according to the param-

eter . The manifold equilibria defined by X (1) and X(u) are passing

through the cusp tangency point of coordinates x = (1,0,0), so that
for 1 = 0 the equilibrium points X and X collide with the cusp point
x/, giving rise to the boundary equilibrium x;” = X (0) = x(0) = x/.
Therefore, for © = 0 the system undergoes, possibly, a BEB.
After, we analyse the BEBs involving the equilibrium X~ of the
vector field F~, taking v as the bifurcation parameter and the remain-
ing fixed. The equilibrium point X~ moves on a straight line in R3 with
vector equation X~ (v) = <71, 0, é), from the variation of the param-
eter v. Along, the pseudo-equilibrium point X moves on a straight line
in ¥ with vector equation X = X(v), now according to the parame-

ter v. The manifold equilibria defined by X~ (v) and X(v) are passing
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through the cusp tangency point of coordinates x; = (—1,0,0), so that
for v = 0 the equilibrium points X~ and X collide with cusp point x_,
giving rise to the boundary equilibrium x,” = X~ (0) = x(0) = x_ (see
Figure [7.4]). Therefore, for v = 0 the system undergoes, possibly,
a BEB.

Theorem confirms the existence of BEBs in system (|7.5), and

provides the required conditions on the system parameters for the oc-

currence of the persistence or nonsmooth fold scenario.

Theorem 7.3. Assume ass # 0 and v # u. Then system (7.5) under-
goes a BEB forv =0 if u#0 or forv=0 if u # 0. In addition, the

following statements hold.

(a) The BEB at i = 0 corresponds to persistence scenario if assv > 0,

and to nonsmooth fold if assv < 0.

(b) The BEB atv = 0 corresponds to persistence scenario if asgp < 0,
and to nonsmooth fold if assp > 0.

Proof. The proof is obtained from the application of the Theorem
(given in Chapter [2) to the system (7.5)).

(a) We obtain N—CTA™IM = 1/as3 #0and —CTA 1B = v/ag3 #
0. Then, assr > 0 implies in the persistence case and ao3v < 0

implies in the nonsmooth fold case.

(b) We obtain N—CTA™IM =1/as3 # 0and CTA™IB = —p/ass #
0. Then, agsp < 0 implies in the persistence case and asgp > 0

implies in the nonsmooth fold case.

In Figure the two BEBs, persistence and nonsmooth fold, are illus-
trated. This BEBs involve the natural equilibrium X~ and the pseudo-
equilibrium X. Note the triple collision between the natural equilibrium
X, the pseudo-equilibrium X and the cusp singularity x_, turning this

last point into the boundary equilibrium x; . O
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x = FT(x) x = FT(x)
yan VT T, x9 T-
x.] > ko S
- = - =0 = == = -_——-
5 L2 s ST 5 L2 B ST
xTo X® xTo
x =F (x) x=F"(x)
asgv < 0 ag3v >0
x=F*t(x)
T, VT
-~ : X7
/0 Eas K
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xTo
x=F(x)
v=20
(a) Persistence if ag3p < 0.
x =F*t(x) x=FT(x)
<o T, VT x® T, x9 T
x] X : Xg x ] : % X
-2 s —--- - &g -5 -
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1 b 4 1
x=F(x) x=F"(x)
ag3v <0 aszv > 0
x = FT(x)
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St/ Zas <o
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x =F (x)
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(b) Nonsmooth fold if agzu > 0.

Figure 7.4: BEBs in system (7.5) involving the natural equilibrium X~
(blue) and the pseudo-equilibrium X (red). The point x_ represent the cusp
singularity of vector filed F~ and x, (purple) the boundary equilibrium.
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Remark 7.5. An important finding here is that the other natural equi-

librium, that is X+

, 15 virtual when the BEB at x, is of the persistence
type and it real when is of the nonsmooth fold type. Moreover, the natu-
ral equilibria and pseudo-equilibria can be simultaneously real but never

stmultaneously virtual.

X~ real L % virtual L7
% real BEBy, .- .
X rea. <4+— V" X virtual
x* real X" real
+BEBJ+VF +BEB;§
G e
xt virtual -~ %1 virtual
X virtual -~ BEBg,
e <—— X real
-7 X real X~ virtual
=

Figure 7.5: BEBs in the (v, u)-plane of parameters, assuming ass > 0.
BEB% . and BEB3 denote the nonsmooth fold and the persistence scenar-
ios, respectively, for the vector field F*.

Figure summarizes our analysis of BEBs in the (v, u)-plane of
parameters, where we assume as3 > 0. Parameter u is responsible for
a BEB involving the equilibrium of the vector field F*, occurring for
© = 0 and being of the nonsmooth fold type if ¥ < 0, or persistence
if v > 0. The parameter v is responsible for a BEB involving the
equilibrium of the vector field F~, occurring for v = 0 and being of
the nonsmooth fold type if p > 0, or persistence if p < 0. In the case
as3 < 0 the scenarios are the same but occur for opposite values of p
and v (simply replace the quadrants 1 with 3, and 2 with 4, in Figure
73).

