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Abstract
In this paper, we study the dynamics of an

electron beam inside a magnetic bottle when
a constant electric field parallel to the bottle
axis is applied, we use Particle-in-Cell (PIC)
simulations with a 1D-3V model in z direction.
It is considered that the electron beam has a
temperature of 1 eV and follows a Maxwellian
distribution function. We study two different
cases. In the first case, the electron beam is
injected inside an annular device which con-
sists of two stages. In the first stage, called
the acceleration stage, the electrons are ac-
celerated by a constant electric field parallel
to the bottle axis for a distance equal to half
the total length of the annular channel of the
device. Then, the accelerated electrons enter
a magnetic bottle in order to control the beam
divergence and reduce its mobility perpendicu-

lar to the magnetic field. This stage is called
the collimation stage. In this stage, we con-
sider the force exerted by the magnetic field
gradient on the electrons. For the second case,
we study the response of the electrons when
the electric field and the magnetic bottle span
the entire length of the annular channel. In
both cases, the electric and magnetic fields
point in z direction. For simplicity, we do not
consider the electric fields that could be gener-
ated by charge separation or density gradients.
Finally, we also study the behavior of those
electrons that fulfilled the reflection condition
and are trapped between both fields.
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1 Introduction
Electric thrusters are used for small satel-

lites, as Cubesat, and also for deep space mis-
sions. In the case of small satellites, this type
of thruster is used for orbit correction, since
the atmosphere interaction with the satellites
produces changes in their orbit. One of the
types of thrusters suitable for this purpose is
the Hall effect thruster, which is very efficient.
Although its thrust is small, it is also used
for missions requiring long distances. In Hall
thrusters, keeping the electrons in a given area
is important to ionize the atoms that serve as
fuel. The magnetic system of the thruster gen-
erates a magnetic field, similar to a magnetic
bottle, which allows the confinement of the
electrons. However, some instabilities cause
a number of the electron population to leave
this confinement, which decreases both the
thruster’s thrust and its lifetime.

Let us consider a magnetic field that points
mainly in z direction and its magnitude varies
in the same direction. Let us consider, also,
that the field is axisymmetric with Bθ = 0 and
without azimuthal variations ∂/∂θ = 0. The
magnetic field must have a radial component
Br that allows the convergence of the field
lines. This magnetic field topology is com-
monly known as a magnetic bottle.

The force that a charged particle experi-
ences in this field is due to the Lorentz force
that, in cylindrical coordinates, is represented
as

Fz = e (vθBr − vrBθ) (1)
Fr = e (vzBθ − vθBz) (2)
Fθ = e (vrBz − vzBr) (3)

Since the components Fr and Fθ only pro-
duce the cyclotron motion, we are interested in

analyzing the electron motion due to the axial
component of the magnetic force Fz. Due to
the symmetry, the component Bθ =, and only
the radial component of the magnetic field Br

needs to be found through divergence of the
magnetic field, which in cylindrical coordinates
is represented as

∇⃗ · B⃗ = 1
r

∂(rBr)
∂r

+ 1
r

∂B

∂θ
+ ∂B

∂z
(4)

It can be shown that if ∂Bz/∂z does not
vary much with r, the radial component of the
magnetic field can be expressed as

Br = −1
2r

∂B

∂z
(5)

Once the magnetic field components are
known, we can use the momentum equation
to analyze the movement of the electrons

dv⃗

dt
= e

me

(
E⃗ + v⃗ × B⃗

)
− 1

mene

∇⃗Pe

−νen (v⃗e − v⃗n) (6)

where v⃗e is the velocity vector of the electrons,
E⃗ is the electric field, Pe is the pressure term,
B⃗ is the magnetic field vector, e and me are
the charge and mass of the electron, ne is the
electron number density, νen is the collision
frequency between electrons and neutral atoms
and v⃗n is the neutral bulk velocity.