The boundary equilibrium X, (resp. i;) is also an equilibrium

of sliding vector field, so that the sliding dynamics at this point is
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BE SD az3 >0 | a3 <0
Saddle v>0 P NF
i;r =(1,0,0)
Node —932 < NF P
p=0 az2 # 0 2 SV<
v#0 FOC;Z% < 2 NF P
a2
(23 7é 0 Center v < 0 NF P
a2 = 0
Saddle n<0 P NF
X, =(—1,0,0)
Node a2
< f22 NF P
V= O a22 74— 0 0 < r= 2
40 Focus a2, NF P
H a2 7& 0 12 > -5
a 0
23 7# Center w>0 NF P
a9 = 0

Table 7.1: Classification of boundary equilibrium points with respect to
the sliding dynamics and the type of BEB present. Legend: P indicates the
persistence scenario, NF indicates the nosmooth fold scenario, BE means
boundary equilibrium and SD means sliding dynamics.

equivalent to the dynamics at the pseudo-equilibrium, described in the
Theorem In Table we present the required conditions on the
system parameters to obtain in the phase portrait of a boundary
equilibrium with sliding dynamics: saddle, node, focus or centetﬂ For
each of them, the BEB can be of the nonsmooth fold or persistence type,
depending on the signal of parameter ass. In addition, if ase < 0 (resp.
ase > 0) then the node/focus boundary equilibrium is asymptotically

stable (resp. unstable) from the sliding vector field F*.

4We have included the non-hyperbolic case involving a pseudo-center. This result
can be used in the study of Hopf bifurcation in 3D-DPWS systems where the sliding
vector field has the linear part of the form given in (7.21).
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() p>0

Figure 7.6: Persistence BEB with an unstable pseudo-focus and a stable
node (natural) equilibrium. The red dot represents the natural equilibrium
point, the green dot represents the pseudo-equilibrium point and the blue dot
represents the boundary equilibrium point when © = 0 and the cusp point
for 4 # 0. The small circle indicates that the equilibrium is virtual. sLC
denotes the stable limit cycle, shown in blue color.
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(a) p<0

() p>0

Figure 7.7: Nonsmooth Fold BEB with a pseudo-saddle and a stable node
(natural) equilibrium. The red and purple dots represent the natural equi-
librium points, the green dot represents the pseudo-equilibrium point, the
black dot represents cusp point of F~, the blue dot represents the cusp point
of FT for y # 0 and a boundary equilibrium point when p = 0. The small
circle indicates that the equilibrium is virtual.
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Example 7.2. Boundary Node-Focus: persistence scenario.
Consider in system that ase = 0.5, a1 = —6.5, as; = —14.25,
ass = —6 < 0, by = —13.25 (implies in v = —1 < 0) and by =
14.25 — p, for |u| small. Thus the natural equilibria are stable and have
node dynamics, while the pseudo-equilibrium is unstable with focus dy-
namics (since p > —0.875). In this study case, a BEB occurs for u =0,
involving the pseudo-focus (equilibrium of F*) and the node equilibrium
of FT. As agsv > 0, then the persistence scenario is observed. A non-
smooth limit cycle with sliding part arises from the boundary equilibrium
point for pn > 0. This limit cycle is composed of an orbit segment of FT
and a sliding orbit segment of F°. In addition, it is stable and develops
around unstable (real) pseudo-focus. See Figure .

Example 7.3. Boundary Node-Saddle: nonsmooth fold sce-
nario. Consider in system that ass = 0.5, a11 = —6.5, as; =
—14.25, az3 = —6 < 0, by = —15.25 (implies in v = 1 > 0) and
by = 14.25 — u, for p < 1. Thus the natural equilibria are stable and
have node dynamics, while the pseudo-equilibrium is unstable with sad-
dle dynamics. In this study case, a BEB occurs for = 0, involving
the pseudo-saddle (equilibrium of F*) and the node equilibrium of FT.
As aszv < 0, then the nonsmooth fold scenario is observed. We have
chosen here to consider the phase portraits showing the global dynam-
ics, involving all system equilibria and the unfoldings of the nonsmooth
fold BEB. See Figure[7.].

Generically, BEBs are of codimension-one, but degenerate cases of
larger codimension also can occur in the system . A codimension-
two BEB occurs for 4 = v = 0, provided that as3 # 0. In this case both
natural equilibria become boundary equilibria (in [03] a double bound-
ary equilibrium analysis in two-dimensional systems is introduced). An-
other codimension-two BEB occurs when the boundary equilibrium is
a center with respect to the sliding dynamics, that is, for ase = u =0,
provided that ass # 0 and v < 0. In the following we introduce two ex-

amples with non-hyperbolic BEBs (see case studies of two-dimensional
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systems in [45]). In both, the boundary equilibrium has node dynamics
with respect to F™ and center dynamics with respect to F*. But, in the
first example we observed the persistence scenario and, in the second,

the nonsmooth fold scenario is observed.

Example 7.4. Boundary Node-Center: persistence scenario.
Consider in system that ases = 0, a11 = —6, asy = —11, asz =
—6 <0, by =1 (implies in v = —12 < 0) and by = 11 — p. Thus the
natural equilibria are stable and have node dynamics, while the pseudo-
equilibrium has center dynamics. In this study case, a BEB occurs
for p = 0, involving the pseudo-center (equilibrium of F*) and the
node equilibrium of FT. As assv > 0, then the persistence scenario is
observed. See Figure[7.8

Example 7.5. Boundary Node-Center: nonsmooth fold sce-
nario. Consider in system that ase = 0, ay; = 6, as; = —11,
as3 =6 >0, by, =1 (implies in v = —12 < 0) and b = 11— p. In this
example remain the pseudo-center and the natural node equilibria, but
now the node equilibria are unstable. Thus, a BEB occurs for p = 0

and, as aszv < 0, the nonsmooth fold scenario is observed. See Figure

79

We conclude this section by giving below the main parameters
of the canonical form (7.5]), calculated according to the parameters of
the original system (7.4]), thus facilitating the process of applying the

obtained results.

Lemma 7.1. The parameters ass and ass, the first responsible for the
existence of natural equilibria and the second for the stability in sliding
dynamics, are given by
8Det[P]

T e
_2((n3 —ng)(p11 +pa2) — (ny —ni)pa1 — (ng — 13 )psa)
(ng —ng)? ’

(7.23)

a22
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as functions of the parameters of system (7.4)).

The pair of parameters (v, ), responsible for the boundary equi-
librium bifurcations predicted by Theorem [7.3, is ruled by the values

T T D )
8Det|R™
v=— (71»3__[713-"_)}37 (7.25)

where
P11 P12 1
+ _ +
R> = P21 P22 Ny

+
P31 P32 N3

Proof. For the values of as3 and ase we have proved in Appendix
from the normalization of system ([7.4]) to form (7.5). Parameters p and
v are defined in (7.14)) and (7.15)), respectively. From this, we write

3 h(xt
L3 h(41,0,0) = 8L h(xZ) __ 8Det [RE] 7
ny —nj)*  (ny —ni)’

thus obtaining the equations (7.24)-(7.25)). O

7.6 Application 1: The buck converter
under a SMC strategy

In this section we consider a 3D-DPWL system that describes
the dynamics of the de-dc buck converter under a sliding mode control
strategy. We will use the results of stability and bifurcations obtained
from the canonical form , in previous section, to study the dynamic
behaviour and possible BEBs in the control system proposed for the
buck converter. This analysis provides us with important information

about the dynamics of this control system.
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() p>0

Figure 7.8: Persistence BEB with pseudo-center and stable node (natural)
equilibrium. The red dot represent the natural equilibrium point, the green
dot represents the pseudo-equilibrium point, the blue dot represents the cusp
point of F* for yu # 0 and a boundary equilibrium point when g = 0. The
small circle indicates that the equilibrium is virtual.
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(a) p<O

() p>0

Figure 7.9: Nonsmooth fold BEB with pseudo-center and unstable node
equilibrium. The red dot represent the natural equilibrium point, the green
dot represents the pseudo-equilibrium point, the blue dot represents the cusp
point of F* for yu # 0 and a boundary equilibrium point when g = 0. The
small circle indicates that the equilibrium is virtual.
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7.6.1 Closed loop control system modelling

The basic topology of a DC-DC buck converter is shown in Fig-
ure (a), where R, L, C, r; and V;,, are the resistive load, the
inductance, the capacitance, the inductor resistance and the voltage
source, respectively. The voltage vy, = v (ideal case) passing through
R is the system output, which must be conducted to a desired value
ve = Viep < Vi in steady state. To obtain the desired voltage value
at the output, a control strategy by sliding modes based on the use of
a washout filter is implemented, as illustrated in Figure (7.10))(b)-(c),
in order to reject load perturbations, mainly the changes produced by

load changes of R.

(b) Washout filter. (c) Sliding mode controller.

Figure 7.10: Topology of a buck converter with Sliding Mode Control
(SMC) and a washout filter. The control function is u = (1 — sign[H]).
In the schemes, the filtered inductor current given by ip = i1, — zr represents
the difference between the inductor current iz, and the filtered signal zr.
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The model of the buck converter with washout filter, operating in

Continuous Conduction Mode (CCM), is given by

.
L% = wVin — rLiL — v (7.26)
d'UC . (e}
_i Y 2
C dt L R (7 7)
d
7;F = wp(iL — 2r), (7.28)

where vo > 0 and i7, > 0 are the instantaneous capacitor voltage and
inductor current, respectively. The filtered inductor current, denoted
by the new variable zp, is the output of the washout filter modelled
by equation , where wp is the cut-off filter frequency should be
assigned with the natural frequency of the system (see [91 [I11]).

The control law is defined as
1 .
u = 5(1 — sign[H]), (7.29)

such that u = 0 implies that the S switch, in Figure[7.10|(a), is off and

u = 1 it is on. From this, the control surface is chosen as
H(iL,Uc,ZF) :vchTeerK(iszF), (730)

where V..y < Vi, is the reference voltage (desired voltage value at the
output) and K > 0 is the control parameter, which must be adjusted
properly to ensure stability (at least local) of the desired operating

point.

Looking for a simplified model with the horizontal planar switch-
ing surface, the equations — are normalized by applying the
change of variables, time and parameters, given by Table The
switch position function is invariant with respect to the normalization.
In this way, we obtain a dimensionless dynamical system, which we

represent as a DPWL dynamical system of form
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(7.31)

L Fr(z,y,2) = Px+nt ifz2>0
(#,9,2) =

F(z,y,2) = Px+n~,if2<0’

where (z,y,z) € R? are the new state variables and

—b -1 0
P = 1 —a 01, x= ,
1-bk w—a—k —w] | 2
0 _ -
nt=| 0 and n~ = 0
—WYr Lk —wyr |

The new parameters are w € (0,1],0 <y, <1,a>0,b> 0 and k > 0.
The dot “-” indicates %. We highlight that > 0 is the normalized
inductor current, y > 0 is the normalized capacitor voltage and a > 0

is the normalized load parameter.

The vector field FT has a equilibrium point at
i—i_ = (0, 07 _yr) )

being always virtual. This equilibrium point not belong to the region
of interest > 0 and y > 0, and so we leave out of our study. On the
other hand, the vector field F~ has a equilibrium at point

where

T ltab
This natural equilibrium of (7.31)) is classified as a real equilibrium for
yr > ¢ and a virtual equilibrium for y,. > 3. The eigenvalues of matrix

P are {% (—a —bt+(a—0)— 4) ,—w}, which have negative real

part. In this way, X~ is a stable hyperbolic equilibrium.
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State and Time Variables Parameters

i, = ‘/in\/ %Z‘ eref = y7‘/zn
ve = Viny R= %\/ %
2p = iL 4 UC*Vr;é’*V/mZ K=kFk /é
t=+CLt rp, =05 %
Wp = =
VLC

Table 7.2: Normalization.