We consider a collisionless, cold plasma,
therefore, the momentum equation in (6) takes
the form

dv⃗

dt
= e

me

(
E⃗ + v⃗ × B⃗

)
(7)



Equation (7) can be expanded into a set of
differential equations of the form

dvz

dt
= e

me

(EZ + (vθBr − vrBθ)) (8)

dvr

dt
= e

me

(Er + (vzBθ − vθBz)) (9)

dvθ

dt
= e

me

(Eθ + (vrBz − vzBr)) (10)

Since we are interested in the motion of
the electrons parallel to the axis of the mag-
netic bottle, we only need to solve the axial
component of motion (8). Due to the assump-
tion of the axisymmetric field concerning the
azimuthal coordinate, then, only the radial
coordinate of the magnetic field needs to be
substituted, such that

dvz

dt
= e

me

Ez − 1
2

e

me

vθr

(
∂B

∂z

)
(11)

where the dependence on Bθ was removed
due to the axisymmetric geometry. If we
consider that vθ ≈ c during the gyromotion,
vθ = v⊥.Furthermore, since r represents the
Larmor radius, then the axial component of
the momentum equation can be represented
as

dvz

dt
= e

me

Ez − 1
me

µ

(
∂B

∂z

)
(12)

In (12) we have used the mathematical def-
inition of the Larmor radius rL = v⊥/ωce,
where ωce = eB/me is the cyclotron frequency,
and we have also substituted the equation for
the magnetic moment µ = mev

2
⊥/2B. The

expression found for the momentum equation
in (12) allows us to know the motion of the
electrons parallel to the axis of the bottle, fur-
thermore, the force produced by the field gra-
dient is opposite to the motion of the particle,
similar to the force acting on a diamagnetic

particle.
The magnetic field described above is used

as one of the main schemes for plasma con-
finement. Confinement is possible due to the
invariance of the magnetic moment, however,
not all electrons entering the bottle are con-
fined. The confinement depends on the ratio of
the maximum value Bm to the minimum value
B0 of the magnetic field called the mirror ratio
R = Bm/B0, and the angle formed by the
velocity vector with respect to the magnetic
field called the pitch angle. A more detailed
explanation of plasma confinement and mag-
netic moment invariance can be found in [1]
and [2]. A consequence of the magnetic bottle
structure is the decrease in the area initially
covered by the electron beam as it moves to
regions of higher intensity. The relationship
between the initial area covered by the beam
and the final area can be obtained using the
definition of magnetic moment and its rela-
tionship to the magnetic field. The magnetic
moment generated by an electric current is
given by

µ = IA (13)

where I is the current generated due to the
trajectory of the charged particle around the
magnetic field line and A is the area formed
by the cyclotron motion. This area is charac-
terized by the Larmor radius. If we use (13)
and the magnetic moment definition (12), we
obtain

IA = 1
2

mev
2
⊥

B
(14)

It can be shown that the following equation is
fulfilled.

B0

Bm

= Am

A0
(15)

where B0 and Bm are the minimum and max-
imum values of the magnetic field, while A0



and Am represent the area covered by the
electron beam in the regions of minimum and
maximum magnetic field. For a more detailed
explanation see [3].

2 Problem Description
We simulated two different cases in order

to analyze the dynamics of an electron beam
in a magnetic bottle. In both cases, the elec-
tron beam enters an annular channel device
through which a constant electric field is ap-
plied, parallel to the axis of the bottle, both in
the z direction. According to the assumptions
of the theory described in the previous section,
the only forces acting on the electrons will be
the electric force and the force generated by
the axial gradient of the magnetic field.

In the first case, two different stages are
considered during the trajectory of the elec-
trons. In the first stage, called the acceleration
stage, the electron beam is accelerated for half
the length of the channel due to a constant
electric field in the axial direction. Then, the
electrons enter inside a magnetic bottle, in
the axial direction, to reduce the divergence of
the beam. This stage is called the collimation
stage. In this case, the electric and magnetic
field gradient forces are considered separately.

In the second case, the electric and magnetic
fields are applied along the entire channel, and
the beam dynamics are analyzed when both
forces act at the same time, following the
mathematical model described in the previous
section.

To study both cases, we used 1D-3V Parti-
cle in Cell simulations, in the axial direction. In
the first part of the code, we designed the sim-
ulation domain. The domain length L, which
represents the channel length, was L = 0.115

m with a spatial resolution ∆x, and temporal
resolution ∆t, which follow the criteria estab-
lished in [4]. We can compute ∆x < λD where
λD is the Debye Length and ∆t < 0.2/ωpe

where ωpe is the electron plasma frequency.
We used a one-dimensional exponential model
to generate the bottle, however, because the
one-dimensional model cannot capture the con-
vergence of magnetic field lines, the gradient
force must be explicitly added to simulate the
confinement. The model used for the magnetic
field was [5].

B = exp (−2(z − 1)2) + exp (−2(z + 1)2)
(16)

with z = z0/L with z in [-1,1] where z0 is
the electron position and L the domain length.
The mathematical model for the magnetic field
gradient was obtained by deriving the above
equation

∂B

∂z
=
[
−4(z − 1)(exp (−2(z − 1)2)

]
−
[
−4(z + 1)(exp (−2(z − +)2)

]
(17)

From (16) it is easy to see that the mag-
netic field has its maximum for z=1 and the
minimum for z = 0, which gives a mirror ratio
R ≈ 3.70. This mirror ratio reduces the ini-
tial area covered by the electrons, in the same
proportion. The next step was to create the
electron beam, assuming that the electrons
follow a Maxwellian distribution and are uni-
formly distributed throughout the simulation
domain. The number of macroparticles per
cell of the domain must follow the criterion
Ncell > 50 [4]. The criterion of the number
of macroparticles per cell is not as severe as
the temporal and spatial restrictions, especially
when high plasma densities are involved be-
cause the charge separation and motions on



the order of the plasma frequency or even the
cyclotron frequency must be solved. To get a
better idea of the stringency of the restrictions,
suppose a plasma of density n ≈ 1 × 1018m−3

with an electron temperature of T ≈ 20 eV
(approximate conditions of a Hall thruster),
the spatial resolution, for these conditions, re-
quires that ∆x < 20µm, while the temporal
resolution, to solve the cyclotron motion, re-
quires that ∆t < 2×10−12 sec, for this reason,
one must be careful when selecting the char-
acteristics of the plasma to be studied.

3 PIC Simulations

We use a fully kinetic simulation which re-
solves the motion of electrons around magnetic
field lines. Although we are interested in the
motion of particles in the direction of the mag-
netic field, we need to solve the perpendicular
component of the velocity at each integration
step to maintain the invariance of the mag-
netic moment. We use the Boris method to
integrate the velocity in the presence of the
magnetic field, such that

v⃗k+0.5 − v⃗k−0.5

∆t
= q

m
E⃗k

+ v⃗k+0.5 − v⃗k−0.5

2 × B⃗k (18)

where k represents the current time, q and m
the charge and mass of the particle, respec-
tively, and ∆t is the time resolution. Boris’s
method effectively solves the magnetization
of electrons and conserves energy by eliminat-
ing the electric field by defining a new pair of

variables

v⃗k−0.5 = v⃗− − q

m
E⃗k ∆t

2 (19)

v⃗k+0.5 = v⃗+ + q

m
E⃗k ∆t

2 (20)

with these substitutions a pure rotations is
obtained

v⃗+ − v⃗−

∆t
= q

2m

(
v⃗+ + v⃗− × B⃗k

)
(21)

where the angle of rotation is

tan
(

θ

2

)
= − q

m

∆t

2 B (22)

and the rotation vector can be written as

t⃗ = −b̂ tan
(

θ

2

)
(23)

We can use (22) to obtain the first rotation of
the velocity vector

v⃗′ = v⃗− + v⃗+ × t⃗ (24)

Equation (23) rotates the velocity vector
∆t/2. For the next rotation, we scale the
magnitude to maintain the magnitude of the
velocity

v⃗+ = v⃗− + v⃗′ × s⃗ (25)
where the vector s⃗ is

s⃗ = st⃗

1 + t2 (26)

Since we are simulating a one-dimensional
model, the gradient force must be added ex-
plicitly to the Boris method, in order to capture
the reflection of the electrons, such that the
variables v⃗+ and v⃗− are obtained using the
following expressions

v⃗− = v⃗k+0.5 + ∆t

2m

(
qE⃗k − µk ∂B

∂z

)
(27)



and

v⃗k+0.5 = v⃗+ + ∆t

2m

(
qE⃗k − µk ∂B

∂z

)
(28)

Once the new velocities are known, the new
positions are obtained

x⃗k+1 = x⃗k + v⃗k+0.5∆t (29)

In this case we only update the axial po-
sition. The method described above can be
summarized with the next sequence of steps:

1. Compute the magnetic field B in the par-
ticle position in the time k using (16).

2. Compute the magnetic moment µ of the
particle i in the time k.

3. Compute the magnetic gradient ∂B/∂z
in the particle position in the time k using
(17).

4. Compute v⃗− using v⃗k−0.5 using (25).

5. Compute the first half rotation v⃗′ using
(23).

6. Compute the second half rotation v⃗+ us-
ing (24).

7. Compute v⃗k+0.5 using (26).

8. Update the particle position using Leap-
Frog (27).

4 Results
The simulations were done at the LABORA-

TORIO NACIONAL DE SUPERCÓMPUTO
DEL SURESTE DE MÉXICO (LNS) of the
Benemérita Universidad Autónoma de Puebla
(BUAP). For both cases, an electron beam

with a numerical density n = 1 × 1012m−3)

and a temperature T = 1 eV was simulated. A
maximum magnetic field of Bmax = 300 Gauss
and an electric potential ϕ = 300 V were used.
For these characteristics, the stability criteria,
i.e., the conditions for not having values gener-
ated by computational errors in the simulation
process, require that ∆x < 7 × 10−3 m and
∆t < 2×10−10 sec. The values used for spatial
and temporal resolution were ∆x = 2 × 10−3

m and ∆t = 1 × 10−10 sec. The spatial reso-
lution leaves a total of 58 nodes and 57 cells,
so 2875 macroparticles were simulated. In
both cases, the electron beam was uniformly
distributed along the domain.

For the first case, we simulated a total time
of t = 15µs corresponding to 75000-time steps
(vertical axis of the left panels of Fig. 1). We
analyzed the behavior of the electron beam
through the numerical density and the evolu-
tion of the velocity distribution function. We
developed four simulations associated with Fig.
1 to Fig. 4, the reason why the velocity distri-
bution of the electrons is slightly different in
each figure, is a consequence of the generation
of random numbers, however, the initial condi-
tions for each simulation were the same. The
simulations show the formation of two pop-
ulations of electrons along the domain (Fig.
2), with approximately the same number of
particles. The fast population represents those
electrons accelerated by the electric field, and
the slow population is associated with those
electrons placed inside the bottle without being
accelerated before.

Another important phenomenon is the ac-
cumulation of electrons that forms right in
the middle of the channel from iteration 7500,
once both populations are fully visualized. This
accumulation travels along the domain, and
near iteration 40000, the population of fast



Figure 1: Left. Representation of the electron density for different times as a function of
the position in the spatial domain. On the y-axis, the time expressed in terms of iterations is
represented. On the x-axis, the spatial domain is represented by a position within the channel.
The colors represent the density according to the bar on the right side. This particular case
corresponds to the time t = 5000 iterations. The dashed line corresponds to the location
where the fields separate. Right. Velocity distributions for the initial time of the simulation
(black line) and, for the final time (red line). The scales corresponding to each distribution are
shown with the corresponding colors. On the x-axis, the velocity of the electrons is represented
in a direction parallel to the axis of the magnetic bottle. It can be seen that the velocity values
cover a range from 0 to 2 × 106 m/s

Figure 2: Left. Like Figure 1, the left panel shows the number density of electrons. This
particular case corresponds to the time t = 20000 iterations. The dashed line corresponds
to the location where the fields separate. Right. For this specific case, a third velocity
distribution (red line) can be observed. This distribution is associated with a population of
fast electrons, which was accelerated by the electric field.

electrons decreases due to the exit of electrons
from the channel and the force due to the

gradient, which slows down their movement.
In fact, in the left panel of Fig. 3 between



Figure 3: Left. Like Figure 1, the left panel shows the number density of electrons. This
particular case corresponds to the time t = 75000 iterations. The dashed line corresponds
to the location where the fields separate. Right. A decrease in the fast electron population
is observed. This decrease is associated with the fact that some fast electrons have escaped
from confinement.

Figure 4: Left. Representation of the electron density for different times as a function of
the position in the spatial domain. On the y-axis, the time expressed in terms of iterations is
represented. On the x-axis, the spatial domain is represented by a position within the channel.
The colors represent the density according to the bar on the right side. This particular case
corresponds to the time t = 10000 iterations. Right. Representation of the electron density
for different times as a function of the position in the spatial domain. On the y-axis, the time
expressed in terms of iterations is represented. On the x-axis, the spatial domain is represented
by a position within the channel. The colors represent the density according to the bar on the
right side. This particular case corresponds to the time t = 45000 iterations. The dashed line
corresponds to the location where an accumulation of electrons is observed.



Figure 5: Values corresponding to Case 2. Thrust generated by the electron beam after being
accelerated, for different values of the mirror ratio. In the x-axis, the dispersion of the pitch
angle is represented by a standard deviation of the initial distribution for 2875 electrons. The
parameter A corresponds to the area the electrons cover after being collimated.

the values 0.6 and 0.8 of the horizontal axis,
between iteration 20000 – 50000, almost ver-
tical lines can be seen associated with those
electrons that experienced accelerations in a
small-time interval, that is, they were very
close to the entrance to the magnetic bottle,
such that when entering this region, the force
due to the magnetic field gradient could pro-
duce their deceleration, confining them inside
the bottle. Furthermore, the histogram in Fig.
3 shows a dramatic reduction in the popula-
tion of fast electrons, suggesting that electrons
with higher velocities escape from confinement.
These points are supported by the fact that,
out of 2875 simulated electrons, 1321 escaped,
a value that represents less than 50%.