7.6.2 Stability conditions at the pseudo-equilibrium

The desired operating point for the buck converter is a equilibrium
of sliding vector field (pseudo-equilibrium of (7:31))), denoted by p,
which is expected to have coordinates p = (ayy,yr,0). In order to
report the sliding dynamics and stability of p, we will use the results
obtained in the previous section, from the canonical form .

We assume in system (7.31]) that & # 1/b (usually k < 1/b).
Then, in system (7.31)) we have p3; = 1 —bk # 0 and n; —n3 =k > 0.
Moreover, the parameters (a, k, b, w) are easily selected so that

Det [Q] = ~bka® + f(k,b,w)a + g(k,b,w) # 0,

where f(k,b,w) = -k 4+ w + b(—1+ k(b — k + w)) and g(k,b,w) =
—1— (k- w)? — b?kw + b(k + w). Following the Theorem we can
write the system in the canonical form 7 and so we get from
the Lemma the main parameters:

2(1+ ak)

a2z = T2 <0,
8(1 b

oy = A

k3
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1= —asy, >0,

1 _
V = asz3 <1+ab - yr> = azs(y - yr)-

The pseudo-equilibrium point for the buck converter in canonical
form ([7.5)) has coordinates given by

o 1 —2y,(1 + ab)

Using the change of coordinates (|7.36]) proposed in Appendix we
calculate the coordinates of this point referring to the model of buck
converter given in ([7.31)). In this way, we obtain

ay,
p=Tx+C= |y, |,
0

with matrices T and C' given in Appendix [7.9]

Since as3 < 0, age <0, u =v — a3y > v and

= — az3yr (5 — yr),
a3y 4dkw —2(1+ ak)?
V— — =
2 k4 ’

-
from the Proposition [7.2] we can conclude that:
(i) ify. <y = ﬁ then p is a real pseudo-equilibrium, that is,

p € Xas;

- : —14+2Vkw
(ii) p is a stable pseudo-node for a > =—+=%

—14+2Vkw
R

and a stable pseudo-

focus for a <

It is important to note that there is a threshold for reference pa-
rameter y,., given by y, = ¢, so that just for y, < g the proposed control
keeps the buck converter working at the required point p. Figure|7.11
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shows some phase portraits of the buck converter controlled by SMC-
washout, from of simulations of system (|7.31)), where is observed that
from the breach of this threshold the buck converter pass to operate at

the natural equilibrium X~ .

(c) yr =0.96 (d) Response time.

Figure 7.11: The persistence BEB in a buck converter. System
simulated with b = 0.3, k = 1/2, w = 1, a = 1/3 and for differents values
of y-. In (a), (b) and (c) we have the solution in state space and in (d) we
have the solution in time. The blue point refers to the natural equilibrium,
virtual in (a) and real in (¢). The red point refers to the pseudo-equilibrium,
real in (a) and virtual in (c). The green point refers to the cusp singularity
in (a) and (c), but in (b), it refers to the boundary equilibrium. In (d), the
dashed line indicates the operating point required for the converter, but not
reached when the normalized reference voltage (yr) exceeds the value 0.91.
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Natural equilibrium X~ and pseudo-equilibrium p do not coexist
for y,. # y. In this case, the persistence scenario of a BEB is observed in
system , as shown in the Figure In addition, for y, < y the
natural equilibrium X~ is real and the pseudo-equilibrium p is virtual;
and for y, > ¢ we have that X~ is virtual and p is real. Applying
Theorem we prove this statements.

To conclude our analysis of the buck converter with a SMC strat-
egy, modelled by 3D-DPWL system , we summarize the results of
stability and bifurcation of their equilibrium points with respect to the
parameters of reference ¥, and resistive load a, showed in Figure [7.12
Natural equilibrium X~ and pseudo-equilibrium p are stable (node or
focus), as well as the natural equilibrium X which we leave out be-
cause it is never present in the phase portrait of (it is always
virtual). For all pair of parameters (a,y,) taken below the persistence

bifurcation curve, that is, y. < y = then p € ¥,5 is the unique

1
1+4ab’
equilibrium point present in the phase portrait of (7.31).

zsy'f'

p: virtual
X" : real

BEBj,

p: real - 1+ab

X : virtual

>
0 a

Figure 7.12: The persistence BEB in the (a, y-)-plane of parameters.
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7.7 Application 2: The buck converter
feeding a nonlinear load of CPL-type

Results of the BEBs analysis performed in Section [7.5] can be ap-
plied to the 3D-DPWS systems where the vector fields involved are
nonlinear, as we will see in this current section. For this, we consider
the model of the buck converter connected to a constant power load
and to regulate the output voltage of the converter we use sliding mode
controller based on a washout filter. We also present a summary anal-
ysis of other bifurcations (classical and DIBs) of equilibria and limit

cycles.

7.7.1 Closed loop control system modelling

In typical dc distribution systems with a cascaded converter archi-
tecture, loads connected to the bus by an electronic converter behave
as constant power drawn from the feeder, and can be modelled as a
constant power load (CPL, for short), see [I11] and references therein.
For this application we will use a 3D-DPWS system that models the
voltage control process at the output of the bidirectional buck converter
by feeding a CPL, see Figure

Constant Power Load (CPL)

it io |

Buck + 7 )| Converter at ’ !
v P . vo Po Load |

Converter — —»| load point — !
! |

! |

Figure 7.13: A converter at the load point behaves as a constant power
load for the feeder (buck) converter. Both Pi, Py, vo and i¢ are constants
and P, = Py, see [112].

We start from the system already written in the normalized form

which is obtained from the change of coordinates and time variable
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proposed in Table adding P = Vigﬂ/%d, where P denotes the
original CPL load parameter and d denotes the normalized CPL load
parameter. In addition, to simplify, we assume this system without the

presence of constant impedance loads (linear loads).

In this way, we consider the system given by

FH(z,y,2), if2>0
(@)= T B2 220 (7.32)
F(x,y,2), ifz<0
composed by the nonlinear vector fields
—bxr —y 1—br—y
er(xava): xfd/y and ‘Fi(xayvz): ‘Tﬁd/y s
f3(377ya2) fg(x,y,z) +k

where
f3(xayvz) = (1 - kb)x + (w - k)y - d/y — Wz — WYr,

T € (—Tmazs Tmaz)s Y € (0, Ymaz) and z € R are the normalized vari-
ables of inductor current, capacitor voltage and filter, respectively.
The normalized parameters d € R, b > 0, w € (0,1], ¥ > 0 and
0 < y» < 1 correspond to the CPL, inductor resistance, filter cut-
off frequency, control parameter and reference voltage (desired volt-
age value at the output), respectively. Switching plane is defined by
Y ={(z,y,2) € R?: h(z,y,2) = 2 =0}
Tangency lines on the plane z = 0 are given by equations L z+h(x,y,0) =

f3(x,y,0) = 0 and Lr-h(z,y,0) = f3(x,y,0) + £k = 0. In addition,

there is an attractive sliding region (3,s) whenever k > 0, given by
Eas = {(:E7y70> €X:-k< f3($7y70) < O}

At 3,5 the sliding dynamics is described by system (&, ¢, 2) = kyF*(x, y,0),
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where F* is the sliding vector field of system ([7.32)) and

T =—zy —wyly —yr) +d,
y: k(xy_d)a
z2=0.

System has a pseudo-equilibrium point (equilibrium of F*)
at x(d) = (d/yr,yr,0), for all d € R. This is the desired operating
point in the state space of our control system under analysis. Natural
equilibrium points of 7 that is, equilibria of F*, can coexist with
the pseudo-equilibrium X. Points X}, = (1;[—[;’, e 1_221/75%), with v =
V1 — 4bd, are the equilibria of the vector field F~, being X, = X; (d)
defined for all 0 < d < 1/4b and X; = X, (d) for all d < 1/4b, and such
that X7 (1/4b) = X, (1/4b). While that F* has a equilibrium point
at X (d) = (—\/?, V/—=bd,/—bd — y,.>, defined for all d < 0. We
next evaluate the stability and robustness of system based on

the study of bifurcations and numerical simulation.

7.7.2 On bifurcations and limit cycles

Both vector fields of system (7.32), F* and also F*, determine
smooth nonlinear dynamical systems so that we can find classical bi-
furcations of smooth systems in system . Furthermore, we can
also find in system different types of DIBs.

We start with a DIB known as BEB, based on the previously re-
sults of this Chapter. We chose the parameter d as the BEB bifurcation
parameter. Taking z = 0 and solving the equations F*(x,y,z,d) = 0
and F~(z,y,0,d) = 0 with respect to (z,y, z,d), we get

— Yr L —yr)yr
(Xb 7dB) = <_b7yrao7 (b)> ) (733)

= 1_yr y?
(x;,da:( : ,yr,o,—b), (7.34)
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respectively, where ibi denote the boundary equilibrium of , re-
lated to the vector field F*, and appearing for the critical value d = dﬁ
of the load parameter.

Then, a piecewise-linear version of at a boundary equilib-

rium point (Xp,dp) is obtained and represented by

Px+n-, if 2<0
e MR (7.35)
Px+n™, if 2>0
where
K —b —1 0
X = Yl P: 1 dB/y?« 0 3
K 1-bk dp/y?+w—k —w
1 0
n = _(d+ dB)/yT ’ nt = _(d+dB)/yr )
| —(d+dB)/yr + k —wyr —(d+dp)/yr —wy,

with dp = dz = (1_3’% if X, = X, (boundary equilibrium related to
F)ordp =df = —y—f if X, = X; (boundary equilibrium related to
F).

System meets the hypotheses (H1) and (H2) described
in Section [7.3] The first is simple to check: p3; = 1 — bk # 0 and
ny —ng =k > 0. We can assume this, since usually 0 < k < 1/b. For
the second hypothesis, it is necessary to calculate the matrix @ applied
at the points dﬁ given in and . Then, the parameters
(yr, k,b,w) are easily selected so that Det [Q(dﬁ)] =—p3; —pis+ (b+
P22)P31p32 # 0.

Following the Theorem |7.1] we can write the system in the
canonical form , and so get the canonical system parameters (for
each of the values d = d3)

_ 8wb(d + dk)

a23(d) = TyQ’




7. Boundary Equilibrium Bifurcations in a Family of

286 3D-DPWL Systems
8wb(d — dp)
v(d) = TyT’
8wb(d — djg)
pld) = =28,
( ) ksyr

from the Lemma which are responsible for the BEBs. Note that
w=v+ %“3’ > v. Finally, we can prove the occurrence of persistence
and nonsmooth fold bifurcations of boundary equilibria in the buck con-
verter model considered, using the Theorem [7.3l The analysis proceeds

in two stages, one for each vector field involved, F*.

Regarding the vector field F+, we have

udg) =0,
128w?
ags(d5)v(d}) = 6 > 0.

Therefore, for d = dJE; the system (|7.32]) undergoes a boundary equilib-
rium bifurcation of the persistence type (see item (a) of Theorem [7.3)).
Such a bifurcation involves the points of natural equilibrium X' and
pseudo-equilibrium X.

Now, we pass to the boundary equilibrium of the vector field F~.

In this case, we have

v(dg) =0,

_ _ 64w?(1 — 2y, .
azs(dg)u(dp) = I(€6yy) #0 if y. #1/2.