For the second case, we performed two sim-
ulations. In the first simulation, we used the

same values as the first case for the magnetic
field and the electric potential. The simulation
shows that the gradient force is not strong
enough to confine the electrons and before
8000 iterations, the electron beam had com-
pletely escaped. For the second simulation,
we increased the value of the magnetic field,
the gradient, and the mirror ratio and found
that the electron beam remains confined and
bounces between the ends of the bottle. In
the right panel of Fig. 4, it can be seen that
around iteration 3000, those electrons whose
pitch angle was smaller than the critical angle
escaped, while all the others were reflected.
Areas of lower density can also be seen near
the exit of the bottle; this indicates that the
reflection of the electrons does not occur pre-
cisely in the area of the highest magnetic field



intensity.
Finally, we calculate the thrust that can be

produced with this number of macroparticles.
In practice, it is simpler to calculate thrust us-
ing the particle beam current due to the mass
flow rate

T = ṁvex = MQvex = IbMvex

e
(30)

where T is the thrust, ṁ is the mass flow rate,
vex is the exhaust velocity, M is atomic mass,
Q is the flow rate and Ib is the beam current.

In Fig. 5 we plot different values of the
thrust generated by the electron beam as a
function of the pitch angle dispersion, repre-
sented as the standard deviation of the angle
distribution function, and the inverse mirror
ratio. A decrease in thrust can be observed
as the mirror ratio increases, this is due to
electron confinement. Likewise, if we increase
the pitch angle dispersion, the number of con-
fined electrons also increases. A more detailed
analysis of this thrust generation process can
be found in [3].

5 Discussion
In the previous analysis, we neglected ther-

mal motions and collisions because the velocity
of the particles is modified. In addition, those
magnetized particles modify their pitch angle
also, which causes them to disperse and es-
cape from confinement easily. For the study,
it would seem that adding collisions between
particles could be beneficial because it would
decrease the number of trapped particles, pro-
ducing more thrust. However, we must re-
member that the diffusion of the plasma, per-
pendicular to the magnetic field, is directly
proportional to the collision frequency, which

could represent a problem of plasma loss due to
diffusion. For this reason, the research should
be extended to two dimensions and the use
of other mathematical models to simulate the
magnetic bottle, or failing that, other collima-
tion methods, in order to quantify the loss of
thrust as a consequence of electron trapping
or diffusion processes, as well as the effects of
the model on the accumulation of particles in
some regions, to find physically more precise
results. This last point is important because
this accumulation can generate instabilities in
the plasma and thrust reduction.

Conclusions
Applying the electric and magnetic fields sep-

arately generates the formation of a third popu-
lation of electrons that escape from the bottle.
This new population produces the thrust. To
prevent a certain part of the electrons from
being confined and losing thrust, the electrons
must be accelerated from the left boundary of
the domain (which represents the entrance to
the thruster channel), otherwise, a large part
of the simulated particles (approximately 50%)
will be trapped in the bottle. The shift of the
maximum value of the number density in Fig.
1 to Fig. 3 allows us to get an idea of the
number of particles trapped in the bottle. The
application of the magnetic bottle allows us to
obtain a reduction of the area initially covered
by the electrons, according to (15).

From the left panel of Fig. 4, we can con-
clude that all the electrons escape from the
bottle to produce thrust but, if the magnetic
field intensity is increased (right panel of Fig.
4), the electron dynamics become more com-
plex because the beam bounces off the domain
boundaries, forming regions of high and low



electron density. Furthermore, on the right
side of the dashed line, in the time interval
5000 - 10000, a slope is formed and increases
its steepness in the interval of 5000 iterations.
Around iteration 25000, the slope appears to
remain constant. This behavior is not per-
ceived on the left side of the dashed line.

A rather interesting pattern is the evolution
of the maximum density, tracing a vertical line
in yellow corresponding to the highest values
in Fig. 4. This region, of high density values,
is formed in regions close to the middle of
the domain. This phenomenon needs to be
studied further to understand the causes and
conclude whether it is related to the mathe-
matical model.
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