Therefore, if y,. > 1/2 the persistence BEB is observed at the boundary
equilibrium point X, ; or in otherwise, if y, < 1/2 the nonsmooth fold
BEB is observed (see item (b) of Theorem [7.3)). First case involves the
equilibria points X; and second case involves X; .

Figure shows a (y,,d)-plane of parameters, where the black
parabolic curves indicate occurrence of the boundary equilibrium bi-

furcations. At the complete parabolic curve of equation
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Figure 7.14: Equilibria bifurcations set in the (yr, d)-plane of parameters,
assuming b= 0.2, k = 0.1 and w = 1.

— 11—y )y,
a= dy(y) = L0

the left branch refers to the nonsmooth fold BEB involving the equilib-
rium X; of the vector field 7~ (BEBjy ). While that, the right branch

refers to the persistence BEB involving the equilibrium X5, also equi-
librium of 7~ (BEBJy). The half-parabola of equation

refers to the persistence BEB involving the equilibrium X of the vector
field F* (BEB},). The black arrows in this figure, indicates the side of
the parabolic curve where the equilibrium of F* is real, consequently,

in the opposite side is virtual.

The vector fields involved F* and also F* exhibit some classical
bifurcations such as (i) saddle-node bifurcation of the equilibria X5,
indicated by the green straight line segment (SN) in Figure and
occurring to
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(ii) the subcritical Hopf bifurcations of the equilibrium X; and
pseudo-equilibrium X, indicated by the blue straight line segment (H_ ;)

and red parabolic curve segment (H?

s.), and occurring to

b Y2
d= —= d d=="
ato2z ™ K
respectively. Moreover, in Figure the points A(1/2,1/(4b)), B(k/(b+
k),k/(b+ k)?) and C(1/(1 + b?),b/(1 + b*)?) indicate bifurcations of
codimension two where the saddle-node or Hopf bifurcations are occur-

ring simultaneously to a BEB.

The results of stability and bifurcations of equilibria in system
, according to the region in the (y,,d)-plane defined in Figure
[14] are summarized in the Table [7.3] These regions are demarcated
by solid lines and the dashed lines indicate the node/focus dynamics
transition of equilibria. So, choosing a point (y,,d) in the bifurcations

set of Figure[7.14] we know the dynamics involving the equilibria.

Example 7.6. Boundary Focus Bifurcations: persistence case
with stable pseudo-node and unstable focus. Consider y,. = 0.9.
If d is disturbed around the critical value d = dg = 0.45, so that we
moved from region 8 to the region 4 in Figure then persistence
BEB involving the unstable focus equilibrium e; and the stable pseudo-
node p, is observed in system . This dynamic scenario is Simu-
lated and shown in Figure where the points of focus equilibrium,
pseudo-node and boundary equilibrium are represent by red, green and
blue dots, respectively. A stable limit cycle with sliding part arises in
the state space for d > dg = 0.45.

Boundary focus bifurcations in planar Filippov systems were stud-
ied in [78], from which it was proved the existence of five generic critical
cases. These BEBs involving a natural focus equilibrium, a pseudo-
equilibrium and a fold singularity. In the case where the natural equi-
librium is an unstable focus, the pseudo-equilibrium is stable we have

a persistence BEB. Such a bifurcation produce a stable limit cycle that
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is composed of two segments of orbits, one defined by the sliding vector
field F* and the other by vector field F~ (or F1). In addition, this
limit cycle is present in the state space when the focus is a real equi-
librium close to the ¥, the pseudo-equilibrium is virtual and the fold

singularity is visible.

P | %= F(x)

(c) d=05>dy

Figure 7.15: Simulation results of Buck-SMC-Washout system ((7.32) with
parameters b= 0.2, w =1, k= 0.1 and y, = 0.9.

Figure shows an R? version for the boundary focus collision in
a Filippov system, from simulation results of the buck converter system
. As in the two-dimensional case, a stable limit cycle with sliding
part arises from a boundary equilibrium of dynamic unstable focus for
F~ and stable node for F°. In R3, the tangential singularity involved
is of the cusp type and divided the line of tangency into fold visible and
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invisible. In addition, this limit cycle is present in the state space when
the focus is a real equilibrium close to the X, the pseudo-equilibrium is
virtual and the cusp singularity is “visible” (that is, L3._h(x7) < 0 at
the cusp point).

Example 7.7. Grazing Bifurcation. Consider in system that
b=+/1/3, w=1, k= 0.5, y. = 0937 and d = 0.305. In this case
there is an unstable limit cycle around the real focus equilibrium of the
vector field F~, tangent to the switching boundary 3, see Figure .
For a small perturbation in parameter d (for d < 0.305) this limit cycle

1s destroyed. Then we have a Grazing bifurcation occurring in system
(17.32).

Figure 7.16: Simulation results of Buck-SMC-Washout system (7.32) with
parameters b = 4/1/3, w =1, k = 0.5, y» = 0.937 and d = 0.305.

7.8 Conclusion

In this Chapter we have studied a canonical form to 3D-DPWL
systems with parallel tangency lines containing the singularity cusp
each. Such an adopted model often appears in problems of engineer-
ing and it is used to describe the dynamics of discontinuous control
systems such as the SMC. For this family of systems, we have deter-

mined the specific conditions on the system parameters for a BEB to
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occur, classifying it into persistence or nonsmooth fold. Furthermore,
we have provided a complete classification of the sliding dynamics at
the pseudo-equilibrium, which is valid for when it becomes a boundary
equilibrium. From the combination of the results on the BEBs and slid-
ing dynamics, we then exhibit all the unfolding dynamics of the BEBs
in the sliding vector field.

Two applications were considered. In both we used the buck
converter with sliding mode control and washout filter, but in the first
application we take the converter connected to a resistive load, while
in the second we considered a CPL load. In the system with CPL
load we have identified other bifurcations of equilibria (saddle-node,
Hopf and sliding Hopf) and of limit cycles (Grazing bifurcation). In
addition to these, we highlight the case study done on the boundary
focus bifurcation in R3, which is associated with the birth of a non-

smooth limit cycle with a sliding segment.
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7.9 Appendix: Proof of Theorem

Linear transformation of the state space of system ([7.4) on the
state space of system (7.5)), provided by Theorem is obtained by
applying the change of coordinates

y=Tx+C, (7.36)

where T' = T1T5>T3 is an invertible matrix, C' = T3 N, + Ny, y denotes
the state vector of (7.4]) and x denotes the state vector of (7.5)); with

-+
ng —Ng P32 _ D33 1 0

2pa1 Det[Q] P31 _ 42 O
Ti=| 0 gy 0 |, Te=|p -Cagml gl
0 0 1 0 0 1
1 0 0
o 2
Ts o nT® 1 0f,
0 0 1
_%n* 0 0 0 ny +ni
P31
Ni=| 0 |, Np= B B Shubpmmabel g dng
0 0 0 0 ng +ng

P33
q = P13P31 + P23P32 — lg(pnpu + p21ps2),

- (n3 —n3)(P21p32 + P31 (P11 + p33))

2ps1
- +
n -
_ -+
§=1P31 P32 P33| |Ng — Ng
— +
N3 —Ng

We are assume that in hypothesis (H1) the condition p3; # 0 hold,
while p32 can be null or not. For the change in the time scale, we use
the relation

t=

2
7, (7.37)

Ng —MNg
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where ¢ denotes the time variable of (7.4) and 7 denotes the time vari-

able of ([7.5)).

The proposed transformation is done in two steps, as follow.

First change of coordinates is given by y = T1x; + N;. From it,
tangency lines T and Ty are moved to the vertical lines at (—1,v,0)
and (1,v,0), for v € R, respectively. Moreover, the new system al-
ways has a point in T4 connecting the half-line of visible folds with the
half-line of invisible folds. These connection points are generically sin-
gularities cusp. Then the time variable is changed by applying (7.37).
Note that, from (H1) we have n; —nd > 0. In this way, the time nor-
malization eliminates cases where the sliding region is repulsive, thus

obtaining a system always presenting an attractive sliding region.

Second change of coordinates is given by x; = T575x + N3. From
it, cusp singularity of 7 and of Ty are moved to the points (—1,0,0)
and (1,0,0), respectively. Moreover, points (—1,v,0) € T_ are fold
singularities of the visible type for v < 0 and invisible for v > 0; while
that (1,v,0) € T are fold singularities of the visible type for v > 0

and invisible for v < 0.

The calculation of the important parameters as3 and ags given in
Lemma as well as the other parameters of matrix A given in (7.5),
are directly obtained by

2
A= —— _T7'PT.

— +
ng —MNg




Chapter 8

Final Remarks

In Chapter [2] some aspects on the theory of DPWS systems were
reviewed, giving tools for the analysis of dynamic behaviour of these
systems and laying the groundwork for the course of the thesis. In
this chapter we have stated a simple and accurate definition for TS-

bifurcation. This is an important and original result of this thesis.

Our journey through the world of bifurcations in 3D-DPWS sys-
tems started in Chapter [3] where, from the dc-dc boost converter model
with SMC-washout, we have studied the Hopf and Homoclinic bifurca-
tions in the vector field sliding. The main contribution was the charac-
terization of the mechanism for the annihilation of a limit cycle in the
sliding vector field of 3D-DPWS systems with a two-fold point. Specif-
ically, we have determined that the limit cycle which appears due to
Hopf bifurcation at the pseudo-equilibrium disappears when touching
an invisible-visible two-fold point, forming a homoclinic loop that closes
at this point. This is a naturally expected result since the two-fold point
is a saddle equilibrium of the sliding vector field in this situation. The
case study made in this Chapter leave us motivated for new research
addressing more general results and incorporating more elements such

as another pseudo-equilibrium and/or two-fold.
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In Chapter [ we have thoroughly studied the TS-bifurcation, char-
acterized by a pseudo-equilibrium transition from the attractive sliding
region to the repulsive sliding region (or vice versa), where the transi-
tion point is a T-singularity. Such a bifurcation is associated with the
birth of a crossing limit cycle (CLC). After carefully deriving a local
canonical form, we have reviewed the previous works regarding this bi-
furcation and were provided, by means of a more direct approach, the
critical coefficients that characterize the bifurcation, also giving compu-
tational procedures for them. The achieved results on TS-bifurcation
were applied to some illustrative examples and also in a dc-dc boost
converter under a sliding mode control strategy and washout filter. In
this Chapter, we have contributed with a detailed computational proce-
dure that allows to prove the occurrence of T'S-bifurcation in 3D-DPWS
systems, which were made easy to apply, since we have provided all the
necessary tools. In particular, the possible existence of invariant tori
(quasi-periodic behavior) and homoclinic tangles (chaotic regimes) for
the crossing dynamics around the T-singularity deserve new research
efforts. Also, for new research, it is in our interest to apply the pro-
posed method of TS-bifurcation analysis in other systems known in the
literature, especially those that are related to some sliding mode control

application.

Chapter [5| was dedicated to the study of local and global bifurca-
tions related to TS-bifurcation and crossing limit cycles (CLCs). For
this we have considered the model of a dc-dc boost converter with
sliding mode control and washout filter. As a consequence of our anal-
ysis, we have proved the occurrence of classical equilibria bifurcations
(saddle-node, transcritical, Hopf), involving the pseudo-equilibrium of
the system. Apart from the analytical verification of the TS-bifurcation
in this power converter, we have numerically detected other non-local
phenomena like a saddle-node bifurcation of CLCs. Experimental re-
sults to illustrate the effects of the TS-bifurcation in a real circuit pro-
totype of a boost converter were also presented. Such a bifurcation can

be induced varying the value of the resistive load, in such a way that
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it changes the position of the operating point (a pseudo-equilibrium)
and its stability from stable to unstable. This change is critical and
creates a stable CLC, which can have a large amplitude with catas-
trophic effects for the converter. Thus, the analysis of the existence of
TS-bifurcations becomes essential in the design and control of convert-
ers, since this is a dynamic phenomenon that is not desired and not
easy to detect. Therefore, it is of great relevance to know the paramet-
ric conditions for the occurrence of this bifurcation and so to establish
safeguards in order to avoid it. The identification of the Teixeira sin-
gularity in a real circuit of power electronic was the main contribution
of this chapter, as well as the analytical, numerical and experimental
results on bifurcations, which helped us to unravel the dynamical rich-
ness of this circuit. Among other contributions that can be highlighted
in this chapter, we present (i) the numerical proof of the coexistence
of two CLCs, one stable originated in the supercritical TS-bifurcation
and another unstable arising from the subcritical TS-bifurcation; (ii)
the numerical identification of global mechanisms for the vanishing (or
birth) of CLC (saddle-node bifurcation and non-standard homoclinic
bifurcation); (iii) the existence and stability analysis of a CLC from its
birth to its annihilation; and (iv) the proposal of a numerical method
to investigate the existence and the dynamics of CLCs, which can be
applied to other physical systems modelled as 3D-DPWL systems and
that exhibit the Teixeira singularity. As a goal for new research, we in-
tend to repeat the numerical method of bifurcation analysis of CLCs in

other systems related to real applications in the engineering or sciences.

Chapter [6] addressed a detailed analysis of bifurcations in 3D-
DPWS systems that have two points of T-singularity. In addition, from
the variation of a system parameter, these T-singularities collide and
then they disappear along with the attractive sliding region. In this case
a Fold bifurcation occurs and at the bifurcation point it appears a type
of degenerate T-singularity. We have determined the conditions on the
system parameters so that there is a real pseudo-equilibrium colliding

with one of the T-singularities or the two T-singularities simultaneously
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colliding with the pseudo-equilibrium. In the first case, a TS-bifurcation
occurs and, in the second case, a non regular case of larger codimen-
sion of this bifurcation occurs, which we named double T'S-bifurcation.
Like the TS-bifurcation, the double TS-bifurcation is also associated
with the birth of a CLC, but here, it arises from the 1-degenerate
T-singularity. In general, we have made a detailed description of the
sliding and crossing dynamics around the T-singularities, regular or de-
generate, and also the sliding dynamics at the real pseudo-equilibrium.
As a consequence of our study, we have identified the presence of two
invariant (non-smooth) cones with its vertex in one of the regular T-
singularities, which bifurcates from an invariant (non-smooth) ellipsoid
with vertices at the two regular T-singularities. Moreover, some clas-
sical bifurcations (saddle-node, transcritical, pitchfork) were observed
in the sliding vector field. From the unfolding dynamics of such phe-
nomena we described the birth of CLCs, the stability and the bifur-
cations (saddle-node of limit cycles and a non-standard homoclinic),
from the analysis of the first return map associated to the case study
addressed. We have proved that the system considered in this case
study can exhibit two coexisting CLCs at most. The fold bifurcation of
T-singularities and the double TS-bifurcation are not yet known in the
literature and we have contributed with this first contact with them,
introducing important results and detailed characterizations of such
bifurcations and their unfolding. For future works, we aim at deter-
mine more general results on the crossing dynamics prevailing in such

bifurcations, and also to carry out other case studies.

In Chapter [7] we have studied a family of 3D-DPWS systems in
which the vector fields are linear (in this case, are DPWL systems)
on both sides of the switching boundary and with two parallel tan-
gency lines containing a singularity cusp each. We showed that such
an adopted model often appears in problems of engineering and it is
used to describe the dynamics of discontinuous control systems such as
sliding mode control. We provide a canonical form for such systems

and, with that, we simplified the calculations and the geometry re-
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lated to the topological configuration on the switching boundary. This
canonical form is an important result obtained, since from this model
we can study all types of boundary equilibrium bifurcations (BEBs)
that can occur in the system family considered. The results obtained
on the stability and the bifurcations were applied to two examples in
power electronics systems involving the sliding mode control of dc-dc
buck converters. The main results and contributions achieved in this
chapter were: (i) The classification of BEBs in an important family of
3D-DPWL systems giving explicit conditions for the occurrence of each
of the two scenarios, persistence and nonsmooth fold. In addition, we
have presented in Section [7.5] some of the possible unfolding of BEBs
in R?, from some examples taken with the canonical form. (ii) The
complete characterization of the sliding dynamics in systems belonging
to the family studied. In addition, we presented the classification of
the possible types (saddle, node, focus, center) of pseudo-equilibrium
and boundary equilibria. (iii) The proof of the existence of BEBs in
power converters under a SMC strategy, the identification (from the
simulated results, guided by the local analysis of bifurcations) of a sta-
ble limit cycle in R? with sliding part (from a boundary focus collision)
and also the identification of a Grazing bifurcation of limit cycle are
unprecedented results in DIBs applications for 3D-DPWS systems. In
this chapter we have explored a classification of some topologically dis-
tinct cases of BEBs in R3, a problem still open in the literature, which
we take as objective for future works.

We close this thesis with the list of the articles published in jour-
nals and main works presented at scientific events, whose productions

originate from this Thesis.
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